arXiv:0912.2771v1 [hep-th] 14 Dec 2009

DTP-MSU/09-25

Three-charge 2J black ring

Dmitri V. Gal’tsov^∗ and Nikolai G. Scherbluk^† Department of Theoretical Physics, Moscow State University, 119899, Moscow, Russia (Dated: December 16, 2009)

Using recently proposed new solution generating technique, we construct the charged version of Pomeranski-Senkov doubly rotating black ring in the U(1)^3 five-dimensional supergravity. For arbitrary values of charges the solution is unbalanced, but the Dirac-Misner string is removed when two of the charges are set to zero. In this particular case our solution can be uplifted to some solution of six-dimensional vacuum gravity.

PACS numbers: 04.20.Jb, 04.50.+h, 04.65.+e

I. INTRODUCTION

Since the discovery of black rings [1] in five dimensions, many efforts were devoted to find more general configurations with the same topology of the horizon. The most simple black rings are solutions of vacuum five-dimensional gravity. A considerable progress was achieved in the vacuum case due to application of inverse scattering method [2]. Black rings were also generalized to configurations endowed with electric charges and magnetic dipole moments within different models involving vector and scalar fields [3]. A particularly interesting model which has clear microscopic interpretation is based on supertubes [4], and can be regarded as M2-M5 intersections of 11D supergravity, or, equivalently, the D1-D5-P system of IIB theory. Within this theory a number of charged black rings were found [5], but neither of them contained two independent rotation parameters. Ultimately one is interested in the nineparameter solution with independent mass, two rotation parameters, three charges and three dipole charges, and such task is still far from being completed.

In purely five-dimensional treatment this theory is equivalent to U(1)^3 5D supergravity with three vector and three constrained scalar fields. Aiming to progress in obtaining the nine-parametric ring, we proposed a new solution generating technique based on dimensional reduction of U(1)^3 5D supergravity to three dimensions where it is equivalent to gravity coupled sigma model on the coset SO(4, 4)/(SO(2, 2) × SO(2, 2)) or SO(4, 4)/(SO(4) × SO(4)) [6, 7]. This approach generalized that of [8, 9] devoted to minimal 5D supergravity in which case the coset is G_{2(2)}/SL(2, R)^2 (see [10] for further discussion and applications and [11] for more general mathematical aspects). In the case of black rings one can construct different realizations of these cosets performing dimensional reduction with respect to one angular direction or a linear combination of two independent rotation angles [12]. In the second case the number of U-duality transformations preserving asymptotic flatness is larger, so one can hope to obtain a nine-parameter ring family starting with a seed with sufficient number of parameters.

It is tempting to start with Pomeranski-Senkov (PS) solution [13] for black ring with two rotation parameters obtained in the vacuum 5D gravity via soliton technique. As far as we are aware, only a few attempts to charge the PS black ring were undertaken [8, 14]. In [8] doubly rotating one-charge solution was constructed using G2 generating technique, but it contained the Dirac-Misner string. Later Hoskisson [14] derived two-charge solution using T-duality for a ten-dimensional uplifting of the PS solution. In this paper we give the three-charge version of the PS solution which is a direct generalization of the one-charge solution of [8]. Eliminating two of three charges we get a very simple solution without the Dirac-Misner string. We show that this solution can be uplifted to some 6D vacuum solution, opening further perspectives of application of various generation methods.

Five-dimensional supergravity with three U(1) vector fields can be derived from truncated toroidal compactification of 11D supergravity:

I_{11} = 1 16πG_{11} ∫ ( R_{11} ⋆_{11} 1 − 1 2 F_{[4]} ∧ ⋆_{11}F_{[4]} − 1 6 F_{[4]} ∧ F_{[4]} ∧ A_{[3]} ) , (1)

∗Electronic address: galtsov@phys.msu.ru †Electronic address: shcherbluck@mail.ru

where F_{[4]} = dA_{[3]}, according to the ansatz

ds^2_{11} = ds^2_5 + X^1 ( dz^2_1 + dz^2 ) + X^2 ( dz^2_3 + dz^2_4 ) + X^3 ( dz^2_5 + dz^2_6 ) , (2) A_{[3]} = Â^1 ∧ dz_1 ∧ dz_2 + Â^2 ∧ dz_3 ∧ dz_4 + Â^3 ∧ dz_5 ∧ dz_6 .

