arXiv:0912.3438v2 [hep-th] 16 Apr 2010

MIFP-09-49

Kundt Spacetimes as Solutions of Topologically Massive Gravity

David D.K. Chow^1, C.N. Pope^{1,2} and Ergin Sezgin^1

1George P. and Cynthia W. Mitchell Institute for Fundamental Physics & Astronomy, Texas A&M University, College Station, TX 77843-4242, USA

2Department of Applied Mathematics and Theoretical Physics, University of Cambridge, Centre for Mathematical Sciences, Wilberforce Road, Cambridge CB3 0WA, UK

Abstract

We obtain new solutions of topologically massive gravity. We find the general Kundt solutions, which in three dimensions are spacetimes admitting an expansion-free null geodesic congruence. The solutions are generically of algebraic type II, but special cases are types III, N or D. Those of type D are the known spacelike-squashed AdS_3 solutions, and of type N are the known AdS pp-waves or new solutions. Those of types II and III are the first known solutions of these algebraic types. We present explicitly the Kundt solutions that are CSI spacetimes, for which all scalar polynomial curvature invariants are constant, whereas for the general case we reduce the field equations to a series of ordinary differential equations. The CSI solutions of types II and III are deformations of spacelike-squashed AdS_3 and the round AdS_3, respectively.

Contents

1 Introduction 2

2 Kundt Solutions of Topologically Massive Gravity 5 2.1 Kundt spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 General Kundt solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.3 Special Kundt solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.3.1 Algebraic classification . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.3.2 Constant scalar invariant spacetimes . . . . . . . . . . . . . . . . . . 11 2.3.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 CSI Type II: Deformations of Spacelike-Squashed AdS_3 13 3.1 Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.2 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

4 CSI Type III: Deformations of Round AdS_3 16 4.1 The W_1 = −2m family . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 4.1.1 Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 4.1.2 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 4.2 The W_1 = −2m coth(mρ) family . . . . . . . . . . . . . . . . . . . . . . . . 20 4.2.1 Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 4.2.2 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 4.3 The W_1 = −2m tanh(mρ) family . . . . . . . . . . . . . . . . . . . . . . . . 24 4.3.1 Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 4.3.2 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

5 Conclusion 26

1 Introduction

Topologically massive gravity (TMG) [1, 2, 3] is a three-dimensional gravitational theory described by the field equation

G_{μν} + Λg_{μν} + 1 μ C_{μν} = 0 , (1.1)

where C_{μν} = ϵ_μ^{ρσ}∇_ρ(R_{σν} −^1_4 Rg_{σν} ) is the Cotton tensor. We shall mostly take Λ = −m^2 to be negative, but sometimes take m = 0 or Λ = m^2 > 0. Of particular recent interest [4] has been the theory at the chiral point, which has μ = m = √ −Λ. Like in Einstein gravity, there are trivial solutions that are maximally symmetric; these are characterized in TMG as being the only Einstein solutions, or equivalently the only solutions with a vanishing Cotton tensor.

In a previous paper [5], the known exact solutions of TMG were reviewed. Although there are many solutions in the literature, obtained by different approaches, it was found that many of these are locally the same, related by coordinate transformations. In particular, in the presence of a non-vanishing cosmological constant, all non-trivial solutions in the literature are locally one of three ubiquitous solutions [5]:

1. Timelike-squashed AdS_3,

2. Spacelike-squashed AdS_3,

3. AdS pp-waves.

It is surprising that so many different approaches should all lead the same three solutions. In the absence of a cosmological constant, the only further solution known is a triaxial squashing of AdS_3, rather than just the biaxial squashing that are timelike- and spacelikesquashed AdS_3. This motivates us to ask: are these the only solutions of TMG? In this paper, we shall search for and obtain further solutions.

Before proceeding with this task, we should gain some understanding of why finding further solutions of TMG has been hard. We recall a few results in the literature that place constraints on possible solutions, and so provide some reasons why so few solutions are known.

One usually expects the simplest exact solutions of a theory to be static, or more generally to admit a hypersurface-orthogonal Killing vector. In the context of TMG, one might try to find such solutions. However, it has been shown [6, 7, 8] that, if the hypersurfaceorthogonal Killing vector is non-null^1, such solutions are Einstein. In particular, there are no static solutions that are not Einstein. This is a strong constraint, and is the main reason why few exact solutions of TMG are known.

However, there are non-Einstein solutions that are stationary but not static, such as the squashed AdS_3 solutions. A weaker assumption involving Killing vectors would be to assume two commuting Killing vectors — one timelike and one spacelike — that are not hypersurface-orthogonal. The problem of finding such solutions of TMG can be reduced to a particle motion problem in a three-dimensional Minkowski spacetime [9]. Using this formalism, it has been shown that the only stationary and rotationally symmetric solutions of chiral gravity, which has certain asymptotic behaviour and a particular value of the gravitational Chern–Simons coupling constant, are locally AdS_3 [10].

The three solutions that are ubiquitous in the literature can be characterized in a simple coordinate-invariant manner. The timelike- and spacelike-squashed AdS_3 solutions are the only algebraic type D solutions [5], and the AdS pp-waves are the only solutions that admit a null Killing vector [11].

Given these results, but anticipating that we shall find more solutions, we are motivated to ask: is TMG so constrained that it is feasible to find all exact solutions? Less ambitiously, one could restrict to particular values of the coupling constant and to certain asymptotic behaviour, but in this paper we do not impose such restrictions and search for local metrics that solve TMG, regardless of their asymptotics.

As an initial step in finding and classifying further solutions, we shall take an approach that has been used in four-dimensional general relativity, where it gives some important classes of exact solutions. The approach is to consider spacetimes that admit a “special” null vector field k^μ. For example, the requirement that a spacetime admits a null Killing vector field is a strong restriction: all such vacuum solutions of four-dimensional Einstein gravity (without a cosmological constant) are known [12] (see also Chapter 24 of [13]). If the null Killing vector is covariantly constant, i.e. ∇_μk_ν = 0, then the solutions are (by definition) pp-waves.

The pp-wave spacetimes are special cases of a larger class of spacetimes admitting a special null vector field: the Kundt spacetimes. These are spacetimes admitting a null geodesic vector field that is expansion-free, shear-free and twist-free (see, for example, Chapter 31 of [13]). A further complication would be to drop the expansion-free condition ∇_μk^μ = 0, so that we have a spacetime admitting a null geodesic vector field that is expanding, shear-free

1[6] clearly uses the non-null property, even though it is not explicitly stated.

and twist-free; these are the Robinson–Trautman spacetimes (see, for example, Chapter 28 of [13]).

Recently, there have been studies, in general (higher) dimensions, of Kundt spacetimes [14, 15], and of Robinson–Trautman spacetimes [16]. In general dimensions, Kundt and Robinson–Trautman spacetimes are defined by the above conditions on the expansion, shear and twist of a null geodesic vector field. However, in three dimensions a null geodesic vector field is automatically shear-free and twist-free. Therefore the Kundt and Robinson– Trautman spacetimes have perhaps more significance in three dimensions, since they exhaust the Lorentzian geometries.

A common property of the existing solutions of TMG is that all scalars constructed as polynomials in the curvature and its derivatives are constant; such spacetimes are called constant scalar invariant (CSI) spacetimes [17]. All CSI spacetimes are known in three dimensions [18] (they have also recently been investigated in four dimensions [19]). The initial classification is into two classes: locally homogeneous spacetimes, and Kundt spacetimes (or possibly both). This is a further motivation for studying the Kundt spacetimes as solutions of TMG.

In this paper, we shall find the most general Kundt spacetime that solves TMG, finding several classes of new solutions. By this, we mean that we can reduce the problem to solving a series of three ordinary differential equations, one of which is non-linear, whereas the other two are linear. However, for the CSI solutions of TMG, we are able to present the metrics explicitly by solving the differential equations explicitly. Of the existing solutions of TMG, the AdS pp-wave and spacelike squashed AdS_3 solutions are Kundt spacetimes, but timelike-squashed AdS_3 and the Λ = 0 theory’s triaxially squashed AdS_3 solution are instead Robinson–Trautman.

