arXiv:0912.2321v1 [hep-th] 11 Dec 2009

Comments on nonlinear electrodynamics in an external magnetic field

Patricio Gaete^∗ Departmento de Física and Centro Científico-Tecnológico de Valparaíso, Universidad Técnica Federico Santa María, Valparaíso, Chile

José A. Helaÿel-Neto^† Centro Brasileiro de Pesquisas Físicas, Rua Xavier Sigaud, 150, Urca, 22290-180, Rio de Janeiro, Brazil (Dated: December 14, 2009)

We calculate the lowest-order corrections of the static potential for both the generalized Born- Infeld Electrodynamics and an Euler-Heisenberg-like model, in the presence of a constant external magnetic field. Our analysis is carried out within the framework of the gauge-invariant but pathdependent variables formalism. The calculation reveals a long-range correction (1 / r^5-type) to the Coulomb potential for the generalized Born-Infeld Electrodynamics. Instead, in the case of an Euler-Heisenberg-like model, the static potential remains Coulombian. We shall comment on this remarkable difference among the two models.

PACS numbers: 11.10.Ef, 11.15.-q

I. INTRODUCTION

The photon-photon scattering of Quantum Electrodynamics (QED) and its physical consequences such as vacuum birefringence and vacuum dichroism have been the focus of great interest for many authors [1, 2, 3, 4, 5, 6, 7]. As well-known, this subject has had a revival after recent results of the PVLAS collaboration [8, 9]. Although these searches have ultimately yielded upper limits on the photon-photon cross section, the issue remains as relevant as ever. Mention should be made, at this point, to alternative scenarios such as Born-Infeld theory [10], millicharged particles [11] or axion-like particles [12, 13, 14] in order to account for the results reported by the PVLAS collaboration. Also, the study of space-time noncommutativity on light propagation in a background electromagnetic field has been discussed along these lines [15, 16, 17].

In this perspective, it should be mentioned that recently considerable attention has been paid to the study of non-linear electrodynamics (Born-Infeld theory) due to its natural emergence from D-brane physics [18, 19]. In addition to the string interest, Born-Infeld theory has also generated a great deal of from different viewpoints. For example, in connection with duality symmetry [20, 21, 22]; also, in magnetic monopoles studies [23], by analyzing the equivalence/nonequivalence between the θ-expanded version of the noncommutative U(1) gauge theory and the Born-Infeld action up to order F^3 [24], and in showing the equivalence between a (2 + 1)-dimensional topologically massive Born-Infeld theory and QED_3 with a Thirring interaction term among fermions, in the short-distance regime [25]. More recently, it has been used to investigate the electric and magnetostatic fields generated by a pointlike electric charge at rest in an inertial frame, showing a rich internal structure for the charge [26].

We further notice that very recently a generalized Born-Infeld electrodynamics with two parameters has been investigated [27], which contains to leading order an Euler-Heisenberg-like model as a particular case. It was shown that, for this new model, the birefringence phenomenon is present.

Given the outgoing experiments related to this type of physics [28, 29], it is desirable to have some additional understanding of the physical consequences presented by generalized Born-Infeld Electrodynamics. Of special interest will be to study the connection or equivalence between generalized Born-Infeld Electrodynamic and an Euler-Heisenberg-like model. The main goal of this work shall be the investigation of the consequences of including two parameters on the physical observables of Born-Infeld Electrodynamics. In particular, the static potential between two charges, using the gauge -invariant but path-dependent variables formalism, which is an alternative to the Wilson loop approach. More specifically, we shall calculate the lowest-order correction to the Coulomb energy of a fermion-antifermion system, for both an Euler-Heisenberg-like model and generalized Born-Infeld Electrodynamics, in an external magnetic field. As a result, we shall show that the corrections to the static potential obtained from these theories are quite different. This means that the two theories are not equivalent. Generalized Born-Infeld Electrodynamics has a rich

∗Electronic address: patricio.gaete@usm.cl †Electronic address: helayel@cbpf.br

structure which is reflected in a long-range correction to the Coulomb potential. This correction is identical to that encountered in Born-Infeld theory. However, in the Euler-Heisenberg theory, the nature of the potential remains unchanged. Accordingly, the gauge-invariant but path-dependent variables formalism offers an alternative view in which some features of gauge theories become more transparent.