Here z_a = z^a, a = 1, . . . , 6 are the coordinates parameterizing the torus T^6. The three scalar moduli X^I , (I = 1, 2, 3) and the three one-forms Â^I depend only on the five coordinates entering ds^2_5. The moduli X^I satisfy the constraint X^1X^2X^3 = 1, implying that the five-dimensional metric ds^2_5 is the Einstein-frame metric. The reduced five-dimensional action reads:

I_5 = 1 16πG_5 ∫ ( R_5 ⋆_5 1 − 1 2 G_{IJ} dX^I ∧ ⋆_5dX^J − 1 2 G_{IJ}F̂^I ∧ ⋆_5F̂^J − 1 6 δ_{IJK}F̂^I ∧ F̂^J ∧ Â^K ) , G_{IJ} = diag ( (X^1)^{−2}, (X^2)^{−2}, (X^3)^{−2} ) , F̂_I = dÂ_I , I, J, K = 1, 2, 3, where the totally symmetric Chern-Simons coefficients δ_{IJK} = 1 for the indices I, J, K being a permutation of 1, 2, 3, and zero otherwise.

II. GENERATING TECHNIQUE

Our generating technique is based on further reduction of (2) to three dimensions assuming the 5D metric to depend only on three coordinates.

ds^2_5 = λ_{pq} (dz^p + a^p)(dz^q + a^q ) − κτ^{−1}h_{ij} dx^idx^j , τ = − det λ, (3) Â^I = A^I_i (x^i)dx^i + ψ^I_p dz^p, I = 1, 2, 3, p, q = 7, 8, (4)

where the three-dimensional metric h_{ij} , the Kaluza-Klein (KK) one-forms a^p = a^p_i dx^i, and the moduli φ_1, φ_2 of T^2 together with an axion χ entering the symmetric 2 × 2 matrix

λ_{pq} = e^{− 2√3 φ1} ( 1 χ χ χ^2 + κe^{√3φ1−φ2} ) (5) are independent on z^p. A factor κ = ±1 in (3) is responsible for the signature of the direction z^8: κ = 1 for space-like, and κ = −1 for time-like. The 5D U(1) one-forms Â^I reduce to the 3D one-forms A^I (x^i) and six axions collectively denoted as a 2D-covariant doublet ψ^I_p = (u^I , v^I ) with the index p relative to the metric λ_{pq} .

To obtain the three-dimensional sigma-model one has to dualise the one-forms A^I and a^p to scalars, which will be denoted as μ_I and ω_p respectively: τλ_{pq} da^q = ⋆V_p, V_p = dω_p − ψ^I_p ( dμ_I + 1 6 δ_{IJK} dψ^J_q ψ^K_r ε^{qr} ) , dA^I = dψ^I_q ∧ a^q + τ^{−1}G^{IJ} ⋆ G_J , G_I = dμ_I + 1 2 δ_{IJK} dψ^J_p ψ^K_q ε^{pq}. (6) This leads to the gravity coupled 3D sigma-model

I_3 = 1 16πG_3 ∫ √ |h| ( R_3 − G_{AB} ∂Φ^A ∂x^i ∂Φ^B ∂x^j h^{ij} ) d^3x, (7)

where the Ricci scalar R_3 is build using the 3-dimensional metric h_{ij} . The set of the potentials Φ^A = (φ_1, φ_2, X^1, X^2, ψ^I , μ_I , χ, ω_p), A = 1, . . . , 16 realizes the harmonic map between the 3D space-time and the target space (TS) with the metric G_{AB} (Φ^C ):

dl^2 = G_{AB} dΦ^AdΦ^B ≡ 1 2 G_{IJ} (dX^I dX^J + dψ^{I T} λ^{−1}dψ^J ) − 1 2 τ^{−1}G^{IJ} G_I G_J + + 1 4 Tr ( λ^{−1}dλλ^{−1}dλ ) + 1 4 τ^{−2}dτ^2 − 1 2 τ^{−1}V^T λ^{−1}V. (8)

This target space is identified as SO(4, 4)/(SO(2, 2) × SO(2, 2)) for κ = −1 and SO(4, 4)/(SO(4) × SO(4)) for κ = 1 with the isometry group SO(4, 4) acting transitively. The action of isometries is simplified if one introduces the matrix representative M of the coset which can be conveniently chosen as the symmetric 8 × 8 matrix:

dl^2 = − 1 8 Tr(dMdM^{−1}). (9)

The SO(4, 4) isometry transformations then will read

M → M^′ = g^T Mg, (10)

where g is some SO(4, 4) matrix.

The matrix M can be written in terms of 4 × 4 matrices P, Q and ~P = (P^{−1})^{^T} , where ^T denotes transposition with respect to the minor diagonal: M = ( P PQ Q^T P ~P + Q^T PQ ) , det M = 1. (11)

The matrix Q, antisymmetric under ^T , reads

Q = μ̃_1 ω̃_7 ω̃_8 0 −v^2 −μ̃_3 0 −u^2 0 · · · 0 , (12)

where μ̃_I = μ_I + w_I , w_1 = u^{[3}v^{2]}, w_2 = u^{[1}v^{3]}, w_3 = u^{[1}v^{2]} (brackets denote alternation over indices with 1/2), and

ω̃_7 = ω_7 + 1 3 (u^1w_1 + u^3w_3) − μ_2u^2, ω̃_8 = ω_8 + 1 3 (v^1w_1 + v^3w_3) − μ_2v^2.

