arXiv:0912.2719v3 [hep-th] 8 Jun 2010

Universal properties of thermal and electrical conductivity of gauge theory plasma from holography

Sachin Jain^1

Institute of Physics, Bhubaneswar 751 005, India.

ABSTRACT

We propose that for conformal field theories admitting gravity duals, the thermal conductivity is fixed by the central charges in a universal manner. Though we do not have a proof as yet, we have checked our proposal against several examples. This proposal, if correct, allows us to express electrical conductivity in terms of thermodynamical quantities even in the presence of chemical potential.

March 2010

1e-mail: sachjain@iopb.res.in

1 Introduction

The gauge/gravity duality allows us to gain insights into various properties of strongly coupled gauge theories both at zero and non-zero temperature. In particular, the transport coefficients of strongly coupled gauge theories which are hard to compute otherwise, can be computed easily using gauge/gravity duality. Even though these theories, in several ways, are different from theories such as QCD, they do share qualitatively similar behavior. For instance, elliptic flow measurements at RHIC (see [1] and references therein for details ) seem to indicate a very small ratio^η_s ≲ 0.3, which implies that QGP behaves like a nearly ideal fluid^2. Moreover calculation using AdS/CFT shows universal ratio η s = 1 4π ≈ 0.08, (1.1)

which falls into the experimental range observed at RHIC. Motivated by this there are many papers which explores the universal behavior of other transport coefficients [3].

In this note we conjecture that the thermal conductivity also shows some universal behavior. More precisely, we propose that for a d dimensional strongly coupled gauge theory κ_T ηT m∑ j=1 (μ^j )^2 = d^2 d − 2 ( c^′ k^′ ) = 8π^2 d − 1 d^3(d + 1) c k , (1.2)

where κ_T is the thermal conductivity (the heat current response to thermal gradient in the absence of electrical current), T is the temperature, μ the chemical potential, η the shear viscosity and c, k are central charges of dual gauge theory. We test our proposal against several examples. However a general proof of this result is still lacking.

In the next section, after reviewing the standard result for viscosity to conductivity ratio at vanishing chemical potential, we show that eqn. (1.2) holds at μ = 0.^3 Then, based on few examples, we conjecture that eqn. (1.2) holds true even for arbitrary nonzero chemical potential. Subsequently, using eqn. (1.2), we show a way to compute electrical conductivity in terms of thermodynamical quantities alone even in the presence of nonzero chemical potential. Conclusions and discussions are given in section 4. A brief discussion on electrical and thermal conductivity is presented in appendix A. In appendix B, we provide necessary details of the results that are used in the text.

2Let us note that this ratio for all the known material have much larger value (see [2] for details), for example for water, liquid nitrogen etc^η_s ≫ 1 and for liquid helium^η_s ≈ 0.8, in the dimension less units.

3Let us note that in the presence of equal number of positive and negative charges, chemical potential is zero.

2 Thermal and electrical conductivity

In this section we first review the relation between electrical conductivity and shear viscosity at vanishing chemical potential [4]. In a CFT, short distance physics is described by singularities of correlation functions where central charges of the theory appear explicitly (in this energy scale effects of temperature are irrelevant). For example let us consider correlation functions of energy momentum tensor T_{μν} and U(1) conserved current J_μ ⟨J(x)J(0)⟩ ∼ k x^{2(d−1)} , ⟨T (x)T (0)⟩ ∼ c x^{2d} , (2.1)

where central charges c, k measure the number of total degrees of freedom and the number of charged degree of freedom of the system^4 respectively. We also know that at long distances physics is described by thermodynamics and transport coefficients. In this scale, the effect of temperature becomes important. To describe equilibrium at T ≠ 0, we look at pressure and charge susceptibility χ =^ρ_μ where ρ(T, μ) is the charge density . If T is the only scale in the theory^5, then

P = c^′ T^d, χ = k^′ T^{d−2}, (2.2)

where c^′ , k^′ measure the number of total degree of freedom and number of charged degree of freedom at that scale. For d > 2, in general there is no relation between c, c^′ and k, k^′ . But it was shown in [4] that for CFT’s which admit gravity duals, there exist such relation and are given by c^′ c = 1 4π^d2 (4π d )_d Γ(d/2)3 Γ(d) d − 1 d(d − 1) , k^′ k = 1 2π^d2 (4π d )_{d−2} Γ(d/2)3

Γ(d)

(2.3)

where^6d ≥ 3.