We shall also examine the algebraic classification of the Kundt solutions of TMG. The generic Kundt solution is of Petrov–Segre type II, but special cases are types III, D and N (and O). These provide the first examples of solutions of TMG with Petrov–Segre types II and III. Kundt solutions of Petrov–Segre types III, D and N (and O) are necessarily CSI; some solutions of Petrov–Segre type II are CSI.

The CSI Kundt solutions naturally split into two classes. One CSI Kundt class describes deformations of spacelike-squashed AdS_3 and is generically type II; a special case is spacelike-squashed AdS_3, which is type D. The other CSI Kundt class describes deformations of the round AdS_3, and which are generically of type III, and splits into a number of families; this number depends on the sign of Λ. Each family contains a special case that is type N; if Λ ≤ 0, then for one family, this type N solution is the (AdS) pp-wave, but the other type N solutions are new.

The outline of the rest of this paper is as follows. In Section 2, we find the most general Kundt solution of TMG. We highlight as special cases those with the further simplifying assumption that their scalar polynomial curvature invariants are all constant. In Sections 3 and 4 we present explicitly Kundt solutions of TMG with this property: those in Section 3 are of Petrov–Segre type II, corresponding to deformations of spacelike-squashed AdS_3; those in Section 4 are of type III, corresponding to deformations of the round AdS_3. We conclude in Section 5.

2 Kundt Solutions of Topologically Massive Gravity

2.1 Kundt spacetimes To define the Kundt spacetimes, we first review null geodesic congruences, focusing on 3 dimensions. Suppose that k^μ is a null geodesic congruence, so k^μ∇_μk^ν = 0. For null geodesic congruences in general dimensions D ≥ 3, we define the following optical scalars:

1. Expansion: θ =^1_{D−2} ∇_μk^μ,

2. Shear: σ^2 = (∇^μk^ν )∇_{(μ}k_{ν)} −^1_{D−2} (∇_μk^μ)^2,

3. Twist: ω^2 = (∂^μk^ν )∂_{[μ}k_{ν]}.

An alternative approach to defining these scalars is to project ∇_μk_ν onto a (D − 2)- dimensional subspace by introducing an auxiliary null vector field l^μ that satisfies k^μl_μ = −1. We define the projection h_{μν} = g_{μν} + k_μl_ν + l_μk_ν , and B̂_{ij} = h^μ_i h^ν_j ∇_μk_ν , where i, j are (D − 2)-dimensional indices for the subspace transverse to k and l. Then we decompose B̂_{ij} as B̂_{ij} = 1 D − 2 θh_{ij} + σ_{ij} + ω_{ij} , (2.1)

where the expansion is θ, the shear (matrix) σ_{ij} is symmetric and traceless, and the twist (matrix) ω_{ij} is antisymmetric. Although σ_{ij} and ω_{ij} depend on the choice of l^μ, if they vanish for one choice of l^μ, then they vanish for all choices. The (scalar) shear σ^2 = σ^{ij} σ_{ij} and the (scalar) twist ω^2 = ω^{ij} ω_{ij} are independent of the choice of l^μ.

If the spacetime is 3-dimensional, then the projection is onto a 1-dimensional subspace, and so we have m_μm_ν = g_{μν} + k_μl_ν + l_μk_ν , (2.2) where m^μm_μ = 1 and k^μm_μ = l^μm_μ = 0. Then we can expand dk = ∂_μk_ν dx^μ ∧ dx^ν in terms of the basis (k ∧ l, k ∧ m, l ∧ m). Since k is null and geodesic, we have k^μ∂_{[μ}k_{ν]} = 0. Therefore dk is proportional (up to a scalar function) to k ∧ m, or equivalently ∗dk is proportional to l. Hence k must be hypersurface-orthogonal, i.e. k ∧ dk = 0. From the 3-dimensional perspective, the twist vanishes because ∗dk is proportional to l, which is null, and the shear vanishes as a consequence of k^μ∇_{(μ}k_{ν)} = 0 implying that ∇_{(μ}k_{ν)} is a linear combination (with scalar function coefficients) of k_μk_ν , k_{(μ}m_{ν)} and m_μm_ν . A shorter argument is that B̂_{ij} is defined on a 1-dimensional subspace, so the shear σ_{ij} and the twist ω_{ij} trivially vanish, or equivalently σ^2 and ω^2 vanish. In summary, every null geodesic congruence of a three-dimensional spacetime is shear-free and twist-free.

The defining property of a D-dimensional Kundt spacetime is a metric admitting a null geodesic vector field k^μ that is:

1. Expansion-free: ∇_μk^μ = 0,

2. Shear-free: (∇^μk^ν )∇_{(μ}k_{ν)} −^1_{D−2} (∇_μk^μ)^2 = 0,

3. Twist-free: (∂^μk^ν )∂_{[μ}k_{ν]} = 0.

In three dimensions, a Kundt spacetime is simply one that admits an expansion-free null geodesic congruence. Similarly, a three-dimensional spacetime that admits an expanding null geodesic congruence, i.e. with ∇_μk^μ ≠ 0, is a Robinson–Trautman spacetime.

Turning to TMG, we shall see that the AdS pp-wave solution and the biaxial spacelikesquashed AdS_3 solution are Kundt, whilst, by elimination, the biaxial timelike-squashed AdS_3 solution and the Λ = 0 theory’s triaxially squashed AdS_3 solutions are Robinson– Trautman. In contrast with non-trivial solutions of TMG that admit a non-null Killing vector, which cannot be hypersurface-orthogonal, if a solution of TMG admits a null Killing vector, which must be geodesic, then it is hypersurface-orthogonal. The AdS pp-wave arises as the general supersymmetric solution of topologically massive supergravity, the supersymmetric extension of TMG, and are the general solutions of TMG that admit a null Killing vector [11]. Supersymmetry means that a solution possesses a Killing spinor ϵ, which in turn induces a null Killing vector field k^μ = ϵγ^μϵ. Perhaps surprisingly, in topologically massive supergravity the converse is true: a spacetime that admits a null Killing vector is supersymmetric (provided the orientation is correctly chosen). All such spacetimes can be written in generalized Kerr–Schild form,

g_{μν} = η_{μν} + fk_μk_ν , (2.3) where η_{μν} is a “background” metric that is AdS_3, k_μ dx^μ is a 1-form that is null with respect to both the AdS_3 background metric and the full metric, and f is a scalar function.

2.2 General Kundt solutions We now seek some new local metrics that give solutions of TMG by considering Kundt spacetimes. Despite TMG being a higher-derivative theory, the field equation is still linear in curvature, and so the calculations and results bear some similarity to those for Kundt solutions of four-dimensional Einstein gravity.

A general three-dimensional Kundt spacetime can be written in the form

ds^2 = dρ^2 P (u, ρ)^2 + 2 du dv + f(v, u, ρ) du^2 + 2W (v, u, ρ) du dρ . (2.4)

By the coordinate transformation ρ^′ = ∫ dρ/P (u, ρ), which maintains the general form of the metric, we henceforth take P (u, ρ) = 1. Our orientation convention is ϵ_{vuρ} = 1. The null vector in the definition of a Kundt spacetime is k^μ∂_μ = ∂/∂v, which has associated 1-form k_μ dx^μ = du. We shall use ˙ to denote ∂/∂u, and^′ to denote ∂/∂ρ.

