arXiv:0912.3483v2 [gr-qc] 18 Mar 2010

Power-law solutions for TeVeS

C.E. Magalhaes Batista^{∗1} and W. Zimdahl^{†1} 1Universidade Federal do Espírito Santo, Departamento de Física Av. Fernando Ferrari, 514, Campus de Goiabeiras, CEP 29075-910, Vitória, Espírito Santo, Brazil Abstract

The dynamics of TeVeS in a homogeneous and isotropic universe is shown to be equivalent to the dynamics of an interacting two-component system, consisting of a scalar field and a “fluid”, related to the matter part, with explicitly given coupling term. Scaling solutions (solutions with a constant ratio of the energy densities of both components) in the “Einstein frame” are found which are exponentially expanding or contracting with no remaining freedom for Bekenstein’s F function. In the “physical frame” these solutions are of the power-law type. An equivalent General Relativity (GR) picture of the dynamics suggests that it is the scalar field which plays the role of dark matter, while the “matter” has to mimic (phantom-type) dark energy.

∗ E-mail: cedumagalhaes@hotmail.com † E-mail: zimdahl@online.de

I. INTRODUCTION

The late-time cosmological acceleration, observationally suggested in [1], has been backed up over the years by growing direct and indirect evidence. Direct evidence is provided by the luminosity-distance data of supernovae of type Ia (SNIa) [2] (see, however, [3]), indirect evidence comes from the anisotropy spectrum of the cosmic microwave background radiation (CMBR) [4], from large-scale-structure data [5], from the integrated Sachs–Wolfe effect [6], from baryonic acoustic oscillations [7] and from gravitational lensing [8]. An interpretation of these results within Einstein’s GR requires the existence of an unknown dark sector that contributes roughly 95% to the total cosmic energy density and manifests itself only through its gravitational action. Usually, this sector is divided into two components, dark matter (DM) and dark energy (DE), although there exist unified models of the cosmic substratum in which one single component shares propertied of both DM and DE (see [9] and references therein). While the concept of DE is rather new, DM has been a topic both in cosmology and astrophysics for a long time. It was introduced by Zwicky as early as 1933 [10]. In a cosmological context DM is required to explain cosmic structure formation. It has to provide the potential wells for the baryonic perturbations after radiation decoupling. By itself, the fractional baryonic energy density perturbations would not have had sufficient time to enter the non-linear regime. Despite of many attempts and the existence of several candidates the physical nature of DM remains a mystery until today (for recent reviews see [11–13]) . In many occasions its gravitational action in GR-based cosmology is simulated by a pressureless fluid component. The failure of detecting DM over the decades has provoked more radical approaches which question the universal validity of GR. The hope here is, that within a (still to be found) modified theory of gravity DM may be superfluous. One remarkable step in this direction was Milgrom’s MOND (Modified Newtonian Dynamics) [14]. The intention of MOND is to have visible matter as the only source of gravity and to avoid the necessity of a dark matter component. The main feature of this theory is that it modifies Newtonian gravity for accelerations below a threshold of the order of 10^{−10}m/s^2. MOND has been quite successful in describing galaxy rotation curves. For a recent review see [15]. On the other hand, MOND is a non-relativistic theory and cannot account for a cosmological dynamics. A relativistic version of MOND, called TeVeS (Tensor Vector Scalar), was developed by Bekenstein [16].

As are scalar-tensor theories, TeVeS is characterized by two different metrics. But while in scalar-tensor theories these metrics are related by a conformal transformation, the corresponding transformation in TeVeS is more complicated. In particular, it includes an additional unit timelike vector field. Moreover, there appears a free function in TeVeS, that is not determined by the theory. Einstein’s GR can be recovered from TeVeS in a suitable limit. Cosmological applications of TeVeS were studied in [20–29]. In several of these studies the question was raised whether TeVeS can also account for an accelerated expansion or, in other words, whether it can also avoid the explicit introduction of a dark energy component [20, 27]. Reviews on TeVeS can be found, e.g., in [17, 18]. A critical account of MOND-like gravity was given in [19].

Because of its many degrees of freedom TeVeS is technically complicated. Postulating for the physical metric a structure of the Robertson-Walker type with spatially flat sections simplifies the formalism but the resulting dynamics is still not straightforwardly transparent. It is the purpose of this paper to obtain simple analytic homogeneous and isotropic background solutions which allow for a discussion of at least some of the aspects of TeVeS. Our strategy here is similar to that already applied previously for scalar-tensor theories [30]. We shall make use of the circumstance that in the frame which is the analogue of the Einstein frame, the basic dynamics can be mapped onto the dynamics of an interacting two-component system. Then we look for scaling solutions of this system, i.e., for solutions with a constant ratio of the energy densities of both components. For previous studies of scaling solutions of the cosmological dynamics see, e.g., [31–38]. Subsequently, these solutions are transformed into the “physical” frame, resulting in power-law solutions for the physical scale factor. Already known solutions are rediscovered as special cases in a different context. Of course, power-law solution can only be considered as approximations for a specific epoch. In particular, they cannot describe any scenario, i.e., the transition between periods of different equations of state of the cosmic medium. Each of these phases has to be characterized by a different power-law solution, always under the condition that a power-law solutions is a reasonable approximation at all. Based on the explicitly known “physical” frame dynamics of TeVeS we establish an effective GR equivalent and compare the emerging picture with the predictions of the ΛCDM model. The perhaps surprising results of our calculations are: (i) an early matter phase can only be recovered in the presence of an additional phantom-type dark energy, although the latter is dynamically negligible. (ii) To be consistent with the observations, a separate phantom darkenergy component is required for the present Universe. In our solution TeVeS does not geometrize dark energy. But in accordance with the general intention of MOND type theories, no separate dark matter is necessary. TeVeS can geometrize cosmological dark matter, but only in the presence of an additional phantom dark energy component. While it remains open whether or not solutions of this type are (at least approximately) realized in our Universe, we hope that they may at least shed some light on the structure of TeVeS.

The paper is organized as follows. Section II recalls the basic structure of TeVeS. In section III the general theory is applied to homogeneous and isotropic cosmology. In section IV we map the corresponding dynamics on the dynamics of an interacting two-component system with a coupling term that is explicitly prescribed by the structure of TeVeS. In section V we find scaling solutions for this system, i.e. solutions with a constant ratio of the energy densities of both components. An effective GR description of the cosmic medium is given in VI. Section VII summarizes the results of the paper.

