arXiv:0912.1980v1 [hep-th] 10 Dec 2009

On algebraic structures in supersymmetric principal chiral model

Bushra Haider^1 and M. Hassan^2

Department of Physics, University of the Punjab, Quaid-e-Azam Campus,

Lahore-54590, Pakistan.

Abstract

Using the Poisson current algebra of the supersymmetric principal chiral model, we develop the algebraic canonical structure of the model by evaluating the fundamental Poisson bracket of the Lax matrices that fits into the r − s matrix formalism of nonultralocal integrable models. The fundamental Poisson bracket has been used to compute the Poisson bracket algebra of the monodromy matrix that gives the conserved quantities in involution.

PACS: 11.30.Pb, 02.30.Ik

Keywords: Supersymmetry, Integrable systems, Principal chiral model

1bushrahaider@hotmail.com 2mhassan@physics.pu.edu.pk

1 Introduction

In some recent investigations [1], [2], the classical integrability of supersymmetric principal chiral model (SPCM) has been studied. It has been shown in [2], that for the SPCM there exist two families of local conserved quantities in involution, each with finitely many members whose spins are exactly the exponents of the underlying Lie algebra of the model, with no repetition modulo the Coxeter number. Along with the existence of local conserved quantities in SPCM, there exist non-local conserved quantities as well [1]-[7]. Furthermore, it has been shown in [1] that the SPCM also admits a one-parameter family of transformation on superfields leading to a superfield Lax formalism and a zero-curvature representation. The superfield Lax formalism is shown to be related to the super Backlund transformation and the super Riccati equations of the SPCM.

In integrable field theories some integrable canonical structures are associated with the Lax pair. The Lax pair in general is a pair of matrices, which are functions of fields and a spectral parameter. The matrices obey a Poisson bracket algebra which in many cases is ultralocal i.e. the algebra does not contain the derivatives of the delta function. Such models are referred to as ultralocal models. The ultralocality leads to a Poisson bracket algebra of monodromy matrix and the Jacobi identity gives the classical Yang-Baxter equation for an r-matrix[11]-[23]. In fact, the Yang-Baxter equation leads to the existence of commuting conserved quantities, ensuring the integrability of the model[11]-[23].

The r-matrix method has also been employed to non-ultralocal models i.e. the models for which the algebra of Lax matrices contains derivatives of the delta function [11] − [23]. Some examples of such integrable models are the principal chiral model (PCM), the complex sine-Gordon theory (CSG), the Wess-Zumino-Witten model (WZW), O (N) sigma model, etc. The r − s, matrix approach has been adopted to study such non-ultralocal models in which the r-matrices are no longer anti-symmetric and may also depend on dynamical variables giving an extended dynamical Yang-Baxter equation.[17].

The purpose of this paper is to study the integrability of the supersymmetric principal chiral model (SPCM) as a non-ultralocal model, using the r − s matrix approach of the Poisson bracket algebra of monodromy matrix. We demonstrate that the SPCM which is known to be integrable provide an explicit realization of the r − s matrix formalism developed for bosonic integrable models by Maillet [20], [21]. Starting with a Lax formalism, we develop a canonical r − s matrix approach for the SPCM and obtain the Poisson bracket algebra of the monodromy matrix in terms of the r − s matrices for which the consistency condition implies an extended non-dynamical Yang-Baxter equation.

2 The SPCM and its Poisson bracket algebra

Following [1], [2], we define the supersymmetric principal chiral model as follows. Let us consider a superfield G (x, θ) with values in a Lie group G. This superfield G (x, θ) is a function of the space coordinates x^± and anti-commuting coordinates θ^{± 3}. The superspace Lagrangian of the SPCM is then given as L = 1 2 Tr ( D_+G^{−1}D_−G ) , (2.1) where D_± = ∂ ∂θ^± − iθ^±∂_± (2.2) are the superspace covariant derivatives and G (x, θ) G^{−1} (x, θ) = 1 = G^{−1} (x, θ) G (x, θ) . (2.3) The superspace Lagrangian L is invariant under the following transformation G_L × G_R : G ( x^±, θ^± ) = U G ( x^±, θ^± ) V^{−1}, (2.4) where U and V are G_L and G_R valued matrix superfields respectively. The Noether conserved superfield currents associated with the global transformation are J^L_± = iD_±GG^{−1}, J^R_± = −iG^{−1}D_±G, (2.5) where J^{R,L}_± are the Grassmann odd and are Lie algebra valued, i.e., J_± = J^a_±T^a, where {T^a} is the set of generators of the Lie algebra g of the Lie group G^4. The superfield equation of motion of the SPCM is the superfield conservation equation D_+J^{R,L}_− − D_−J^{R,L}_+ = 0, (2.6)

3The orthonormal coordinates x^0 = t and x^1 = x in two dimensions are related to the light-cone coordinates and derivatives as x^± =^1_2 (t ± x), and ∂_± = ∂_t ± ∂_x.