Consider a Kundt spacetime that is a solution of TMG. The vv component of the field equation gives ∂^3W/∂v^3 = 0, and hence W is of the form

W (v, u, ρ) = v^2W_2(u, ρ) + vW_1(u, ρ) + W_0(u, ρ) . (2.5)

Then the vρ component of the field equation gives ∂^3f/∂v^3 = 4μW_2(u, ρ). Therefore f is of the form f(v, u, ρ) = v^3f_3(u, ρ) + v^2f_2(u, ρ) + vf_1(u, ρ) + f_0(u, ρ) , (2.6)

and so W_2(u, ρ) =^3_2 f_3(u, ρ)/μ. Then the Ricci scalar is

R = − 45v^2 2μ^2 f^2_3 + 3v μ (2f^′_3 + 2μf_3 − 5W_1f_3) + 2f_2 + 2W^′_1 − 3 2 W^2_1 −

6W_0f_3 μ . (2.7)

Since a solution of TMG has a constant Ricci scalar R = 6Λ, we therefore have f_3 = 0, and so W_2 = 0. In fact, more generally, for three-dimensional Kundt spacetimes solving G_{μν} = 8πT_{μν} , with T_{vρ} = 0 and ∂_vT^μ_μ = 0, f must be quadratic in v and W must be linear in v, which is a special case of an analogous result in general dimensions [14]. It follows that f_2(u, ρ) = −W^′_1 + 3 4 W^2_1 + 3Λ . (2.8)

It is useful at this point to give the coordinate transformations that leave the general form of such a Kundt metric invariant. This form of the metric is preserved by the coordinate changes (see, for example, [14]) v = ~v u̇(~u) + F (~u, ~ρ), u = u(~u), ρ = ~ρ + G(~u) , (2.9) where in this context we use ˙ to denote differentiation with respect to the transformed coordinate ~u: u̇ = du/d~u. Under these coordinate changes, the metric becomes

ds^2 = d~ρ^2 + 2 d~u d~v + (~v^2 ~f_2 + ~v ~f_1 + ~f_0) d~u^2 + 2(~v~W_1 + ~W_0) d~u d~ρ , (2.10)

with

~W_1 = W_1 , ~W_0 = u̇(W_0 + W_1F ) + u̇∂F ∂ ~ρ + dG d~u , ~f_2 = f_2 , ~f_1 = u̇(f_1 + 2f_2F ) + 2W_1 dG d~u − 2ü u̇ , ~f_0 = u̇^2(f_0 + f_1F + f_2F^2) + 2u̇ ∂F ∂~u + 2u̇(W_0 + W_1F ) dG d~u + ( dG d~u )_2 . (2.11)

Next, the vu or ρρ component of the field equation gives, written in a suggestive way,

(W^′_1 −^1_2 W^2_1 − 2Λ)^′ + (μ −^3_2 W_1)(W^′_1 −^1_2 W^2_1 − 2Λ) = 0 , (2.12)

from which we can solve for W_1(u, ρ). The general solution involves two constants of integration, but if W_1(ρ) is a solution, then so too is W_1(ρ + c(u)), for arbitrary c(u). Therefore one constant of integration can be removed by the coordinate transformation ρ → ρ − c(u), provided that W_1 is not independent of ρ. Two particularly simple classes of solutions are W_1 =^2_3 μ and W^′_1 =^1_2 W^2_1 + 2Λ; we shall study these in more detail later. Having obtained W_1, a coordinate transformation of the form ~v = v + F (u, ρ) means that we can set W_0 = 0. Then the uρ component of the field equation gives

f^{′′}_1 + (μ −^1_2 W_1)f^′_1 = 0 , (2.13)

from which we can obtain f_1(u, ρ). The general solution is of the form f_1(u, ρ) = F (ρ)f_{11}(u)+ f_{12}(u), with F^′ not identically zero, and where f_{11} and f_{12} are arbitrary. By a coordinate transformation of the form ~v = v/u̇(~u), u = u(~u), we can set f_{12} = 0. Then the uu component of the field equation gives

f^{′′′}_0 + (μ +^3_2 W_1)f^{′′}_0 +^1_4 (14W^′_1 + 4μW_1 − W^2_1 − 12Λ)f^′_0 +(−μW^′_1 +^9_2 W_1W^′_1 − 6ΛW_1 + μW^2_1 −^3_2 W^3_1 + 4Λμ)f_0 = −F^′(ḟ_{11} +^1_2 F f^2_{11}) , (2.14)

a linear ordinary differential equation, from which we can obtain f_0(u, ρ).

In summary, a Kundt spacetime that is a solution of TMG can be put in the form (2.4), with P (u, ρ) = 1 , W (v, u, ρ) = vW_1(u, ρ) + W_0(u, ρ) , f(v, u, ρ) = v^2f_2(u, ρ) + vf_1(u, ρ) + f_0(u, ρ) , (2.15)

where W_1 solves (2.12) and, provided that W_1 is not independent of ρ, can have a constant of integration removed by ρ → ρ − c(u), W_0 can be chosen to vanish, f_2 is given by (2.8), f_1 solves (2.13) and can be chosen so that f_1 = F (ρ)f_{11}(u) with F^′ ≠ 0, and f_0 solves (2.14). There is still some coordinate freedom remaining, which we shall use in different ways when considering specific examples later.

Note that, for each allowable choice of W_1, there is always a solution by taking f_0 = 0 and f_1 = 0. A more general solution, with f_0 and f_1 turned on, can be regarded as being of generalized Kerr–Schild form, as the f_0 = 0, f_1 = 0 “background” metric plus the square of a 1-form that is null with respect to both the background metric and the full metric.

2.3 Special Kundt solutions We remarked that two particularly simple classes of solutions of (2.12) are W_1 =^2_3 μ and W^′_1 =^1_2 W^2_1 +2Λ. In the latter case, W_1 can be chosen to be a function of ρ only. In Sections 3 and 4 respectively, we give such solutions explicitly, by explicitly solving the differential equations. Before doing so, however, we elaborate on why these solutions are special.

2.3.1 Algebraic classification

Algebraic classification of curvature is a useful tool for classifying spacetimes independent of coordinate systems. It has been used to show that many solutions in the TMG literature are locally equivalent by coordinate transformations [5]. For the formulation of the Petrov–

Segre classification that we use here, see [5], in particular Table 1. In brief, it can be regarded as algebraic classification of the linear map given by the traceless Ricci tensor S^μ_ν = R^μ_ν −^1_3 Rδ^μ_ν , or equivalently of the map C^μ_ν , according to Jordan normal form. It is helpful to find the Petrov–Segre types for the Kundt solutions of TMG that we have just found, to reassure ourselves that they are indeed new, and to single out the most algebraically special solutions, which may be of more utility.

For the general Kundt solution, the eigenvalues of S^μ_ν are α and −2α with algebraic multiplicities 2 and 1 respectively, where

α = −^1_2 (W^′_1 −^1_2 W^2_1 − 2Λ) . (2.16)

Because of the repeated eigenvalue, no such solution can have Petrov–Segre type I. The solution being of Petrov–Segre type III or N (or O) is equivalent to α = 0, i.e. W^′_1 = 1 2 W^2_1 + 2Λ. The remaining solutions are of type D or II. Equivalently, we can see these Petrov–Segre types from the scalar invariants I := S^μ_ν S^ν_μ = 6α^2, J := S^μ_ν S^ν_ρS^ρ_μ = −6α^3; type I is excluded because I^3 = 6J^2. To more precisely determine the Petrov–Segre type, we can compute the minimal polynomial of S^μ_ν , comparing with the final column of Table 1 of [5]. In particular, M_{μν} := S_μ^ρS_{ρν} + αS_{μν} − 2α^2g_{μν} (2.17)

vanishes for types D and N, but does not vanish for types II and III. For the general Kundt solution, only the uu component does not vanish: M_{uu} = vα 8 (2μ − 3W_1)(μvα + F^′f_{11}) + 3α 4 (f^{′′}_0 + W_1f^′_0 + W^′_1f_0) + 1 4 (F^′)^2f^2_{11} . (2.18)

From the v or v^2 coefficient we see that a type D Kundt solution necessarily has W_1 =^2_3 μ. Also, taking α = 0, i.e. W^′_1 =^1_2 W^2_1 + 2Λ, we see that type N solutions have f_{11} = 0 and type III solutions have f_{11} ≠ 0. In summary, a non-trivial Kundt solution is:

• Type D only if W_1 =^2_3 μ and Λ ≠ −^1_9 μ^2.

• Type N if and only if W^′_1 =^1_2 W^2_1 + 2Λ and f_{11} = 0.

• Type III if and only if W^′_1 =^1_2 W^2_1 + 2Λ and f_{11} ≠ 0.

