arXiv:0912.1492v5 [math-ph] 6 Jan 2010

Electrodynamics in Noncommutative Curved Space-time

Abolfazl Jafari

Shahrekord University, P. O. Box 115, Shahrekord, Iran

jabolfazl@gmail.com

We drive the noncommutative quantum electrodynamics in curved spacetime with constant curvature and without torsion. We use the deformed Moyal product which it is suitable for curved spacetime with constant noncommutativity parameter. Also we construct the electrodynamics action in non-associative star product and we drive the motion equation of fields.

Keywords: Noncommutative Geometry, Noncommutative Field Theory PACS No.: 02.40.Gh, 11.10.Nx, 12.20.-m

Recently, many people are working on noncommutative field theory to find many details of new physics. It is a nonlocal version of physics and for this reason NCF theory has UV/IR divergence. The causality is broken when θ^{0i} ≠ 0 so as a field theory it is not appealing[1].

A few years ago, some people thought the noncommutative field theory violets the Lorentz invariance, but a group of famous physicists [1] have shown which the noncommutative filed theory holds the Lorentz invariance by Hopf algebra. Apart from the field theory interests in some possible phenomenological consequences of noncommutativity in space. Some of those results, all from the field theory point of view, have been addressed in [1, 2] The Hillbert space can consistently be taken to be exactly the same as the Hillbert space of corresponding commutative flat system. This assumption for the Hillbert space is directly induced from the non-relativistic limit of the related NCFT on flat space. We hope to be resolved in the near future the remain noncommutative physics problems as like as UV problem. However, many of physicists prefer to work on this field, because they think it is one of the best candidate for the future of physics[3]. For spaces with an arbitrary torsion, the correct scalar product has yet to be found. Thus the quantum equivalence principle is so far only applicable to spaces with arbitrary curvature and gradient torsion[4]. In spacetime with general metric without torsion, even with star product the electrodynamics intensity on the fields is not changed and it is important.

We want to use the Moyal multiplication law that is changed for curved spacetime within noncommutative structure [5] ▷ ≡ e^{△xμ∂μ(ℑ⊗ℑ)+ ıθμν2 ∂μ⊗∂ν} where △x^μ =^1_2^√_{−g} ıθ^{βλ}ıθ^{ασ}∂_σ R^μ_{αβλ} and R^μ_{αβλ} stands for the Riemann curvature tensor and −g ≡ det(g_{μν} ) . Surely, the new star product has the following properties (f̄ stands for conjugate complex of functions or variables)

(f ▷ g)^⋆ = ḡ ▷ f̄ (1)

because (f ▷ g)(x) = e^{△xμ∂μ(ℑ⊗ℑ)+ ıθμν2 ∂μ⊗∂ν} f(x)g(y) |_{y=x} = f(x̄)g(x̄) + ıθ^{μν} 2 ∂_μf(x̄)∂_ν g(x̄) + ıθ^{μν} 2 ıθ^{αβ} 2 ∂^2_{μα}f(x̄)∂^2_{νβ} g(x̄) + .. (2) where x̄^μ = x^μ +^1_2^√_{−g} ıθ^{βλ}ıθ^{ασ}∂_σ R^μ_{αβλ} In fact we have

(ℑ_a ⊗ ℑ_b)^⋆ → ℑ_b ⊗ ℑ_a (ıθ^{μν} (∂_μ ⊗ ∂_ν ))^⋆ → −ıθ^{μν} (∂_ν ⊗ ∂_μ) → +ıθ^{νμ}(∂_ν ⊗ ∂_μ) (3)