4Our Lie algebra conventions are as follows. The anti-hermitian generators {T^a, a = 1, 2, . . . , n = dim g} of the Lie algebra g obey [ T^a, T^b ] = f^{abc}T^c and Tr ( T^aT^b ) = δ^{ab}. For any X ∈ g, X = X^aT^a.

and the superfield zero curvature condition is identically satisfied by J_± as D_−J^{R,L}_+ + D_+J^{R,L}_− + i { J^{R,L}_+ , J^{R,L}_− } = 0, (2.7) We can expand the superfield G (x^±, θ^±) as G (x, θ) = g (x) ( 1 + iθ^+ψ^R_+ (x) + iθ^−ψ^R_− (x) + iθ^+θ^−F^R (x) ) , (2.8) An alternative component expansion is given as G (x, θ) = ( iθ^+ψ^L_+ (x) + iθ^−ψ^L_− (x) + iθ^+θ^−F^L (x) ) g (x) , (2.9) where ψ_± are the Majorana spinors such that ψ^R_± = g^{−1}ψ^L_±g, (2.10) and F (x) is the auxiliary field, with an algebraic equation of motion. The Majorana spinors ψ_± (x) take values in the Lie algebra g of G. The action of the symmetry G_L ×G_R on component fields and the superfield currents J^{R,L}_± is g −→ UgV^{−1}, ψ^R_± −→ V ψ^R_±V^{−1}, ψ^L_± −→ Uψ^L_±U^{−1}, J^R_± −→ V J^R_± V^{−1}, J^L_± −→ UJ^L_±U^{−1}, where U and V are the leading bosonic components of the matrix superfields U and V respectively, i.e., the fermions transform under G_R. From now on we consider the spinors and current corresponding to G_R, i.e., ψ^R_± and J^R_± (which we write as ψ_± and J_± during further discussion).

After the elimination of the auxiliary field from the expression of G (x, θ) , the component Lagrangian finally becomes^5 L = 1 2 Tr(g^{−1}∂_+gg^{−1}∂_−g +iψ_+ ( ∂_−ψ_+ + 1 2 [ g^{−1}∂_−g, ψ_+ ] )

+ i 2 ψ_− ( ∂_+ψ_− + 1 2 [ g^{−1}∂_+g, ψ_− ] )

+ 1 2 ψ^2_+ψ^2_−). (2.11)

Using Euler-Lagrange equations, we can directly find the component equations of motion for the SPCM. From equation (2.5) we write the component expansion of superfield current of the SPCM as

J_± = ψ_± + θ^±j_± − i 2 θ^∓ {ψ_+, ψ_−} −iθ^+θ^− ( ∂_±ψ_∓ − [j_±, ψ_∓] − i 2 [ ψ^2_±, ψ_∓ ] ) , (2.12)

where the components of the bosonic current are given by

j_± = − ( g^{−1}∂_±g + iψ^2_± ) . (2.13)

Again j_± represent the right bosonic current j^R_± . Substituting these into the superspace equations of motion, collecting terms and writing h_± = ψ^2_± ⇔ h^a_± =^1_2 f^{abc}ψ^b_±ψ^c_±, we get the equations of motion for fermionic and bosonic fields of the SPCM, ∂_±ψ_∓ − 1 2 [j_±, ψ_∓] − i 4 [h_±, ψ_∓] = 0 , (2.14)

∂_−j_+ + ∂_+j_− = 0, (2.15)

along with

5The two-dimensional Minkowski matrix is η_{μν} = ( 1 0 0 −1 ) and the γ-matrices γ_0 = ( 0 i −i 0 ) , γ_1 = ( 0 i i 0 )

satisfy {γ_μ, γ_ν } = 2η_{μν} . The Dirac spinor is ψ = ( ψ_+ ψ_− ) , where ψ_± are chiral spinors and our assumption is that ψ_± are

real (Majorana). The Lorentz behaviour of x^±,∂_± and ψ_± is x^± → e^{∓Λ}x^±, ∂_± → e^{∓Λ}∂_± and ψ_± → e^{∓ 1}2^Λψ_±, where Λ is the rapidity of the Lorentz boost. The rule of raising and lowering spinor indices is ψ^± = ±ψ_∓.