II. EULER-HEISENBERG-LIKE MODEL

Let us start off our considerations by computing the interaction energy between static point-like sources for an Euler-Heisenberg-like model, in an external magnetic field. To this end, we shall compute the expectation value of the energy operator H in the physical state |Φ⟩, which we will denote by ⟨H⟩_Φ. The initial point of our analysis is the following four-dimensional space-time Lagrangian: L = − 1 4 F_{μν} F^{μν} + b^2 (F_{μν} F^{μν} )^2 + c^2 (F_{μν} F^{μν} )^2 , (1)

where^1_4 F_{μν} F^{μν} = −^1_2 ( E^2 − B^2 ) , F_{μν} F^{μν} = 4 (E · B); F is the dual of the field-strength F . While b^2 and c^2 are free parameters. We mention, in passing, that Eq.(1), in the case of QED (Euler-Heisenberg Lagrangian density), has the parameters b^2 =^{8α2h̄3}_{45m4e c5} and c^2 =^{14α2h̄3}_{45m4ec5} . Here, α is the fine structure constant, and m_e is the electron mass.

Next, after splitting F_{μν} in the sum of a classical background, ⟨F_{μν} ⟩, and a small fluctuation, f_{μν} , the corresponding Lagrangian density up to quadratic terms in the fluctuations, is given by L = − 1 4 f_{μν} ( 1 − 2b^2v^{ρλ}v_{ρλ} ) f^{μν} + 4b^2f^{ρλ} ⟨F_{ρλ}⟩ ⟨F_{μν} ⟩ f^{μν} + c^2f_{μν} v^{μν} v_{ρλ}f^{ρλ}. (2) To get last equation we have simplified our notation by setting ε^{μναβ} ⟨F_{αβ} ⟩ ≡ v^{μν} and ε^{ρλγδ} ⟨F_{γδ}⟩ ≡ v^{ρλ}.

As already stated, our main objective will be the calculation of the interaction energy in the v^{0i} ≠ 0 and v^{ij} = 0 case (referred to as the magnetic one in what follows). In such a case, the Lagrangian density (2) reads as below: L = − 1 4 f_{μν} ( 1 + 4b^2v^2 ) f^{μν} + b^2ε_{ρλi0}v^{i0}f^{ρλ}ε_{μνj0}v^{j0}f^{μν} + 4c^2f_{i0}v^{i0}f_{j0}v^{j0}. (3)

Having characterized the theory under study, we can now compute the interaction energy. To this end, we now carry out a Hamiltonian analysis of this theory. The canonical momenta are found to be Π^μ = ( 1 + 4b^2v^2 ) f^{μ0} + 8c^2v^{0μ}v^{0k}f_{0k}, which produces the usual primary constraint Π^0 = 0 while the momenta are Π_i = D_{ij} E_j . Here E_i ≡ f_{i0} and D_{ij} = Ωδ_{ij} + 8c^2v_{i0}v_{j0}, with Ω = ( 1 + 4b^2v^2 ) . Since D is nonsingular, there exists its inverse, D^{−1}. Thus, the corresponding electric field takes the form

E_i = 1 Ω det D { δ_{ij} det D − 8c^2 Ω v_{i0}v_{j0} } Π_j , (4)

where det D = 1 +^{8c2v2}_Ω , and v^2 = 4B^2. Here, B stands for the classical background magnetic field around which the a^μ-field fluctuates.

The canonical Hamiltonian is now obtained in the usual way via a Legendre transform. While in the case when the electric field (E) is perpendicular to the background magnetic, the canonical Hamiltonian reads

H_C = ∫ d^3x { −a_0∂_iΠ^i − 1 2 (1 + 4b^2v^2)

Π_iΠ^i + ( 1 + 4b^2v^2 ) 2 B^2 − b^2 4 (v · B)^2 } , (5)

in the case for which the electric field (E) is parallel to the background magnetic, the canonical Hamiltonian turns out to be given by

H_C = ∫ d^3x { −a_0∂_iΠ^i − χ^2 2 Π_iΠ^i + ( 1 + 4b^2v^2 ) 2 B^2 − b^2 4 (v · B)^2 } , (6)

where χ^2 ≡ (^{2δ−1−4}[^{b2+2c2}]^{v2} )

2δ^2 , and δ ≡ √ 1 + 8 (b^2 + 2c^2) v^2 + 16 [b^4 + 4c^2 (b^2 + c^2)] v^4. In the above, B represents the fluctuating magnetic field.

