arXiv:0912.3584v3 [hep-th] 5 Jun 2010

SINP/TNP/2009/27

Geometric Finiteness, Holography and Quasinormal Modes for the Warped AdS_3 Black Hole

Kumar S. Gupta^{a1}, E. Harikumar^{b2}, Siddhartha Sen^{c,d3} and M. Sivakumar^{b4}.

a Theory Division, Saha Institute of Nuclear Physics, 1/AF Bidhannagar, Calcutta 700064, India. b School of Physics, University of Hyderabad, Hyderabad 500046, India. c School of Mathematical Sciences, UCD, Belfield, Dublin 4, Ireland.

d Department of Theoretical Physics, Indian Association for the Cultivation of Science, Calcutta 700032, India.

Abstract

We show that there exists a precise kinematical notion of holography for the Euclidean warped AdS_3 black hole. This follows from the fact that the Euclidean warped AdS_3 black hole spacetime is a geometrically finite hyperbolic manifold. For such manifolds a theorem of Sullivan provides a one-to-one correspondence between the hyperbolic structure in the bulk and the conformal structure of its boundary. Using this theorem we obtain the holographic quasinormal modes for the warped AdS_3 black hole.

December 2009

PACS : 04.70.Dy, 04.62.+v

1 Introduction

BTZ black hole [1, 2] provides an example of the AdS/CFT correspondence [3, 4, 5]. It has been suggested that there is a unique CFT associated with the BTZ black hole, which provides a toy model of quantum gravity [6]. Recently a warped AdS_3 black hole has been found in topologically massive gravity [7, 8, 9, 10], where it was conjectured to be the holographic dual of a CFT [11].

For the Euclidean BTZ black hole, a mathematically precise kinematical description of holography was obtained [4, 12] using the idea of geometric finiteness [13, 14]. The demonstration of the holography for the Euclidean BTZ was based on a mathematical theorem due

1Email: kumars.gupta@saha.ac.in 2Email: harisp@uohyd.ernet.in 3Email: sen@maths.ucd.ie 4Email: mssp@uohyd.ernet.in

to Sullivan, which states that for a geometrically finite manifold with boundary, there is a one-to-one correspondence between the hyperbolic structure of the interior and the conformal structure of the boundary [13, 14]. The Sullivan’s theorem subsequently led to a geometric description [15] of the quasinormal modes [16, 17] for the BTZ black hole, which also provides an evidence for the AdS/CFT correspondence for the BTZ [5].

In this Letter we establish that the warped Euclidean AdS^3 black hole is a geometrically finite hyperbolic manifold. From Sullivan’s theorem, this implies the existence of a precise holographic correspondence between three dimensional hyperbolic structure of the warped AdS^3 black hole and the two dimensional conformal structure of its boundary, which is a warped two torus. This leads to relation between the monodromies of the solutions of the wave equations around the inner and outer horizons of the warped AdS_3 black hole. These monodromy relations are satisfied by a quantized set of frequencies. We call these the holographic quasinormal modes. Unlike the BTZ case [17, 15], here the frequencies obtained from the monodromy relations are closely related but not identical to the quasinormal frequencies obtained using Dirichlet boundary condition [18]. Quasinormal modes of massive scalar field for the warped AdS_3 black hole were obtained in [19, 20].

This Letter is organized as follows. In Section 2 we show that the Euclidean warped AdS^3 black hole is a geometrically finite hyperbolic manifold, which implies a precise kinematical notion of holography following from the Sullivan’s theorem. In Section 3, using Sullivan’s theorem for the Euclidean warped AdS^3 black hole, we obtain geometric relations between the monodromies of the scalar fields around the inner and outer horizons of the black hole. We also find a set of quantized frequencies as solutions to these monodromy equations. Section 4 concludes the paper with some discussions.

