arXiv:0912.1437v1 [hep-ph] 8 Dec 2009

Chapter 25:

Quantum Phase Transitions in Dense QCD^1

T. Hatsuda and K. Maeda Physics Department, The University of Tokyo, Tokyo 113-0033, Japan

December 9, 2009

1To appear in Developments in Quantum Phase Transitions, ed. L. D. Carr (Taylor and Francis, 2010).

2

Contents

25 Quantum Phase Transitions in Dense QCD 1 25.1 Introduction to QCD . . . . . . . . . . . . . . . . . . . . . . . . . 1 25.1.1 Symmetries in QCD . . . . . . . . . . . . . . . . . . . . . 3 25.1.2 Dynamical breaking of chiral symmetry . . . . . . . . . . 5 25.2 QCD matter at high temperature . . . . . . . . . . . . . . . . . 5 25.3 QCD matter at high baryon density . . . . . . . . . . . . . . . . 7 25.3.1 Neutron-star matter and hyperonic matter . . . . . . . . 8 25.3.2 Quark matter . . . . . . . . . . . . . . . . . . . . . . . . . 9 25.4 Superfluidity in neutron-star matter . . . . . . . . . . . . . . . . 10 25.5 Color superconductivity in quark matter . . . . . . . . . . . . . . 10 25.5.1 The gap equation . . . . . . . . . . . . . . . . . . . . . . . 11 25.5.2 Tightly bound Cooper pairs . . . . . . . . . . . . . . . . . 13 25.6 QCD phase structure . . . . . . . . . . . . . . . . . . . . . . . . . 13 25.6.1 Ginzburg-Landau potential for hot/dense QCD . . . . . . 13 25.6.2 Possible phase structure for realistic quark masses . . . . 16 25.7 Simulating dense QCD with ultracold atoms . . . . . . . . . . . . 18 25.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

References 22

i ii

Chapter 25

Quantum Phase Transitions in Dense QCD

Quantum chromodynamics (QCD) at finite temperature, T , and quark chemical potential, μ, has a rich phase structure: at low T and low μ, the Nambu- Goldstone (NG) phase with nearly massless pions is realized by the dynamical breaking of chiral symmetry through condensation of quark−anti-quark pairs, while, at low T and high μ, a Fermi liquid of deconfined quarks is expected to appear as a consequence of asymptotic freedom. Furthermore, in such a cold quark matter, condensation of quark−quark pairs leads to the color superconductivity (CSC). At high T for arbitrary μ, all the condensates melt away and a quark-gluon plasma (QGP) is realized. The experimental exploration of thermal phase transition from the NG phase to QGP is being actively pursued in ultrarelativistic heavy ion collisions at RHIC (Relativistic Heavy Ion Collider), and will be continued in the future at LHC (Large Hadron Collider). The quantum phase transition from the NG phase to the CSC at low T is also relevant to heavy-ion collisions at moderate energies, and is of interest in the interiors of neutron stars and possible quark stars.

In this Chapter, after a brief introduction to the basic properties of QCD, the current status of the QCD phase structure and associated quantum phase transitions will be summarized with particular emphasis on the symmetry realization of each phase. Possible connection between the physics of QCD and that of ultracold atoms is also discussed.

25.1 Introduction to QCD

The color SU(3)_C gauge theory of quarks and gluons [1] is now called the quantum chromodynamics (QCD) and is established as the fundamental theory of strong interaction. The Lagrangian density of QCD reads

L_{QCD} = q̄_L i /Dq_L + q̄_R i /Dq_R − 1 4 G^α_{μν} G^{μν}_α + q̄_L mq_R + q̄_R mq_L , (25.1.1)

Figure 25.1: The QCD fine-structure constant α_s determined from the τ decay, the Υ decay, the deep inelastic scattering, the e^+e^− annihilation and the Zboson resonance shape and width [4].

where the covariant derivative is defined as D^μ ≡ ∂^μ + igt^αA^μ_α with g being the QCD coupling constant, t^α the SU(3)_C group generator and A^μ_α the gluon field belonging to the adjoint representation of SU(3)_C. The gluon field-strength tensor is defined as G^{μν}_α ≡ ∂^μA^ν_α − ∂^ν A^μ_α − gf^{αβγ} A^μ_β A^ν_γ with f^{αβγ} being the structure constant of the SU(3)_C group.

The quark field q belongs to the fundamental representation of SU(3)_C. The right (left) handed quark q_R =^1_2 (1 + γ_5)q (q_L =^1_2 (1 − γ_5)q) is an eigenstate of the chirality operator γ_5 with the eigenvalue +1 (−1). Although quarks have six flavors (u,d,c,s,t,b) in the real world [2], we focus only on three light quarks (u,d,s) in this Chapter, so that the quark mass matrix is m = diag(m_u, m_d, m_s). As is evident from Eq.(25.1.1), only the mass term can mix the left-handed quark and the right-handed quark in the QCD Lagrangian.

The running coupling constant g(κ) is defined as an effective coupling strength at the energy scale κ. Due to the asymptotic freedom of QCD [3], g(κ) becomes small when κ increases as seen explicitly in the two-loop perturbation,

α_s(κ) = g^2(κ) 4π ≃ 1 4πβ_0 ln(κ^2/Λ^2_{QCD} ) · [ 1 − β_1 β^2_0 ln(ln(κ^2/Λ^2_{QCD} )) ln(κ^2/Λ^2_{QCD} ) ] , (25.1.2)

where β_0 = (11 −^2_3 N_f )/(4π)^2 and β_1 = (102 −^{38}_3 N_f )/(4π)^4 with N_f being the number of flavors. Here, Λ_{QCD} (≃ 200 MeV = 2 × 10^8 eV) is called the QCD scale parameter which is determined from the comparison of Eq.(25.1.2) with the experimental data in high energy processes satisfying κ ≫ Λ_{QCD} (see Fig.25.1).

Equation (25.1.2) implies that α_s(κ ∼ Λ_{QCD} ) ∼ O(1), so that the QCD per-

Figure 25.2: The masses of u, d and s quarks at the scale κ = 2 GeV = 2×10^9 eV determined from various observables and methods [4].

turbation theory breaks down. This leads to various non-perturbative phenomena such as the confinement of quarks and gluons and the dynamical breaking of chiral symmetry [5, 6] at low energies, κ < Λ_{QCD} . These are responsible for the formation of hadrons (qq̄ mesons and qqq baryons), and also for the origin of their masses. On the other hand, at extremely high temperature and/or high baryon density where α_s(κ ≫ Λ_{QCD} ) ≪ 1, the system may be treated as a weakly interacting matter of quarks and gluons. Thus, there must be a phase transition from the hadronic matter composed of confined quarks and gluons at low energies to the deconfined quark-gluon matter at high energies.

Due to quantum corrections, the quark mass m also becomes κ dependent. As seen from Fig.25.2, the current determination of the u and d quark masses at κ = 2 GeV indicates that they are about 50 to 100 smaller than Λ_{QCD} , while s quark mass is comparable to Λ_{QCD} . Therefore, it is legitimate to treat m_u/Λ_{QCD} and m_d/Λ_{QCD} as small expansion parameters, while the expansion by m_s/Λ_{QCD} does not necessarily work. Systematic expansion in terms of the quark masses is called the chiral perturbation theory and has been successfully applied to a wide variety of QCD phenomena [7].

25.1.1 Symmetries in QCD

Let us consider the following transformations of the quark fields,

q_L → e^{−iθB} e^{−iθA} V_L V_C q_L , q_R → e^{−iθB} e^{+iθA} V_R V_C q_R , (25.1.3)

where V_C (gauge rotation) is a local SU(3)_C transformation in the color space, while V_{L(R)} (chiral rotation) is a global SU(3)_{L(R)} transformation in the flavor space. The θ_B and θ_A are phases associated with a global U(1)_B transformation (baryon-number rotation) and the global U(1)_A transformation (axial rotation), respectively. For m_{u,d,s} = 0 (the flavor-SU(3) chiral limit), QCD Lagrangian Eq.(25.1.1) is invariant under Eq.(25.1.3) together with the SU(3)_C gauge trans-

Figure 25.3: Light hadron spectra obtained from lattice QCD Monte Carlo simulations with dynamical u, d, s quarks in the Wilson fermion formalism. The spatial lattice volume V and the lattice spacing a are (2.9 fm)^3 and 0.09 fm, respectively. Horizontal bars denote the experimental values [10].

formation of the gluons, so that the full continuous symmetries of QCD become

G ≡ [ SU(3)_C ] local⊗ [ SU(3)_L ⊗ SU(3)_R ] global⊗ [ U(1)_B ] global. (25.1.4)

Although the U(1)_A looks like a symmetry of Eq.(25.1.1), it is explicitly broken by quantum effect known as the axial anomaly [8] which reduces U(1)_A down to its discrete subgroup Z(2N_f )_A = Z(6)_A. The masses of light quarks m_{u,d,s} act as small external fields to break the global chiral symmetry [ SU(3)_L ⊗ SU(3)_R ] global.