II. GENERAL THEORY

The dynamical quantities in Bekenstein’s TeVeS are Einstein’s metric tensor g_{μν} , a timelike unity four-vector U_α and a scalar field ϕ. The physical metric tensor g̃_{μν} is constructed out of these quantities by

g̃_{μν} = e^{−2ϕ}g_{μν} − 2U_μU_ν sinh (2ϕ) = e^{−2ϕ} (g_{μν} + U_μU_ν ) − e^{2ϕ}U_μU_ν . (1)

The action of the system is

S = S_g + S_s + S_v + S_m , (2)

where

S_g = 1 16πG ∫ d^4x √ −gg^{μν} R_{μν} , (3) with Newton’s gravitational constant G,

S_s = − 1 2 ∫ d^4x √ −g [ σ^2h^{μν} ϕ_{,μ}ϕ_{,ν} + G 2l^2 σ^4F (kGσ^2) ] , (4)

where σ is a non-dynamical scalar field, k is a dimensionless constant, l is a constant length scale and h^{μν} = g^{μν} − U^μU^ν (the use of h^{μν} instead of g^{μν} avoids superluminal propagation of perturbations) ,

S_v = − K 32 πG ∫ d^4x √ −g [ g^{αβ} g^{μν} U_{[α,μ]}U_{[β,ν]} − 2λ K (g^{μν} U_μU_ν + 1) ] , (5)

where K is another dimensionless constant and λ is a Lagrangean multiplier. The square brackets in U_{[α,μ]} denote antisymmetrization. Finally, S_m is the matter part of the action,

S_m = ∫ d^4x √ −g̃L_m , (6) with the matter Lagrangean L_m = L_m (g̃_{μν} , ...). “Matter” is understood here in a general sense. In particular, it can also be a dark energy component. The basic dynamic equations of TeVeS are obtained by varying the action (2) with respect to U_μ, σ, ϕ, g^{μν} and λ. In general form they are given, e.g., in [16]. Here we are interested in the spatially homogeneous and isotropic case for which the basic set of equations considerably simplifies.

III. BASICS OF HOMOGENEOUS AND ISOTROPIC COSMOLOGY

The physical metric is assumed to be of the spatially flat FLRW type,

ds̃^2 = −dt̃^2 + ã^2 [ dr^2 + r^2 ( dθ^2 + sin^2 θdφ^2 )] . (7)

The conversion relations between the quantities with tilde (physical frame) and without tilde (Einstein frame) are

dt̃ = exp [ϕ] dt , ã = exp [−ϕ] a . (8)

With the definitions H ≡ da dt a , H̃ ≡ dã dt̃ ã , (9)

the relation between H, the Hubble rate in the Einstein frame and H̃, the Hubble rate in the physical frame, is

H̃ = exp[−ϕ] ( H − dϕ dt ) . (10)

The matter part is assumed to be describable by the energy-momentum tensor of a perfect fluid,

T̃_{αβ} = ρ̃ũ_αũ_β + p̃ (g̃_{αβ} + ũ_αũ_β) . (11)

At this stage it is left open, which type of matter T̃_{αβ} is supposed to describe. As already mentioned, it may also have a negative equation-of-state (EoS) parameter and account for some form of DE. The matter four-velocity ũ_μ and the vector U_μ are related by ũ_μ = e^ϕU_μ with U^μ = δ^μ_t [16]. The matter energy density is

ρ_m ≡ T̃_{00} = ρ̃ exp[2ϕ] , (12)

the matter pressure

p_m = p̃ exp[−2ϕ] . (13)

Varying the action (2) with respect to g_{μν} results, when specified to the spatially homogeneous

and isotropic case (7), in a Friedmann type equation for the Einstein frame scale factor a, 1 a^2 ( da dt )_2 = 8πG 3 ρ_{eff} (14)

with an effective energy density

ρ_{eff} = ρ̃ exp[−2ϕ] + σ^2 ( dϕ dt )_2 + Gσ^4 4l^2

F (kGσ^2) (15)

and in 2 a d^2a dt^2 + 1 a^2 ( da dt )_2 = −8πG p_{eff} , (16) with an effective pressure

p_{eff} = p̃ exp[−2ϕ] + σ^2 ( dϕ dt )_2 − Gσ^4 4l^2

F (kGσ^2) . (17)

The physical matter energy density ρ̃ obeys the equation dρ̃ dt = 3 ( dϕ dt − 1 a da dt ) (ρ̃ + p̃) , (18)

which is the rewritten conservation equation dρ̃ dt̃ = −3H̃ (ρ̃ + p̃) (19)

of the physical frame. The scalar field equation, obtained by the variation of (2) with respect to

ϕ, specifies to d dt ( σ^2 dϕ dt ) + 3Hσ^2 dϕ dt = − 1 2 exp[−2ϕ] (ρ̃ + 3p̃) . (20)

Finally, varying (2) with respect to σ yields G 4l^2 d dσ^2 ( σ^4F ) = ( dϕ dt )_2 . (21)

Equations (14), (16), (20) and (21) are the basic equations of TeVeS in a homogeneous and isotropic,

spatially flat universe.

IV. A TWO-COMPONENT DESCRIPTION

The structures of the expressions (15) and (17) suggest a split (cf. [20])

ρ_{eff} = ρ_ϕ + ρ_f (22) and p_{eff} = p_ϕ + p_f , (23)

respectively, with the field part (subscript ϕ)

ρ_ϕ = σ^2 ( dϕ dt )_2 + Gσ^4 4l^2

F (24)

and a fluid part (subscript f)

ρ_f = ρ̃ exp[−2ϕ] = ρ_m exp[−4ϕ] , (25)

as well as

p_ϕ = σ^2 ( dϕ dt )_2 − Gσ^4 4l^2

F (26) and p_f = p̃ exp[−2ϕ] = p_m . (27)

The fluid EoS parameter is p_f ρ_f = p̃ exp[−2ϕ] ρ̃ exp[−2ϕ]) = p̃ ρ̃ ≡ w̃ . (28)

We shall restrict ourselves here to constant values of the fluid EoS parameter w̃. The field EoS parameter is

w_ϕ ≡ p_ϕ ρ_ϕ = σ^2 (_{dϕ} dt )_2 −^G_{4l2} σ^4F σ^2 (_{dϕ} dt )_2 +^G_{4l2} σ^4F

. (29)

We emphasize (cf. [21]), that ρ_f does not coincide with the matter energy density which is ρ_m = T̃_{00} (cf. Eq. (12)). Consequently, the decomposition (22) is not a split into field and matter parts. The theory does not admit a clear separation between the both. Also the fluid parts (25) and (28) do depend on ϕ. However, according to (28), the ratio^{pf}_{ρf} coincides with the physical EoS parameter w̃ =^{p̃}_{ρ̃} . As already mentioned, negative values of w̃ are admitted here.