and we know x̄ is a hermitian operator (real variable)and θ is a real constant. -Under integration ∫ f ▷ g = ∫ (fg + △x^μ∂_μ(fg) + total derivative) = ∫ g ▷ f (4) -Nonassociative (f ▷ g) ▷ h ≠ f ▷ (g ▷ h) (5) △x^μ∂_μ(ℑ ⊗ ℑ) is reason of recent feature. If one direct follows the general rule of transforming usual theories in noncommutative ones by replacing product of fields by star product[6]. We believe that this change must be applied on Lagrangian. In fact A_{Com} = ∫ ∘L_{Com} → A_{Nc} = ∫ ∘L^{Sym}_{Nc} However, for first class θ^{oi} ≠ 0 the action A = ∫ √ −g L_▷^{Sym}_{Nc} because the action does not exhibit the diffeomorphism symmetry because the canonical momentum conjugate to g_{μν} is not a constraint anymore [7]. So the noncommutative electrodynamics action on curved space time with θ^{0i} ≠ 0 should be chosen such A = −1 γ ∫ √ −g F^{μν} ▷ F_{μν} (6) Where γ is Yang-Mills constant and ∫ ≡ ∫ d^dx and for seconde class of noncommutativity (case of θ^{0i} = 0) we have A = −1 γ ∫ √ −g ▷ ( F^{μν} ▷ F_{μν} ) (7)

We assume that The Riemann curvature tensor is constant, so the new star product is associative and the star product will remained between Lagrangian and determinant of metric. For approach to the motion equation of fields we can write −γδA δA_κ(z) = δ δA_κ(z) ∫ √ −g ▷ F^{μν} ▷ F_{μν} (8) but, the metric tensor is independent of fields so we have −γδA δA_κ(z) = ∫ √ −g ▷ {( δ δA_κ(z) F_{μν} ) ▷ F^{μν} + F_{μν} ▷ ( δ δA_κ(z) F^{μν} )} (9) but D^A_ν ▷ v_μ = ∂_ν v_μ − Γ^λ_{νμ} ▷ v_λ − ıA_ν ▷ v_μ so from F_{μν} = ı[D_μ, D_ν]_▷ for spacetime without torsion we get to F_{μν} = ∂_μA_ν − ∂_ν A_μ − ı[A_μ, A_ν ]_▷ so we can write −γδA δA_κ(z) = ∫ √ −g ▷ { δ δA_κ(z) (∂_μA_ν − ∂_ν A_μ − ı[A_μ, A_ν ]_▷) ▷ F^{μν} + F_{μν} ▷ δS δA_κ(z) (∂^μA^ν − ∂^ν A^μ − ı[A^μ, A^ν ]_▷)}

(10)

We know δ B(z) ∫ dx A ▷ B ▷ C = ∫ dx A ▷ δ B(z) B(x) ▷ C = ∫ dx A ▷ δ(x − z) ▷ C = ∫ dx δ(x − z) ▷ C ▷ A = C(z) ▷ A(z) (11) so −γδA δA_κ(z) = ∫ { {0_{boundry term} − ∂_μ √ −g ▷ δ^κ_ν δ(x − z) ▷ F^{μν} − √ −g ▷ δ^κ_ν δ(x − z) ▷ ∂_μF^{μν} − 0_{boundry term} + ∂_ν √ −g ▷ δ^κ_μδ(x − z) ▷ F^{μν} + √ −g ▷ δ^κ_μδ(x − z) ▷ ∂_ν F^{μν} − ıδ^κ_μδ(x − z) ▷ A_ν ▷ F^{μν} ▷ √ −g − ıδ^κ_ν δ(x − z) ▷ F^{μν} ▷ √ −g ▷ A_μ + ıδ^κ_ν δ(x − z) ▷ A_μ ▷ F^{μν} ▷ √ −g + ıδ^κ_μδ(x − z) ▷ F^{μν} ▷ √ −g ▷ A_ν } + {0_{boundry term} − ∂^μ √ −g ▷ F_{μν} ▷ δ^κ_ν δ(x − z) − √ −g ▷ ∂^μF^{μν} ▷ δ^κ_ν δ(x − z) − 0_{boundry term} + ∂^ν √ −g ▷ F_{μν} ▷ δ^κ_μδ(x − z) + √ −g ▷ ∂_ν F_{μν} ▷ δ^κ_μδ(x − z) − ı √ −g ▷ F_{μν} ▷ A^μ ▷ δ^κ_ν δ(x − z) − ı √ −g ▷ F_{μν} ▷ δ^κ_μδ(x − z) ▷ A^ν + ı √ −g ▷ F_{μν} ▷ δ^κ_ν δ(x − z) ▷ A^μ + ı √ −g ▷ F_{μν} ▷ A^ν ▷ δ^κ_μδ(x − z)} } (12) by consideration of star product rules we get to −F^{μκ} ▷ ∂_μ √ −g − ∂_μF^{μκ} ▷ √ −g + F^{κν} ▷ ∂_ν √ −g + ∂_ν F^{κν} ▷ √ −g − ıA_ν ▷ F^{κν} ▷ √ −g − ıF^{μκ} ▷ √ −g ▷ A_μ + ıA_μ ▷ F^{μκ} ▷ √ −g + ıF^{κν} ▷ √ −g ▷ A_ν −∂^μ √ −g ▷ F_{μκ} − √ −g ▷ ∂^μF_{μκ} + ∂^ν √ −g ▷ F_{κν} + √ −g ▷ ∂^ν F_{κν} − ı √ −g ▷ F_{μκ} ▷ A^μ − ıA^ν ▷ √ −g ▷ F_{κν} + ıA^μ ▷ √ −g ▷ F_{μκ} + ı √ −g ▷ F_{κν} ▷ A^ν = 0 (13) or ∂_μF^{κμ} ▷ √ −g + F^{κμ} ▷ ∂_μ √ −g + ∂^μ √ −g ▷ F_{κμ} + √ −g ▷ ∂^μF_{κμ} + +ıA_μ ▷ F^{μκ} ▷ √ −g + ıF^{κμ} ▷ √ −g ▷ A_μ +ı √ −g ▷ F_{κμ} ▷ A^μ + ıA^μ ▷ √ −g ▷ F_{μκ} = 0 (14)