In the past few years, there arises a remarkable progress in lattice gauge theory [9] particularly in calculating the hadron spectra on the basis of the QCD Monte Carlo simulations with light dynamical u, d, s quarks. This has been achieved partly due to the growth of the supercomputer speed and partly due to the new algorithms: Simulations with quark masses very close to the physical values are now possible in the Wilson fermion formalism [10, 11]. Shown in Fig.25.3 is an example of such calculations for meson and baryon masses extrapolated to the physical quark masses using the simulation data taken in the interval,^1_2 (m_u +m_d) = 3.5 MeV −67 MeV at κ = 2 GeV. The experimental values are reproduced in 3% accuracy at present.

25.1.2 Dynamical breaking of chiral symmetry

Although QCD Lagrangian in the flavor-SU(3) chiral limit has the symmetry G in Eq.(25.1.4), the ground state of the system breaks some of the symmetries dynamically. Consider the QCD vacuum |0⟩ at zero temperature and zero baryon density. Taking into account the fact that the QCD does not allow dynamical breaking of parity and vector symmetries in the vacuum [12], the following is one of the possible symmetry breaking patterns,

G → SU(3)_C ⊗ SU(3)_{L+R} ⊗ U(1)_B, (25.1.5)

where simultaneous transformation of the left-handed and right-handed quarks (the vector rotation, V_L = V_R) as indicated by SU(3)_{L+R} remains as a symmetry of the vacuum. An order parameter to characterize this “dynamical breaking of chiral symmetry” would be the “chiral condensate”, ⟨q̄q⟩_0 ≡ ⟨0|q̄q|0⟩, which is not invariant under the opposite rotation of the left-handed and right-handed quarks, V_L = V^†_R. Recent lattice QCD simulation using overlap Dirac fermion with dynamical u, d, s quarks indeed shows that Eq.(25.1.5) is realized with the chiral condensate [13] 1 2 ⟨ūu + d̄d⟩_0 ≃ −(242(04) MeV)^3 at κ = 2 GeV. (25.1.6)

The non-vanishing chiral condensate, ⟨q̄q⟩_0 = ⟨q̄_L q_R + q̄_R q_L ⟩_0 ≠ 0, implies that the quark−anti-quark pairs are Bose-Einstein condensed. It also implies that a non-perturbative mixing between the left-handed and the right-handed quarks takes place in the QCD vacuum: In other words, an effective quark mass called the chiral gap is dynamically generated. Indeed, there are phenomenological evidences that the u, d quarks and s quark have effective masses M_{u,d} ∼ 350 MeV and M_s ∼ 550 MeV inside hadrons [6].

The Nambu-Goldstone (NG) bosons associated with the dynamical breaking of the flavor-SU(3) chiral symmetry are nothing but the pions, kaons and the η-meson. Moreover, one can derive a spectral sum rule, called the Gell- Mann−Oakes−Renner relation [14], which relates the pion mass to the chiral condensate as f^2_π m^2_{π±} = −m̂⟨ūu + d̄d⟩_0 + O(m̂^2). Here m̂ ≡ (m_u + m_d)/2, f_π( = 92.4 MeV) is the pion decay constant, and m_π± (≃ 140 MeV) are the charged pion masses. Similar relation holds also for the neutral pion π^0. In the limit m_{u,d} → 0, the pion mass vanishes as it should be from the Nambu-Goldstone theorem.

25.2 QCD matter at high temperature

As the temperature T of the system increases, the condensed qq̄ pairs in the QCD vacuum are melted away by thermal fluctuations. This is analogous to the phase transition in metallic superconductors with the electron pairing ⟨e_↑e_↓⟩ as an order parameter.

Figure 25.4: Normalized chiral condensate R_{q̄q} = [⟨ūu⟩−(m̂/m_s)⟨s̄s⟩]/[⟨ūu⟩_0 − (m̂/m_s)⟨s̄s⟩_0] as a function of T for two different lattice spacings, a = 0.24 fm and a = 0.17 fm, calculated by the lattice QCD simulations with dynamical u, d, s quarks in the staggered fermion formalism. Vertical band in the middle indicates the pseudo-critical temperature T_{pc} [15].

To see that ⟨q̄q⟩ vanishes at extreme high T , let us consider the QCD partition function at zero baryon density, Z_{QCD} = Tr [ e^{−ĤQCD/T} ] ≡ e^{P (T )V /T} , which

leads to ⟨q̄q⟩ = −^{∂P (T )}_{∂mq} . If we have a situation where T ≫ Λ_{QCD} , the system is approximated by the Stefan-Boltzmann gas of free quarks and gluons because of the asymptotic freedom. Since the quark-gluon vertex does not change chirality (the transition between q_L and q_R is not allowed in perturbation theory) and thus the expectation value of q̄q = q̄_L q_R + q̄_R q_L vanishes in any finite order of the perturbation as long as m_q = 0.

As shown in Fig.25.4, lattice QCD Monte Carlo simulations at finite T with zero baryon density indeed indicate a sudden drop of the chiral condensate around the pseudo-critical temperature determined from the susceptibility peak [16, 17],

T_{pc} ≃ (150 − 200) MeV = (1.7 − 2.3) × 10^{12} K. (25.2.7)

Note that the phase transition from the low T phase (Nambu-Goldstone phase) to the high T phase (quark-gluon plasma) is first order in the flavor-SU(3) chiral limit (m_{u,d,s} = 0) and is second order in the flavor-SU(2) chiral limit (m_{u,d} = 0, m_s = ∞) [18]. On the other hand, in the presence of the finite quark masses m_{u,d,s} acting as external fields, the transition is crossover as seen in Fig.25.4. For more details on the QCD thermodynamics, see the review [19].

The high temperature quark-gluon plasma (QGP) is believed to be present in the early universe with its age younger than 10^{−5} sec. Attempts to create

Figure 25.5: Possible internal structures and compositions of four different types of compact stars [20].

such extremely hot system by the relativistic heavy-ion collisions in the laboratory have been started from 2000 at RHIC (Relativistic Heavy Ion Collider) in Brookhaven national laboratory and will be pursued at LHC (Large Hadron Collider) in CERN. RHIC has already produced a plenty of data showing not only the evidence of QGP but also strongly interacting characters of QGP [20]. (See the recent reviews [21] on this rapidly developing subject.) In the following, we will focus more on QCD matter with finite baryon density at low T . Such a system may undergo successive quantum phase transitions which are relevant to the physics of neutron stars and of possible quark stars.

25.3 QCD matter at high baryon density

Soon after the discovery of the asymptotic freedom of QCD, a possible transition from hadronic matter to quark matter in the core of the neutron stars has been pointed out [22]. A strange quark star entirely made of deconfined u, d, s quarks, yet undiscovered, was also proposed [23] as a modern version of the early idea of the quark star [24]. Although there has been no observational evidence of quark stars yet, nature may be strange enough to accommodate such compact object in our universe and we should prepare for the future discovery.

Shown in Fig.25.5 is a schematic view of various forms of compact stars, from the neutron star to the quark star. Typical radius of the neutron star is about 10 km, while its mass is comparable to the solar mass M_⊙(≃ 2 × 10^{30} kg). Since neutrons cannot be bound by the strong interaction only, the presence of gravitational force is essential to hold the neutron star. This implies that the radius increases as the mass decreases. The masses of the neutron stars in the binary systems are centered around 1.35M_⊙. Observed upper limit of the surface temperature of neutron stars is less than 10^9 K after 1 year from their births. In the early stage, the cooling occurs through the neutrino emissions, while in the later stages it is dominated by surface photon emissions.