The matrix P then can be written in 3 × 3 and 1 × 3 blocks P = ( Ψ^T ΛΨ, Ψ^T ΛΦ Φ^T ΛΨ, Φ^T ΛΦ +^{X 1}_{X 2} ) , (13)

where Ψ = 1 u^3 −v^3 0 1 0 0 0 1

, Λ = X^3 τ −(X^3)^{−1} 0 0

0 −λ_{77} λ_{78} 0 λ_{78} −λ_{88} , Φ = μ̃_2 −v^1 −u^1 .

Since the target space variables are related to initial metric and matter field via differential dualisation equations (6), extraction of a new solution from the transformed potential presents certain technical difficulties. To avoid them one can transform in parallel the dualised matrix, which is introduced as follows [7]. Introducing the matrix-valued current one-form J J = J_idx^i = MdM^{−1} we can rewrite the 3-dimensional sigma-model action (7) as

I_3 = 1 16πG_3 ∫ ( R_3 ⋆ 1 − 1 8 Tr(J ∧ ⋆J ) ) . In this expression the Hodge dual ⋆ with respect to the 3-dimensional metric h_{ij} is introduced. Variation of this action with respect to J shows that the two-form ⋆J is closed:

d ⋆ J = 0. (14)

Variation with respect to the metric leads to three-dimensional Einstein equations:

(R_3)_{ij} = 1 8 Tr(J_iJ_j ). (15)

The first equation (14) means that the matrix-valued two-forms ⋆J is locally exact, i.e., it can be presented as the exterior derivative of some matrix-valued one-form N , that is ⋆ J = M ⋆ dM^{−1} = dN . (16) The matrix N is defined up to adding an arbitrary matrix-valued closed one-form, which can be determined by choosing suitable asymptotic conditions. Now comparing the matrix dualisation equation (16) with the initial dualisation equations (6) we find the following purely algebraic relations between certain components of the matrix N^{ab}, a, b = 1, . . . , 8 are and the previous variables a^p and A^I , namely

a^7 = N^{16}, a^8 = N^{17}, A^1 = ψ^1_p a^p + N^{15}, A^2 = ψ^2_pa^p + N^{14}, A^3 = ψ^3_pa^p − N^{26}. (17)

Therefore the metric and matter fields can be extracted algebraically from the matrix N . Now, from the definition (16) and the transformation law for the matrix M (10) under the global transformations g ∈ SO(4, 4) is clear that the matrix N obey the tramsformation law

N → N^′ = g^T N (g^T )^{−1}.

To obtain the matrix N corresponding to the seed solution one has to solve the dualisation equations which is presumably a simple problem. Then one performs transformation of N independently of the transformation of M. This allows to avoid the back dualisation of the transformed sigma-model variables to get the desired metric and matter fields.

III. SIGMA-MODEL REPRESENTATION OF POMERANSKY-SENKOV SOLUTION

Using the inverse scattering technique Pomeransky and Senkov [13] derived the following vacuum black ring solution with two parameters of rotation :

ds^2 = − H(y, x) H(x, y) (dt + Ω)^2 − F (x, y) H(y, x) dϕ^2 − 2 J(x, y) H(y, x) dϕdψ + F (y, x) H(y, x) dψ^2 + 2k^2H(x, y) (x − y)^2(1 − ν)^2 [ dx^2 G(x) − dy^2 G(y) ] , (18)

where the coordinates (t, x, y, ϕ, ψ) vary in the range −∞ < t < +∞, −1 ≤ x ≤ 1, −∞ < y < −1, 0 ≤ (ϕ, ψ) < 2π, k, ν, λ are parameters, and the rotation one-form is Ω = Ω_ψdψ + Ω_ϕdϕ. Explicitly,

Ω = − 2kλ √ (1 + ν)^2 − λ^2 H(y, x) [ (1 − x^2)y √ νdψ + 1 + y 1 − λ + ν [1 + λ − ν + x^2yν(1 − λ − ν) + 2νx(1 − y)] dϕ ] , and the functions G, H, J, F are (we use here the original notation of [13], not to be confused with our quantities λ_{pq} , x, y): G(x) = (1 − x^2)(1 + λx + νx^2), H(x, y) = 1 + λ^2 − ν^2 + 2λν(1 − x^2)y + 2xλ(1 − y^2ν^2) + x^2y^2ν(1 − λ^2 − ν^2), J(x, y) = 2k^2(1 − x^2)(1 − y^2)λ √ ν (x − y)(1 − ν)^2 [ 1 + λ^2 − ν^2 + 2(x + y)λν − xyν(1 − λ^2 − ν^2) ] , F (x, y) = 2k^2 (x − y)^2(1 − ν)^2 { G(x)(1 − y^2) ( [(1 − ν)^2 − λ^2](1 + ν) + yλ(1 − λ^2 + 2ν − 3ν^2) )

+ G(y) [ 2λ^2 + xλ[(1 − ν)^2 + λ^2] + x^2[(1 − ν)^2 − λ^2](1 + ν) + x^3λ(1 − λ^2 − 3ν^2 + 2ν^3)

− x^4(1 − ν)ν(−1 + λ^2 + ν^2) ]} .