∂_∓j_± = − 1 2 [j_±, j_∓] + i 4 [j_∓, h_±] − i 4 [j_±, h_∓] + 1 4 [h_±, h_∓] . (2.16)

We use the fermion equations of motion to get the following equations

∂_−j_+ − ∂_+j_− + [j_+, j_−] = i∂_−h_+ − i∂_+h_−, (2.17)

∂_∓(ih_±) = − 1 2 [ ih_±, j_∓ + i 2 h_∓ ] , (2.18) and ∂_−h_+ + ∂_+h_− = 0. (2.19)

The equations (2.15) and (2.19) show the conservation of bosonic currents j_± and h_± respectively.

The Poisson brackets for the bosonic currents have already been derived in [2] and are given below

{ j^a_0 (x) , j^b_0 (y) } = f^{abc}j^c_0 (x) δ (x − y) , { j^a_0 (x) , j^b_1 (y) } = f^{abc}j^c_1 (x) δ (x − y) + δ^{ab}δ^′ (x − y) , { j^a_1 (x) , j^b_1 (y) } = −i 4 f^{abc}(h^c_+ (x) + h^c_− (x))δ (x − y) . (2.20)

In light-cone coordinates, the brackets are expressed as

{ j^a_± (x) , j^b_± (y) } = 1 2 f^{abc}(3j^c_± (x) − j^c_∓ (x) − 1 2 ih^c_+ (x) − 1 2 ih^c_− (x))δ (x − y) + 2δ^{ab}δ^′ (x − y) , (2.21) { j^a_+ (x) , j^b_− (y) } = 1 2 f^{abc}(j^c_+ (x) − j^c_− (x) + 1 2 ih^c_+ (x) + 1 2 ih^c_− (x))δ (x − y) , (2.22)

The fermions obey

{ ψ^a_± (x) , ψ^b_± (y) } = −iδ^{ab}δ (x − y) , (2.23) { ψ^a_+ (x) , ψ^b_− (y) } = 0. (2.24)

It is also useful to note that

{ h^a_± (x) , ψ^b_± (y) } = if^{abc}ψ^c_± (x) δ (x − y) , (2.25) { h^a_± (x) , h^b_± (y) } = if^{abc}h^c_± (x) δ (x − y) . (2.26)

We recall the definition of the standard Poisson structure associated with an arbitrary connected Lie group

G and consider a non-degenerate matrix d with entries [15], [16]

d^{ab} = ⟨ T^a, T^b ⟩ . (2.27)

where <, > represents the killing form and for a semi-simple Lie algebra we have < T^a, T^b >= δ^{ab}. Since

T r(T^aT^b) = δ^{ab}, therefore if g is a semi-simple and represented as a matrix algebra, we may assume

d^{ab} =Tr(T^aT^b). Let d_{ab} denote the entries of the inverse matrix d^{−1}, an element c of g ⊗ g and elements

A^a of g be defined by

c = d_{ab}T^a ⊗ T^b, (2.28)

A_a = d_{ab}T^b. (2.29)

Then we have the relations

[c, A_c ⊗ I] = − [c, I ⊗ A_c] = f^{abc}A_a ⊗ A_b, (2.30)

where the symbols A ⊗ I and I ⊗ A denote the natural embedding of A into g ⊗ g.

Using the usual tensor product notation, the Poisson brackets can be expressed in the following way: { j_0 (x)^⊗, j_0 (y) } = [c, j_0 (x) ⊗ 1] δ (x − y) , (2.31) { j_0 (x)^⊗, j_1 (y) } = [c, j_1 (x) ⊗ 1] δ (x − y)

+cδ^′ (x − y) , (2.32) { j_1 (x)^⊗, j_1 (y) } = − i 4 [c, (h_+ (x) + h_− (x)) ⊗ 1] δ (x − y) , (2.33) { j_1 (x)^⊗, h_± (y) } = ± 1 2 [c, h_± (x) ⊗ 1] δ (x − y) , (2.34) { j_0 (x)^⊗, h_± (y) } = [c, h_± (x) ⊗ 1] δ (x − y) , (2.35) { h_± (x)^⊗, h_± (y) } = i [c, h_± (x) ⊗ 1] δ (x − y) , (2.36) { h_± (x)^⊗, h_∓ (y) } = 0. (2.37)