From Eqs. (5) and (6), it is straightforward to see that the preservation in time of the primary constraint leads to the secondary constraint, Γ_1 (x) ≡ ∂_iΠ^i = 0. But, the time stability of the secondary constraint does not induce further constraints. Therefore, the extended Hamiltonian that generates translations in time then reads H = H_C + ∫ d^3x (u_0 (x) Π_0 (x) + u_1 (x) Γ_1 (x)). Here, u_0 (x) and u_1 (x) are arbitrary Lagrange multipliers. It should be noted that ȧ_0 (x) = [a_0 (x) , H] = u_0 (x), which is an arbitrary function. Since Π^0 = 0 always, neither a^0 nor Π^0 are of interest in describing the system and may be discarded from the theory. Thus, when the electric field is perpendicular to the background magnetic, the total Hamiltonian becomes H = ∫ d^3x { w(x)∂_iΠ^i − 1 2 (1 + 4b^2v^2)

Π_iΠ^i + ( 1 + 4b^2v^2 ) 2 B^2 − b^2 4 (v · B)^2 } . (7)

On the other hand, when the electric field is parallel to the magnetic background, we obtain H = ∫ d^3x { w(x)∂_i Π^i − χ^2 2 Π_iΠ^i + ( 1 + 4b^2v^2 ) 2 B^2 − b^2 4 (v · B)^2 } , (8)

where we have absorbed (−a_0) appearing in (5) and (6) in w(x) = u_1(x) − a_0(x).

In accordance with the Dirac method, we must fix the gauge. A particularly convenient gauge-fixing condition is

Γ_2 (x) ≡ ∫ C_{ξx} dz^ν a_ν (z) ≡ 1∫ 0 dλx^ia_i (λx) = 0, (9)

where λ (0 ≤ λ ≤ 1) is the parameter describing the spacelike straight path x^i = ξ^i + λ (x − ξ)^i, and ξ is a fixed point (reference point). There is no essential loss of generality if we restrict our considerations to ξ^i = 0. The choice (9) leads to the Poincaré gauge [31, 32]. By means of this procedure, we arrive at the only nonvanishing equal-time Dirac bracket for the canonical variables { a_i (x) , Π^j (y) }_∗ = δ^j_i δ^{(3)} (x − y) − ∂^x_i 1∫ 0 dλx^j δ^{(3)} (λx − y) . (10)

After achieving the quantization, we may now proceed to determine the interaction energy for the model under consideration. To do this, we will work out the expectation value of the energy operator H in the physical state |Φ⟩. We also recall that the physical states |Φ⟩ are gauge invariant [33]. In that case we consider the stringy gauge-invariant state |Φ⟩ ≡ | |Ψ (y) Ψ (0)⟩ = ψ (y) exp iq y∫ 0 dz^ia_i (z) ψ (0) |0⟩ , (11)

where |0⟩ is the physical vacuum state and the integral is to be over the linear spacelike path starting at 0 and ending at y, on a fixed time slice. Note that the strings between fermions have been introduced to have a gauge-invariant state |Φ⟩, in other terms, this means that the fermions are now dressed by a cloud of gauge fields.

Next, taking into account the preceding Hamiltonian analysis, we then easily verify that

⟨H⟩_Φ = ⟨H⟩_0 + ⟨H⟩^{(1)}_Φ , (12)

where ⟨H⟩_0 = ⟨0| H |0⟩. The ⟨H⟩^{(1)}_Φ -terms are given by

⟨H⟩^{(1)}_Φ = ⟨Φ| ∫ d^3x { − 1 2 (1 + 4b^2v^2)

Π_iΠ^i } |Φ⟩ , (13) and ⟨H⟩^{(1)}_Φ = ⟨Φ| ∫ d^3x { − χ^2 2 Π_iΠ^i } |Φ⟩ . (14)

Following an earlier procedure [30], we see that, in the case when the electric field (E) is perpendicular to the background magnetic field, the potential for two opposite charges located at 0 and y takes the form V = − q^2 4π (1 + 16b^2B^2) 1 L ≡ − q^2_{ren} 4π 1 L , (15) where |y| ≡ L. While in the case of an E parallel to the background magnetic field, the corresponding static potential is given by V = − q^2 4π [ 2δ − 1 − 16 ( b^2 + 2c^2 ) B^2 ] δ^2 1 L , (16)

where δ^2 = 1 + 32 ( b^2 + 2c^2 ) B^2 + 256 [ b^4 + 4c^2 ( b^2 + c^2 )] B^4. With this, the lowest-order modification of the static potential may be written as V ∼= − q^2 4π [ 1 − 16 ( b^2 + 2c^2 ) B^2 ] 1 L ≡ − q^2_{ren} 4π 1 L . (17)

Accordingly, to lowest- order in B, the nature of the static potential remains unchanged. Nevertheless, the introduction of the external magnetic field induces a renormalization of the charge.