For pulsars (rotating neutron stars), the measured rotational frequency is ranged from milli second to several seconds. The surface magnetic field is typically 10^{12} gauss for ordinary pulsars with rotational period P ∼ 1 s and dP/dt ∼ 10^{−15}. There are also stars with much larger (smaller) dP/dt and larger (smaller) magnetic field ∼ 10^{15}(10^9) gauss. Sudden spin up of the rotation associated with a subsequent relaxation to the normal rotation has been observed and is called the glitch. This phenomena should be related to the internal structure of neutron stars, in particular the superfluidity of the neutron liquid.

The outer crust of the neutron stars is a solid composed of heavy nuclei forming a Coulomb lattice in the sea of degenerate electrons. As the pressure and the density increase toward the inner region, electrons tend to be captured by nuclei and at the same time neutrons drip out from the nuclei, so that the system is composed of neutron-rich heavy nuclei in the Fermi sea of the neutrons and electrons. Eventually, the nuclei dissociate into neutron liquid and the system becomes a degenerate Fermi system composed of superfluid neutrons together with a small fraction of superconducting protons and normal electrons.

When the baryon number density (ρ) of the core of the neutron stars exceeds a few times of the central density of heavy atomic nuclei (ρ_0 = 0.16 fm^{−3} = 0.16 × 10^{39} cm^{−3}), one may expect exotic components such as the hyperons (baryons with s quarks), Bose-Einstein condensates of pions and kaons, and the deconfined quark matter, which can contribute to the acceleration of the neutron-star cooling. For more details of the physics of high density matter and compact stars, see e.g. [25, 26].

25.3.1 Neutron-star matter and hyperonic matter

Although the neutron star is mainly composed of the degenerate neutrons, other species are also present as a result of the chemical equilibrium conditions. Indeed, the matter made of only neutrons is unstable against the β-decay, n → p + e^− + ν̄_e. After the decay, the electron-neutrino leaves the star without much interactions if the neutron star is cold enough. On the other hand, the protons and the electrons remain in the star and form degenerate Fermi liquid together with the neutrons. The equilibrium configuration of n, p and e^−, which we call the standard neutron-star matter (see Fig.25.6(a)), is determined by the three conditions: chemical equilibrium, charge neutrality and the baryon-number conservation: μ_n = μ_p + μ_e, ρ_p = ρ_e, ρ = ρ_n + ρ_p, where ρ_i denotes the number density of i-species.

If we assume the non-interacting degenerate fermions for simplicity, it is

Figure 25.6: Compositions of matters under chemical equilibrium and charge neutrality conditions in the Fermi gas model. Shaded areas show the occupied states [20]. (a) The neutron-star matter with n, p, and e^−, (b) the hyperon matter with n, Σ^− and Λ, (c) the u-d-s quark matter with finite strange quark mass m_s.

easy to find the analytic solution of the above conditions; e.g. the proton fraction in a neutron star for a given baryon number density ρ reads ρ_p/ρ_n ≃ 1 8 [ 1 + ( m^3_n/3π^2ρ_n )_{2/3}]−3/2 . This is a monotonically increasing function of ρ_n and approaches to the asymptotic limit 1/8 from below. As the neutron density further increases and the electron chemical potential exceeds the muon mass, μ_e > m_μ = 105 MeV, the system composed of n, p, e^− and μ^− is realized.

As the baryon density increases further, hyperons enter into the game. This is because the Fermi energy of the neutron exceeds the threshold of the neutrondecay into hyperons. See Fig.25.6(b). Hyperons such as Σ^− and Λ may appear for ρ > (2 − 3)ρ_0. Which hyperon appears first depends on the still uncertain hyperon-nucleon interactions.

25.3.2 Quark matter

As the baryon number density ρ of the system exceeds (3 − 5)ρ_0, the neutrons, protons and hyperons start to percolate each other due to their finite sizes [27]. The quark number density ρ_q for each flavor is related to ρ as ρ_q = (N_c/N_f )ρ with N_c = 3 being the number of colors and N_f the active number of flavors so that the critical quark chemical potential, above which the percolation to quark matter takes place, is estimated as

μ_c = ( π^2ρ_q )_{1/3} ≃ (380 − 450) MeV. (25.3.8)

Here we have assumed a non-interacting and degenerate quark matter composed of massless u and d quarks.

Let us now consider the quark matter composed of only u, d and e^−. The condition of chemical equilibrium (d ↔ u+e^−), charge neutrality and the baryon number conservation read μ_d = μ_u +μ_e,^2_3 ρ_u −^1_3 ρ_d −ρ_e = 0, and^1_3 (ρ_u +ρ_d) = ρ. The factors 2/3 and −1/3 originate from the electric charges of the quarks and 1/3 from the baryon number of a quark. If we assume non-interacting quarks at high density (μ_q ≫ m_q), one immediately finds μ_u ≃ 0.80 μ_d. Thus the Fermi energy of the d quark is slightly higher than that of the u quark, which is different from the situation of neutron matter where n and p have quite a different Fermi energies due to non-relativistic kinematics as shown in Fig.25.6(a).

If the quark matter is composed of u, d, s and e^−, the chemical equilibration is achieved through the processes, d ↔ u + e^−, s ↔ u + e^−, and d + u ↔ u + s. Then the equilibrium conditions read μ_d = μ_u + μ_e, μ_s = μ_d, −^1_3 (ρ_d + ρ_s) + 2 3 ρ_u − ρ_e = 0, and^1_3 (ρ_u + ρ_d + ρ_s) = ρ. For μ_q ≫ m_q, they lead to μ_u = μ_d = μ_s and μ_e = 0. Namely the massless u-d-s quark matter is charge neutral by itself without electrons. If we have finite m_s, then ρ_s is reduced relative to ρ_{u,d} and the electrons become necessary to make the system charge neutral, as shown in Fig.25.6(c).

25.4 Superfluidity in neutron-star matter

If there exists attractive channel between the fermions near the Fermi surface, the system undergoes a transition to superfluidity or superconductivity in three spatial dimensions [28]. This is indeed the case in the neutron-star matter where the attraction between the protons due to spin-independent nuclear force in the (S, L, J)=(spin, orbital angular momentum, total angular momentum)=(0,0,0) channel leads to the condensation of^{2S+1}L_J =^1S_0 Cooper pairs (the proton superconductivity) and the attraction between the neutrons due to spin-orbit nuclear force in the (S, L, J)=(1,1,2) channel leads to the condensation of^3P_2 Cooper pairs (the neutron superfluidity) [29].

Other than the superfluidity and superconductivity of the nucleons, the condensation of pions (π^0 and π^−) and that of kaons (K^−) have been studied extensively. For more details on nucleon superfluidity, meson condensation and its implication to the physics of compact stars, see the reviews [30, 31, 32].

25.5 Color superconductivity in quark matter

The quark matter exhibits the color superconductivity (CSC) which originates from the formation of Cooper pairs of quarks near the Fermi surface (see the recent reviews [33, 34] and references therein). Dominant attractive interaction responsible for the quark−quark pairing at high density is the color-magnetic interaction mediated by the gluon.

There are some characteristic differences between CSC and the standard BCS-type superconductivity:

(i) The quark matter at high density is a relativistic system where the quark chemical potential μ is comparable or larger than the quark mass m_q. In such a case, the velocities of quarks near the Fermi surface are close to light velocity and the magnetic interaction is not any more suppressed in comparison to the electric interaction.

(ii) The color-magnetic interaction is screened only dynamically by Landaudamping, while the color-electric interaction is Debye screened as usual. Therefore, the collinear quark−quark scattering on the Fermi surface is dominated by the color-magnetic interaction, which leads to an unconventional form of the fermion gap Δ ∝ μ e^{−c/√αs} [35]. Because of this non-BCS form where the coupling strength enters as √ α_s instead of α_s, Δ/μ becomes sizable even in the weak coupling.

(iii) Due to color and flavor indices of the quarks, the CSC gap acquires colorflavor matrix structure, which leads to various different phases depending on μ and T ; they include the 2SC (2-flavor color superconducting) phase, the CFL (color-flavor locked) phase, the FFLO phase, the crystalline phase, and so on as reviewed in [34].