Regularity of the black ring implies the inequalities 0 ≤ ν < 1, 2 √ ν ≤ λ < 1 + ν. The mass and angular momenta can be read out from the asymptotic expansion of the metric: M = 3k^2πλ G_5(1 − λ + ν)

, J_ψ = 4k^3πλ √ ν √ (1 + ν)^2 − λ^2 G_5(1 − ν)^2(1 − λ + ν) ,

J_ϕ =

2k^3πλ(1 + λ − 6ν + λν + ν^2) √ (1 + ν)^2 − λ^2 G_5(1 − ν)^2(1 − λ + ν)^2 , where G_5 is the 5D Newton constant. This solution is free of conical and Dirac string singularities.

This solution depends only on two coordinates x, y, and therefore possess three commuting Killing symmetries ∂_t, ∂_ϕ, ∂_ψ. The charging transformation arise when one choose z^8 = t and z^7 is either one of the angular coordinates ϕ, ψ, or some linear combination of the two [12]. The last option is technically more complicated, though it open a way to get a reacher set of isometry transformations preserving asymptotic conditions relevant to black rings. Here we restrict to the case z^7 = ψ. In this case the three-dimensional metric which remains unaffected by transformations reads: h_{ij} dx^idx^j = 2k^2 (1 − ν)^2(x − y)^2 [ F (y, x) ( dx^2 G(x) − dy^2 G(y) ) − 2k^2G(x)G(y) (x − y)^2 dϕ^2 ] . (19)

The target space potentials corresponding to dimensional reduction of the metric (18) from D = 5 to D = 3 with respect to (t, ψ) are

λ_{88} = − H(y, x) H(x, y) , λ_{78} = − H(y, x) H(x, y) Ω_ψ, λ_{77} = F (y, x) H(y, x) − H(y, x) H(x, y) Ω^2_ψ, τ = F (y, x) H(x, y) , a^7_ϕ = − J(x, y) F (y, x) , a^8_ϕ = Ω_ϕ − a^7_ϕΩ_ψ , Â^I = 0, X^I = 1.

The corresponding block matrices forming the coset matrix M will read

P = ( Λ 0 0 1 ) , ~P = ( 1 0 0 Λ^{−1} ) , Λ = τ^{−1}

−1 0 0 0 −λ_{77} λ_{78} 0 λ_{78} −λ_{88} , Q = 0 ω_7 ω_8 0 0 0 0 −ω_8 0 0 0 −ω_7 0 0 0 0 , (20)

Ψ = diag(1, 1, 1), and the column matrix Φ is zero.

We have to calculate also the dualised quantities ω_p, μ_I entering the matrix N . For our particular application we will need only the quantities ω_8 and some components of the matrix one-form N_idx^i. The first one is the solution of the dualisation equation τλ_{pq} h^{im}h^{jn}(∂_ma^q_n − ∂_na^q_m) = 1 √ h ϵ^{ijk} ∂_kω_p, whose the p = 8 component can be explicited as (assuming ϵ^{ϕxy} = 1, and denoting h ≡ det h_{ij} ):

∂_xω_8 = τ √ hh^{ϕϕ}h^{yy}(λ_{78}∂_ya^7_ϕ + λ_{88}∂_ya^8_ϕ), ∂_yω_8 = −τ √ hh^{ϕϕ}h^{xx}(λ_{78}∂_xa^7_ϕ + λ_{88}∂_xa^8_ϕ).

The computation gives: ω_8 = −Ω̃_ϕ.

The following components of N can be readily found

N^{16} = a^7 = − J(x, y) F (y, x) dϕ, N^{17} = a^8 = ( Ω_ϕ + J(x, y) F (y, x) Ω_ψ ) dϕ. (21) Also, the absence of the electromagnetic potentials gives N^{15} = N^{14} = N^{26} = 0. From non-trivial components, we will need only N^{32}, which satisfies the following equations

∂_xN^{32}_ϕ = − 1 √ h h_{xx}h_{ϕϕ}(M∂_yM^{−1})^{32} = −Ω̃_ϕ∂_ya^7_ϕ + λ^2_{88} τ h_{xx}h_{ϕϕ} √ h ∂_xΩ_ψ,

∂_yN^{32}_ϕ = 1 √ h h_{yy}h_{ϕϕ}(M∂_xM^{−1})^{32} = Ω̃_ϕ∂_xa^7_ϕ − λ^2_{88} τ h_{yy}h_{ϕϕ} √ h ∂_yΩ_ψ .