It is worth noting here that there is an alternative but equivalent way of obtaining the results (15) and (16). To do this, we consider [31]

V ≡ q (A_0 (0) − A_0 (y)) , (18)

where the physical scalar potential is given by

A_0 ( x^0, x ) = ∫_1 0 dλx^iE_i (λx) , (19)

with i = 1, 2, 3. This equation follows from the vector gauge-invariant field expression [32]

A_μ (x) ≡ A_μ (x) + ∂_μ ( − ∫_x ξ dz^μA_μ (z) ) , (20)

where, as in Eq.(11), the line integral is along a spacelike path from the point ξ to x, on a fixed slice time. It should be noted that the gauge-invariant variables (20) commute with the sole first constraint (Gauss law), confirming that these fields are physical variables [33].

Having made these observations, we see that Gauss’ law for the present theory reads ∂_iΠ^i = J^0, where we have included the external current J^0 to represent the presence of two opposite charges. For J^0 (t, x) = qδ^{(3)} (x), the electric field then becomes

E_i = q (1 + 4b^2v^2)

∂_iG (x) , (21)

where G (x) =^1_{4π}^1_{|x|} is the Green’s function. Using this result, the physical scalar potential, Eq.(19), takes the form

A_0 (x) = q (1 + 4b^2v^2)

G (x) , (22)

after substraction of self-energy terms. This, together with Eq.(18), yields finally V = − q^2_{ren} 4π 1 L , (23)

for a pair of point-like opposite charges q located at 0 and L, with |L| ≡ L. Analogously, the result (16) can be derived. It must be clear from this discussion that a correct identification of physical degrees of freedom is a key feature for understanding the physics hidden in gauge theories. According to this viewpoint, once that identification is made, the computation of the potential is carried out by means of Gauss law [34].

III. GENERALIZED BORN-INFELD THEORY

We now pass to the calculation of the interaction energy between static pointlike sources for generalized Born-Infeld Electrodynamics in an external background magnetic field. In other words, we wish to explore the effects of including two parameters in the Born-Infeld theory on the nature of the potential. The corresponding theory is governed by the Lagrangian density [27]:

L = β^2 [ 1 − √ 1 + 1 2β^2

F^2_{μν} − 1 16β^2γ^2

(F_{μν} F^{μν} )^2 ] . (24)

Now, in order to handle the square root in (24), we incorporate an auxiliary field ξ such that its equation of motion gives back the original theory [24]. This allows us to write the Lagrangian density as

L = β^2 { 1 − ξ 2 ( 1 + 1 2β^2 F_{μν} F^{μν} − 1 16γ^2

(F_{μν} F^{μν} )^2 ) − 1 2ξ } . (25)

Thus, proceeding as before, after splitting F_{μν} in the sum of a classical background ⟨F_{μν} ⟩ and a small fluctuation f_{μν} , we get the corresponding Lagrangian density up to quadratic terms in the fluctuations as

L = β^2 − β^2 2 ξ − ξ 4 f_{μν} f^{μν} + ξ 32γ^2 v^{μν} f_{μν} v^{λρ}f_{λρ} − β^2 2ξ , (26)

where ε^{μναβ} ⟨F_{αβ} ⟩ ≡ v^{μν} and ε^{ρλγδ} ⟨F_{γδ} ⟩ ≡ v^{ρλ}. The Lagrangian density expressed by (26) describes the effective dynamics of the quantum a_μ-field.

As stated previously, we are interested in the situation with v^{0i} ≠ 0 and v^{ij} = 0 (referred to as the magnetic one). This leads to the Lagrangian density

L = β^2 − β^2 2 ξ − ξ 4 f_{μν} f^{μν} + ξ 8γ^2 v^{i0}f_{i0}v^{j0}f_{j0} − β^2 2ξ . (27)

It is now once again straightforward to apply the gauge-invariant formalism discussed in the preceding section. For this purpose, we shall first carry out its Hamiltonian analysis. The canonical momenta read Π^μ = ξf^{μ0} +^ξ_{8γ2} v^{0μ}v^{0k}f_{0k}. As we can see, there are two primary constraints Π^0 = 0, and ω ≡^{∂L}_{∂ξ̇} = 0. The canonical Hamiltonian corresponding to (27) is