In light-cone coordinates the above brackets can be expressed as { j_± (x)^⊗, j_± (y) } = 1 2 [c, (3j_± (x) − j_∓ (x) − 1 2 ih_+ (x) − 1 2 ih_− (x)) ⊗ 1]δ (x − y) + 2cδ^′ (x − y) , (2.38) { j_+ (x)^⊗, j_− (y) } = 1 2 [c, (j_+ (x) − j_− (x) + 1 2 ih_+ (x) + 1 2 ih_− (x)) ⊗ 1]δ (x − y) , (2.39) { j_+ (x)^⊗, h_± (y) } = 3 2 [c, (h_± (x) ⊗ 1] δ (x − y) , (2.40) { j_− (x)^⊗, h_± (y) } = 1 2 [c, (h_± (x) ⊗ 1] δ (x − y) . (2.41)

The SPCM is superconformally invariant classically, with the super energy-momentum tensor obeying

D_−Tr (J_+J_{+ +}) = 0, (2.42)

D_+Tr (J_−J_{− −}) = 0, (2.43)

where J_{± ±} is defined as J_{± ±} = D_± J_± + iJ^2_± . (2.44)

The component content of the superspace conservation equations (2.42) and (2.43) correspond to the conservation of supersymmetry current and the energy-momentum tensor T_{± ±} . The conservation equations for T_{± ±} are

∂_+T_{− −} = 0,

∂_−T_{+ +} = 0,

where the components T_{± ±} are given by

T_{± ±} = Tr ( iψ_±∂_±ψ_± + j^2_± + ij_±ψ^2_± ) . (2.45)

The Poisson brackets of the energy-momentum tensor components T_{± ±} are given as {T_{± ±} (x) , T_{± ±} (y)} = −8T_{± ±}δ^′ (x − y) − 4T^{′′}_{± ±}δ (x − y) , (2.46) {T_{+ +} (x) , T_{− −} (y)} = 0. (2.47)

3 Lax pair and the extended Yang-Baxter relations

The field equations (2.14)-(2.15) of the SPCM Lagrangian (2.11) are also obtained as the compatibility condition of the following set of linear equations (Lax pair)[1]

∂_+V ( x^+, x^−; λ ) = A^{(λ)}_+ V ( x^+, x^−; λ ) , ∂_−V ( x^+, x^−; λ ) = A^{(λ)}_− V ( x^+, x^−; λ ) , (3.1)

where A^{(λ)}_± = A_± (x^+, x^−; λ) is defined as,

A^{(λ)}_± = { ∓ ( λ 1 ∓ λ ) j_± + i ( λ 1 ∓ λ )_2 h_± } . (3.2)

The compatibility condition of the linear system (3.1) is the zero-curvature condition for the λ−dependent connection components A^{(λ)}_± [ ∂_+ − A^{(λ)}_+ , ∂_− − A^{(λ)}_− ]

≡ ∂_−A^{(λ)}_+ − ∂_+A^{(λ)}_− + [ A^{(λ)}_+ , A^{(λ)}_− ] = 0. (3.3)

Inserting from (3.2) in equation (3.3) gives

0 = −( λ 1 − λ )∂_−j_+ − ( λ 1 + λ

)∂_+j_− + 1 2 ( λ 1 − λ − λ 1 + λ ) ×

( [j_+, j_−] − i 2 [j_−, h_+] + i 2 [j_+, h_−] − 1 2 [h_+, h_−] )

+ ( λ 1 − λ )_2 ( i∂_−h_+ + 1 2 [ ih_+, j_− + i 2 h_− ])

− ( λ 1 + λ

)_2 ( i∂_+h_− + 1 2 [ ih_−, j_+ + i 2 h_+ ]) . (3.4)

Since equation (3.4) holds for all values of λ away from ±1, the coefficients of (_λ 1−λ ) , (_λ 1+λ ) , (_λ 1−λ )_2

and (_λ 1+λ )_2 must be separately zero. This gives equations (2.16) and (2.18) that are equivalent to the equations (2.14)-(2.15). The general solution of the Lax pair (3.1) is V ( x^+, x^−; λ ) = e^P (^{x+,x−;λ})V_0 (λ) , (3.5)

where

P ( x^+, x^−; λ ) = −λ 1 − λ x^+∫

x^+_0

j_+dy^+ + i ( λ 1 − λ )_2^{x+}∫

x^+_0

h_+dy^+

+ λ 1 + λ x^−∫

x^−_0 j_−dy^− + i ( λ 1 + λ )_2^{x−}∫ x^−_0 h_−dy^−.