The coupling between the components can be made transparent by considering the corresponding energy balances. With the help of (21) the dynamics of the previous section is equivalent to dρ_ϕ dt + 3 a da dt (1 + w_ϕ) ρ_ϕ = − dϕ dt (1 + 3w̃) ρ_f (30) and dρ_f dt + 3 a da dt (1 + w̃) ρ_f = dϕ dt (1 + 3w̃) ρ_f . (31)

The individual balance equations (30) and (31) add up to the total energy conservation dρ_{eff} dt + 3 a da dt (ρ_{eff} + p_{eff} ) = 0 . (32)

It is the system of equations (30) and (31) which we are going to study in the following. This system consists of two components which are interacting with each other. The interaction is given explicitly by the right-hand sides of equations (30) and (31). It vanishes in the particular case w̃ = −^1_3 . It is expedient to emphasize that equation (21) (sometimes neglected in the literature [21]) was used in order to arrive at the system (30) and (31). We shall solve the system of equations (30) and (31) under the condition w̃ = constant. Subsequently, we shall also assume w_ϕ = constant as well. Our aim then will be to look for scaling solutions, i.e. solutions, for which the energy density ratio^{ρf}_{ρϕ} is constant.

V. A SCALING SOLUTION

A. General properties

For w̃ = constant, equation (31) can be solved immediately,

ρ_f = ρ_{f0} exp[(1 + 3w̃) ϕ] ( a_0 a )_{3(1+w̃)}

, (33)

where the subscript 0 denotes some reference value. Via (25) and (12) corresponding expressions for ρ_m and ρ̃, respectively, are straightforwardly obtained. The latter reproduces the solution (24) in [21]. Defining a ratio R by R ≡ ρ_f ρ_ϕ , (34)

the balance (30) becomes 1 ρ_ϕ dρ_ϕ dt + 3 a da dt (1 + w_ϕ) = − dϕ dt (1 + 3w̃) R . (35)

For the simplest case that both w_ϕ and R are constants, equation (35) has the solution

ρ_ϕ = ρ_{ϕ0}e^{−(1+3w̃)ϕR} (a_0 a )_3(_{1+wϕ}) . (36)

From now on we shall restrict our discussion to this case, i.e., to constant values of w_ϕ and R. While constant EoS parameters can certainly not account for a continuous transition between different epochs of the cosmological evolution such as the transition from decelerated to accelerated expansion, they are useful as simple exact solutions which are valid piecewise. Scaling solutions of the cosmological dynamics, i.e., solutions with a constant ratio of the energy densities of the dynamically relevant components, have been studied, e.g., in [31–38]. We mention also that the ratio of the energy density of the scalar field to that of the matter, corresponding to R^{−1} in our notation, turned out to be approximately constant for Bekenstein’s choice of the free function F (cf. [17]). This may be seen as an additional motivation to investigate such kind of solutions. It will turn out, however, that the requirement of a constant R does not reproduce Bekenstein’s choice of F but leads to a different expression. Studying scaling solutions of the mentioned type also implies that we neglect the baryon component of the Universe since its contribution to the total energy budget is known to be small and the baryons as well as the also omitted photons are not expected to participate in the scaling of the dynamically dominating components.

Combination of (33) and (36) yields R = ρ_{f0} ρ_{ϕ0} e^{(1+3w̃)ϕ(1+R)} (a_0 a )_3(_{w̃−wϕ})

. (37)

For this expression to be constant we may consider two cases.

(i) The ratio R in (37) is constant for ϕ = const and w̃ = w_ϕ. Since ϕ = const implies w_ϕ = −1 (cf. (29)), we have also w̃ = −1. Then ρ_ϕ, ρ_f and ρ_{eff} are constant and a ∝ e^{±Ht} with H = const. Now we take into account the scalar field equation (20) which can be written as d dt ( σ^2 dϕ dt ) + 3Hσ^2 dϕ dt = − 1 2 (1 + 3w̃) ρ_f . (38)

An exact solution for ϕ = const requires ρ_f = 0 → R = 0 (unless w̃ = −^1_3 ), which means it is a vacuum solution. This solution reproduces the relations (22) and (23) in [21]. However, there exists another solution for ρ_f = 0, namely σ^2 = 0. As we shall see, this solution corresponds to w_ϕ = −1. The point here is, that in the limit R → 0 it follows that σ^2 → 0, but, on the other hand, σ^4F → const as will be shown below. Under these conditions (29) leads to w_ϕ = −1. (ii) The second case for which R in (37) is constant is (we assume a_0 = 1 from now on)

e^{(1+3w̃)ϕ(1+R)} = a^3(^{w̃−wϕ}) ⇒ e^{(1+3w̃)ϕ} = a^3 w̃−wϕ 1+R . (39)

This relation fixes the dynamics of ϕ. It implies dϕ dt = 3 w̃ − w_ϕ (1 + 3w̃) (1 + R)

H , (40) i.e., a proportionality between^{dϕ}_{dt} and H. Again we exclude here the case w̃ = −^1_3 . Using (39) in the expressions (36) and (33) for ρ_ϕ and ρ_f , respectively, we find the scaling solution ρ_ϕ ∝ ρ_f ∝ ρ_{eff} ∝ a^{−3} 1+wϕ+R(1+w̃) 1+R . (41)

Via Friedmann’s equation (14) it follows that H ∝ ± a^{− 32} 1+wϕ+R(1+w̃) 1+R . (42)

Notice that both signs are possible here. There are both expanding (H > 0) and contracting (H < 0) solutions. Integrating (42), we obtain a ∝ t 2 3(1+wef f ) , w_{eff} ≡ w^ϕ + Rw̃ 1 + R

. (43)

w_{eff} is the EoS parameter in the Einstein frame. Notice that it has the same structure as a corresponding term in scalar-tensor theories [30]. From (39) we have (w̃ ≠ −^1_3 )

e^ϕ = a^3 w̃−wef f 1+3w̃ ⇒ eϕ ∝ t 2^{w̃−wef f} (1+wef f )(1+3w̃) . (44)

Further constraints can again be obtained from the scalar field equation (20), which is now written as d dt ( σ^2 dϕ dt a^3 ) = − 1 2 (1 + 3w̃) a^3 ρ_f . (45)

Changing on the left-hand side the variables from t to a, we obtain d da ( σ^2 dϕ dt a^3 ) = − 1 2 (1 + 3w̃) a^2 H ρ_f . (46)

With H from (42) and ρ_f from (41), integration of (46) yields

σ^2 dϕ dt = − 1 2 (1 + 3w̃) ρ_{f0} H_0

1 + R 3 2 [1 − w_ϕ + R (1 − w̃)] a^{− 32} 1+wϕ+R(1+w̃) 1+R , (47)

where ρ_{f0} and H_0 are the values for ρ_f and H respectively, for a = 1. Taking into account also (42) and 3H^2_0 = 8πGρ_{eff0}, relation (47) can be transformed into 8πGσ^2 dϕ dt = − (1 + 3w̃) R 1 − w_ϕ + R (1 − w̃)

H . (48)

Comparing the previously found relation (40) between^{dϕ}_{dt} and H with (48), allows us to obtain 8πG 3 σ^2 = − R 9 (1 + R) (1 + 3w̃)^2 (w̃ − w_ϕ) [1 − w_ϕ + R (1 − w̃)]

. (49)

Equation (49) implies that the parameter σ^2 is constant. Now, if σ^2 is constant, the function F is constant as well. Via (21), a constant F means that^{dϕ}_{dt} = const. But with F = constant and^{dϕ}_{dt} = constant, the energy density (24) is constant, hence (25) and (22) are constant. This property leads to a condition on the solution (41) namely, ρ_{eff} ∝ a^{−3} 1+wϕ+R(1+w̃) 1+R = const ⇒ w_ϕ = −1 − R (1 + w̃) . (50)

Inserting (50) into (49) the latter becomes 8πG 3 σ^2 = − R 18 (1 + 3w̃)^2 (1 + w̃) (1 + R)

. (51)

The quantity σ^2 is related to the fraction and the EoS of the matter. It diverges for w̃ = −1. In the vacuum limit R = 0 we recover the previously mentioned solution σ^2 = 0 (see the discussion following eq. (38)).