25.5.1 The gap equation

Let us illustrate the role of the above color-magnetic interaction by considering a simplified situation where quark matter is composed of only massless u and d quarks with equal Fermi energies at T = 0. In this case, the u quark with red-color and the d quark with green-color in flavor-singlet and color anti-triplet combinations are paired, while all the others quarks are unpaired [36]. This is called the 2SC phase.

Using the standard Nambu-Gor’kov field Ψ = (q, q̄^t)^t, the Schwinger-Dyson equation for the quark self-energy Σ in the ladder approximation is written as Σ(k) = −i ∫ d^4p (2π)^4 g^2(p, k) Γ^μ_a S(p)Γ^ν_b D^{ab}_{μν} (p − k), (25.5.9)

where D^{ab}_{μν} is the in-medium gluon propagator and Γ^a_μ is the bare quark-gluon vertex. The off-diagonal (anomalous) component of Σ in the Nambu-Gor’kov space is directly related to the gap function Δ(k) = Δ_+(k)Λ_+ + Δ_−(k)Λ_−, where Λ_± are the projection operators to the positive and negative energy states. Therefore, Δ_+(k) and Δ_−(k) are interpreted as the quark gap and anti-quark gap, respectively. As for g(q, k), the Higashijima-Miransky ansatz (a momentum-dependent QCD coupling with phenomenological infrared regulator) may be adopted [37]. As for the gluon propagator, we take the screened propagator in the Landau gauge, D^{ab}_{μν} (k) = ( − P^L_{μν} k^2 + m^2_D − P^T_{μν} k^2 + i^π_4 m^2_D|k_0|/|k| ) δ^{ab}, (25.5.10)

where P^{L,T}_{μν} are the longitudinal and transverse projection operators. The longitudinal (electric) part of the propagator has static screening by the Debye mass m^2_D = (1/π^2)g^2μ^2, so that the static interaction between quarks in the

Figure 25.7: (a) The quark gap Δ_+(k) as a function of |k|/μ for various quark chemical potentials, μ = 2^n × Λ with Λ = 400 MeV and n = 1, 2, 3, 12, obtained by solving the gap equation Eq.(25.5.9) numerically [38]. (b) Ratio of the coherence length ξ_c and the average inter-quark distance d_q as a function of μ.

coordinate space is the Yukawa-type short range potential. On the other hand, the transverse (magnetic) part has only dynamical screening due to Landau damping, so that the static interaction between quarks in the coordinate space is the Coulomb-type long range potential.

In the high density limit (or equivalently the weak coupling limit due to asymptotic freedom), only the interactions near the Fermi surface become relevant and the gap equation can be simplified to give the form [35]

Δ_+(|k| = μ) ∼= 2b μ e^{−(3π2/√2)/g(μ)}, (25.5.11)

with b = 256π^4/g^5(μ) and g(μ) = √ 4πα_s(κ = μ) [34]. The characteristic form of the gap, e^{−c/g}, in Eq.(25.5.11) originates from the long-range color-magnetic interaction in Eq.(25.5.10) and is different from the BCS form e^{−c/g2} as we have mentioned.

At low densities, sizable diffusion of the Fermi surface occurs, and the weakcoupling approximation in the asymptotic high density leading to Eq.(25.5.11) is not justified. Therefore, we solve the gap equation Eq.(25.5.9) numerically with both magnetic and electric interactions [38]. In Fig.25.7(a), we show such numerical solution of Δ_+(k) as a function of |k|/μ for wide range of density. The figure shows that (i) the ratio of the gap and the quark chemical potential Δ_+/μ can be sizable in magnitude of order 0.03 even for baryon density as high as ρ ∼ 10ρ_0, and that (ii) the gap function Δ_+(k) has non-trivial momentum dependence with a peak near the Fermi surface.

25.5.2 Tightly bound Cooper pairs

The color superconductivity is a strongly coupled system partly due to the large value of coupling constant α_s(κ = μ) and partly due to long-range nature of the color-magnetic interaction. To clarify this point further, let us consider the coherence length ξ_c defined as a root-mean-square radius of the Cooper-pair wave function, φ_+(r) ∝ ⟨q(r)q(0)⟩ ∝

∫_d3_k

(2π)^3 e ik·r Δ+(k) 2 √_{(|k|−μ)2+Δ2+(k)} .

Shown in Fig. 25.7(b) is the ratio of ξ_c and the average inter-quark distance d_q = (π^2/2)^{1/3}μ^{−1} in the u-d quark matter. At high density, this ratio is very large (about 10^5 at μ ∼ 10^6 MeV), while at low densities, the ratio becomes small (about 10 at μ = 800 MeV) and may even become less than 1 at lower densities. This situation is quite similar to the BCS-BEC crossover phenomenon [39] which was recently observed in ultracold atomic systems [40]: The result here suggests that the quark matter possibly realized in the core of neutron stars (μ ∼ 400 MeV) may be rather like the BEC of tightly bound Cooper pairs. For further studies of the BCS-BEC crossover in the relativistic system, see e.g. [41].

25.6 QCD phase structure

The continuous QCD symmetry in the flavor-SU(3) chiral limit (m_{u,d,s} = 0), Eq.(25.1.4), exhibits various symmetry breaking patterns depending on the temperature T and the quark chemical potential μ. In Table 25.1, three examples of the symmetry realizations are shown; the QGP (quark-gluon plasma) phase, the NG (Nambu-Goldstone) phase and the CFL (color-flavor locked) phase. (CFL is one of the color superconducting phases to be discussed later in more details.) Each phase would appear in the T − μ phase diagram as illustrated in Fig.25.8. In the intermediate values of μ ∼ 400 MeV at low T , a variety of quantum phases have been proposed [30, 34].

As we have discussed in Sec.25.1.2, the NG phase is characterized by the dynamical breaking of chiral symmetry due to nonvanishing chiral condensate ⟨q̄q⟩. On the other hand, in the color superconductivity at high chemical potential, the diquark condensate ⟨qq⟩ is formed as discussed in Sec.25.5. In the presence of these condensates, the light quarks and anti-quarks acquire the Dirac type mass M and the Majorana type mass Δ_±, which leads to the relativistic quasi-particle spectrum of a quark near the Fermi surface, ω(p) = √ ( √ p^2 + M^2 − μ)^2 + |Δ_+|^2. (25.6.12)

25.6.1 Ginzburg-Landau potential for hot/dense QCD

In this subsection, we focus our attention on the QCD phase structure at intermediate value of the chemical potential (μ ∼ 400 MeV) where there would be an interplay between the quark−anti-quark pairing characterized by the chiral condensate ⟨q̄q⟩ and the quark−quark pairing characterized by the diquark condensate ⟨qq⟩ [42, 43]. Study of this region is not only important to understand

Table 25.1: Symmetry breaking patterns of QCD in the flavor-SU(3) chiral limit (m_{u,d,s} = 0). The QGP phase, the NG phase, and the CFL phase denote the quarkgluon plasma phase, the Nambu-Goldstone phase, and the color-flavor locked phase, respectively.

phase region unbroken continuous symmetries QGP phase^T_{ΛQCD} ≫ 1 SU(3)_C ⊗ SU(3)_L ⊗ SU(3)_R ⊗ U(1)_B NG phase^T_{ΛQCD} ≪ 1,^μ_{ΛQCD} ≪ 1 SU(3)_C ⊗ SU(3)_{L+R} ⊗ U(1)_B CFL phase^T_{ΛQCD} ≪ 1,^μ_{ΛQCD} ≫ 1 SU(3)_{C+L+R}

Figure 25.8: The three basic phases of QCD in the T -μ plane for flavor-SU(3) chiral limit .

the quantum phase transition to quark matter in the deep interior of the neutron stars, but also interesting in relation to similar phenomena in other systems such as the interplay between magnetically ordered phases and metallic superconductivity [44] and that between superfluidity and magnetism in ultracold atoms [45].