• Type II otherwise.

Note that Kundt solutions of TMG are never type I. In four-dimensional vacuum Einstein gravity, type I Kundt solutions are ruled out by the Goldberg–Sachs theorem [20], which is an important result connecting algebraic classification and null geodesic congruences. This states that a vacuum solution of Einstein gravity (without a cosmological constant) is algebraically special, i.e. more special than type I, if and only if it admits a null geodesic congruence that is shear-free. A counter-example to this type of result in TMG is provided by the triaxially squashed AdS_3 solutions [21, 22], which are of Petrov–Segre type I_R but whose null geodesic congruences, as for any three-dimensional spacetime, are shear-free. Perhaps there is a modified theorem that would apply to TMG and rule out type I Kundt solutions.

2.3.2 Constant scalar invariant spacetimes

A scalar polynomial curvature invariant is a scalar that is constructed as a polynomial in the curvature and its covariant derivatives. Such scalar invariants provide coordinateindependent information that may distinguish different geometries. A spacetime for which all the scalar polynomial invariants are constant is known as a constant scalar invariant (CSI) spacetime [17].

A common property of the biaxially squashed AdS_3 and AdS pp-wave solutions is that they are CSI spacetimes. For the biaxially squashed AdS solutions, we can see this from S_{μν} = (^1_9 μ^2 − m^2)(g_{μν} ± 3k_μk_ν ) and ∇_μk_ν =^1_3 μϵ_{μνρ}k^ρ: any scalar polynomial curvature invariant reduces to a constant coefficient polynomial in k^μ, which is a unit-normalized vector, so is constant. For the AdS pp-wave solution, we can see this from being able to write S_{μν} in the form S_{μν} = cf_1(u)e^{−(3m+μ)ρ}k_μk_ν , where c is some constant and k^μ is a null Killing vector, with ∇_μk_ν = −mϵ_{μνρ}k^ρ [11].

All three-dimensional CSI spacetimes are known [18], and an initial classification splits these into two classes: locally homogeneous spacetimes, and Kundt spacetimes (or possibly both). A three-dimensional CSI Kundt metric can be written in the form (2.4), with W and f of the form (2.15), and with

f_2 = σ +^1_4 W^2_1 , (2.19) W^′_1 −^1_2 W^2_1 = s , (2.20) (2σ − s)W_1 = 2α , (2.21)

for some constants σ, s and α. The classification of CSI Kundt spacetimes then splits into two cases: s = 2σ and s ≠ 2σ.

We now demand that these geometries give solutions of TMG. From (2.8), (2.19) and

(2.20), we have s = 3Λ − σ. If s = 2σ, then s = 2Λ, and so (2.20) gives W^′_1 =^1_2 W^2_1 + 2Λ. If instead s ≠ 2σ, then (2.21) implies that W_1 is a constant, which, from (2.12), must be W_1 =^2_3 μ.

2.3.3 Summary

We have seen that the families of solutions with W_1 =^2_3 μ and with W^′_1 =^1_2 W^2_1 + 2Λ are privileged. If Λ = −^1_9 μ^2, then, in light of our discussion of algebraic types, W_1 =^2_3 μ is better thought of as a special case of W^′_1 =^1_2 W^2_1 + 2Λ. The two families are characterised as the Kundt solutions that are CSI: the W_1 =^2_3 μ family is generically of Petrov–Segre type II, and the W^′_1 =^1_2 W^2_1 + 2Λ family is generically of type III. In more detail, we have:

W_1 =^2_3 μ (Λ ≠ −^1_9 μ^2); Petrov–Segre Type II: These CSI Kundt solutions are generically of Petrov–Segre type II, but in special cases are type D. The type D solutions are biaxially spacelike-squashed AdS_3, of which the general type II CSI Kundt solutions can be considered deformations. In a slightly more refined algebraic classification, the type D solutions would be classed as type D_s, since the one-dimensional eigenspace of S^μ_ν is spacelike.

W^′_1 =^1_2 W^2_1 + 2Λ; Petrov–Segre Type III: These CSI Kundt solutions are generically of Petrov–Segre type III, but in special cases are type N (or O). All type N and type III Kundt solutions are CSI. There are 6 cases for W_1 to consider, with various signs of the cosmological constant. Unlike in Type II, here it is necessary to distinguish between the three choices of negative, zero or positive cosmological constant, since we shall find families of solutions that merge or disappear with these choices. These solutions can be considered deformations of the round AdS_3, which is type O.

1. Negative cosmological constant: There are 3 cases: W_1(ρ) = −2m, W_1(ρ) = −2m coth(mρ), W_1(ρ) = −2m tanh(mρ). Note that if ρ → ρ+iπ/2m, then sinh(mρ) ↔ cosh(mρ), so the second and third cases here are related by analytic continuation.

2. Zero cosmological constant: There are 2 cases: W_1(ρ) = 0, W_1(ρ) = −2/ρ. If we take the zero cosmological constant limit m → 0 of the negative cosmological constant cases, then W_1 = −2m and W_1 = −2m tanh(mρ) both lead to W_1 = 0, whereas W_1 = −2m cot(mρ) leads to W_1 = −2/ρ.

3. Positive cosmological constant: Suppose that we instead consider a positive cosmological constant, by replacing m → im. Since W_1 = −2m does not lead to real W_1, and since also tan(^π_2 − x) = cot x, there is essentially 1 case: W_1(ρ) = −2m cot(mρ).

To visualise why we have various branches of solutions in the W^′_1 =^1_2 W^2_1 +2Λ family, we can consider a phase portrait for the W_1 differential equation (2.12). By defining x = W_1/μ and y = W^′_1/μ, we have

x^′ = y , y^′ = μxy − (1 −^3_2 x)(μy −^1_2 μ^2x^2 − 2Λ) . (2.22)

There is a fixed point at (x, y) = (^2_3 , 0), corresponding to the W_1 =^2_3 μ solution. Another solution is y =^1_2 μx^2 + 2Λ/μ, corresponding to the W^′_1 =^1_2 W^2_1 + 2Λ family. This describes a parabola in the xy-plane. For Λ < 0, the parabola intersects the x-axis at (x, y) = (±2 √ −Λ/μ, 0), where the flow has a fixed point and corresponds to the solution W_1 = −2m (the choice of signs corresponds to allowing m to have any sign). The part of the parabola in between these fixed points corresponds to W_1 = −2m tanh(mρ), and the remainder of the parabola corresponds to W_1 = −2m coth(mρ). For Λ > 0, there is no intersection with the x-axis, and so only one branch of solutions.

Note the analogy with four-dimensional Einstein gravity. In four dimensions, the type N solutions with a cosmological constant have been obtained in [23, 24, 25] (see [26] for a summary). The families of solutions have a similar structure: there are three families for Λ < 0, two families for Λ = 0, and one family for Λ > 0.

3 CSI Type II: Deformations of Spacelike-Squashed AdS_3

Here, we shall explicitly obtain, by solving the differential equations that arise from the field equation, solutions of TMG that have Petrov–Segre type II CSI Kundt metrics. Any type D Kundt solution must be of this form, and we find that it must be spacelike-squashed AdS_3. The general type II solutions here are deformations of spacelike-squashed AdS_3.

3.1 Solutions From (2.13), we have f^{′′}_1 +^2_3 μf^′_1 = 0 , (3.1)

and so f_1(u, ρ) = e^{−2μρ/3}f_{11}(u) , (3.2) taking f_{12} = 0, as in the general case. The coordinate transformation v = ~v −^1_2 (^1_3 μ^2 + 3Λ)^{−1}e^{−2μρ/3}f_{11}(u) allows us to set f_{11} = 0, and so f_1 = 0. From (2.14), we have

f^{′′′}_0 + 2μf^{′′}_0 + (^5_9 μ^2 − 3Λ)f^′_0 = 0 . (3.3)

The general solution of TMG that follows is

ds^2 = 2 du dv −^1_9 (μ^2 − 27Λ)v^2 du^2 + (dρ +^2_3 μv du)^2 + f_0(u, ρ) du^2 , (3.4)

where f_0 satisfies (3.3).