H_C = ∫ d^3x { Π_i∂^ia^0 + 1 2ξ ( Π^2 + β^2 ) + ξ 2 ( B^2 + β^2 ) − β^2 −

(v · Π)^2 8ξγ^2 (det D) } . (28)

Demanding that the primary constraint Π^0 be preserved in the course of time, one obtains the secondary constraint Γ_1 (x) ≡ ∂_iΠ^i = 0. Similarly, the consistency condition for the constraint ω yields no further constraints and just determines the field ξ, ξ = 1 √ B^2 + β^2 √ (Π^2 + β^2) −

(v · Π)^2 4γ^2 det D

, (29)

which will be used to eliminate ξ. Once again, the corresponding total (first-class) Hamiltonian that generates the time evolution of the dynamical variables reads H = H_C + ∫ d^2x (u_0 (x) Π_0 (x) + u_1 (x) Γ_1 (x)), where u_0 (x) and u_1 (x) are the Lagrange multiplier fields to implement the constraints. As before, neither a_0(x) nor Π_0(x) are of interest in describing the system and may be discarded from the theory. As a result, when the electric field is perpendicular to the background magnetic, the total Hamiltonian becomes H = ∫ d^3x { w (x) ∂_iΠ^i + β^2 [√( 1 + Π^2 β^2 ) ( 1 + B^2 β^2 ) − 1 ]} . (30)

In the case E is parallel to the background magnetic field, the corresponding total Hamiltonian is given by H = ∫ d^3x { w (x) ∂_iΠ^i + √ B^2 + β^2 √ β^2 +

Π^2 ( 1 + v^2 / 4γ^2 ) − β^2 } , (31)

where w(x) = u_1(x) − a_0(x).

As shown in the previous subsection, we now proceed to impose a supplementary condition on the vector potential such that the full set of constraints becomes second class. Therefore, we adopt the once again same gauge-fixing condition (9), used in the last subsection. Correspondingly, the fundamental Dirac brackets are given by (10).

We now have all the information required to compute the potential energy for this theory. To do this, we shall begin by observing that Gauss’ law, when the electric field is perpendicular to the background magnetic, takes the form ∂_i E^i √ 1 −^{E2}_{β2}

= J^0. (32)

For J^0 (t, x) = qδ^{(3)} (x), the electric field follows as

E_i(r) = − q 4π 1 √ |r|^4 + ρ^2_0 r̂^i, (33)

where ρ_0 ≡ q/4πβ, and r̂^i =^{ri}_{|r|} . While that, when the electric field is parallel to the background magnetic, Gauss’ law is given by ∂_i E^i g_1 √ 1 −^{E2}

g^2_1 β^2 ( 1+v^2/ 4γ^2 ) = J^0. (34)

Accordingly, for J^0 (t, x) = qδ^{(3)} (x), the electric field reads

E_i(r) = − q 4π g_1 1 √ |r|^4 + ρ̃^2_0 r̂^i, (35)

where ρ̃^2_0 ≡^{q̃2}_{(4π)2β2} =^{q2}

(4π)^2β^2

(_{1+ v2} 8γ2 )_{v2} , and g_1 =^1 √ 1+^1_{2γ2}

(_{1+ v2} 8γ2 )_{v2} .

Combining Eqs. (18), (19), and (33) we can write immediately the potential for a pair of point-like opposite charges q located at 0 and L, as V = − q^2 4π 1 L ( 1 − q^2 160π^2β^2 1 L^4 ) , (36)

where |L| = L. However, when the electric field is parallel to the background magnetic, the static potential reduces to V = − q^2 4π 1 √ 1 +^{2B2}_{γ2} ( 1 + B^2 / 2γ^2 ) 1 L 1 − q^2 160π^2β^2 ( 1 + B^2 / γ^2 ) 1 L^4 . (37)

Hence we see that the lowest-order modification in B of the static potential may be written as

V = − q^2 4π 1 √ 1 + 2B^2 / γ^2 1 L 1 − q^2 160π^2β^2 ( 1 + B^2 / γ^2 ) 1 L^4 . (38)

It is interesting to note that this is exactly the profile obtained when the two parameters are identical (β = γ) [24]. Again, generalized Born-Infeld Electrodynamics has a rich structure, reflected in a long-range correction to the Coulomb potential, which is not present in the Euler-Heisenberg-like model. Also, the precise strength of the correction would, of course, depend on the external magnetic field. Our results also show that the external magnetic field cannot be arbitrarily large. Actually, B ≫ γ would invalidate the description realized by the Born-Infeld action, for there would appear enough energy for the creation of e^+e^−-pairs. So, the limit for the attainment of a potential and the validity of the potential of Eq. (38) should rule out those situations for which B ≫ γ.