The solution can be presented as

N^{32}_ϕ = −ã^8_ψ = −Ω̃_ψ + ã^7_ψΩ̃_ϕ, (22)

where the quantities a^7_ψ and a^8_ψ are defined as

a^7_ψ ≡ J(x, y) F (x, y) = − J(y, x) F (x, y) = a^7_ϕ(y, x) = ã^7_ϕ(x, y), a^8_ψ ≡ Ω_ψ − Ω_ϕa^7_ψ, (23)

and the tilded functions of x, y are introduced which correspond to interchanging the arguments: f̃(x, y) = f(y, x). The remaining component of N are more complicated to find, but we will not need them in what follows.

IV. THE NEW SOLUTION

We are interested by asymptotically flat solutions, so we have to select those elements of the SO(4, 4) isometry group which preserve asymptotic conditions under M^′ = gMg, N^′ = gN g^{−1}. where g is a symmetric 8 × 8 matrix. An analysis [6] shows that within the reduction along t, ψ which was adopted here, such a property is fulfilled only for the three-parametric subgroup given by the matrix

g = c_3 0 −s_3 0 0 0 0 0 0 c_1c_2 0 −s_1c_2 −c_1s_2 0 −s_1s_2 0 −s_3 0 c_3 0 0 0 0 0 0 −s_1c_2 0 c_1c_2 s_1s_2 0 c_1s_2 0 0 −c_1s_2 0 s_1s_2 c_1c_2 0 s_1c_2 0 0 0 0 0 0 c_3 0 s_3 0 −s_1s_2 0 c_1s_2 s_1c_2 0 c_1c_2 0 0 0 0 0 0 s_3 0 c_3

, c_I ≡ cosh(α_I ), s_I ≡ sinh(α_I ), (24)

where α_1, α_2, α_3 are real parameters. The corresponding manipulations with matrices were performed using computer. Having obtained the matrices M^′ and N^′, the extraction of the target space variables of the new solution is straightforward. These are listed as

λ^′_{77} = D^{−2/3}

(cλ_{78} + sλ_{88}ω_8)^2 λ_{88} − D^{1/3} τ λ_{88}

, λ^′_{78} = D^{−2/3}(cλ_{78} + sλ_{88}ω_8), λ^′_{88} = D^{−2/3}λ_{88}, τ^′ = D^{−1/3}τ,

a^7_ϕ^′ = a^7_ϕ, a^8_ϕ^′ = ca^8_ϕ + sN^{32}_ϕ , X^{I ′} = D^{1/3} D_I , c ≡ c_1c_2c_3, s ≡ s_1s_2s_3,

Â^I_t^′ = v^{I ′} = s_I c_I D^{−1}_I (1 + λ_{88}), Â^I_ψ^′ = u^{I ′} = D^{−1}_I (λ_{78}s_I ∑ J<K δ^{IJK} c_J c_K − ω_8c_I ∑ J<K δ^{IJK} s_J s_K ), A^I_ϕ^′ = u^{I ′}a^7_ϕ + v^{I ′}a^8_ϕ^′ − s_I ∑ J<K δ^{IJK} c_J c_K a^8_ϕ − c_I ∑ J<K δ^{IJK} s_J s_K N^{32}_ϕ , (25)

where the functions D_I , D are

D_I = c^2_I − H(y, x) H(x, y) s^2_I , D = D_1D_2D_3.

Using them, we obtain the metric of the three-charge doubly rotating black ring as

ds^2_5 = − D^{−2/3} H(y, x) H(x, y) (dt + Ω^′)^2 + D^{1/3} ( − F (x, y) H(y, x) dϕ^2 − 2 J(x, y) H(y, x) dϕdψ + + F (y, x) H(y, x) dψ^2 + 2k^2H(x, y) (x − y)^2(1 − ν)^2 [ dx^2 G(x) − dy^2 G(y) ]) , (26)

with the rotation form

Ω^′ = Ω^′_ψdψ + Ω^′_ϕdϕ, Ω^′_ψ = λ^′_{78} λ^′_{88}

= cΩ_ψ − sΩ̃_ϕ, Ω^′_ϕ = a^8_ϕ^′ + a^7_ϕ^′Ω^′_ψ = cΩ_ϕ − sΩ̃_ψ. (27)

The corresponding vector potentials one-forms are given by

Â^{I ′} = [ s_I c_I 2λ(1 − ν)(x − y)(1 − νxy)dt + ( H(x, y)Ω̃_ϕc_I ∑ J<K δ^{IJK} s_J s_K − H(y, x)Ω_ψs_I ∑ J<K δ^{IJK} c_J c_K ) dψ + + ( H(x, y)Ω̃_ψc_I ∑ J<K δ^{IJK} s_J s_K − H(y, x)Ω_ϕs_I ∑ J<K δ^{IJK} c_J c_K ) dϕ ] 1 D_I H(x, y) . (28)