Now we consider the case w̃ = −^1_3 for which the equations (30) and (31) decouple. The solutions for ρ_f and ρ_ϕ then are ρ_f ∝ a^{−2} and ρ_ϕ ∝ a^{−3}(^{1+wϕ}), respectively. In such a case a constant energy density ratio requires w_ϕ = −^1_3 as well. But with w_ϕ = w̃ = −^1_3 the last relation in (50) cannot be satisfied for a non-negative ratio R. Consequently, there does not exist a scaling solution of the type discussed here for w̃ = −^1_3 . This case will be excluded from now on.

Use of the last relation of (50) in the expression (43) for w_{eff} , consistently yields w_{eff} = −1 together with H = constant (cf.Eq. (42)). Then a ∝ exp [Ht], replacing (43), and the relations (44) reduce to

e^ϕ = a^{3 1+w̃1+3w̃} ∝ e^{3H 1+w̃1+3w̃ t} . (52)

If we use (50) in (40) we obtain dϕ dt = 3 1 + w̃ 1 + 3w̃

H . (53)

The first relation (52) reproduces equation (25) in [21], which was introduced there as an ansatz to simplify the dynamics without a further reasoning. Here it appears as a property of our scaling solution. For w̃ > −^1_3 as well as for w̃ < −1 the quantities^{dϕ}_{dt} and H have the same sign, for −1 < w̃ < −^1_3 the sign is different. Relation (53) is valid for any constant value of R.

From (51) we can draw the conclusion that σ^2 is only positive for w̃ < −1. This is exactly the condition under which the authors of [21] obtained exponential expansion. A negative σ^2, necessarily obtained for w̃ > −1, makes the kinetic term in (24) negative, thus describing phantom energy. This is consistent with (50), where w_ϕ < −1 implies w̃ > −1. In particular, this property holds also also for a non-relativistic matter EoS w̃ = 0. As we shall see shortly, despite of the negative kinetic term, the energy densities of the components and the total energy density are always positive.

Phantom type solutions (within GR) are known to suffer from stability problems [39, 40]. On the other hand, there are suggestions from higher dimensional theories that a phantom character “on the brane” may be an effective phenomenon [41, 42]. To the best of our our knowledge phantom solutions for TeVeS and their properties have not been discussed so far. In any case, since a phantom component is not excluded observationally, this issue deserves attention.

Another interesting special case is w_ϕ = 0, equivalent to w̃ < −1. Under this condition both components change their roles compared with the case w̃ = 0. Now, the scalar field mimics matter (although not separately conserved), while the fluid component is of the phantom type. Since TeVeS is a relativistic MOND-type theory and the intention of MOND was to make dark matter superfluous, it is now the scalar field itself which replaces DM. The “fluid” on the other hand, has to be identified with a DE component. We emphasize, however, that all these considerations refer to the dynamics in the Einstein frame.

B. The equation of state

For the total EoS we find, using (50), p_{eff} ρ_{eff} = p_ϕ + p_f ρ_ϕ + ρ_f = 1 1 + R w_ϕ + R 1 + R w̃ = −1 . (54)

The total EoS parameter is always −1, consistent with ρ_{eff} = const. Assuming the matter to behave non-relativistically, i.e., w̃ = 0, corresponding to w_ϕ = −1 − R (cf. (29)), we find from (51) and (53) that 8πG 3 σ^2 = − 1 18 R 1 + R and dϕ dt = 3 H (w̃ = 0) . (55)

The corresponding relations for the special case w_ϕ = 0, equivalent to w̃ = −1 − 1/R, are 8πG 3 σ^2 = 1 2 ( 1 +^2_3 R

)_2 1 + R and dϕ dt = 1 1 + 2R/3

H (w_ϕ = 0) . (56)

With R = 0 one realizes the existence of a vacuum solution ρ_ϕ = const of Eq. (30) also for w_ϕ = 0.

Friedmann’s equation (14) can be written 3H^2 = 8πG [ρ_ϕ + ρ_f ] with ρ_ϕ and ρ_f given by (24) and (25), respectively. Then, with (34), it is equivalent to

3H^2 = 8πG (1 + R) [ σ^2 ( dϕ dt )_2 + G 4l^2 σ^4 F ] . (57)

Upon combining (51) and (53) we arrive at

σ^2 ( dϕ dt )_2 = − 3 8πG R 2 1 + w̃ 1 + R

H^2 (58)

for the first term in the bracket in (57). Introducing (58) in (57) leads to 8πG G 4l^2 σ^4 F = 3H^2

1 +^R_2 (1 + w̃) 1 + R

. (59)

Combination of (58) and (59) results in

σ^2 ( dϕ dt )_2 = − R 2 (1 + w̃) 1 +^R_2 (1 + w̃) G 4l^2 σ^4F . (60)

Consequently, the energy density (24) becomes

ρ_ϕ = 1 1 +^R_2 (1 + w̃) G 4l^2 σ^4F = − 2 R (1 + w̃) σ^2 ( dϕ dt )_2 . (61)

The expression (61), hence the total energy density (22) and the energy density (25), are positive for any positive F and w̃ > −1 as long as σ^2 < 0. Consequently, although σ^2 < 0, equivalent to a negative kinetic term, the energy density of each of the components as well as the total energy density are always positive. For w_ϕ = 0, i.e. w̃ < −1, we have σ^2 > 0 and

ρ_ϕ = 2σ^2 ( dϕ dt )_2 (w_ϕ = 0) . (62)

The pressure (26) becomes

p_ϕ = −

1 + R (1 + w̃) 1 +^R_2 (1 + w̃) G 4l^2 σ^4F = 2

1 + R (1 + w̃) R (1 + w̃) σ^2 ( dϕ dt )_2 , (63)

together with (61) consistently reproducing the EoS parameter (50). Thus, the Einstein frame dynamics of the system is completely solved for the given configuration. In the following subsection we shall use the transformation relations (8) and (10) to obtain the corresponding physical dynamics.