In the above expression V_0 is the initial condition and is a free element of the Lie group G. In terms of space-time coordinates, the associated linear system can be expressed as

∂_0V (t, x; λ) = A^{(λ)}_0 V (t, x; λ) ,

∂_1V (t, x; λ) = A^{(λ)}_1 V (t, x; λ) , (3.6)

with

A^{(λ)}_0 = −λ 1 − λ^2 { j_1 + λj_0 − i 2 λ ( 1 + λ 1 − λ ) h_+ − i 2 λ ( 1 − λ 1 + λ ) h_− } , (3.7)

A^{(λ)}_1 = λ 1 − λ^2 { j_0 + λj_1 − i 2 λ ( 1 + λ 1 − λ ) h_+ + i 2 λ ( 1 − λ 1 + λ ) h_− } . (3.8)

Using equations (2.31)-(2.37) to find the Poisson bracket of A_1’s (the spatial part of the Lax pair) from (3.8) we get { A_1 (x, λ)^⊗, A_1 (y, λ) } = { −λμ (1 − λ^2) (λ − μ)

[c, A_1 (x, λ) ⊗ 1] + −λμ (1 − μ^2) (λ − μ) [c, 1 ⊗ A_1 (x, μ)]}δ (x − y) + λμ (λ + μ) (1 − λ^2) (1 − μ^2) cδ^′ (x − y) . (3.9)

The terms containing the brackets of h_± cancel and we are left with the terms which can be written in terms of the Lax matrix A_1 (x, λ). In terms of r and s matrices we can rewrite the Poisson bracket as { A_1 (x)^⊗, A_1 (y) } = {[(r − s)_{λ,μ}, A_1 (x, λ) ⊗ 1] + [ (r + s)_{λ,μ} , 1 ⊗ A_1 (x, μ) ] }δ (x − y) −2s (λ, μ) δ^′ (x − y) , (3.10)

This result is very important, which on comparison with the bosonic PCM [21] shows that the Poisson bracket is of the same form as that of the bosonic principal chiral model with no independent contribution coming from the terms containing the fields h_± (x) and it reduces to the Poisson bracket of bosonic model found in [21], when fermions are set equal to zero. Since the Poisson bracket is same for both the bosonic PCM and SPCM, therefore the algebra of monodromy matrices obtained for the bosonic PCM [12] can be extended to the case of SPCM (see section 4). The matrices r and s are given as r (λ, μ) = −λμ 2 (λ − μ) { 1 1 − μ^2 + 1 1 − λ^2 } c (3.11) s (λ, μ) = −λμ (λ + μ) 2 (1 − μ^2) (1 − λ^2) c (3.12)

Equations (3.11) and (3.12) show that the r and s matrices obtained for the SPCM are same as for the bosonic PCM. The antisymmetry of the canonical brackets (3.10) holds through the relations P r (λ, μ) P = −r (μ, λ) , P s (λ, μ) P = s (μ, λ) , (3.13) where P_{ac,bd} = δ_{ad}δ_{cb} satisfies for any matrices A, B; P (A ⊗ B) P = B ⊗ A. It must be emphasized that the algebra (3.10) is a non-trivial generalization of the canonical structure of those ultralocal type models which are obtained in the limit s = 0 and ∂_xr (x, λ, μ) = 0. Our algebra (3.10) is a linear algebra written in terms of two matrix structure constants (r and s) with central extension (δ^′ term) governed by the s-matrix. It is important to point out here that in general the non-ultralocal integrable models exhibit a space-time dependence for r and s matrices [18]-[21] and there could be higher derivatives of the delta function in the Poisson current algebra. In our case, the supersymmetric model is of non-ultralocal type containing first derivative of the delta function in its Poisson current algebra. However, the r and s matrices do not contain space-time dependence and therefore are non-dynamical. Such kind of non-dynamical r − s matrices also appear in the case of an SU (2) WZW model as a non-ultralocal model [12]. The algebra can be expressed in a more transparent way by introducing Lax operator D (x, λ) , defined as