To analyze such interplay in QCD in a model-independent manner, let us construct a Ginzburg-Landau (GL) potential Ω on the basis of the QCD symmetry Eq.(25.1.4) as Ω(Φ, d_L , d_R ) = Ω_χ(Φ) + Ω_d(d_L , d_R ) + Ω_{χd}(Φ, d_L , d_R ). Here the chiral field Φ, which has a 3×3 matrix structure in the flavor space, is defined with the transformation property under Eq.(25.1.3) as,

Φ_{ij} ≡ ⟨[q̄_R ]^j_a[q_L ]^i_a⟩, Φ → e^{−2iθA} V_LΦV^†_R. (25.6.13)

On the other hand, the diquark field d_L , which has a 3×3 matrix structure in the flavor-color space, is defined with the transformation property as

[d^†_L ]_{ai} ≡ ϵ_{ijk} ϵ_{abc}⟨[q_L ]^j_b C[q_L ]^k_c ⟩, d_L → e^{2iθA} e^{2iθB} V_Ld_L V^t_C, (25.6.14)

where C = iγ^2γ^0 is the charge conjugation matrix. Similar definition holds for d_R too. By definition, the 3×3 matrix [d_{L(R)} ]_{ia} belongs to the fundamental representation of SU(3)_C and SU(3)_{L(R)}.

Most general form of the GL potential which is invariant under G in Eq.(25.1.4), written in terms of the chiral field up to O(Φ^4), reads [18],

Ω_χ = a_0 2 Tr Φ^†Φ + b_1 4! ( Tr Φ^†Φ

)_2 + b_2 4! Tr ( Φ^†Φ

)_2 − c_0 2 ( detΦ + detΦ^† ) ,(25.6.15)

where “Tr” and “det” are taken over the flavor indices, i and j. The first three terms in the right hand side are invariant under G ⊗ U(1)_A, while the last term represents the axial anomaly which breaks U(1)_A down to Z(6)_A. The potential Ω_χ is bounded from below for b_1 + b_2/3 > 0 and b_2 > 0. If these conditions are not satisfied, we need to introduce terms in O(Φ^6) to stabilize the potential, a situation we will indeed encounter. We assume c_0 to be positive so that the chiral condensate at low temperature is positive. Also, we assume that a_0 changes its sign at a certain temperature to drive the chiral phase transition.

Most general form of the GL potential which is invariant under G, written in terms of the diquark field up to O(d^4), reads [46, 47],

Ω_d = α_0 Tr[d_L d^†_L + d_R d^†_R ]

+β_1 ( [Tr(d_L d^†_L )]^2 + [Tr(d_R d^†_R )]^2 ) + β_2 ( Tr[(d_L d^†_L )^2] + Tr[(d_R d^†_R )^2] ) +β_3 Tr[(d_R d^†_L )(d_L d^†_R )] + β_4 Tr(d_L d^†_L )Tr(d_R d^†_R ). (25.6.16)

The transition from the normal state to color superconductivity is driven by α_0 changing sign. Unlike det Φ in Ω_χ, terms such as det d_{L(R)} are not allowed in Ω_d, since det d_{L(R)} carries baryon number and is not invariant under U(1)_B.

Finally, the interaction potential which is invariant under G, written in terms of both chiral and diquark fields to fourth order, reads [43, 48],

Ω_{χd} = γ_1 Tr[(d_R d^†_L )Φ + (d_L d^†_R )Φ^†]

+λ_1 Tr[(d_L d^†_L )ΦΦ^† + (d_R d^†_R )Φ^†Φ] + λ_2 Tr[d_L d^†_L + d_R d^†_R ] · Tr[Φ^†Φ]

+λ_3 ( detΦ · Tr[(d_L d^†_R )Φ^{−1}] + h.c. ) . (25.6.17)

The term with the coefficient γ_1 originates from the axial anomaly which imposes the sign of γ_1 in Eq.(25.6.17) and that of c_0 in Eq.(25.6.15) being the same.

Equations (25.6.15), (25.6.16) and (25.6.17) constitute the most general form of the GL potential under the conditions that the phase transition is not strongly first order (i.e., the magnitudes of Φ, d_{L(R)} are sufficiently smaller than those at zero temperature) and that the condensed phases are spatially homogeneous. To proceed analytically for the flavor-SU(3) chiral limit, we restrict ourselves to maximally symmetric condensates of the form:

Φ = diag(σ, σ, σ), d_L = −d_R = diag(d, d, d), (25.6.18) where σ and d are assumed to be real and spatially uniform. We have chosen the relative sign between d_L and d_R in Eq. (25.6.18) so that the ground state has positive parity, as is indeed favored by the axial anomaly together with finite quark masses. The above ansatz for the diquark condensate has residual symmetry SU(3)_{C+L+R} ⊗ Z(2) and is called the color-flavor locking (CFL) because of its symmetry realization [49]. (Note that Z(2) corresponds to the reflection, q_{L(R)} → −q_{L(R)} .)

The reduced GL potential with Eq.(25.6.18) is

Ω_{3F} = ( a 2 σ^2 − c 3 σ^3 + b 4 σ^4 + f 6 σ^6 ) + ( α 2 d^2 + β 4 d^4 ) − γd^2σ + λd^2σ^2. (25.6.19)

Here the axial anomaly leads to c > 0 and γ > 0, while microscopic calculation based on the Nambu−Jona-Lasinio model as well as the weak-coupling QCD suggests that λ is positive and plays a minor role in comparison to γ [48]. Note that we have introduced f-term (f > 0) in case that b becomes negative. This system can have four phases with the following dynamical breaking patterns of continuous symmetries;

QGP phase : σ = 0, d = 0 NG phase : σ ≠ 0, d = 0 : G → SU(3)_C ⊗ SU(3)_{L+R} ⊗ U(1)_B CFL phase : σ = 0, d ≠ 0 : G → SU(3)_{C+L+R} COE phase : σ ≠ 0, d ≠ 0 : G → SU(3)_{C+L+R}. (25.6.20)

The COE (coexistence) phase is favored by the axial anomaly, since the simultaneous presence of d and positive σ makes the GL potential lower because of the γ-term with γ > 0. Note that even the unbroken discrete symmetry Z(2) is common between CFL and COE phases, so that they cannot be distinguishable from the symmetry point of view.

For flavor-SU(2) chiral limit with m_{u,d} = 0 and m_s = ∞, the condensates with the s quark disappear, so that we have Φ = diag(σ, σ, 0) and d_L = −d_R = diag(0, 0, d). Then the reduced GL potential becomes Ω_{2F} = (_a 2 σ^2 +^b_4 σ^4 +^f_6 σ^6 ) + (_α 2 d^2 +^β_4 d^4 ) + λd^2σ^2. Thus, the coexistence of d and σ is disfavored in this case, because of the λ-term with λ > 0.

25.6.2 Possible phase structure for realistic quark masses

The mapping of the phase diagrams obtained from the GL potentials, Ω_{3F} and Ω_{2F}, in the a−α plane to the T −μ plane is a dynamical question which cannot be addressed within the phenomenological GL theory. Nevertheless, we can draw a speculative phase structure of QCD for m_s ∼ Λ_{QCD} ≫ m_{u,d} ≠ 0 by interpolating the phase structures obtained from Ω_{3F} and Ω_{2F} as shown in Fig.25.9 [43]. In this figure, the double line indicates the first order phase transition driven by the negative b in Eq.(25.6.19). The single lines indicate the second order phase transitions (within the analysis of the GL potential without fluctuations) which

Figure 25.9: Schematic phase structure with two light (up and down) quarks and a medium heavy (strange) quark [43]. The double line indicates the first order transition. AY and HTYB are the second-order critical points at which the first-order line terminates.

separate the d ≠ 0 and d = 0 phases. We draw two critical points at which the first order phase transition turns into crossover; the one near the vertical axis indicated as “AY” (Asakawa-Yazaki critical point [50]) and the other one near the horizontal axis indicated as “HTYB” [43]. The latter is driven by the axial anomaly with positive γ in Eq.(25.6.19).

The existence of the AY critical point implies that the transition from the NG phase to the QGP phase on the μ = 0 axis is a crossover. Indeed, the lattice QCD Monte Carlo simulations at finite T with the finite-size scaling analyses indicate that the thermal phase transition at μ = 0 is likely to be crossover [51]. We note here that the AY critical point has special importance to the fluctuation observables in relativistic heavy-ion collisions [52] and the determination of its location is highly called for both theoretically and experimentally.