It is well known that, in this class of CFT’s, even certain transport coefficients are determined in-terms of thermodynamical quantities (for example η =^s_{4π} ). Other such relation between viscosity and conductivity (σ) at vanishing chemical potential (μ = 0) is η σT^2 = (d − 2) ( c^′ k^′ ) = 8π^2

(d − 1) (d − 2)d(d + 1) c k . (2.4)

Eqn. (2.4) implies at vanishing chemical potential i.e. at μ = 0, electrical conductivity can be computed in terms of central charges only. Using eqn. (2.4), (2.2) and s = d c^′ T^{d−1} one gets η = d 4π c^′ T^{d−1}, σ = 1 d − 2 d 4π k^′ T^{d−3}. (2.5)

4So we expect k ≤ c.

5to define χ, one can introduce small chemical potential and see the effect in ρ . 6In our notation d is the dimension of gauge theory.

Since thermodynamics is determined by the central charges, we conclude that the momentum (η) and charge (σ) transport are fixed by thermodynamics^7. Existence of such relations between thermodynamics and transport coefficient are interesting^8, since transport coefficients are characterized by inelastic collisions among thermally excited carriers (of energy ∼ T ) hence they are not fixed in terms of thermodynamics.

What we conclude from above discussion is that, at non zero temperature and at μ = 0, certain transport coefficients are determined by thermodynamics. It is interesting to ask whether for μ ≠ 0 and at finite temperature, transport coefficients can be determined from thermodynamics. We note that in this case it is already known that (1.1) still holds i.e. momentum transport can be determined solely by thermodynamics. It would be interesting if one can express the electrical conductivity which encodes the charge transport, in terms of thermodynamics.

We now proceed to provide evidences in favor of equation (1.2). In what follows, we first derive equation for μ = 0 and then provide support for cases with μ ≠ 0.

• Derivation of Eqn. (1.2) for μ = 0 : Let us consider theory at small (single) chemical potential and consider the ratio^{κT}_{ηT} μ^2. Using the relation (see [7] and the

Appendix for details) κ_T = (_{ϵ+P} ρ )_{2 σ} T , one obtains κ_T ηT μ^2 = ( ϵ + P )_2 1 (_ρ μ )_2 1 (_η σT^2 ) 1 T^4

. (2.9)

7As an aside lets review membrane paradigm arguments. It was shown in [5] using membrane paradigm arguments that at μ = 0, electrical conductivity can be determined in terms of geometry only. If we use the results in [5], we immediately reach at η σT^2 = 1 T^2 g^2_{d+1} 16πG_N g_{xx}(r_0). (2.6)

As an example consider a CFT with the gravity dual given by AdS_{d+1} with d ≠ 3, which has a metric

ds^2 = r^2 R^2 ( − f(r)dt^2 + dx^2_1 + · · · + dx^2_{d−1} ) + R^2 f(r)r^2 dr^2, (2.7)

with f(r) = 1 − (^{r0}_r )^d and hawking temperature is T_H =^d_{4π}^{r0}_{R2} where r_0 and R are the position of horizon and AdS curvature scale respectively. Using the above relations we obtain, η σT^2 = π d^2

R^2g^2_{d+1} G_{d+1} (2.8)

which is same as reported in [4].

8We note that hydrodynamics description is valid in the energy range ω ≪ T which is collision dominated regime [6]

Now taking μ → 0, using ϵ = (d − 1)P , χ =^ρ_μ we immediately get κ_T ηT μ^2 = d^2 d − 2 ( c^′ k^′ ) = 8π^2 d − 1 d^3(d + 1) c k . (2.10)

• Support for Eqn. (1.2) for μ ≠ 0 : For non zero chemical potential, we recall some of the results already reported in the literature. In each case we show that they follow eqn. (1.2). Here we tabulate the results for strongly coupled gauge theories having gravity duals ( in the appendix we provide all the required details about gravity duals of these theories ) in the presence of single non zero chemical potential [7–10].