Finally, the scalar field can be read off from the corresponding eleven-dimensional three-charge black tube solution

ds^2_{11} = D^{1/3}

( dz2_1 + dz2 D_1 + dz^2_3 + dz^2_4 D_2 + dz^2_5 + dz^2_6 D_3 ) + ds^2_5. (29)

This five-dimensional part of the solution turns into that obtained in [8] via identification of the vector fields Â^1 = Â2 = Â3 =^1_{√3} A and the charge parameters c_1 = c_2 = c_3 = c, s_1 = s_2 = s_3 = s. Like in this case, the metric (26) and the fields (28) contain Dirac-Misner strings which arise if the orbits of ∂_ψ do not close off at x = ±1. This is the case since both the Ω^′_ψ(1, y) and the A^I_ψ^′(1, y) are proportional to Ω̃_ϕ(1, y), which does not vanish. However, now one can remove the Dirac-Misner string turning off any two of three charges. Indeed, setting, e.g., c_1 = 1 = c_2, s_1 = 0 = s_2 and c_3 = c, s_3 = s we will have the five-dimensional metric

ds^2_5 = −D^{−2/3} H(y, x) H(x, y) (dt+cΩ)^2+D^{1/3} ( F (y, x) H(y, x) dψ^2− F (x, y) H(y, x) dϕ^2−2 J(x, y) H(y, x) dϕdψ+ 2k^2H(x, y) (x − y)^2(1 − ν)^2 [ dx^2 G(x) − dy^2 G(y) ]) , (30) where Ω now is the Pomeranski-Senkov original function and the scalar and the non-trivial vector fields being

X^{1′} = X^{2′} = D^{1/3}, X^{3′} = D^{−2/3}, Â^{1′} = 0 = Â^{2′}, Â^{3′} = s DH(x, y) [ 2cλ(1−ν)(x−y)(1−νxy)dt−H(y, x)Ω ] , (31)

with

D = 1 + s^2 2λ(1 − ν)(x − y)(1 − νxy) H(x, y) . This black ring is free from singularities. In this case the solution corresponds to the particular case of the two-charge black ring obtained by Hoskisson [14], if one of the charges is set to zero.

Physical parameters of the solution are: M = πk^2λ(3 + 2s^2) G_5(1 − λ + ν)

, J_ϕ =

2ck^3πλ(1 + λ − 6ν + λν + ν^2) √ (1 + ν)^2 − λ^2 G_5(1 − ν)^2(1 − λ + ν)^2 ,

J_ψ = 4ck^3πλ √ ν √ (1 + ν)^2 − λ^2 G_5(1 − ν)^2(1 − λ + ν) , Q = − 2λcsπk^2 G_5(1 − λ + ν) . The reason why this solution is so simple is the following. One may observe that once two vector fields are set to zero while the scalar fields satisfy the condition X_1 = X_2 the five-dimensional theory reduces to

L_5 = R_5 ⋆_5 1 − 1 2 dφ ∧ ⋆_5dφ − 1 2 e^{− 4φ√6} F̂^3 ∧ ⋆_5F̂^3, F̂^3 = dÂ^3, φ = √ 6 2 ln X^3. (32)

This Lagrangian turns out to be the Kaluza-Klein reduction of the 6D Einstein-Hilbert Lagrangian L_6 = R_6 ⋆_6 1. Therefore our one-charge non-singular solution can be uplifted to the following 6D vacuum solution

ds^2_6 = e^{φ√6} ds^2_5 + e^{− 3φ√6} ( dx^6 + s DH(x, y) [ 2cλ(1 − ν)(x − y)(1 − νxy)dt − H(y, x)Ω ])2 . (33)

V. CONCLUSION

In this paper we have applied the SO(4, 4) generating technique to get a charged version of the PS doubly rotating black ring. Our general solution describes three charge black ring (or three charge black tube) with two rotation parameters, being a six-parametric solution. Unfortunately for arbitrary values of charges the solution is plagued with Dirac-Misner strings. But setting zero two of the three charges one gets a particularly simple charged doubly rotating black ring. In view of its simplicity, this solution can be used for further applications of generating transformations. Our present reduction scheme has only one class of transformations preserving asymptotic flatness, and these generate the electric charges. Further progress in generating black rings amounts to generating the dipole charges. Tentatively, this may be achieved using dimensional reduction to three dimensions with respect to a linear combination of two rotation angles.

We have also given the matrix representation of the coset SO(4, 4)/(SO(2, 2) × SO(2, 2)) in a more concise form than in the original formulation of our technique [6].

Acknowledgments

The authors are grateful to Gerard Clément helpful discussions. The work was supported by the RFBR grant 08-02-01398-a. NS acknowledges the support by Dynasty foundation.