On the other hand, the existence of the HTBY critical point implies that the haronic matter (characterized by σ > d > 0 and the quark matter characterized by d > σ > 0 are continuously connected with each other and both are classified into the COE phase. This is intimately related to the idea of hadron-quark continuity, i.e. smooth transition from the superfluid/superconducting hadronic matter to the superconducting quark matter [53, 54]. Indeed, there are evidences of the continuity not only for the ground state but also for the excitation spectra: Typical example is the continuity of the flavor-octet vector mesons in hadronic matter at low μ and the color-octet gluons in quark matter at high μ [53, 55]. Unfortunately, the lattice QCD simulations have difficulty to treat the matter with μ/T ≫ 1 because of the severe sign problem originating from the complex fermion determinant in the presence of μ [56]. Therefore, the quantitative study in this region is still an open issue.

25.7 Simulating dense QCD with ultracold atoms

Ultracold atomic systems and high density QCD matter, although differing by some twenty orders of magnitude in energy scales, share certain analogous physical aspects, e.g., BEC-BCS crossovers [57]. Motivated by phenomenological studies of QCD that indicate a strong spin-singlet diquark correlation inside the nucleon [58], we focus here on modeling the transition from the 2-flavor quark matter at high density to the nuclear matter at low density in terms of a bosonfermion system, in which small size diquarks are the bosons, unpaired quarks the fermions, and the extended nucleons are regarded as composite boson-fermion particles [59]. This would be a starting point to understand the quantum phase transition at μ ∼ μ_c between the hadronic superfluid discussed in Sec.25.4 and the color superconductivity discussed in Sec.25.5.

Recent advances in atomic physics have made it possible indeed to realize boson-fermion mixture in the laboratory. In particular, tuning the atomic interaction via a Feshbach resonance allows formation of heteronuclear molecules, as recently observed in a mixture of^{87}Rb and^{40}K atomic vapors in a 3D optical lattice [60], and in an optical dipole trap [61].

Let us start from a non-relativistic boson-fermion mixture with Hamiltonian density, H = 1 2m_b

|∇ϕ(x)|^2 − μ_b|ϕ(x)|^2 + 1 2 ḡ_{bb}|ϕ(x)|^4 + ∑ σ ( 1 2m_f

|∇ψ_σ (x)|^2 − μ_f |ψ_σ (x)|^2 ) +ḡ_ff |ψ_↑(x)|^2|ψ_↓(x)|^2 + ∑ σ ḡ_{bf} |ϕ(x)|^2|ψ_σ (x)|^2, (25.7.21)

where ϕ is the boson and ψ the fermion field. The two internal states of the fermions are labeled by spin indices σ = {↑, ↓}. For simplicity, we consider an equally populated mixture of n bosons and n fermions with n_↑ = n_↓ = n/2.

The bare boson-fermion coupling ḡ_{bf} is related to the renormalized coupling g_{bf} and to the s-wave scattering length a_{bf} by

m_R 2πa_{bf} = 1 ḡ_{bf} + ∫ |k|≤Λ d^3k (2π)^3 1 ε_b(k) + ε_f (k)

, (25.7.22)

where ε_i(k) = k^2/2m_i (i = b, f) is the single-particle kinetic energy, m_R is the boson-fermion reduced mass, and Λ = π/(2r_0) is a high momentum cutoff with r_0 being a typical atomic scale. We assume an attractive bare b-f interaction (ḡ_{bf} < 0), tunable in magnitude, with Λ fixed, so that the scattering length a_{bf} can change sign: a_{bf} → ḡ_{bf} m_R /(2π) for small negative ḡ_{bf} , while a_{bf} → r_0 for large negative ḡ_{bf} . We keep the bare boson-boson and fermion-fermion interactions fixed and repulsive (ḡ_{bb} > 0, ḡ_ff > 0) for the stability of this system.

In the regime of the weak bare b-f coupling where the dimensionless parameter η ≡ −1/(n^{1/3}a_{bf} ) is large and positive, the system at low temperature is

Table 25.2: Correspondence between the boson-fermion mixture in ultracold atoms and the diquark-quark mixture in high density QCD.

cold atoms dense QCD b (bosonic atom) d (diquark), f_{↑,↓} (fermionic atom) q_{↑,↓} (unpaired quark) N_{↑,↓} (boson-fermion molecule) N_{↑,↓} (nucleon) b-f attraction gluonic attraction b-BEC 2-flavor color superconductivity N-BCS nucleon superfluidity

a weakly interacting mixture of BEC of the b-bosons (b-BEC) and degenerate f-fermions. The induced interaction through the density fluctuation of b-BEC may also lead to the pairing of f’s (f-BCS).

On the other hand, in the regime of strong bare b-f coupling where the η is large and negative, bound molecules of b-bosons and f-fermions called composite fermions, N = (bf), are formed with a kinetic mass m_N = m_b + m_f . The s-wave scattering length of two N’s of opposite spins can be estimated by the exchange of constituent b or f [59],

a_{NN} ≃ − m_N 2m_R a_{bf} . (25.7.23)

This is the same in magnitude but is opposite in sign from the scattering length between difermion molecules due to different statistics. It can be shown that this result is the leading order term in an extension of the present model to large internal degrees of freedom.

Eq.(25.7.23) implies that the low energy effective interaction between composite fermions in the spin-singlet channel is weakly attractive; the stronger the bare b-f attraction the weaker the N-N attraction. Such an effective interaction causes composite fermions to become BCS-paired (N-BCS) below a transition temperature,

T_c(N-BCS) = e^γ π ( 2 e )_{7/3} ε_Ne^{π/(2kFaNN )} . (25.7.24)

where ε_N = k^2_F/2m_N is the Fermi energy of the N.

The above analyses for large |η| suggest a possible phase structures of bosonfermion mixtures in the T − η plane as shown in Fig. 25.10(a). At intermediate bare b-f coupling (η ∼ 0) where a transition from the b-BEC phase to N-BCS takes place, the phase diagram would have complex structure depending on the relative magnitudes of ḡ_{bb}, ḡ_ff , and ḡ_{bf} . The f-BCS phase possibly occurs for η > 0 is not shown in this figure. For more detailed analyses of the phase diagram of the present model, see [59].

Figure 25.10: (a) A possible phase structure of the boson-fermion mixture (such as^{87}Rb and^{40}K) in ultracold atoms with attractive b-f interaction and repulsive b-b and f-f interactions. Large and positive (large and negative) η corresponds to the weak (strong) b-f attraction. (b) A possible phase structure of QCD. Large (small) chemical potential μ corresponds to the weak (strong) coupling due to asymptotic freedom.

The phase boundary in the region η ∼ 0 may be classified by the realization of internal symmetry. If we focus only on the continuous symmetries, the Hamiltonian density, Eq. (25.7.21), has U(1)_b ⊗ U(1)_{f↑} ⊗ U(1)_{f↓} symmetry corresponding to independent phase rotations of ϕ, ψ_↑ and ψ_↓. On the other hand, b-BEC and N-BCS break U(1)_b and U(1)_{b+(f↑+f↓)} symmetries, respectively. The difference in such symmetry breaking patterns implies the existence of a well-defined phase boundary between b-BEC and N-BCS as indicated in Fig. 25.10(a). This is in contrast to the continuous BEC-BCS crossover in twocomponent Fermi systems.

The phase structure we find for boson-fermion mixture of ultracold atoms displays features of that in QCD with equal numbers of u and d quarks. The ground state of such system at high density is the 2-flavor color superconductivity (2SC) discussed in Sec.25.5.1. The order parameter for color-symmetry breaking is the diquark condensate ⟨d_3⟩ with the diquark operator d_c = ϵ_{ij} ϵ_{abc}[q]^i_aCγ_5[q]^j_b. The gap is of order a few tens of MeV; remaining quarks are unpaired and form degenerate Fermi seas. On the other hand, the ground state of QCD at low density is the nuclear matter with equal numbers of protons and neutrons denoted by N^i_{↑,↓}, a superfluid state with a pairing gap of a few MeV [32]; the order parameter for the spontaneous breaking of baryon-number symmetry U(1)_B is the six-quark condensate ⟨N^i_↑ N^j_↓ ⟩ = ⟨(d_a[q_↑]^i_a)(d_b[q_↓]^j_b)⟩. If we model the nucleon, of radius r_N ∼ 0.86 fm, as a bound molecule of a diquark (of radius r_d ∼ 0.5 fm) and an unpaired quark, we can make the correspondence between boson-fermion mixture of cold atoms and the diquark-quark mixture in QCD as shown in Table 25.2.