C. Dynamics in the physical frame

The transformations from Einstein‘s to the physical frame are mediated by exponentials of ϕ. With (52) one has ϕ = const for w̃ = −1. For the physical scale factor, relations (8) and (52) provide us with

ã = e^{−ϕ}a ⇒ ã = a^{− 21+3w̃} . (64)

For any w̃ < −^1_3 , the scale factor ã is proportional to a positive power of a. It is only for w̃ = −1 that ã = a. For non-relativistic matter we find

ã = 1 a^2 ⇒ a = 1 ã^{1/2}

(w̃ = 0) . (65)

In this case, a growing (decaying) a generates a decaying (growing) ã. In particular, to have an increasing scale factor ã, the corresponding a is the scale factor of a contracting solution. For w_ϕ = 0, equivalent to w̃ < −1, we have

ã = a^{11+3/(2R)} ⇒ a = ã^{(1+3/(2R))} (w_ϕ = 0) . (66)

A growing solution always remains a growing solution. Generally, we have ρ̃ = ρ_f exp [2ϕ]. With ρ_f = const (cf. (41) with (50)), it follows that

ρ̃ ∝ ã^{−3(1+w̃)} . (67)

This dependence is consistent with the balance (19). Notice that this is the dynamics of the matter component under the condition of a total EoS^{pef f}_{ρef f} = −1, where the matter energy density ρ_m via (25) and (22) is part of the total energy density ρ_{eff} . It is not just the dynamics on a given background.

In a next step we consider the relation (10) between H̃ and H. With (53) and (52) it follows that H − dϕ dt = − 2 1 + 3w̃ H ⇒ H̃ = − 2 1 + 3w̃ a^{−3 1+w̃1+3w̃} H . (68)

Recall that w̃ ≠ −1/3. For any w̃ > −1/3 the rates H̃ and H have different signs. Then, a contracting H corresponds to an expanding H̃ and vice versa. The EoS w̃ = −1 is the only case for which H̃ = H. For non-relativistic matter the connection between both Hubble rates is H̃ = −2H a^3

= −2ã^{3/2} H (w̃ = 0) . (69)

For H = const < 0, the physical Hubble rate increases with ã^{3/2}. This demonstrates again the phantom character of the solution. On the other hand, for w_ϕ = 0, equivalent to a phantom-type EoS of the matter, we obtain H̃ = 1 1 + 3/(2R) a^{−1/(1+2R/3)} H (w_ϕ = 0) . (70)

In this case, H and H̃ have always the same sign. An explicit expression of ã in terms of t̃ is obtained with the help of (68) with (64). Then, H̃ = − 2 1 + 3w̃ ã^{32 (1+w̃)}H ⇒ dã dt̃ = − 2 1 + 3w̃ ã^{12 (5+3w̃)}H (71) with a constant H. The integration yields

ã = ã_i [ 1 + 3^{1+w̃}_{1+3w̃} ã^{32 (1+w̃)}_i H ( t̃ − t̃_i ) ] 2_{3(1+w̃)} . (72)

We mention that a solution ã ∝ t̃^{− 23(1+w̃)} has been obtained before in [21]. According to (71), an expanding solution for the physical Hubble rate, H̃ > 0, corresponds to H < 0 for w̃ > −^1_3 . But with H < 0 and w̃ > −^1_3 the denominator in (72) vanishes for t̃ > t̃_i. The solution (72) describes an expanding universe that approaches a singularity after a finite time (big rip). The time span is determined by the vanishing of the denominator in (72). For the case of non-relativistic matter (72) reduces to

ã = ã_i [ 1 + 3ã^{32}_i H ( t̃ − t̃_i ) ] 2_3 (w̃ = 0) . (73)

The big rip singularity is approached after a time span t̃_{br}

1 + 3ã^{32}_i H ( t̃_{br} − t̃_i ) = 0 ⇒ t̃_{br} = t̃_i + 1 3ã^{32}_i |H|

. (74)

Notice that this big rip solution is different from Caldwell’s solution in GR [43]. There, it is a consequence of w̃ < −1. In our case it follows for w̃ > −^1_3 which implies a contracting solution H < 0 in the Einstein frame. No singularity occurs for w̃ < −1. For w_ϕ = 0, i.e., w̃ < −1 and H > 0, we find ã = ã_i [ 1 + 1 1 + 2R/3 ã^{−3/(2R)} i H ( t̃ − t̃_i )]^{2R/3} (w_ϕ = 0) . (75)

Accelerated expansion requires R > 3/2.

The time coordinates t and t̃ are related by the first transformation of (8). With (52) we find

t̃ ∝ e^{3H 1+w̃}1+3w̃^t ⇒ Ht ∝ ln t̃^13^{1+3w̃}1+w̃ (76)

as well as e^{−ϕ} ∝ 1 t̃ ⇒ ã ∝ a t̃ . (77) Combining a ∝ exp [Ht] with (76) and (77), it follows consistently that ã ∝ t̃ 2 3(1+w̃ef f ) , (78) where we have introduced the physical EoS parameter

w̃_{eff} = −2 − w̃ . (79)

For any w̃ > −1, including the case w̃ = 0, the total equation of state is of the phantom type. For w̃ = −1 it follows w̃_{eff} = −1. It is only for w̃ = −2 that we recover a total matter-type behavior w̃_{eff} = 0, which, according to (50), implies w_ϕ = −1 + R. A radiation behavior requires w̃ = −^7_3 . For w_ϕ = 0, i.e., w̃ < −1, the parameter w̃_{eff} becomes

w̃_{eff} = −1 + 1 R (w_ϕ = 0) . (80)

The medium as a whole can be seen as characterized by a physical energy density

ρ̃_{eff} ∝ ã^{−3}(^{1+w̃ef f} ) , (81)

as solution of the conservation equation dρ̃_{eff} dt̃ + 3H̃ (1 + w̃_{eff} ) ρ̃_{eff} = 0 . (82)

With (79), the dynamics of the physical frame is explicitly known. The cosmic substratum as a whole behaves like a fluid with an effective EoS w̃_{eff} . The relation between the physical EoS parameter w̃_{eff} and the auxiliary quantity w_{eff} = −1 is different from a corresponding relation in scalar-tensor theories [30]. In scalar tensor theories, both frames are related by a conformal transformation which is not the case in TeVeS.