Gravity theory in d + 1 dimension^{κT μ2}_{ηT}^{d2}_{d−2} (_{c′} k^′ ) R-charge B.H. in 4 + 1 dim. 8π^2 8π^2 R-charge B.H. in 3 + 1 dim. 32π^2 32π^2 R-charge B.H. in 6 + 1 dim. 2π^2 2π^2 Reissner-Nordstrom B.H. in 3 + 1 dim. 4π^2γ^2 4π^2γ^2 D3/D7 in 3 + 1 dim. 2π^{2 Nc}_{Nf} 2π^{2 Nc}_{Nf}

It was further reported in [10] that for the R-charged black holes in five, four and seven dimensions the appropriate ratio of thermal conductivity and viscosity, regardless of the number of charge contents, are 8π^2, 32π^2 and 2π^2 respectively. Based on these observations we propose that, even in the presence of finite chemical potential (and arbitrary number of them) we can write κ_T ηT m∑ j=1 (μ^j)^2 = d^2 d − 2 ( c^′ k^′ ) = 8π^2 d − 1 d^3(d + 1) c k . (2.11)

In the next section we use (2.11) to express electric conductivity in terms of the thermodynamical quantities alone.

3 Electrical conductivity

Let us first write down various expressions for thermodynamical quantities, transport coefficients such as viscosity, electrical conductivity in the presence of single chemical potential. In our definition, χ =^ρ_μ . In case of nonzero chemical potential we expect different thermodynamical quantities and transport coefficients to get modified from that of eqn. (2.2), (2.5) . In general these can be written as

P = c^′ T^df_p(m), χ = k^′ T^{d−2}f_χ(m), (3.1) and σ = 1 d − 2 d 4π k^′ T^{d−3}f_σ(m), η = d 4π c^′ T^{d−1}f_η (m), (3.2)

where m =^μ_T and f(m)’s are defined such that f(m = 0) = 1. Now using

κ_T μ^2 ηT = ( (ϵ + P )μ ρ )_2 σ ηT^2 = d^2 d − 2 ( c^′ k^′ ) , (3.3)

we get an important constraint between the function f(m)’s f^2_p f_σ f^2_χf_η

= 1, (3.4)

which gives f_σ =^{f 2χfη}_{f 2p} . We then obtain expression for conductivity^9 σ = 1 d − 2 d 4π k^′ T^{d−3} f^2_χf_η f^2_p

, (3.5)

which is entirely fixed in terms of central charges (and thermodynamic quantities). For illustrative purpose we end this section with a specific example. Let us consider gauge theory dual to single R-charged five dimensional blackhole.

Using (3.5) and f_χ, f_η, f_p and k^′ written in the appendix (B), equation (B.20) we obtain σ = N^2T

(2 + κ_1 32π ) , (3.6) where κ_1 can be expressed in terms of m. This is same as the result reported in the literature [10, 11].

4 Discussion

We have conjectured that, for strongly coupled gauge theories admitting gravity dual, there exists a universal relation between the thermal conductivity and viscosity. This implies that the thermal conductivity can be fixed in terms of the central charges (thermodynamics) alone. We provided several examples satisfying our conjecture. Further more, using our proposed relation, we showed how electrical conductivity can be fixed in terms of thermodynamics even for μ ≠ 0.

In general we have c > k, i.e. the charge degree of freedom is less than the total degree of freedom. As a consequence we get a bound d^3(d + 1) 8π^2(d − 1) κ_T ηT m∑ j=1 (μ^j)^2 = c k ≥ 1. (4.1)

9We may also write it as, σ =^{d2}_{d−2} (_{c′} k^′ ) χ^{2 ηT 2}_{(ϵ+P )2} , where χ =^ρ_μ .