Such correspondence can be also found between the phase diagram of ultracold atoms in Fig.25.10(a) and that of dense QCD in Fig.25.10(b). In particular, the BCS-like superfluidity of composite fermion (N) with a small gap is a natural consequence of the strong b-f attraction as shown in Eq.(25.7.23), which may explain why the fermion gap in nucleon superfluidity is order of magnitude smaller than the gap in BEC-like color superconductivity. It is thus quite interesting to carry out the experiments of boson-fermion mixture in ultracold atoms for wide range of the boson-fermion attraction.

Note, however, that tuning the coupling strength at fixed density is not possible in dense QCD matter because of the running coupling α_s(κ = μ); furthermore, dynamical breaking of chiral symmetry and its interplay with the color superconductivity have an important role in the quantum phase transition in QCD as discussed in Sec.25.6.1. With these reservations in mind, we suggest that fuller understanding, both theoretical and experimental, of the bosonfermion mixture [59] as well as a mixture of three species of atomic fermions [45, 62] can reveal properties of high density QCD not readily observable in laboratory experiments.

25.8 Conclusion

In this Chapter, we have discussed thermal and quantum phase transitions in QCD. The former is relevant to the physics of hot matter in early universe right after the big bang, while the latter is relevant to the physics of dense matter in the interiors of neutron stars and quark stars. There are three fundamental QCD phases in the T − μ plane: the NG phase, the QGP phase and the CSC phase (Fig.25.8).

We have shown an interesting possibility of hadron-quark continuity in which the superfluid hadronic phase and the CSC phase are continuously connected with each other at low temperature due to the QCD axial anomaly (Fig.25.9). We have also discussed that the existence of the nucleon superfluidity may be a logical consequence of the tightly bound diquarks interacting with the unpaired quarks in the CSC phase. Although such a system with μ/T ≫ 1 is difficult to be treated in lattice QCD Monte Carlo simulations at present, a mixture of ultracold atoms with different masses, different statistics and different internal degrees of freedom would provide us with an exciting new tool to study the essential features of quantum phase transitions in dense QCD (Fig.25.10).

Acknowledgments

The authors thank H. Abuki, G. Baym, K. Iida, Y. Nishida, M. Tachibana and N. Yamamoto for useful discussions and collaborations on various subjects covered in this article. This research was supported in part by the Grant-in-Aid for Scientific Research on Innovative Areas (No. 2004: 20105003) and by Japan Society for the Promotion of Science for Young Scientists.

22

Bibliography

[1] Nambu Y. A Systematics of Hadrons in Subnuclear Physics. In Preludes in Theoretical Physics, in honor of V. F. Weisskopf, pages 133–142. North- Holland, Amsterdam, 1966.

[2] Kobayashi M and Maskawa T. CP Violation In The Renormalizable Theory of Weak Interaction. Prog. Theor. Phys., 49:652–657, 1973.

[3] Gross DJ. The Discovery of Asymptotic Freedom and the Emergence of QCD. Proc. Nat. Acad. Sci., 102:9099–9108, 2005.

Wilczek F. Asymptotic Freedom: From Paradox to Paradigm. Proc. Nat. Acad. Sci., 102:8403–8413, 2005.

Politzer HD. The Dilemma of Attribution. Proc. Nat. Acad. Sci., 102:7789–7793, 2005.

[4] Amsler C et al. (Particle Data Group). Review of Particle Physics. Phys.

Lett., B667:1–1340, 2008.

[5] Nambu Y and Jona-Lasinio G. Dynamical Model of Elementary Particles Based on an Analogy with Superconductivity I, II. Phys. Rev., 122:345– 358, 1961; ibid. 124:246–254, 1961.

[6] Hatsuda T and Kunihiro T. QCD Phenomenology Based on a Chiral Effective Lagrangian. Phys. Rept., 247:221–367, 1994.

[7] Weinberg S. Effective Field Theory, Past and Future. arXiv:0908.1964 [hep-th], 2009.

[8] Treiman S, Jackiw R, Zumino B and Witten E. Current Algebra and Anomalies. Princeton Univ. Press, New Jersey, 1985.

[9] Wilson KG. The Origins of Lattice Gauge Theory. Nucl. Phys. Proc.

Suppl., 140:3–19, 2005.

[10] Aoki S et al. (PACS-CS Collaboration). 2+1 Flavor Lattice QCD toward the Physical Point. Phys. Rev., D79:034503, 2009.

[11] Dürr S et al. (BMW Collaboration). Ab Initio Determination of Light Hadron Masses. Science, 322:1224–1227, 2008.

[12] Vafa C and Witten E. Restrictions on Symmetry Breaking in Vector-Like Gauge Theories. Nucl. Phys., B234:173–188, 1984.

[13] Fukaya H et al. (JLQCD Collaboration). Determination of the chiral condensate from 2+1-flavor lattice QCD. arXiv:0911.5555 [hep-lat], 2008.

[14] Gell-Mann M, Oakes RJ and Renner B. Behavior of Current Divergences under SU(3) × SU(3). Phys. Rev., 175:2195–2199, 1968.

[15] Cheng M et al. The QCD Equation of State with almost Physical Quark Masses. Phys. Rev., D77:014511, 2008.

[16] Bazavov A, et al. Equation of State and QCD Transition at Finite Temperature. Phys. Rev., D80:014504, 2009.

[17] Aoki Y, et al. The QCD Transition Temperature: Results with Physical Masses in the Continuum Limit II. JHEP, 0906:088, 2009.

[18] Pisarski RD and Wilczek F. Remarks on the Chiral Phase Transition in Chromodynamics. Phys. Rev., D29:338–341, 1984.

[19] DeTar CE and Heller UM. QCD Thermodynamics from the Lattice.

arXiv:0905.2949 [hep-lat], 2008.

[20] Yagi K, Hatsuda T and Miake Y. Quark-Gluon Plasma: From Big Bang to Little Bang. Cambridge Univ. Press, London, 2005.

[21] Müller B. From Quark-Gluon Plasma to the Perfect Liquid. Acta Phys.

Polon., B38:3705-3730 (2007).

Shuryak E. Physics of Strongly coupled Quark-Gluon Plasma. Prog. Part. Nucl. Phys., 62:48-101, 2009.

Hirano T, van der Kolk N and Bilandzic A. Hydrodynamics and Flow. Lecture Notes in Physics, 785:139–178, 2010 [arXiv:nucl-th/0808.2684]. Gubser SS. Using String Theory to Study the Quark-Gluon Plasma: Progress and Perils. Nucl. Phys., A830:657c–664c, 2009.

[22] Collins JC and Perry MJ. Superdense Matter: Neutrons or Asymptotically Free Quarks? Phys. Rev. Lett., 34:1353–1356, 1975.

[23] Witten E. Cosmic Separation of Phases. Phys. Rev., D30:272–285, 1984.

[24] Itoh N. Hydrostatic Equilibrium of Hypothetical Quark Stars. Prog.

Theor. Phys., 44:291–292, 1984.

[25] Heiselberg H and Pandharipande V. Recent Progress in Neutron Star Theory. Ann. Rev. Nucl. Part. Sci., 50:481-524 (2000).

[26] Lattimer JM and Prakash M. Neutron Star Observations: Prognosis for Equation of State Constraints. Phys. Rept., 442:109-165, 2007.

[27] Baym G. Confinement of Quarks in Nuclear Matter. Physica, 96A: 131- 135, 1979.

[28] Shankar R. Renormalization Group Approach to Interacting Fermions.

Rev. Mod. Phys., 66:129–192, 1994.

[29] Tamagaki R. Superfluid State in Neutron Star Matter I. Prog. Theor.

Phys., 44:905–928, 1970.

Takatsuka T and Tamagaki R. Superfluid State in Neutron Star Matter II. Prog. Theor. Phys., 46:114–134, 1971.