Negative cosmological constant: For a negative cosmological constant Λ = −m^2, we have

μ^2 >^{27}_4 m^2 : f_0(u, ρ) = e^{−μρ} cosh(γmρ)f_{01}(u) + e^{−μρ} sinh(γmρ)f_{02}(u) + f_{03}(u) , γ = √ 4μ^2 9m^2

− 3 , (3.5) μ^2 <^{27}_4 m^2 : f_0(u, ρ) = e^{−μρ} cos(γmρ)f_{01}(u) + e^{−μρ} sin(γmρ)f_{02}(u) + f_{03}(u) , γ = √ 3 − 4μ^2 9m^2

, (3.6) μ^2 =^{27}_4 m^2 : f_0(u, ρ) = ρe^{−μρ}f_{01}(u) + e^{−μρ}f_{02}(u) + f_{03}(u) , (3.7)

with f_{01}, f_{02} and f_{03} arbitrary. However, we can set f_{03} = 0 by a coordinate transformation of the form (2.9). Specifically, we take F (~u, ~ρ) = − 3 2μu̇ dG d~u = − 9ü (μ^2 + 27m^2)u̇^2

, (3.8)

which preserves W_0 = 0 and f_1 = 0, and take u(~u) to satisfy the differential equation that removes f_{03}:

{u, ~u} = −^1_{18} (μ^2 + 27m^2)u̇f_{03}(u) , (3.9)

where {u, ~u} := ...u u̇ − 3ü^2 2u̇^2

(3.10)

is the Schwarzian derivative of u with respect to ~u.

Zero cosmological constant: Taking m = 0 in (3.5), we obtain the zero cosmological constant solution, which can be given in the form (3.4), where

f_0(u, ρ) = e^{−μρ/3}f_{01}(u) + e^{−5μρ/3}f_{02}(u) + f_{03}(u) , (3.11)

with f_{01}, f_{02} and f_{03} arbitrary. Again, we can set f_{03} = 0 by coordinate transformations.

Positive cosmological constant: For a positive cosmological constant Λ = m^2, we take m → im in (3.5), giving the solution (3.4), where

f_0(u, ρ) = e^{−μρ} cosh(γmρ)f_{01}(u) + e^{−μρ} sinh(γmρ)f_{02}(u) + f_{03}(u) , γ = √ 4μ^2 9m^2

+ 3 . (3.12)

with f_{01}, f_{02} and f_{03} arbitrary. Again, we can set f_{03} = 0 by coordinate transformations.

3.2 Properties The solutions are generically of Petrov–Segre type II, but in special cases are type D. If a solution is type D, then (2.18) vanishes, and so f^{′′}_0 +^2_3 μf^′_0 = 0. Using (3.3) and Λ ≠ −^1_9 μ^2, we see that a type D Kundt solution has f^′_0 = 0, and so, for the solutions explicitly given above, f_0 = 0.

We may also see the Petrov–Segre type by using the canonical forms of the traceless Ricci tensor, which are given in the third column of Table 1 of [5]. In this case, we have

S_{μν} = (^1_9 μ^2 + Λ)(g_{μν} − 3s_μs_ν ) + qk_μk_ν , (3.13)

where s is the unit spacelike vector s^μ∂_μ = ∂/∂ρ, which has associated 1-form s_μ dx^μ = dρ+^2_3 μv du, and k is the null vector k^μ∂_μ = ∂/∂v, which has associated 1-form k_μ dx^μ = du, and which is orthogonal to s. The scalar function q is

q =^2_3 μf^′_0 + (^5_{18} μ^2 −^3_2 Λ)f_0 , (3.14)

where f_0 has f_{03} = 0. From the form of S_{μν} , we see that the solution generically has Petrov–Segre type II. In the special case of f_0 = 0, the solution has Petrov–Segre type D_s.

The covariant derivatives of s and k are

∇_μs_ν =^1_3 μϵ_{μνρ}s^ρ +^1_2 f^′_0k_μk_ν , (3.15)

∇_μk_ν =^1_3 μ(k_μs_ν + s_μk_ν ) −^1_9 (μ^2 − 27Λ)vk_μk_ν . (3.16)

Using (3.13), these derivatives, and that f^{′′}_0 + 2μf^′_0 + (^5_9 μ^2 − 3Λ)f_0 = 0, we can check that the field equation (1.1) is solved.

The type D solution, or equivalently the f_0 = 0 solution, describes spacelike-squashed AdS_3. We can explicitly see this by transforming the metric, which in this case is

ds^2 = 2 du dv −^1_9 (μ^2 + 27m^2)v^2 du^2 + (dρ +^2_3 μv du)^2 . (3.17)

Making the coordinate changes û =^1_{18} (μ^2 + 27m^2)u, v̂ = 1/v +^1_{18} (μ^2 + 27m^2)u, we have

ds^2 = − 36 (μ^2 + 27m^2)(û − v̂)^2 dû dv̂ + ( dρ − 12μ μ^2 + 27m^2 dû û − v̂ )_2

. (3.18)

Then making the coordinate changes t =^1_2 (û + v̂), x =^1_2 (v̂ − û), z =^1_6 μ^{−1}(μ^2 + 27m^2)ρ − log(v̂ − û), the solution is

ds^2 = 9 μ^2 + 27m^2 [ −dt^2 + dx^2 x^2 + 4μ^2 μ^2 + 27m^2 ( dz + dt x )_2 ] , (3.19)

which is manifestly spacelike-squashed AdS_3, written using Poincaré coordinates (t, x) for the AdS_2 part. Other coordinate systems used in the literature can be found in [5].

Therefore the general Petrov–Segre type II CSI Kundt solution can be regarded as a deformation of spacelike-squashed AdS_3. Furthermore, it can be regarded as of generalized Kerr–Schild form, with a spacelike-squashed AdS_3 background metric.

4 CSI Type III: Deformations of Round AdS_3

Here, we shall explicitly obtain solutions of TMG that have Petrov–Segre type III CSI Kundt metrics. Any type N or type III Kundt solution must be of this form. The general solutions here are deformations of the round AdS_3. For a negative cosmological constant, there are three families of solutions: W_1 = −2m, W_1 = −2m coth(mρ), and W_1 = −2m tanh(mρ). The W_1 = −2m family includes the AdS pp-wave solution. The other two families are similar, and so we shall be more brief in their discussion. Where applicable, we shall also consider the extension of these families to zero or positive cosmological constant.

4.1 The W_1 = −2m family 4.1.1 Solutions

Negative cosmological constant: From (2.13), we have

f^{′′}_1 + (μ + m)f^′_1 = 0 . (4.1)

We consider separately the cases μ ≠ ±m, μ = m and μ = −m.

μ ≠ ±m: If μ ≠ ±m, then

f_1(u, ρ) = e^{−(m+μ)ρ}f_{11}(u) , (4.2)

taking f_{12} = 0, as in the general case. From (2.14), we have

f^{′′′}_0 + (μ − 3m)f^{′′}_0 + 2m(m − μ)f^′_0 = (m + μ)(e^{−(m+μ)ρ}ḟ_{11} +^1_2 e^{−2(m+μ)ρ}f^2_{11}) . (4.3)

The general solution is

f_0(u, ρ) = e^{(m−μ)ρ}f_{01}(u) + e^{2mρ}f_{02}(u) + f_{03}(u) − e^{−(m+μ)ρ}ḟ_{11}(u) 2m(μ + 3m) − e^{−2(m+μ)ρ}f_{11}(u)^2 8(μ + 2m)(μ + 3m) . (4.4) By a coordinate transformation of the form v = ~v + F (u)e^{2mρ}, we can set f_{02} = 0. We can also set f_{03} = 0 by a coordinate transformation of the form (2.9). Specifically, we have F (~u, ~ρ) = 1 2mu̇ dG d~u = − ü 4m^2u̇^2

, (4.5)

which preserves W_0 = 0 and f_{12} = 0, and take u(~u) to satisfy the differential equation that removes f_{03}:

{u, ~u} = 2m^2u̇f_{03}(u) , (4.6)

where {u, ~u} is the Schwarzian derivative (3.10). The general solution of TMG that follows is ds^2 = dρ^2 + 2 du dv − 4mv du dρ + [ve^{−(m+μ)ρ}f_{11}(u) + f_0(u, ρ)] du^2 , (4.7)

where f_0(u, ρ) = e^{(m−μ)ρ}f_{01}(u) − e^{−(m+μ)ρ}ḟ_{11}(u) 2m(μ + 3m) − e^{−2(m+μ)ρ}f_{11}(u)^2 8(μ + 2m)(μ + 3m)

. (4.8) μ = m: The μ = m solution is

ds^2 = dρ^2 + 2 du dv − 4mv du dρ + [ve^{−2mρ}f_{11}(u) + f_0(u, ρ)] du^2 , (4.9)

where f_0(u, ρ) = ρf_{01}(u) − e^{−2mρ}ḟ_{11}(u) 8m^2 − e^{−4mρ}f_{11}(u)^2 96m^2

. (4.10)

μ = −m: If μ = −m, then f_1(u, ρ) = ρf_{11}(u) . (4.11)

From (2.14), we have

f^{′′′}_0 − 4mf^{′′}_0 + 4m^2f^′_0 = −(ḟ_{11} +^1_2 ρf^2_{11}) . (4.12)

After again removing two redundant functions of u by coordinate transformations, we obtain the solution

ds^2 = dρ^2 + 2 du dv − 4mv du dρ + [vρf_{11}(u) + f_0(u, ρ)] du^2 , (4.13)

where f_0(u, ρ) = ρe^{2mρ}f_{01}(u) − ρḟ_{11}(u) 4m^2 − ρ(mρ + 2)f_{11}(u)^2 16m^3

. (4.14)

Zero cosmological constant: The zero cosmological constant solution is

ds^2 = dρ^2 + 2 du dv + [ve^{−μρ}f_{11}(u) + e^{−μρ}f_{01}(u) + μ^{−1}ḟ_{11}(u)ρe^{−μρ} −^1_8 μ^{−2}f_{11}(u)^2e^{−2μρ}] du^2 . (4.15)

Positive cosmological constant: There is no positive cosmological constant analogue, since sending m → im would give complex W_1.

4.1.2 Properties

The solutions are generically of Petrov–Segre type III, but in special cases are type N (or O). If a solution is type N, then (2.18) vanishes, with α = 0, and so f^′_1 = 0, and so f_{11} = 0.

We may also see the Petrov–Segre type by decomposing the traceless Ricci tensor. The traceless Ricci tensor is of the form

S_{μν} = k_μm_ν + m_μk_ν . (4.16) k is the null vector k^μ∂_μ = ∂/∂v, which has associated 1-form k_μ dx^μ = du. We define the unit spacelike vector s^μ∂_μ = ∂/∂ρ, which has associated 1-form s_μ dx^μ = dρ − 2mv du. The spacelike vector m is

m_μ =^1_2 (m + μ)(−e^{−(m+μ)ρ}f_{11}s_μ + qk_μ) , (4.17)

where q = 1 2 ( (m − μ)e^{(m−μ)ρ}f_{01} + e^{−(m+μ)ρ}ḟ_{11} 2m + e^{−2(m+μ)ρ}f^2_{11} 2(μ + 3m)

− (μ + 3m)ve^{−(m+μ)ρ}f_{11} ) . (4.18)

If f_{11} ≠ 0, then the solution has Petrov–Segre type III. If f_{11} = 0 and f_{01} ≠ 0, then the solution has Petrov–Segre type N. If f_{11} = 0 and f_{01} = 0, then the solution has Petrov–Segre type O.

The covariant derivatives of s and k are

∇_μs_ν = −mϵ_{μνρ}s^ρ +^1_2 f^′_0k_μk_ν , (4.19)

∇_μk_ν = −m(k_μs_ν + s_μk_ν ) + (^1_2 e^{−(m+μ)ρ}f_{11} − 4m^2v)k_μk_ν . (4.20)

Using (4.16), these derivatives, and the differential equations for f_0 and f_1, we can check that the field equation (1.1) is solved.

The f_{11} = 0, f_0 = 0 solution is the round AdS_3 (or flat spacetime for m = 0). The metric is ds^2 = dρ^2 + 2 du dv − 4mv du dρ ; (4.21)

making the coordinate change v → ve^{2mρ}, we have

ds^2 = dρ^2 + 2e^{2mρ} du dv , (4.22)

which is recognisable as AdS_3.

Therefore the general solution can be regarded as a deformation of the round AdS_3. Furthermore, it can be regarded as of generalized Kerr–Schild form, with a round AdS_3 background metric.

4.2 The W_1 = −2m coth(mρ) family

4.2.1 Solutions

Negative cosmological constant: From (2.13), we have

[e^{μρ} sinh(mρ)f^′_1]^′ = 0 , (4.23)

and so^2 f_1(u, ρ) = F (ρ)f_{11}(u) , F (ρ) = m ∫_ρ ∞ dt e^{−μt} sinh(mt)

. (4.24)

We consider separately the cases μ ≠ ±m, μ = m, μ = −m.

μ ≠ ±m: From (2.14), we have ( f_0 1 − e^{−2mρ} )_{′′′} + (μ − 3m) ( f_0 1 − e^{−2mρ} )_{′′} + 2m(m − μ) ( f_0 1 − e^{−2mρ} )_′

= − me^{(m−μ)ρ} 2 sinh^2(mρ)

(ḟ_{11} +^1_2 F f^2_{11}) . (4.25)

The general solution of TMG that follows is

ds^2 = dρ^2 + 2 du dv + m^2v^2cosech^2(mρ) du^2 − 4mv coth(mρ) du dρ

+[vF f_{11}(u) + f_0(u, ρ)] du^2 , (4.26)

where f_0(u, ρ) 1 − e^{−2mρ} = e^{(m−μ)ρ}f_{01}(u) + ḟ_{11}(u) 2m ∫_ρ ∞ dt e^{2mt}F (t) − mf_{11}(u)^2 4 ∫_ρ ∞ dt ∫_t ∞ dt^′ ∫_t′ ∞ dt^{′′} e^{2m(t−t′ )}e^{(m−μ)t′} F (t^{′′}) sinh^2(mt^{′′})

. (4.27)

(We have used coordinate transformations to discard two arbitrary functions of u, corresponding to f_0(u, ρ)/(1 − e^{−2mρ}) = e^{2mρ}f_{02}(u) + f_{03}(u).) We have presented the f^2_{11} coefficient, which does not seem to be expressible in closed form, in integral form by composing inverses of differential operators. It is possible to instead give the coefficient in terms of a single integral by using a Green function.

2Here and elsewhere, if there are divergent integrals, then a finite result can be obtained by reinstating redundant functions, in this case f12.

μ = m: If μ = m, then f_1(u, ρ) = log(1 − e^{−2mρ})f_{11}(u) . (4.28)

From (2.14), we have ( f_0 1 − e^{−2mρ} )_{′′′} − 2m ( f_0 1 − e^{−2mρ} )_{′′} = − m 2 sinh^2(mρ)

[ḟ_{11} +^1_2 log(1 − e^{−2mρ})f^2_{11}] . (4.29)

We therefore have

ds^2 = dρ^2 + 2 du dv + m^2v^2cosech^2(mρ) du^2 − 4mv coth(mρ) du dρ

+[v log(1 − e^{−2mρ})f_{11}(u) + f_0(u, ρ)] du^2 , (4.30)

where f_0(u, ρ) 1 − e^{−2mρ} = ρf_{01}(u) + ḟ_{11}(u) 4m^2

(e^{2mρ} − 1) log(1 − e^{−2mρ}) + f_{11}(u)^2 16m^2

{4m^2ρ^2 + (e^{2mρ} − 1)[(1 + log(1 − e^{−2mρ}))^2 − 1] + 2Li_2(e^{2mρ})} ,

(4.31)

and where Li_2(x) :=

∫_0 x dt t^{−1} log(1 − t) is the dilogarithm.