D_1 (x, λ) = ∂_1 + A_1 (x, λ) , (3.14)

so that the Poisson bracket algebra can be equivalently expressed in terms of the differential operator D (x, λ) as { D_1 (x, λ)^⊗, D_1 (y, μ) } = − [r (x, λ, μ) δ (x − y) , D_1 (x, λ) ⊗ 1 + 1 ⊗ D_1 (y, μ)] +[s (x, λ, μ) δ (x − y) , D_1 (x, λ) ⊗ 1 −1 ⊗ D_1 (y, μ)]. (3.15)

Requiring now, the Jacobi identity of the canonical bracket (3.10) to be satisfied, we get the following, extended Yang-Baxter equation for the numerical r- and s-matrices (see [17])

[(r + s)_{13} (λ, η) , (r − s)_{12} (λ, μ)] + [(r + s)_{23} (μ, η) , (r + s)_{12} (λ, μ)] + [(r + s)_{23} (μ, η) , (r + s)_{13} (λ, η)] = 0. (3.16)

Here the indices 1, 2, 3 label the three spaces involved in computing the algebra of three A_1-matrices and we have for example (r + s)_{12} (λ, μ) = (r + s) (λ, μ) ⊗ 1_3. Again, (3.16) is a generalization of the usual classical Yang-Baxter equation for r-matrices in ultralocal type models which is obtained (in 3.16 as in 3.10) for s = 0. However, we have to note that in going from ultralocal type models to non -ultralocal ones, it is not sufficient to simply add a central extension (δ^′ term) to the ultralocal algebra of A_1-matrices. In fact, it is necessary, as can be seen from (3.10), to modify also the δ (x − y) part with s terms related to the extension (δ^′ term) in order to satisfy the Jacobi identity (3.16). Moreover, in general (3.16) holds with an r-matrix which itself does not satisfy the usual classical Yang-Baxter equation for r-matrices of ultralocal models, hence, showing the crucial role played by the new s-matrix. It is then possible, using (3.10) and (3.16) to derive the canonical algebra of two monodromy matrices in a completely consistent manner, i.e., in agreement with the Jacobi identity since (3.16) is verified.

4 Algebra of monodromy matrices

The monodromy matrix T (x, y, λ) is defined in terms of Lax matrix A_1 (x, λ) as

T (x, y, λ) = P exp x∫ y A_1 (x^′, λ) dx^′. (4.1)

The infinite volume limit of T (x, y, λ) i.e.,

T (∞, −∞, λ) ≡ T (λ) = P exp ∞∫ −∞ A_1 (x, λ) dx, (4.2)

is a conserved quantity for any value of spectral parameter λ[20]. By expanding T (λ) in powers of λ, an infinite set of non-local conserved quantities is obtained with the first two quantities given by [1]-[7].

Q^{(1)a} = − ∞∫ −∞ dy j^a_0 (t, y) , (4.3)

Q^{(0)a} = ∞∫ −∞ dy [−j^a_1 (t, y) + i 2 ( h^a_+ (t, y) − h^a_− (t, y) )

+ 1 2 f^{abc}j^b_0 (t, y) y∫ −∞ dz j^c_0 (t, z)]. (4.4)

The non-local conserved quantities generate a Yangian deformation symmetry [6].

The monodromy matrix usually contains the main information about the canonical structure of the nonultralocal sigma models. In particular, its infinite volume limit (through proper regularization) provides us when expanded in a power series in λ, with an infinite set of conserved quantities, an infinite subset of them being in involution i.e., Poisson commute, as a signature of complete integrability of the model. Since the Poisson bracket algebra of the A_1-matrices of the SPCM is similar to that of the bosonic model, therefore the Poisson bracket for the monodromy matrices of the SPCM can be determined using the equal point limits through a regularization procedure developed for the bosonic models in [11]-[23]. The Poisson bracket of the monodromy matrices of the SPCM turns out to be of the same form as the Poisson bracket of the bosonic models and is given by

{ T (x, y, λ)^⊗, T (x, y, μ) } = [r (λ, μ) , T (x, y, λ) T (x, y, μ)] . (4.5)