We can also examine how the bound on^σ_χ gets modified in the presence of a chemical potential. To prove the relation stated in eqn. (2.11), we suspect that the membrane paradigm arguments might be helpful (It is quite similar to ratio^η_s , which remains same for vanishing and nonvanishing chemical potential). It will also be interesting to see whether the other transport coefficients such as thermo-electric coefficient can be be fixed using results reported in this paper. Also it is of interest to explore as to how eqn. (2.11) as well as the bound get modified when higher derivative corrections are taken into account. These are currently under investigation.

Acknowledgments

It is pleasure to thank Somen Bhattacharjee, Balram Rai, Anirban Basu for extremely useful discussions and Sayan Chakrabarti for patiently listening to the results more than once. I am also thankful to Sayan Chakrabarti, Souvik Banerjee for comments about improving the manuscript and to referee for pointing out required improvements in the presentation. Special thanks to Sudipta Mukherji for taking personal care for improving the presentation of the text. I would also like to thank Sudipta Mukherji , Binata Panda, Souvik Banerjee and in particular Sankhadeep Chakraborty for encouragement.

A Electrical and Thermal conductivity:

In this appendix we present, in brief, the definitions of electrical and the thermal conductivities that are discussed in the text. For more detail, see [7–12].

• Electrical conductivity: The electrical conductivity is usually computed from current-current correlator

λ = − lim_{ω→0} G_{xx}(ω, q = 0) iω = lim_{ω→0} 1 2ω ∫_∞ −∞ dt e^{−iωt} ∫ d⃗x⟨[J_x(t, ⃗x), J_x(0,⃗0)]⟩. (A.1) Upon computing one finds λ = − ρ^2 ϵ + P i ω + σ, (A.2)

where ρ, ϵ and P are the charge density, energy density and pressure of the fluid respectively and σ = ℜ(λ) = − lim_{ω→0} ℑ[G_{xx}(ω, q = 0)] ω . (A.3)

Let us note that in the presence of charge density, in the limit ω → 0, ℑ(λ) = −^{ρ2}_{ϵ+P}^1_ω diverges, where as σ remains finite. In the text the conductivity that we have discussed is σ.

• Thermal conductivity: In the following we first review the hydrodynamics with multiple conserved charges (see [10]) and write down an expression for thermal conductivity. The single charge case was discussed in [7] .

• Relativistic hydrodynamics with multiple conserved charge: The continuity equations are normally presented as

∂_μT^{μν} = 0, ∂_μJ^μ_i = 0 (A.4)

where T^{μν} = (ϵ + P )u^μu^ν + P g^{μν} + τ^{μν} , J^μ_i = ρ_iu^μ + ν^μ_i (A.5) In the above ϵ and P are the local energy density and pressure respectively, u^μ is the local velocity and it obeys u_μu^μ = −1, where as τ^{μν} and ν^μ_i are the dissipative parts of stress-energy tensor and current. One can choose u^μ and ρ_i’s so that

u_μτ^{μν} = u_μν^μ_i = 0 . (A.6)

Note that u_ν ∂_μT^{μν} = −(ϵ + P )∂_μu^μ − u^μ∂_μϵ + u_ν ∂_μτ^{μν} = 0. (A.7) We also have

ϵ + P = T s + m∑ i=1 μ^iρ_i, dϵ = T ds + m∑ i=1 μ^idρ_i. (A.8)

Using which one gets ∂_μ ( su^μ − m∑ i=1 μ^i T ν^μ_i ) = − m∑ i=1 ν^μ_i ∂_μ μ^i T − τ^{μν} T ∂_μu^μ . (A.9)

Now ∂_μ ( su^μ −^m ∑ i=1 μ^i T ν^μ_i ) can be interpreted as the divergence of the entropy current which implies right hand side is positive. So we write

ν^μ_i = − m∑ j=1 κ_{ij} ( ∂^μ μ^j T + u^μu^λ∂_λ μ^j T ) (A.10)

and similarly for τ^{μν} (see [7]) . To interpret κ_{ij} as the coefficient of thermal conductivity, consider no charge current i.e. J^α_j = 0,^{10} but there is an energy flow, T^{tα} ≠ 0, which is the heat flow. Take u^α to be small so that one gets using eqn. (A.5)

ρ_iu^α = m∑ j=1 κ_{ij} ∂^α μ^j T . 10In our notation μ, ν runs from t, 1, 2...D , where as α runs from 1, 2, ...D, and i,j are R-charge indices.