The deceleration parameter in the physical frame is

q̃ ≡ − ã^{d2ã}_{dt̃2} (_{dã} dt̃ )_2 = − ( 1 −^2_H^{dϕ}_{dt} ) ( 1 −^1_H^{dϕ}_{dt} ) +^1_{H2}^{dH}_{dt} −^1_{H2}^{d2ϕ}_{dt2} ( 1 −^1_H^{dϕ}_{dt}

)_2 . (83)

It is related to the corresponding parameter q = −^1_{aH2}^{d2a}_{dt2} in the Einstein frame by

q̃ = q − 1 H dϕ dt ( 1 −^1_H^{dϕ}_{dt}

) (_1

H^2 dH dt − 1 ) −^1_H^d_{dt}

(_1 H dϕ dt ) ( 1 −^1_H^{dϕ}_{dt}

)_2 . (84)

We have accelerated expansion if the numerator of the right-hand side of eq. (83) is positive, q̃ < 0 ⇔ ( 1 − 2 H dϕ dt ) ( 1 − 1 H dϕ dt ) + 1 H^2 dH dt − 1 H^2 d^2ϕ dt^2 > 0 . (85)

For the dynamics discussed in this paper (w̃ = const, w_ϕ = const, R = const) we have q = −1. With^{dH}_{dt} =^{d2ϕ}_{dt2} = 0 in eq. (83), use of eq. (53) provides us with q̃ = − 5 + 3w̃ 2 = 1 2 (1 + 3w̃_{eff} ) . (86)

Consistently, we have q̃ = −1 for w̃ = −1. For non-relativistic matter q̃ = −^5_2 is valid. In this case q̃ does not depend on R. For w_ϕ = 0, i.e. w̃ < −1, the deceleration parameter becomes q̃ = − ( 1 − 3 2R ) (w_ϕ = 0) . (87)

Accelerated expansion is obtained for R >^3_2 in accordance with (75). The deceleration parameter vanishes for R =^3_2 which corresponds to w̃_{eff} = −^1_3 (cf. Eq. (80)). For R = 1, equivalent to w̃ = −2, we consistently recover q̃ =^1_2 .

D. Implications for the F function

Now let us combine Eqs. (21) and (53). The result is G 4l^2 d σ^2 ( σ^4F ) = 9 (1 + w̃)^2 (1 + 3w̃)^2

H^2 . (88)

Then, the relations (88) and (59) provide us with d dσ^2 ( σ^4F ) σ^4F

= 24π G

(1 + R) (1 + w̃)^2 (1 + 3w̃)^2 [ 1 +^R_2 (1 + w̃)

] . (89)

Using the expression (51) in (89), the latter takes the form d dσ^2 ( σ^4F ) σ^4F = − R 2σ^2

1 + w̃ 1 +^R_2 (1 + w̃)

(90)

with the solution F ∝ ( σ^2

)_−^{4+3(1+w̃)R}

2+(1+w̃)R . (91)

For the special case w̃ = 0 with σ^2 < 0 we have F ∝ ( −σ^2 )_− 3R+4_{R+2} (w̃ = 0) . (92)

For w_ϕ = 0, equivalent to w̃ < −1, the dependence of F is F ∝ 1 σ^2

(w_ϕ = 0) . (93)

This is consistent with w_ϕ = 0 in (29) under the condition^{dϕ}_{dt} = const.

While in general there does not exist a theory for Bekenstein’s F function, we found that for the special situation considered in this paper, there is no remaining freedom for the choice of this function. The existence of a scaling solution requires a structure that is different from that suggested by Bekenstein. It remains open, whether the dependence (91) is a large scale limit of a more general function. We mention that in the vacuum limit R = 0 the relation (92) implies σ^4F = constant which proves the statement following eq. (38). This is, together with σ^2 = 0 for R = 0, consistent with an EoS w_ϕ = −1 (cf. eqs. (29) and (50)). It is also interesting to realize that the structure of (92) is similar to that of an additional (to Bekenstein’s ansatz for F ) term introduced ad hoc in [20]. For the special case R = 0 the resulting inverse quadratic dependence on −σ^2 in (92) even exactly (up to the sign) coincides with the structure of that term (cf. eq. (21) in [20]).

VI. THE COSMIC MEDIUM

The energy density (81) can be seen as the solution of a conservation equation (82) with an effective pressure

p̃_{eff} = w̃_{eff}ρ̃_{eff} , (94)

where w̃_{eff} is given by (79). Then

ρ̃_{eff} ∝ ã^{3(1+w̃)} . (95)

The overall dynamics is completely determined by the EoS parameter w̃ of the matter. Does this solution have any relevance for our real Universe? As already mentioned, for any w̃ > −1 the effective energy density ρ̃_{eff} increases with ã, i.e., the total dynamics is of the phantom type. If, on the other hand, w̃ itself is of the phantom type, i.e., w̃ < −1, one has w̃_{eff} > −1 for the medium as a whole. The matter dynamics is described by (cf. Eq. (19))

ρ̃ ∝ ã^{−3(1+w̃)} . (96)

Equation (82) with the solution (81) and (79) represents a GR equivalent for the TeVeS dynamics. Given the separately conserved matter component with energy density ρ̃ and the conserved total energy with a density ρ̃_{eff} , one may associate a so far unknown component with an energy density ρ̃_y to the difference between ρ̃_{eff} and ρ̃,

ρ̃_{eff} = ρ̃ + ρ̃_y . (97)

Let us further assume that the geometry based y-component can be described by an effective (not necessarily constant) EoS parameter w̃_y such that dρ̃_y dt̃ + (1 + w̃_y) ρ̃_y = 0 . (98)

In an effective GR description, the Universe is now made up of two separately conserved components with energy densities ρ̃ and ρ̃_y. Then

w̃_{eff} = w̃ ρ̃ ρ̃_{eff} + w̃_y ρ̃_y ρ̃_{eff}

. (99)

Introducing the ratio r̃ ≡ ρ̃ ρ̃_y , (100)

we may write

w̃_y = (1 + r̃) w̃_{eff} − r̃w̃ . (101)

Since

r̃ = ρ̃ ρ̃_{eff} − ρ̃ = ρ̃ ρ̃_{eff}

1 −^{ρ̃}_{ρ̃eff} and 1 + r̃ = 1 1 −^{ρ̃}_{ρ̃eff}

, (102)

and, since the ratio^{ρ̃}_{ρ̃eff} is known, ρ̃ ρ̃_{eff}

= Ω̃_0ã^{−6(1+w̃)} with Ω̃_0 ≡ ρ̃_0 ρ̃_{eff0}

, (103)

we obtain

r̃ =

Ω̃_0ã−6(1+w̃) 1 − Ω̃_0ã^{−6(1+w̃)} and 1 + r̃ = 1 1 − Ω̃_0ã^{−6(1+w̃)}

. (104)

For w̃_y we find

w̃_y = w̃_{eff} − 2r̃ (1 + w̃) = −2 − w̃ − 2r̃ (1 + w̃) . (105)

In terms of the scale-factor,

w̃_y = −

2 + w̃ ( 1 + Ω̃_0ã^{−6(1+w̃)} ) 1 − Ω̃_0ã^{−6(1+w̃)}

. (106)

As already mentioned, equations of state w̃_{eff} =^1_3 and w̃_{eff} = 0 can be reproduced by ω̃ = −^7_3 and ω̃ = −2, respectively. For w̃_{eff} =^1_3 relation (106) specifies to

w̃_y = 1 3 1 + 7Ω̃_0ã^8 1 − Ω̃_0ã^8 (w̃_{eff} = 1 3 ) . (107)