[1] R. Emparan and H. S. Reall, “A rotating black ring in five dimensions,” Phys. Rev. Lett. 88, 101101 (2002); “Black rings,” Class. Quant. Grav. 23, R169 (2006) [arXiv:hep-th/0608012]; “Black Holes in Higher Dimensions,” [arXiv:hepth/0801.3471].

[2] T. Harmark, “Stationary and axisymmetric solutions of higher-dimensional general relativity,” Phys. Rev. D 70, 124002 (2004) [arXiv:hep-th/0408141]; H. Iguchi and T. Mishima, “Solitonic generation of five-dimensional black ring solution,” Phys. Rev. D 73, 121501 (2006) [arXiv:hep-th/0604050]; S. Tomizawa, H. Iguchi and T. Mishima, “Relationship between solitonic solutions of five-dimensional Einstein equations,” Phys. Rev. D 74, 104004 (2006) [arXiv:hep-th/0608169]; H. Iguchi and T. Mishima, “Black di-ring and infinite nonuniqueness,” Phys. Rev. D 75, 064018 (2007) [arXiv:hep-th/0701043]; S. Tomizawa and M. Nozawa, “Vaccum solutions of five-dimensional Einstein equations generated by inverse scattering method. II: Production of black ring solution,” Phys. Rev. D 73, 124034 (2006) [arXiv:hep-th/0604067]. T. Koikawa, “Infinite number of soliton solutions to 5-dimensional vacuum Einstein equation,” Prog. Theor. Phys. 114, 793 (2005) [arXiv:hep-th/0501248]. A. A. Pomeransky, “Complete integrability of higher-dimensional Einstein equations with additional symmetry, and rotating black holes,” Phys. Rev. D 73, 044004 (2006) [arXiv:hep-th/0507250]. T. Azuma and T. Koikawa, “Infinite number of stationary soliton solutions to fivedimensional vacuum Einstein equation,” Prog. Theor. Phys. 116, 319 (2006) [arXiv:hep-th/0512350]. T. Mishima and H. Iguchi, “New axisymmetric stationary solutions of five-dimensional vacuum Einstein equations with asymptotic flatness,” Phys. Rev. D 73, 044030 (2006) [arXiv:hep-th/0504018]; S. Tomizawa, Y. Morisawa and Y. Yasui, “Vacuum solutions of five dimensional Einstein equations generated by inverse scattering method,” Phys. Rev. D 73, 064009 (2006) [arXiv:hep-th/0512252]; “Boundary Value Problem for Black Rings” [arXiv:hep-th/0710.4600] H. Elvang and P. Figueras, “Black Saturn,” arXiv:hep-th/0701035; J. Evslin and C. Krishnan, “The black di-ring: an inverse scattering construction,” arXiv:0706.1231 [hep-th]; H. Elvang and M. J. Rodriguez, JHEP 0804, 045 (2008) [arXiv:0712.2425 [hep-th]]; H. Elvang, R. Emparan and P. Figueras, JHEP 0705, 056 (2007) [arXiv:hep-th/0702111].

[3] H. Elvang, “A charged rotating black ring,” Phys. Rev. D 68, 124016 (2003) [arXiv:hep-th/0305247]. R. Emparan, “Rotating circular strings, and infinite non-uniqueness of black rings,” JHEP 0403, 064 (2004) [arXiv:hep-th/0402149]. S. S. Yazadjiev, “Completely integrable sector in 5D Einstein-Maxwell gravity and derivation of the dipole black ring solutions,” Phys. Rev. D 73, 104007 (2006) [arXiv:hep-th/0602116]; “Solution generating in 5D Einstein-Maxwell-dilaton gravity and derivation of dipole black ring solutions,” JHEP 0607, 036 (2006) [arXiv:hep-th/0604140]; “Rotating dyonic dipole black rings: exact solutions and thermodynamics,” Gen. Rel. Grav. 39, 601 (2007) [arXiv:hep-th/0607101]. “5D Einstein-Maxwell solitons and concentric rotating dipole black rings” [arXiv:hep-th/0805.1600]; S. S. Yazadjiev, “Black Saturn with dipole ring,” arXiv:0705.1840 [hep-th].