μ = −m: If μ = −m, then

f_1(u, ρ) = log(e^{2mρ} − 1)f_{11}(u) . (4.32)

From (2.14), we have ( f_0 1 − e^{−2mρ} )_{′′′} − 4m ( f_0 1 − e^{−2mρ} )_{′′} + 4m^2 ( f_0 1 − e^{−2mρ} )_′

= − me^{2mρ} 2 sinh^2(mρ)

[ḟ_{11} +^1_2 log(e^{2mρ} − 1)f^2_{11}] . (4.33)

We therefore have

ds^2 = dρ^2 + 2 du dv + m^2v^2cosech^2(mρ) du^2 − 4mv coth(mρ) du dρ

+[v log(e^{2mρ} − 1)f_{11}(u) + f_0(u, ρ)] du^2 , (4.34) where f_0(u, ρ) 1 − e^{−2mρ} = ρe^{2mρ}f_{01}(u) + ḟ_{11}(u) 4m^2

(e^{2mρ} − 1) log(e^{2mρ} − 1) + f_{11}(u)^2 16m^2

{(e^{2mρ} − 1)[(1 + log(e^{2mρ} − 1))^2 − 1] + 2e^{2mρ}Li_2(e^{2mρ})} .

(4.35)

Zero cosmological constant: From (2.13), we have

(ρf^′_1)^′ + μρf^′_1 = 0 , (4.36)

and so f_1(u, ρ) = Ei(−μρ)f_{11}(u) , (4.37)

where Ei(x) := − ∫_∞ −x dt t^{−1}e^{−t} is the exponential integral. From (2.14), we have ( f_0 ρ )_{′′′} + μ ( f_0 ρ )_{′′} = − e^{−μρ} ρ^2

[ḟ_{11} +^1_2 Ei(−μρ)f^2_{11}] . (4.38)

We therefore have

ds^2 = dρ^2 + 2 du dv − 4v ρ du dρ + v^2 ρ^2 du^2 + [vEi(−μρ)f_{11}(u) + f_0(u, ρ)] du^2 , (4.39)

with, after using coordinate transformations to discard two arbitrary functions of u,^3 f_0(u, ρ) ρ = e^{−μρ}f_{01}(u) + ḟ_{11}(u)ρEi(−μρ) + f_{11}(u)^2 4μ {2e^{−2μρ} − 4(1 − μρ)Ei(−2μρ) + 4e^{−μρ}Ei(−μρ) + μρ[Ei(−μρ)]^2} . (4.40)

Positive cosmological constant The positive cosmological constant analogue is to take m → im, i.e. W_1 = −2m cot(mρ). From (2.13), we have

[e^{μρ} sin(mρ)f^′_1]^′ = 0 , (4.41)

and so f_1(u) = F (ρ)f_{11}(u) , F (ρ) = m ∫_ρ ∞ dt e^{−μt} sin(mt)

. (4.42)

3This solution bears some resemblance to equations (60) and (61) of [27].

From (2.14), we have ( f_0 sin(mρ) )_{′′′} + μ ( f_0 sin(mρ) )_{′′} + m^2 ( f_0 sin(mρ) )_′ + μm^2 f_0 sin(mρ) = − me^{−μρ} sin^2(mρ)

(ḟ_{11} +^1_2 F f^2_{11}) . (4.43)

The general solution of TMG that follows is

ds^2 = dρ^2 + 2 du dv + m^2v^2cosec^2(mρ) du^2 − 4mv cot(mρ) du dρ

+[vF (ρ)f_{11}(u) + f_0(u, ρ)] du^2 , (4.44)

where f_0(u, ρ) sin(mρ)

= e^{−μρ}f_{01}(u) + sin(mρ)F (ρ) m^2 ḟ_{11}(u)

− mf_{11}(u)^2 2 ∫_ρ ∞ dt ∫_t ∞ dt^′ ∫_t′ ∞ dt^{′′} e^{−μ(ρ−t+t′′ )} cos[m(t − 2t^′ + t^{′′})]F (t^{′′}) sin^2(mt^{′′}) . (4.45)

4.2.2 Properties

Again, the solution has Petrov–Segre type III for the generic case f_{11} ≠ 0, type N for f_{11} = 0 and f_{01} ≠ 0, and type O for f_{11} = 0 and f_{01} = 0, which is maximally symmetric. The type N solution is distinct from the AdS pp-wave.

Negative cosmological constant: For the f_{11} = 0, f_0 = 0 solution, making the coordinate change v̂ = u − 2 sinh^2(mρ) m^2v

, (4.46)

we have ds^2 = dρ^2 +

4 sinh^2(mρ) m^2(u − v̂)^2 du dv̂ , (4.47)

which can be recognised as the round AdS_3. The general solution can again be regarded as a deformation of the round AdS_3. It takes a generalized Kerr–Schild form with an AdS_3 background metric.

Zero cosmological constant: For the f_{11} = 0, f_0 = 0 solution, similarly making the coordinate change v̂ = u − 2ρ^2 v , (4.48)

we have ds^2 = dρ^2 +

4ρ^2 (u − v̂)^2 du dv̂ , (4.49)

which can be recognised as flat spacetime.

Positive cosmological constant: For the f_{11} = 0, f_0 = 0 solution, making the coordinate change v̂ = u − 2 sin^2(mρ) m^2v

, (4.50)

we have ds^2 = dρ^2 +

4 sin^2(mρ) m^2(u − v̂)^2 du dv̂ , (4.51)

which can be recognised as the round dS_3.

4.3 The W_1 = −2m tanh(mρ) family 4.3.1 Solutions

Negative cosmological constant: The case W_1(u, ρ) = −2m tanh(mρ) can be considered by taking the case W_1(u, ρ) = −2m coth(mρ) and making the analytic continuation ρ → ρ + iπ/2m. We have analogously

f_1(u, ρ) = F (ρ)f_{11}(u) , F (ρ) = m ∫_ρ ∞ dt e^{−μt} cosh(mt)

. (4.52)

μ ≠ ±m: The μ ≠ m solution is

ds^2 = dρ^2 + 2 du dv − m^2v^2sech^2(mρ) du^2 − 4mv tanh(mρ) du dρ +[vF (ρ)f_{11}(u) + f_0(u, ρ)] du^2 , (4.53)

where f_0(u, ρ) 1 + e^{−2mρ}

= e^{(m−μ)ρ}f_{01}(u) − ḟ_{11}(u) 2m ∫_ρ ∞ dt e^{2mt}F (t) − f_{11}(u)^2 4m ∫_ρ ∞ dt ∫_t ∞ dt^′ ∫_t′ ∞ dt^{′′} e^{2m(t−t′ )}e^{(m−μ)t′} F (t^{′′}) cosh^2(mt^{′′})

. (4.54) μ = m: The μ = m solution is

ds^2 = dρ^2 + 2 du dv − m^2v^2sech^2(mρ) du^2 − 4mv tanh(mρ) du dρ +[v log(1 + e^{−2mρ})f_{11}(u) + f_0(u, ρ)] du^2 , (4.55)

where f_0(u, ρ) 1 + e^{−2mρ}

= ρf_{01}(u) − ḟ_{11}(u) 4m^2

(e^{2mρ} + 1) log(1 + e^{−2mρ}) + f_{11}(u)^2 16m^2

{4m^2ρ^2 − (e^{2mρ} + 1)[(1 + log(1 + e^{−2mρ}))^2 − 1] + 2Li_2(−e^{2mρ})} . (4.56)

μ = −m: The μ = −m solution is

ds^2 = dρ^2 + 2 du dv − m^2v^2sech^2(mρ) du^2 − 4mv tanh(mρ) du dρ +[v log(1 + e^{−2mρ})f_{11}(u) + f_0(u, ρ)] du^2 , (4.57)

where f_0(u, ρ) 1 + e^{−2mρ}

= ρe^{2mρ}f_{01}(u) − ḟ_{11}(u) 4m^2

(e^{2mρ} + 1) log(e^{2mρ} + 1) − f_{11}(u)^2 16m^2

{(e^{2mρ} + 1)[(1 + log(e^{2mρ} + 1))^2 − 1] + 2e^{2mρ}Li_2(−e^{2mρ})} . (4.58)

Zero cosmological constant: The m → 0 limit for W_1 = −2m tanh(mρ) is the same as for W_1 = −2m, which has already been considered in Section 4.2.