From which one can obtain m∑ i,j=1 ρ_iκ^{−1}_{ij} ρ_j u^α = m∑ i=1 ρ_i∂^α μ^i T , (A.11)

hence u^α = 1 m∑ i,j=1 ρ_iκ^{−1}_{ij} ρ_j m∑ l=1 ρ_l∂^α μ^l T . (A.12)

Using eqn. (A.8) we get m∑ i=1 ρ_i∂^α μ^i T = − ϵ + P T^2 ∂^αT + ∂^αP T (A.13)

after substitution, this gives

u^α = − 1 m∑ i,j=1 ρ_iκ^{−1}_{ij} ρ_j ( ϵ + P T^2 )(∂^αT − T ϵ + P ∂^αP ) . (A.14)

Therefore

T^{tα} = (ϵ + P )u^α = − 1 m∑ i,j=1 ρ_iκ^{−1}_{ij} ρ_j ( ϵ + P T )^2(∂^αT − T ϵ + P ∂^αP ) (A.15)

hence the coefficient of thermal conductivity can be read off as

κ_T = ( ϵ + P T )_2 1 m∑ i,j=1 ρ_iκ^{−1}_{ij} ρ_j . (A.16)

Note that, κ_{ij} can be found out from greens function as G^{xx}_{ij} (ω, q = 0) = −iω κ_{ij} T = −iωσ_{ij} , (A.17) where J^x_i = −G_{ij}(ω, q = 0)A^x_j and σ_{ij} (ω, q = 0) can be obtained using currentcurrent correlator as discussed earlier.

Let us note that for single charge black hole^1_{ρiκ−1ij ρj} =^κ_{ρ2} . Therefore

κ_T = ( ϵ + P ρT )_2 κ = ( ϵ + P ρ )_2 σ T . (A.18)

B Examples

Here we present computations which led to the results of Table in section 2.

• AdS_4 Reissner-Nordstrom blackhole: The action is S = ∫ d^4x √ −g [ 1 2κ^2

(R + 6 L^2 ) − 1 4g^2

F^2 ] . (B.1)

Metric is given by (for details see [8])

ds^2 =

L^2 r^2 (−f(r)dt^2 + dr^2 f(r) + dx^idx^i). (B.2)

Thermodynamical quantities are given by T = 1 4πr_+ (3 − r^2_+μ^2 γ^2 ), P = L^2 2κ^2r^3_+

(1 + r^2_+μ^2 γ^2

) (B.3) and S = 2π κ^2

L^2 r^2_+ , χ = ρ μ = 2L^2 κ^2 1 r_+γ^2

(B.4)

where r_+ is the horizon radius and γ^2 =^{2g2L2}_{κ2} . To find out c^′ and k^′ best is to set μ to zero (then express r_+ in terms of T) and compare with eqn.(2.2). After doing this one finds c^′ =

L^2 2κ^2 ( 4π 3 )^3, k^′ = 8π 3 L^2 κ^2γ^2

. (B.5)

For this background with nonzero chemical potential, electrical conductivity is given by σ =^{(sT )2}_{(ϵ+P )2}^1_{g2} . Using this result we can find out thermal conductivity. On evaluating the ratio^{κT μ2}_{ηT} one finds it to be equal to 4π^2γ^2. Up on evaluating the ratio^{d2}_{d−2} (_{c′} k^′ ) we get the same result (note that here d=3).