[4] D. Mateos and P. K. Townsend, “Supertubes,” Phys. Rev. Lett. 87, 011602 (2001) [arXiv:hep-th/0103030]; [5] S. Giusto, S. D. Mathur and A. Saxena, “Dual geometries for a set of 3-charge microstates,” Nucl. Phys. B 701, 357 (2004) [arXiv:hep-th/0405017]; S. Giusto, S. D. Mathur and Y. K. Srivastava, “A microstate for the 3-charge black ring,” [arXiv:hep-th/0601193]. R. Emparan, D. Mateos and P. K. Townsend, “Supergravity supertubes,” JHEP 0107 (2001) 011 [arXiv:hep-th/0106012]; H. Elvang and R. Emparan, “Black rings, supertubes, and a stringy resolution of black hole non-uniqueness,” JHEP 0311 (2003) 035 [arXiv:hep-th/0310008]; I. Bena and P. Kraus, “Three charge supertubes and black hole hair,” Phys. Rev. D 70, 046003 (2004) [arXiv:hep-th/0402144]; I. Bena, “Splitting hairs of the three charge black hole,” Phys. Rev. D 70, 105018 (2004) [arXiv:hep-th/0404073]; H. Elvang, R. Emparan D. Mateos and H.S. Reall, “Supersymmetric black rings and three-charge supertubes,” JHEP 0502, 031 (2005) [arXiv:hep-th/0412130]; H. Elvang, R. Emparan, D. Mateos and H. S. Reall, “Supersymmetric black rings and three-charge supertubes,” Phys. Rev. D 71, 024033 (2005) [arXiv:hep-th/0408120]; I. Bena and N. P. Warner, “One ring to rule them all ... and in the darkness bind them?,” arXiv:hep-th/0408106. J. P. Gauntlett and J. B. Gutowski, “General concentric black rings,” Phys. Rev. D 71, 045002 (2005) [arXiv:hep-th/0408122]; H. Elvang, R. Emparan and P. Figueras, “Non-supersymmetric black rings as thermally excited supertubes,” JHEP 0502 (2005) 031 [arXiv:hep-th/0412130]; rings”, JHEP, 0510 (2005) 100 [hep-th/0505152].

[6] D.V. Gal’tsov and N.G. Scherbluk, “Generating technique for U(1)^35D supergravity,” Phys. Rev. D 78, 064033 (2008) [arXiv:0805.3924].

[7] D.V. Gal’tsov and N.G. Scherbluk, “Improved generating technique for D=5 supergravities and squashed Kaluza-Klein Black Holes,” Phys. Rev. D 79, 064020 (2009) [arXiv:0812.2336].

[8] A. Bouchareb, G. Clément, C-M. Chen, D. V. Gal’tsov, N. G. Scherbluk, and Th. Wolf “G2 generating technique for minimal 5D supergravity and black rings”, Phys. Rev. D 76, 104032 (2007) [arXiv:0708.2361];

[9] G. Clément, ”The symmetries of five-dimensional minimal supergravity reduced to three dimensions,” Journ. Math. Phys.

49, 042503 (2008) [arXiv:0710.1192]; N.G. Scherbluk, “Hidden symmetries in five-dimensional supergravity”, MS Thesis, Moscow State University (2006) (unpublished).

[10] G. Compere, S. de Buyl, E. Jamsin and A. Virm, “G2 Dualities in D=5 Supergravity and Black Strings,” Class. Quant.

Grav. 26, 125016 (2009) [arXiv:0903.1645]; G. Compere, K. Copsey, S. de Buyl, R. B. Mann, “Solitons in Five Dimensional Minimal Supergravity: Local Charge, Exotic Ergoregions, and Violations of the BPS Bound,” [arXiv:0909.3289] (2009); Yi-Xin Chen and Yong-Qiang Wang, “Supersymmetric black rings and non-linear sigma models,” [arXiv:0901.1939] (2009).

[11] M. Gunaydin, A. Neitzke, O. Pavlyk and B. Pioline, ”Quasi-conformal actions, quaternionic discrete series and twistors:

SU(2, 1) and G2(2)” [arXiv:0707.1669]; K. Dasgupta, V. Hussin and A. Wissanji, “Quaternionic Kahler Manifolds, Constrained Instantons and the Magic Square. I,” Nucl. Phys. B 793, 34-82 (2008) [arXiv:hep-th/0708.1023]; M. Berkooz and B. Pioline, “5D Black Holes and Non-linear Sigma Models”, (2008) [arXiv:0802.1659] Murat Gunaydin, “Lectures on Spectrum Generating Symmetries and U-duality in Supergravity, Extremal Black Holes, Quantum Attractors and Harmonic Superspace,” [arXiv:0908.0374] (2009); M. Gunaydin, O. Pavlyk, “Spectrum Generating Conformal and Quasiconformal U-Duality Groups, Supergravity and Spherical Vectors,” [arXiv:0901.1646] (2009); S. Tomizawa, Y. Yasui, A. Ishibashi, “A Uniqueness theorem for charged rotating black holes in five-dimensional minimal supergravity,” Phys. Rev. D 79, 124023 (2009) [arXiv:0901.4724].

[12] S. Giusto and A. Saxena, “Stationary axisymmetric solutions of five-dimensional gravity”, [arXiv:0705.4484]. [13] A. A. Pomeransky and R. A. Sen’kov, “Black ring with two angular momenta,” arXiv:hep-th/0612005. [14] J. Hoskisson, “A Charged Doubly Spinning Black Ring”, Phys. Rev. D 79, 104022 (2009) [arXiv:0808.3000].