For ã ≪ 1, i.e., at high redshifts, the EoS parameter w̃_y approaches w̃_y =^1_3 . The y component, an entity of geometric origin, behaves as radiation as well. With respect to the DM problem, the case w̃_{eff} = 0 is of particular interest. For this case Eq. (106) takes the form

w̃_y =

2Ω̃_0ã^6 1 − Ω̃_0ã^6

(w̃_{eff} = 0) . (108)

For ã ≪ 1 the EoS parameter w̃_y approaches w̃_y = 0. The y component behaves as non-relativistic matter. So, the apparently strange result is, that to have a non-relativistic matter period w̃_{eff} = 0 we need a y component with w̃_y = 0 that only exists in the presence of a phantom type DE component with w̃ = −2. The total energy density is the sum of the energy densities of these components. With w̃ = −2 the EoS of the scalar field component is w_ϕ = −1 + R. It is only a combination of w_ϕ and R which is fixed. The apparently most natural choice w_ϕ = 0 is realized for R = 1. But for the physical ratio r̃ we obtain

r̃ =

Ω̃_0ã6 1 − Ω̃_0ã^6

(w̃_{eff} = 0) , (109)

from (104), i.e., r̃ → 0 for ã ≪ 1. This is equivalent to

ρ̃_y ≫ ρ̃ ⇒ ρ̃_{eff} ≈ ρ̃_y (ã ≪ 1) , (110)

as one expects for a matter-dominated universe. The DE component ρ̃ is dynamically negligible at high redshifts, but its presence is crucial for the non-relativistic matter component to exist. These results demonstrate, that physical equations of state such as w̃_{eff} =^1_3 or w̃_{eff} = 0 can be obtained within TeVeS on a purely geometric basis, provided only that there exists a separate phantom-type DE component. Finally we also mention that for w̃ = −1 which implies w̃_{eff} = 1 we obtain w̃_y = −1 as well.

At the present epoch (106) reduces to

w̃_{y0} = −

2 + w̃ ( 1 + Ω̃_0 ) 1 − Ω̃_0

. (111)

Since we have shown, that there exists a solution with w̃_y = 0 at high redshifts, it seems tempting to consider the possibility of a present value w̃_{y0} ≈ 0 as well. This corresponds to the original intention of TeVeS to avoid the introduction of a DM component. Under the condition w̃_{y0} ≈ 0 we have from Eq. (111), w̃ ≈ − 2 1 + Ω̃_0

. (112)

If the y-component is to play the role of DM today, the “matter” component with an EoS w̃ has again to be associated with DE in an equivalent GR picture. As already mentioned, this is in accordance with the findings in [21] where the authors obtained an inflationary solution for w̃ < −1. Now we know that the actual background universe is quite well described by the ΛCDM model. Within the latter, the total EoS parameter is

w̃^{ΛCDM} eff = − 1 1 + ρ_{M0}/ρ_Λ

, (113) where^{ρM0}_{ρΛ} ≈^1_3 . This corresponds to a value Ω̃_0 ≈^3_4 . Using this ratio in (112), we find an effective EoS for the DE equivalent of w̃ ≈ −^8_7 = −1.14. Such a value is compatible with current observational data [44, 45]. Under the condition (112) it follows from (50) that w_ϕ ≈ −1 + R 1 − Ω̃_0 1 + Ω̃_0 ≈ −1 + R 7 . (114)

It is only a combination of w_ϕ and R which is fixed, not each of these quantities by itself. However, the value for w̃ is consistent with w_ϕ = 0 which requires R = 7. With this choice it is obvious that the scalar field represents the DM.

These considerations show that different epochs of the cosmological evolution are reproduced for different values of w̃. An early radiation period requires w̃ = −^7_3 , a subsequent matter period has w̃ = −2 and for the present epoch we found w̃ ≈ −^8_7 . This indicates a tendency to less negative values of w̃ with the cosmic time. Guided by the ΛCDM model, one may speculate that in the future w̃ approaches w̃ = −1, which means w̃_{eff} = −1 as well. As in the ΛCDM model, the final state of the universe would be of the de Sitter type. As already mentioned, the parameter w̃_y, according to (105), also tends to w̃_y = −1. In this limit, all the components, including the y− component, behave as DE. The final state of the Universe would be characterized by two different DE contributions, one from the matter sector, the other one of geometric origin. However, since power-law solutions do not allow to construct a scenario, this remains speculative. Perhaps a dynamical system analysis could clarify whether there exist fixed points with corresponding properties. On the other hand, any value of w̃ different from w̃ = −1 in the long-time limit would invalidate the split (97). Namely, for any w̃ < −1 the ratio^{ρ̃}_{ρ̃ef f} in (103) would grow to values larger than unity, which implies a negative energy density ρ̃_y together with a negative value of r̃ in (104). Consequently, a limit w̃ = −1 is simply necessary for our power-law solution to be applicable for the future universe with a > 1.

VII. DISCUSSION

We have solved a simple case of the TeVeS dynamics in a homogeneous, isotropic and spatially flat universe. The total effective energy density was split into two components in a way that allowed us to look for scaling solutions, i.e., solutions with a constant ratio of the energy densities of these components. One of the components is a scalar field with a potential part, related to Bekenstein’s F function, the other one represents a “fluid” contribution. TeVeS dynamics in the “Einstein frame” then corresponds to an interacting two-component dynamics with explicitly given coupling term.

The Einstein frame Hubble parameter is necessarily constant and Bekenstein’s F function is fixed. For the physical Hubble parameter we find a power-law solution, corresponding to a total effective energy density ρ̃_{eff} with an EoS parameter w̃_{eff} = −2−w̃, where w̃ is the “matter” EoS parameter. “Matter” is understood here in a general sense which includes w̃ < 0 as well. We establish an effective GR picture of the dynamics according to which the cosmic substratum consists of two separately conserved components: the first one is the mentioned “matter” with energy density ρ̃ and EoS parameter w̃, the second one is characterized by an energy density ρ̃_y ≡ ρ̃_{eff} − ρ̃ of geometrical origin and a (generally not constant) EoS parameter w̃_y which is calculated from the explicitly known dynamics of ρ̃_{eff} and ρ̃. A non-relativistic matter period of the cosmic expansion can only be obtained for w̃ = −2. The “matter” has to represent (phantom type) dark energy. For small values of the scale factor we find a non-relativistic matter-type phase w̃_{eff} = 0 with w̃_y → 0, i.e., the geometry based component acts as matter. Moreover, the dark energy fluid is dynamically irrelevant in this limit. However, its mere existence is absolutely necessary to obtain a realistic dynamics. This demonstrates that an equation of state for non-relativistic matter can be obtained within TeVeS on a purely geometrical basis. For the actual Universe the situation is less clear. But, of course, it has to be approximated by a different power-law solution. Assuming tentatively the ΛCDM motivated present value^{ρ̃0}_{ρ̃ef f,0} ≈^3_4 together with w̃_{y0} = 0, this requires a present dark energy EoS parameter of w̃ ≈ −1.14, which seems not yet ruled out by the data. In a sense, this picture, although perhaps surprising, is consistent with the original intention of MOND type theories, to avoid the introduction of a dark matter component. While our solution implies a geometrization of dark matter, the existence of a separate dark energy component is not only necessary to obtain the observed amount of accelerated expansion but also to recover a non-relativistic matter phase of the cosmic medium. Future investigations along these lines will have to include baryon and radiation components as well as perturbations about the homogeneous and isotropic background.