IV. FINAL REMARKS

To conclude, we should highlight the different behaviors of the potentials associated to either models. In the Euler-Heisenberg case, we are actually dealing with an effective model stemming from 1-loop corrections to the photon-photon scattering taken in the low-frequency limit. Since it is an effective model, the energies are below a cutoff and we are actually studying the low-energy regime of a more complete theory. In the Born-Infeld case, the action takes into account higher-order terms in the frequency, so that the potential of Eq. (38) incorporates contributions that, in the Euler-Heisenberg model, are truncated to keep only the F^4-terms. This justifies why the two potentials have so different L-dependences.

V. ACKNOWLEDGMENTS

This work was supported in part by Fondecyt (Chile) grant 1080260 (PG). (J.H-N) expresses his gratitude to CNPq.

[1] S. L. Adler, Ann. Phys. (N. Y.) 67, 599 (1971).

[2] V. Constantini, B. De Tollis, G. Pistoni, Nuovo Cim. 2A, 733 (1971). [3] S. Biswas and K. Melnikov, Phys. Rev. D75, 053003 (2007). [4] D. Tommasini, A. Ferrando, H. Michinel, M. Seco, arXiv: 0909.4663 [hep-ph]. [5] A. Ferrando, H. Michinel, M. Seco, D. Tommasini, Phys. Rev. Lett. 99, 150404 (2007). [6] D. Tommasini, A. Ferrando, H. Michinel, M. Seco, Phys. Rev. A77, 042101 (2008). [7] S. I. Kruglov, Phys. Rev. D75, 117301 (2007). [8] E. A. Zavattini et al., Phys. Rev. D77, 032006 (2008). [9] M. Bregant et al., Phys. Rev. D78, 032006 (2008). [10] M. Born, L. Infeld, Proc. R. Soc. London A144, 425 (1934). [11] H. Gies, J. Jaeckel A. Ringwald, Phys. Rev. Lett. 97, 140402 (2006). [12] E. Masso, R. Toldra, Phys. Rev. D52, 1755 (1995). [13] P. Gaete, E. I. Guendelman, Mod. Phys. Lett. A5, 319 (2005). [14] P. Gaete, E. Spallucci, J. Phys. A: Math. Gen. 39, 6021 (2006). [15] M. Chaichian, M. M. Sheik-Jabbari, A. Tureanu, arXiv: hep-ph/ 0511323. [16] N. Chatillon and A. Pinzul, Nucl. Phys. B764, 95 (2007). [17] T. Mariz, J. R. Nascimento, V. O. Rivelles, Phys. Rev. D75, 025020 (2007). [18] A. A. Tseytlin, Nucl. Phys. B469, 51 (1996). [19] G. W. Gibbons, hep-th/0106059.

[20] A. Khoudeir, Y. Parra, Phys. Rev. D58, 025010 (1998). [21] C. R. Leão, V. Rivelles, Nucl. Phys. B602, 514 (2001). [22] R. Banerjee, Phys. Lett. B576, 237 (2003). [23] H. Kim, Phys. Rev. D61, 085014 (2000).

[24] P. Gaete, I. Schmidt, Int. J. Mod Phys. A19, 3427 (2004). [25] P. Gaete, Phys. Lett. B582, 270 (2004).

[26] S. O. Vellozo, J. A. Helayel-Neto, L. P. G. De Assis, Int. J. Theor. Phys. 47, 2934 (2008). [27] S. I. Kruglov, arXiv.0909.1032 [hep-th].

[28] G. A. Mourou, T. Tajima, S. V. Bulanov, Rev. Mod. Phys. 78, 310 (2006). [29] V. Yanovsky et al., Optics Express 16, 2109 (2008). [30] P. Gaete, Phys. Rev. D59, 127702 (1999). [31] P. Gaete, Z. Phys. C76, 355 (1997).

[32] P. Gaete, I. Schmidt, Phys. Rev. D61, 125002 (2000). [33] P. A. M. Dirac, Can. J. Phys. 33, 650 1955. [34] P. E. Haagensen, K. Johnson, hep-th/9702204.