• AdS/QCD (D3/D7): In [9], authors considered N_c D3-branes and N_f D7-branes, and treated the D3-branes as a gravitational background (RN-AdS black hole). This corresponds to the N = 4 SYM in finite temperature with finite baryon density. To identify c^′ and k^′ , consider limit μ → 0. In this limit various thermodynamical quantities are given by T = r_+ πl^2 , (B.6) P = l^3π^4 2κ^2

T^4, (B.7) χ = ρ μ = 2π^2l e^2

T^2. (B.8)

Now comparing with P = c^′ T^4,^ρ_μ = χ = k^′ T^2, we find c^′ =^{π4}_2^{l3}_{K2} and k^′ = 2π^{2 l}_{e2} , where l is AdS radius, K and e are gravitational and electromagnetic coupling constants respectively. Ratio of e and K can be expressed in terms N_c and N_f as

e^2 K^2 = N_c N_f l −2. So using these values we get^{κT μ2}_{ηT} = 2π^{2 e2l2}_{K2} = 2π^{2 Nc}_{Nf} . This is exactly the result which was reported in [9] where authors computed electrical conductivity to find out thermal conductivity and then the required ratio.

• Five dimensional R-charged black hole: Here we collect all the relevant information for five dimensional R-charged black hole. The Lagrangian is L √ −g = R − 1 4 G_{ij}F^i_{μν} F^{μν j} + ....., (B.9) where G_{ij} = L^2 2 diag [ (X^1)^{−2}, (X^2)^{−2}, (X^3)^{−2} ] . Metric and gauge fields are (for single R-charge)

ds^2_5 = −H^{−2/3}

(πT_0L)^2 u f dt^2 + H^{1/3}

(πT_0L)^2 u ( dx^2 + dy^2 + dz^2 ) + H^{1/3}

L^2 4fu^2 du^2 , (B.10) f(u) = H(u) − u^2(1 + κ_1) , H = 1 + κ_1u , (B.11)

A_t = πT_0 √ 2k_1(1 + k_1)u H(u) , (B.12) 1 16πG_5 = N^2 16π^2L^3

. (B.13)

Viscosity and various thermodynamical quantities are given by T = 2 + κ_1 2 √ (1 + κ_1)

T_0 , (B.14)

η = πN^2T^3 8 (1 + κ_1)^2 (1 +^{κ1}_2 )^2

, (B.15) P = π^2N^2T^4 8 (1 + κ_1)^3 (1 +^{κ1}_2 )^4

. (B.16)

where T_0 is the temperature at vanishing κ_1 i.e. at vanishing chemical potential. The charge density is given by ρ = πN^2T^3_0 8 √ 2κ_1(1 + κ_1)^{1/2} . (B.17)

The chemical potential conjugate to ρ is defined as

μ = A_t(u) | | | | u=1 = πT_0 √ 2κ_1 (1 + κ_1)

(1 + κ_1)^{1/2} , (B.18) so that susceptibility is given by χ = ρ μ = N^2T^2 8 (1 + κ_1)^2 (1 +^{κ1}_2 )^2

, (B.19)

where we have used eqn. (B.14) to express T_0 in terms of T.

Upon comparing eqn.(3.1) and eqn.(3.2) with eqn.(B.15), eqn.(B.16) and eqn.(B.19) we get

f_χ(m) =

(1 + κ_1)^2 (1 +^{κ1}_2 )^2

, f_η(m) =

(1 + κ_1)^2 (1 +^{κ1}_2 )^3

, f_p(m) =

(1 + κ_1)^3 (1 +^{κ1}_2 )^4

, c^′ = π^2N^2 8 , k^′ =

N^2 8 . (B.20)

• 4 and 7 dimensional R-charge black holes: In order to avoid repetition, here we just list values of c^′ and k^′ which were used in the Table. In four dimensions we have k^′ =^N 3 2 c 18 √ 2 , and c^′ =^{√2 π2}_3

(_2 3 )_3

N^{3/2}c . In seven dimensions we have k^′ =

(_2 3 )_5 N^3_c π, and c^′ =^{π3}_2

(_2 3 )_7 N^3_c . See [10–14] for details of the geometry.

References

[1] D. Teaney, Prog. Part. Nucl. Phys. 62, 451 (2009). M. Luzum and P. Romatschke, Phys. Rev. C 78, 034915 (2008) [Erratum-ibid. C 79, 039903 (2009)] [arXiv:0804.4015 [nucl-th]].