and final result is ∂_μ{F^{κμ} , √ −g}_▷ + ı[A_μ , {F^{μκ} , √ −g}_▷]_▷ = 0 (15)

It seems that for noncommutative flat spacetime with cartesian coordinates the motion equation of fields reduces to old motion equation because

∂_μ(F^{κμ}) + ı[A_μ, F^{μκ}]_⋆ = 0 (16)

Discussion In this work we drive the action of quantum electrodynamics on noncommutative curved spacetime for different class of noncommutativity and we drive the motion equation of electrodynamics fields. In first class we consider θ^{0i} ≠ 0 so the momentum conjugate of g^{μν} does not exhibit and metric does not contribute to star product but in seconde class, θ^{0i} = 0 the metric tensor contributes to star product with lagrangian and we get to the new motion equation of fields that it reduces to the motion equation of fields on noncommutative flat spacetime.

References

[1] M. Chaichian, P. Presnajder, M.M. Sheikh- Jabbari and A. Tureanu, Eur.Phys.J. C29 (2003) 413-432, hep-th/0107055, and M. M. Sheikh-Jabbari, J. High Energy Phys. 9906 (1999) 015, hep-th/9903107, and I. F. Riad and M. M. Sheikh-Jabbari, J. High Energy Phys. 0008 (2000) 045, hep-th/0008132, and H. Arfaei and M. M. Sheikh-Jabbari, Nucl. Phys. B526 (1998) 278, hep-th/9709054.

[2] Nikita A. Nekrasov ” Trieste Lectures on solitons in Noncommutative Gauge Theories”, hep-th/0011095

[3] Amir H. Fatollahi, Abolfazl Jafari, Eur.Phys.J. C46:235-245, (2006).

[4] Hagen Kleinert, ”Path integral in Quantum Mechanics, Statistics, Polymer Physics, and Financial Markets”, World Scientific Publishing Company, (2009). and ”Multivalued Fields: In Condensed Matter, Electromagnetism, and Gravitation ”, World Scientific Publishing Company, (2008).

[5] N. Mebaraki, F. Khallili, M. Boussahel and M. Haouchine, ” Modified Moyal-Weyl star product in a curved non commutative Space-Time”, Electron.J.Theor.Phys.3:37,2006.

[6] A. Jafari,“Recursive Relations For Processes With n Photons Of Noncommutative QED,” Nucl.Phys.B783:57-75,2007, hep-th/0607141.

[7] J. Barcelos-Neto, ”Noncommutative filed in curved space”

[8] R. Amorim, J. Barcelos-Neto, ”Remarks on the canonical quantization of noncommutative theories”, J.Phys.A34:8851-8858,2001.