In the infinite volume limit equation (4.5) reads { T (λ)^⊗, T (μ) } = [r (λ, μ) , T (λ) T (μ)] , (4.6)

and the conserved quantities, TrT (λ) are in involution, being

Tr (A ⊗ B) = TrA.TrB , (4.7)

so that {TrT (λ) , TrT (μ)} = Tr {T (λ) ⊗ T (μ)} = 0. (4.8) In summary, we have calculated the Poisson bracket algebra of the A_1-matrices of the Lax pair of the SPCM as a non-ultralocal integrable model. From the A_1-matrices of the SPCM, we have determined the Poisson bracket algebra of the monodromy matrices and using the equal-point limit, we have shown the existence of conserved quantities of the model that are in involution with each other establishing the classical integrability of the SPCM as a non-ultralocal model. It seems appropriate here to make few comments about the existence of an infinite number of conserved quantities of the SPCM. It has been shown in [1], [2] that there exist an infinite number of nonlocal and local conserved quantities of the SPCM. The nonlocal conserved quantities can be generated from the monodromy matrix as has been discussed in this section and they generate Yangian symmetry. The local conserved quantities of the SPCM have been investigated in [2] and it has been shown that there are two families of conserved quantities in involution, each with finitely many members whose spins are the exponents of the underlying Lie algebra. Similarly in [1], an infinite number of local conservation laws has been constructed through a pair of matrix Riccati equations of the SPCM. The appearance of these conserved quantities has important consequences regarding the integrability of the SPCM and they are constructed through a Lax pair and the zero-curvature condition of the model. No explicit form of the conserved quantities has been obtained either those of the trace of monodromy matrix or those obtained through a set of matrix Riccati equations. Once the explicit form of the conserved quantities is known, one would be able to establish a relation among these quantities generated through different approaches.

5 Conclusions

We have developed an r − s matrix formalism of the supersymmetric principal chiral model as a nonultralocal integrable model. By evaluating the fundamental Poisson bracket of the A_1-matrices of the Lax pair of the SPCM, we have shown that this bracket has the same form as the fundamental Poisson bracket of the bosonic principal chiral model. The fundamental Poisson bracket is then used to define the monodromy matrix of the model, that gives the conserved quantities in involution. The algebraic structures studied here can also be investigated for the supersymmetric nonlinear sigma models on Riemannian symmetric spaces that is the most general class of supersymmetric nonlinear sigma models to be integrable (see e.g. [8], [9]). The other direction where the work can be further extended is the recent investigations regarding the classical integrability in superstring theory on the AdS_5 × S^5 (see e.g. [24]-[28]). In these studies, the theory has been regarded as a nonlinear sigma model with the field taking values in the supercoset space P SU(2,2/4) SO(4,1)×SO(5) , which has an even part the AdS5 ×S

5 geometry. The even part admits a Lax formalism and is further linked with conserved quantities of the Yang-Mills sector of the AdS/CFT correspondence (see e.g. [24]-[28] ). The algebra of monodromy matrices for the AdS_5 × S^5 superstrings has been investigated in [24]-[28]. In the light of our result, one can expect that Poisson bracket algebra can be developed for the superstring theory on AdS_5 × S^5 as a non-ultralocal theory that gives conserved quantities in involution and it fits in the r − s matrix formalism of integrable models. Another important direction that can be pursued for future research is to develop an r − s matrix formalism for the sigma models with target space supersymmetry. The most important aspect of such investigations is, however, to promote the classical integrability of such model to the quantum level.

Acknowledgements

One of the authors Bushra Haider would like to acknowledge the enabling role of the Higher Education Commission, Pakistan and appreciates its financial support through “ Indeginous 5000 fellowship program” for PhD studies in Science & Technology.

References

[1] U. Saleem and M. Hassan, “Zero-curvature formalism of supersymmetric principal chiral model,” Eur.

Phys. J. C 38 (2005) 521 [arXiv:hep-th/0501124].

[2] J. M. Evans, M. Hassan, N. J. MacKay and A. J. Mountain, “Conserved charges and supersymmetry in principal chiral and WZW models,” Nucl. Phys. B 580 (2000) 605 [arXiv:hep-th/0001222].

[3] J. M. Evans, N. J. MacKay and M. Hassan, “Conserved charges and supersymmetry in principal chiral models,” Nucl. Phys. B 561 (1999) 385 [arXiv:hep-th/9711140].

[4] T. L. Curtright and C. K. Zachos, “Nonlocal currents for supersymmetric nonlinear models,” Phys.

Rev. D 21 (1980) 411.

[5] L. L. Chau and H. C. Yen, “Integrability of the superchiral model with a Wess-Zumino term,” Phys.

Lett. B 177 (1986) 368.