Positive cosmological constant: The positive cosmological constant analogue has already been considered in Section 4.2 when considering W_1 = −2m coth(mρ).

4.3.2 Properties

Again, the solution has Petrov–Segre type III for f_{11} ≠ 0, type N for f_{11} = 0 and f_{01} ≠ 0, and type O for f_{11} = 0 and f_{01} = 0.

For the f_{11} = 0, f_0 = 0 solution, if we define

v̂ = u − 2 cosh^2(mρ) m^2v

, (4.59) then the solution takes the form

ds^2 = dρ^2 −

4 cosh^2(mρ) m^2(u − v̂)^2 du dv̂ , (4.60)

which can be recognised as the round AdS_3. The general solution can again be regarded as a deformation of the round AdS_3, taking a generalized Kerr–Schild form with an AdS_3 background metric.

5 Conclusion

We have constructed all Kundt spacetimes that are solutions of TMG. The general solution is reduced to a series of ordinary differential equations: (2.12), which is non-linear, and then (2.13) and (2.14), which are linear. We have given explicitly, by solving the differential equations explicitly, those with the further specialisation that their scalar polynomial curvature invariants are all constant. There are several families of such solutions; they fall into two broad classes, one of which has Petrov–Segre type II and is a deformation of biaxial spacelike-squashed AdS_3, whilst the other is of Petrov–Segre type III and is a deformation of the round AdS_3. We have found that Kundt solutions of types D, N and III have constant scalar polynomial curvature invariants.

In this paper we have focussed purely on the construction of the local form of the Kundt solutions. It is of considerable interest to investigate global structure, and in particular to examine their asymptotic behaviour at infinity. In [30] it is shown that solutions of the W_1 = −2m family of the CSI type III class obey the standard Brown–Henneaux boundary conditions [28] for μ > m, while for μ = m they obey a weaker version of those boundary conditions [29]. In [30] it is also shown that the remaining CSI type III solutions do not obey either of these boundary conditions.

A further generalization would be to drop the expansion-free condition ∇_μk^μ = 0 for the geodesic null vector field. These are known as Robinson–Trautman solutions. The local construction of all solutions of TMG would be completed by finding the most general such solution, but would be a considerably more formidable task.

Acknowledgements

We thank Harvey Reall and Yoshiaki Tanii for discussions. This research has been supported in part by DOE Grant DE-FG03-95ER40917 and NSF Grant PHY-0555575.

References

[1] S. Deser, R. Jackiw and S. Templeton, “Three-dimensional massive gauge theories,” Phys. Rev. Lett. 48, 975 (1982).

[2] S. Deser, R. Jackiw and S. Templeton, “Topologically massive gauge theories,” Annals Phys. 140, 372 (1982); erratum-ibid. 185, 406 (1988).

[3] S. Deser, “Cosmological topological supergravity,” in Quantum theory of gravity, ed.

S.M. Christensen, Adam Hilger, London (1984).

[4] W. Li, W. Song and A. Strominger, “Chiral gravity in three dimensions,” JHEP 0804, 082 (2008), arXiv:0801.4566.

[5] D.D.K. Chow, C.N. Pope and E. Sezgin, “Classification of solutions in topologically massive gravity,” Class. Quant. Grav. 27, 105001 (2010), arXiv:0906.3559.

[6] A.N. Aliev and Y. Nutku, “A theorem on topologically massive gravity,” Class. Quant.

Grav. 13, L29 (1996), gr-qc/9812089.

[7] M. Cavaglià, “The Birkhoff theorem for topologically massive gravity,” Grav. Cosmol.

5, 101 (1999), gr-qc/9904047.

[8] S. Deser and J. Franklin, “Circular symmetry in topologically massive gravity,” Class.

Quant. Grav. 27, 107002 (2010), arXiv:0912.0708.

[9] G. Clément, “Particle-like solutions to topologically massive gravity,” Class. Quant.

Grav. 11, L115 (1994), gr-qc/9404004.

[10] A. Maloney, W. Song and A. Strominger, “Chiral gravity, log gravity and extremal CFT,” Phys. Rev. D 81, 064007 (2010), arXiv:0903.4573.

[11] G.W. Gibbons, C.N. Pope and E. Sezgin, “The general supersymmetric solution of topologically massive supergravity,” Class. Quant. Grav. 25, 205005 (2008), arXiv:0807.2613.

[12] G. Dautcourt, “Gravitationsfelder mit isotropen Killingvektor,” in Relativistic theories of gravitation, ed. L. Infeld, Pergamon Press (1964).

[13] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers and E. Herlt, Exact solutions of Einstein’s field equations, 2nd edition, Cambridge University Press (2003).

[14] J. Podolský and M. Žofka, “General Kundt spacetimes in higher dimensions,” Class.

Quant. Grav. 26, 105008 (2009), arXiv:0812.4928.

[15] A. Coley, S. Hervik, G.O. Papadopoulos and N. Pelavas, “Kundt spacetimes,” Class.

Quant. Grav. 26, 105016 (2009), arXiv:0901.0394.

[16] J. Podolský and M. Ortaggio, “Robinson–Trautman spacetimes in higher dimensions,” Class. Quant. Grav. 23, 5785 (2006), gr-qc/0605136.

[17] A. Coley, S. Hervik and N. Pelavas, “On spacetimes with constant scalar invariants,” Class. Quant. Grav. 23, 3053 (2006), gr-qc/0509113.

[18] A. Coley, S. Hervik and N. Pelavas, “Lorentzian spacetimes with constant curvature invariants in three dimensions,” Class. Quant. Grav. 25, 025008 (2008), arXiv:0710.3903.

[19] A. Coley, S. Hervik and N. Pelavas, “Lorentzian spacetimes with constant curvature invariants in four dimensions,” Class. Quant. Grav. 26, 125011 (2009), arXiv:0904.4877.

[20] J.N. Goldberg and R.K. Sachs, “A theorem on Petrov types,” Acta Phys. Polon. Suppl.

22, 13 (1962); reprinted in Gen. Rel. Grav. 41, 433 (2009).

[21] Y. Nutku and P. Baekler, “Homogeneous, anisotropic three-manifolds of topologically massive gravity,” Annals Phys. 195, 16 (1989).

[22] M.E. Ortiz, “Homogeneous solutions to topologically massive gravity,” Annals Phys.

200, 345 (1990).

[23] A. García Díaz and J.F. Plebański, “All nontwisting N’s with cosmological constant,” J. Math. Phys. 22, 2655 (1981).

[24] A. García Díaz, “The generalized Kundt solution with cosmological constant,” Nuovo Cim. B 78, 255 (1983).

[25] I. Ozsváth, I. Robinson and K. Rózga, “Plane-fronted gravitational and electromagnetic waves in spaces with cosmological constant,” J. Math. Phys. 26, 1755 (1985).

[26] J. Bičák and J. Podolský, “Gravitational waves in vacuum spacetimes with cosmological constant. I. Classification and geometrical properties of nontwisting type N solutions,” J. Math. Phys. 40, 4495 (1999), gr-qc/9907048.

[27] A. Macías and A. Camacho, “Kerr–Schild metric in topological massive (2+1) gravity,” Gen. Rel. Grav. 37, 759 (2005).

[28] J.D. Brown and M. Henneaux, “Central charges in the canonical realization of asymptotic symmetries: an example from three-dimensional gravity,” Commun. Math. Phys. 104, 207 (1986).

[29] M. Henneaux, C. Martinez and R. Troncoso, “Asymptotically anti-de Sitter spacetimes in topologically massive gravity,” Phys. Rev. D 79, 081502(R) (2009), arXiv:0901.2874.

[30] E. Sezgin and Y. Tanii, to appear.