P. Romatschke and U. Romatschke, Phys. Rev. Lett. 99 (2007) 172301, arXiv:0706.1522.

[2] P. Kovtun, D. T. Son and A. O. Starinets, Phys. Rev. Lett. 94, 111601 (2005) [arXiv:hep-th/0405231].

[3] G. Policastro, D. T. Son, and A. O. Starinets, Phys. Rev. Lett. 87 (2001) 081601, arXiv: hep-th/0104066. A. Buchel and J. T. Liu, Phys. Rev. Lett. 93 (2004) 090602, ArXiv:hep-th/0311175. P. Kovtun, D. T. Son, and A. O. Starinets, Phys. Rev. Lett. 94 (2005) 111601, Arxiv:hep-th/0405231 A. Buchel, Phys. Lett. B609 (2005) 392–401, Arxiv:hep-th/0408095. P. Kovtun and A. Ritz, Phys. Rev. D78 (2008) 066009, Arxiv:0806.0110 M. Haack and A. Yarom, Nucl. Phys. B813 (2009) 140– 155,arXiv:0811.1794. A. Cherman and A. Nellore, Phys. Rev. D80 (2009) 066006, arXiv:0905.2969.

[4] P. Kovtun and A. Ritz, Phys. Rev. D 78, 066009 (2008) [arXiv:0806.0110 [hep-th]].

[5] N. Iqbal and H. Liu, Phys. Rev. D 79, 025023 (2009) arXiv:0809.3808 [hep-th].

[6] Kedar Damle, Subir Sachdev,Physical Review B 56, 8714 (1997). M. Vojta, Y. Zhang, and S. Sachdev, Intl. Jour. of Mod. Phys. B 14, 3719 (2000)., Markus Mueller and Lars Fritz and Subir Sachdev and Joerg Schmalian [arXiv.org:0910.5680]

[7] D. T. Son and A. O. Starinets, JHEP 0603, 052 (2006) [arXiv:hep-th/0601157].

[8] S. A. Hartnoll, Class. Quant. Grav. 26, 224002 (2009) [arXiv:0903.3246 [hep-th]].

S. A. Hartnoll and C. P. Herzog, Phys. Rev. D 76, 106012 (2007) [arXiv:0706.3228 [hep-th]].

[9] X. H. Ge, Y. Matsuo, F. W. Shu, S. J. Sin and T. Tsukioka, Prog. Theor. Phys. 120, 833 (2008) [arXiv:0806.4460 [hep-th]].

[10] S. Jain, JHEP 1003, 101 (2010) [arXiv:0912.2228 [hep-th]].

[11] K. Maeda, M. Natsuume and T. Okamura, arXiv:0809.4074 [hep-th].

[12] S. Jain, S. Mukherji and S. Mukhopadhyay, “Notes on R-charged black holes near criticality and gauge theory,” arXiv:0906.5134 [hep-th], JHEP 0911:051,2009

[13] K. Behrndt, M. Cvetic and W. A. Sabra, Nucl. Phys. B 553, 317 (1999) [arXiv:hepth/9810227]. M. Cvetic et al., Nucl. Phys. B 558, 96 (1999) [arXiv:hep-th/9903214].

[14] S. S. Gubser, “Thermodynamics of spinning D3-branes,” Nucl. Phys. B 551, 667 (1999) [arXiv:hep-th/9810225]. A. Chamblin, R. Emparan, C. V. Johnson and R. C. Myers, “Charged AdS black holes and catastrophic holography,” Phys. Rev. D 60, 064018 (1999) [arXiv:hep-th/9902170]. M. Cvetic and S. S. Gubser, “Phases of R-charged black holes, spinning branes and strongly coupled gauge theories,” JHEP 9904, 024 (1999) [arXiv:hep-th/9902195]. R. G. Cai and K. S. Soh, “Critical behavior in the rotating D-branes,” Mod. Phys. Lett. A 14, 1895 (1999) [arXiv:hepth/9812121]. S. S. Gubser and I. Mitra, “Instability of charged black holes in anti-de Sitter space,” arXiv:hep-th/0009126.