Hoffberg M, Glassgold AE, Richardson RW and Ruderman M. Anisotropic Superfluidity in Neutron Star Matter. Phys. Rev. Lett. 24:775–777, 1970.

[30] Kunihiro T, Muto T, Takatsuka T, Tamagaki R and Tatsumi T. Various Phases in High-Density Nuclear Matter and Neutron Stars. Prog. Theor. Phys. Suppl., 112:1–315, 1993.

[31] Lee CH. Kaon Condensation in Dense Stellar Matter. Phys. Rept., 275:255–341, 1996.

[32] Dean DJ and Hjorth-Jensen M. Pairing in Nuclear Systems: from Neutron Stars to Finite Nuclei. Rev. Mod. Phys., 75:607–656, 2003.

[33] Rajagopal K and Wilczek F. The Condensed Matter Physics of QCD.

In At the Frontier of Particle Physics / Handbook of QCD, vol.3, pages 2061–2151. World Scientific, Singapore, 2002.

Rischke DH. The Quark-Gluon Plasma in Equilibrium. Prog. Part. Nucl. Phys., 52:197–296, 2004.

Casalbuoni R and Nardulli G. Inhomogeneous Superconductivity in Condensed Matter and QCD. Rev. Mod. Phys., 76: 263–320, 2004. Buballa M. NJL Model Analysis of Quark Matter at Large Density. Phys. Rept., 407:205–376, 2005.

Shovkovy IA. Two Lectures on Color Superconductivity. Found. Phys., 35:1309–1358, 2005.

Ren HC. Color Superconductivity of QCD at High Baryon Density. arXiv:hep-ph/0404074, 2004.

[34] Alford MG, Schmitt A, Rajagopal K and Schäfer T. Color Superconductivity in Dense Quark Matter. Rev. Mod. Phys., 80:1455–1515, 2008.

[35] Son DT. Superconductivity by Long-Range Color Magnetic Interaction in High-Density Quark Matter. Phys. Rev., D59:094019, 1999.

[36] Bailin D and Love A. Superfluidity and Superconductivity in Relativistic Fermion Systems. Phys. Rep. 107:325–385, 1984.

[37] Higashijima K. Theory of Dynamical Symmetry Breaking. Prog. Theor.

Phys. Suppl., 104:1–69, 1991.

[38] Abuki H, Hatsuda T, and Itakura K. Structural Change of Cooper Pairs and Momentum-Dependent Gap in Color Superconductivity. Phys. Rev., D65:074014, 2002.

[39] Leggett AJ. Cooper Pairing in Spin-polarized Fermi Systems. J. Phys.

(Paris), 41:C7–C19, 1980.

Nozières P and Schmitt-Rink S. Bose Condensation in an Attractive Fermion Gas: From Weak to Strong Coupling Superconductivity. J. Low. Temp. Phys., 59:195-211, 1985.

Chen Q, Stajic J, Tan S, Levin K. BCS-BEC Crossover: From High Temperature Superconductors to Ultracold Superfluids. Phys. Rep., 412:1–88, 2005.

[40] Regal CA, Greiner M and Jin DS. Observation of Resonance Condensation of Fermionic Atom Pairs. Phys. Rev. Lett., 92:040403, 2004.

[41] Nishida Y and Abuki H. BCS-BEC Crossover in a Relativistic Superfluid and its Significance to Quark Matter. Phys. Rev., D72:096004, 2005. Abuki H. BCS/BEC Crossover in Quark Matter and Evolution of Its Static and Dynamic Properties: From the Atomic Unitary Gas to Color Superconductivity. Nucl. Phys., A791: 117–164, 2007.

[42] Kitazawa M, Koide T, Kunihiro T and Nemoto Y. Chiral and color superconducting phase transitions with vector interaction in a simple model. Prog. Theor. Phys., 108:929–951, 2002.

[43] Hatsuda T, Tachibana M, Yamamoto N and Baym G. New Critical Point Induced by the Axial Anomaly in Dense QCD. Phys. Rev. Lett., 97:122001, 2006.

[44] Sigrist M and Ueda K. Phenomenological Theory of Unconventional Superconductivity. Rev. Mod. Phys., 63:239–331, 1991.

[45] Cherng RW, Refael G and Demler E. Superfluidity and Magnetism in Multicomponent Ultracold Fermions. Phys. Rev. Lett., 99:130406, 2007.

[46] Iida K and Baym G. Superfluid Phases of Quark Matter: Ginzburg- Landau Theory and Color Neutrality. Phys. Rev., D63:074018, 2001; ibid. D66:059903(E), 2002.

[47] Iida K, Matsuura T, Tachibana M and Hatsuda T. Thermal Phase Transitions and Gapless Quark Spectra in Quark Matter at High Density. Phys. Rev., D71:054003, 2005.

[48] Yamamoto N, Tachibana M, Hatsuda T and Baym G. Phase Structure, Collective Modes, and the Axial Anomaly in Dense QCD. Phys. Rev., D76:074001, 2007.

[49] Alford MG, Rajagopal K and Wilczek F. Color-Flavor Locking and Chiral Symmetry Breaking in High Density QCD. Nucl. Phys., B537:443–458, 1999.

[50] Asakawa M and Yazaki K. Chiral Restoration at Finite Density and Temperature. Nucl. Phys., A504:668-684, 1989.

Barducci A, Casalbuoni R, De Curtis S, Gatto R and Pettini G. Chiral Symmetry Breaking in QCD at Finite Temperature and Density. Phys. Lett., B231:463–470, 1989.

[51] Aoki Y, Endrodi G, Fodor Z, Katz SD and Szabó KK. The Order of the Quantum Chromodynamics Transition Predicted by the Standard Model of Particle Physics. Nature, 443:675–678, 2006.

[52] Stephanov MA, Rajagopal K and Shuryak EV. Event-by-event Fluctuations in Heavy Ion Collisions and the QCD Critical Point. Phys. Rev., D60:114028, 1999.

Hatta Y and Ikeda T. Universality, the QCD Critical and Tricritical Point, and the Quark Number Susceptibility. Phys. Rev., D67:014028, 2003. Stephanov MA. QCD Phase Diagram: An Overview. PoS, LAT2006:024, 2006 [arXiv:hep-lat/0701002].

[53] Schäfer T and Wilczek F. Continuity of Quark and Hadron Matter. Phys.

Rev. Lett., 82:3956–3959, 1999.

Fukushima K. Quark Description of the Nambu-Goldstone Bosons in the Color-Flavor Locked Phase. Phys. Rev., D70:094014, 2004.

[54] Yamamoto N. Instanton-Induced Crossover in Dense QCD. JHEP, 0812:060, 2008.

[55] Hatsuda T, Tachibana M and Yamamoto N. Spectral Continuity in Dense QCD. Phys. Rev., D78:011501, 2008.

[56] Ejiri S. Recent Progress in Lattice QCD at Finite Density. PoS, LAT- TICE2008:002, 2008, [arXiv:0812.1534 [hep-lat]].

[57] Baym G, Hatsuda T, Tachibana M and Yamamoto N. The Axial Anomaly and the Phases of Dense QCD. J. Phys., G35:104021, 2008.

[58] Anselmino M, Predazzi E, Ekelin S, Fredriksson S and Lichtenberg DB.

Diquarks. Rev. Mod. Phys., 65:1199–1234, 1993.

Selem A and Wilczek F. Hadron Systematics and Emergent Diquarks. Ringberg 2005, New trends in HERA physics, [hep-ph/0602128].

[59] Maeda K, Baym G and Hatsuda T. Simulating Dense QCD Matter with Ultracold Atomic Boson-Fermion Mixtures. Phys. Rev. Lett., 103:085301, 2009.

[60] Ospelkaus C, et al. Ultracold Heteronuclear Molecules in a 3D Optical Lattice. Phys. Rev. Lett., 97:120402, 2006.

[61] Zirbel JJ, et al. Heteronuclear Molecules in an Optical Dipole Trap. Phys.

Rev., A78:013416, 2008.

[62] Rapp A, Zaránd G, Honerkamp C and Hofstetter W. Color Superfluidity and “Baryon” Formation in Ultracold Fermions. Phys. Rev. Lett., 98:160405, 2007.