Acknowledgement: Financial support by FAPES and CNPq (Brazil) is gratefully acknowledged.

[1] A.G. Riess et al., Astron. J. 116, 1009 (1998); S. Perlmutter et al., Astrophys. J. 517, 565 (1999). [2] J.L. Tonry et al., Astrophys. J. 594, 1 (2003); M.V. John, Astrophys. J. 614, 1 (2004); P. Astier et al., J. Astron. Astrophys. 447, 31 (2006); A.G. Riess et al., astro-ph/0611572; D. Rubin et al., arXiv:0807.1108; M. Hicken et al., arXiv:0901.4804.

[3] S. Sarkar, Gen. Relativ. Gravit. 40, 269 (2008).

[4] S. Hanany et al., Astrophys. J. Lett. 545, L5 2000; C.B. Netterfield et al., Astrophys. J. 571, 604 (2002); E. Komatsu et al., arXiv:0803.0547.

[5] M. Colless et al., Mon. Not. R. Astron. Soc. 328, 1039 (2001); M. Tegmark et al., Phys. Rev. D 69, 103501 (2004); S. Cole et al., Mon. Not. R. Astron. Soc. 362, 505 (2005); V. Springel, C.S. Frenk, and S.M.D. White, Nature (London) 440, 1137 (2006).

[6] S. Boughn and R. Chrittenden, Nature (London) 427, 45 (2004); P. Vielva, E. Martínez–González, and M. Tucci, Mon. Not. R. Astron. Soc. 365, 891 (2006).

[7] D.J. Eisenstein et al., Ap.J. 633, 560 (2005), arXiv:astro-ph/0501171. [8] C.R. Contaldi, H. Hoekstra, and A. Lewis, Phys. Rev. Lett. 90, 221303 (2003). [9] A. Yu. Kamenshchik, U. Moschella and V. Pasquier, Phys.Lett. B511, 265 (2001); J.C. Fabris, S.V.B.

Gonçalves e P.E. de Souza, Gen. Rel. Grav. 34, 53 (2002); M. C. Bento, O. Bertolami and A. A. Sen, Phys. Rev. D66, 043507 (2002); J.C. Fabris, S.V.B. Gonçalves, H.E.S. Velten and W. Zimdahl, Phys. Rev. D 78, 103523 (2008).

[10] F. Zwicky, Helv.Phys. Acta 6, 110 (1933). [11] J. Einasto, arXiv:0901.0632. [12] L. Bergström, arXiv:0903.4849. [13] J.R. Primack, arXiv:0909.2021.

[14] M. Milgrom, Astrophys.J. 270, 365, 371, 384 (1983). [15] M. Milgrom, arXiv:0908.3842. [16] J.D. Bekenstein, PRD 70, 083509 (2004).

[17] C. Skordis, Class.Quant.Grav. 26, 143001 (2009), arXiv:0903.3602. [18] P.G. Ferreira and G.D. Starkmann, arXiv:0911.1212.

[19] J.-P. Bruneton and G. Esposito-Farèse, Phys.Rev.D 76, 124012 (2007), arXiv:0705.4043. [20] J.G. Hao and R. Akhouri, arXiv:astro-ph/0504130.

[21] L.M. Diaz-Rivera, L. Samushia, and B. Ratra, PRD 73, 083503 (2006).

[22] C.Skordis, D.F. Mota, P.G. Ferreira, and C. Boehm, Phys.Rev.Lett. 96, 011301 (2006);

arXiv:astroph/0505519.

[23] S. Dodelson and M. Liguori, Phys.Rev.Lett., 97, 231301 (2006); arXiv:astro-ph/0608602. [24] M.C. Chiu, C.M. Ko and Y. Tian, Astrophys.J. 636, 565 (2006). [25] H.S. Zhao and B. Famaey, Astrophys.J. 638, L9 (2006).

[26] F. Bourliot, P.G. Fereira, D,F. Mota and C. Skordis, PRD 75, 063508 (2007). [27] H.S. Zhao, Int.J.Mod.Phys.D 16,2055 (2008); astro-ph/0610056. [28] C. Skordis, PRD 74, 103513 (2006); PRD 77, 123502 (2008).

[29] P.G. Ferreira, C.Skordis, and C. Zunckel, Phys.Rev.D 78, 044043 (2008); arXiv:0806.0116. [30] C.E.M. Batista and W. Zimdahl, arXiv:0912.0998.

[31] Ch. Wetterich, Astron.Astrophys. 301, 321 (1995), arXiv:hep-th/9408025.

[32] J.-P. Uzan, Phys.Rev.D 59, 123510 (1999), arXiv:gr-qc/9903004. [33] L. Amendola, Phys. Rev. D 60, 043501 (1999), arXiv:astro-ph/9904120. [34] L. Amendola, Phys.Rev.D 62, 043511 (2000), arXiv:astro-ph/9908023. [35] C. Wetterich, Nucl. Phys. B 302, 668 (1988).

[36] D. Wands, E.J. Copeland, and A.R. Liddle, Ann. N.Y. Acad. Sci. 688, 647 (1993); E.J. Copeland, A.R.

Liddle, and D. Wands, Phys.Rev.D 57, 4686 (1998), arXiv:gr-qc/9711068. [37] P.G. Ferreira and M. Joyce, Phys. Rev. D 58, 023503 (1998). [38] W. Zimdahl, D. Pavón and L.P. Chimento, Phys. Lett. B 521, 133 (2001) . [39] S.M. Carroll, M. Hoffman and M. Trodden, PRD 68, 023509 (2003). [40] S.D.H. Hsu, A. Jenkins and M.B.Wise, Phys.Lett. B579, 270 (2004). [41] V. Sahni and Y. Shtanov, JCAP 0311, 014 (2003). [42] A. Lue and G.D. Starkman, PRD 70, 101501(R) (2004). [43] R.R. Caldwell, Phys.Lett. B545, 23 (2002); arXiv:astro-ph/9908168. [44] A. Vikhlinin et al., arXiv:0812.2720.

[45] J.C. Bueno Sanchez, S. Nesseris and L. Perivolaropoulos, arXiv:0908.2636.