[6] T. Curtright and C. K. Zachos, “Supersymmetry and the nonlocal Yangian deformation symmetry,” Nucl. Phys. B 402 (1993) 604 [arXiv:hep-th/9210060].

[7] T. Curtright and C. K. Zachos, “Currents, charges, and canonical structure of pseudodual chiral models,” Phys. Rev. D 49 (1994) 5408 [arXiv:hep-th/9401006].

[8] U. Saleem and M. Hassan, “Superfield Lax formalism of supersymmetric sigma model on symmetric spaces,” Eur. Phys. J. C 46 (2006) 797 [arXiv:hep-th/0605091].

[9] J. M. Evans and C. A. S. Young, “Higher-spin conserved currents in supersymmetric sigma models on symmetric spaces,” Nucl. Phys. B 717 (2005) 327 [arXiv:hep-th/0501090].

[10] R. D. Richtmyer, Principles of advanced mathematical physics Vol II, Springer, (1981) [11] S. G. Rajeev, G. Sparano and P. Vitale, “Alternative canonical formalism for the Wess-Zumino-Witten model,” Int. J. Mod. Phys. A 9 (1994) 5469 [arXiv:hep-th/9312178].

[12] S. G. Rajeev, A. Stern and P. Vitale, “Integrability of the Wess-Zumino-Witten model as a nonultralocal theory,” Phys. Lett. B 388 (1996) 769 [arXiv:hep-th/9602149].

[13] M. Jimbo, “Yang-Baxter equation in integrable systems,” Adv. Ser. Math. Phys. 10 (1989) 1. [14] M. Jimbo and T. Miwa, “Monodromy preserving deformation of linear ordinary differential equation with rational coefficient“, III Physica D4, (1981), 26.

[15] L. D. Faddeev and L. A. Takhtajan, ‘Hamiltonian methods in the theory of solitons,” Berlin, Germany:

Springer (1987) 592 p. (Springer series in Soviet Mathematics) [16] J. H. Humphreys, “Introduction to Lie Algebras and Representation Theory,” Berlin, Germany:

Springer (1970) 169 p.

[17] J. M. Maillet, “New integrable canonical structures in two-dimensional models,” Nucl. Phys. B 269 (1986) 54.

[18] H. J. de Vega, H. Eichenherr and J. M. Maillet, “Yang-Baxter algebras of monodromy matrices in integrable quantum field theories,” Nucl. Phys. B 240 (1984) 377.

[19] H. J. de Vega, H. Eichenherr and J. M. Maillet, “Classical And quantum algebras of nonlocal charges in sigma models,” Commun. Math. Phys. 92 (1984) 507.

[20] J. M. Maillet, “Kac-Moody algebra and extended Yang-Baxter relations in the O(N) nonlinear sigma model,” Phys. Lett. B 162 (1985) 137.

[21] J. M. Maillet, “Hamiltonian structures for integrable classical theories from graded Kac-Moody algebras,” Phys. Lett. B 167 (1986) 401.

[22] L. D. Faddeev, “Integrable models in (1+1)-dimensional quantum field theory“, Les Houches Sum.

School (1982) 561.

[23] M. Forger, M. Bordemann, J. Laartz and U. Schaper, “The Lie-Poisson structure of integrable classical nonlinear sigma models,” Commun. Math. Phys. 152 (1993) 167 [arXiv:hep-th/9201051].

[24] I. Bena, J. Polchinski and R. Roiban, “Hidden symmetries of the AdS(5) x S**5 superstring,” Phys.

Rev. D 69 (2004) 046002 [arXiv:hep-th/0305116].

[25] G. Arutyunov, J. Russo and A. A. Tseytlin, “Spinning strings in AdS(5) x S**5: New integrable system relations,” Phys. Rev. D 69 (2004) 086009 [arXiv:hep-th/0311004].

[26] M. Hatsuda and K. Yoshida, “Classical integrability and super Yangian of superstring on AdS(5) x S**5,” Adv. Theor. Math. Phys. 9 (2005) 703 [arXiv:hep-th/0407044].

[27] G. Mandal, N. V. Suryanarayana and S. R. Wadia, “Aspects of semiclassical strings in AdS(5),” Phys.

Lett. B 543 (2002) 81 [arXiv:hep-th/0206103].

[28] L. F. Alday, G. Arutyunov and A. A. Tseytlin, “On integrability of classical superstrings in AdS(5) x S**5,” JHEP 0507 (2005) 002 [arXiv:hep-th/0502240].