2 Holography for the Euclidean warped AdS^3 black hole

The action for the 3D topologically massive gravity (TMG) with a negative cosmological constant Λ = −^1_{l2} , defined on a 3 manifold M is given by [7, 8] S_{T MG} = 1 16πG ∫ M d^3x √ −g [ (R + 2 l^2 ) + 1 μ S_{CS} ] , (1)

where G is the Newton’s constant and μ is the coupling of the gravitational Chern-Simons action. This model describes the a quantum theory of chiral gravity when μl = 1 [9]. For other values of μl ≠ 1 and for μ > 0, although the AdS_3 vacua are unstable, the theory does admit stable warped AdS_3 solutions. It is useful to label the warped AdS_3 solutions of the 3D TMG in terms of a dimensionless constant ν =^{μl}_3 . For ν^2 > 1, this system admits black hole solutions which are free of closed timelike curves [21, 22]. In terms of Schwarzschild type coordinates (r, t, ϕ), the spacelike stretched black hole metric is given by

ds^2 = −N^2dt^2 + l^2R^2(dϕ + N^ϕdt)^2 + l^4dr^2 4R^2N^2

, (2)

where

R^2 = r 4 [ 3(ν^2 − 1)r + (ν^2 + 3)(r_+ + r_−) − 4ν √ r_+r_−(ν^2 + 3) ] , (3)

N^2 = l^2(ν^2 + 3)(r − r_+)(r − r_−) 4R^2

, (4)

N^ϕ = 2νr − √ r_+r_−(ν^2 + 3) 2R^2

. (5)

The black hole radii are denoted by r_+ and r_−. The metric (2) reduces to that for the BTZ black hole in a rotating frame when ν^2 = 1 [11].

The spacelike stretched (ν^2 > 1) black hole described above admits a geometric construction [11], very similar to that for the BTZ [2]. In order to see this, first note that AdS_3 can be described as a fibration of R over AdS_2. For such a spacelike fibration, the metric is given by

ds^2 = l^2 4 [ −dτ^2 + dα^2 + du^2 + 2 sinh αdβdτ ] , (6)

where the coordinates α, β, τ range from −∞ to ∞. A warped spacelike AdS_3 metric can then be given by ds^2 = l^2 ν^2 + 3 [ − cosh^2 αdτ^2 + dα^2 +

4ν^2 ν^2 + 3

(dβ + sinh αdτ)^2 ] . (7)

The key observation now is that the metric (2) for the spacelike stretched warped AdS_3 black hole can be locally mapped to the metric (7) for the warped AdS_3 space using local coordinate transformations [11]. These two spaces therefore differ only in their global properties and both have constant negative curvature. Moreover, the spacelike stretched warped AdS_3 black hole can be obtained from the warped AdS_3 space by quotienting the latter by a discrete subgroup of its isometry group [11]. Such an identification ensures the periodicity in the ϕ direction. The form of the identification made is given by Γ = {γ^n ≡ e^{2nπξ}, n ∈ Z}, (8) where, ξ = ν^2 + 3 8π [ A ∂_β + B (cos τ tanh α ∂_τ + sin τ ∂_α + cos τ cosh α

∂_β ) ] , (9)

A = r_+ + r_− − √ (ν^2 + 3)r_+r_− ν , (10) B = r_+ − r_−. (11)

The set Γ defines a discrete one parameter subgroup of the isometries of the warped AdS_3. The spacelike stretched warped AdS_3 black hole is obtained from the warped AdS_3 space by identifying points under the action of γ^n, γ = e^{2πξ}, n ∈ Z. Thus a point of the warped AdS_3 space with coordinates (α, β, τ) is identified with (α^′, β^′, τ^′) ≡ γ^n(α, β, τ) ∼ (α, β, τ), n ∈ Z. (12) Below consider the Euclidean continuation of the above spacetime. Since the hyperbolic character of the space is not affected by the warping, the Euclidean continuation of the warped AdS_3 has a 3D hyperbolic structure as well.

We now show that the space obtained by this identification is a geometrically finite hyperbolic manifold. Let ξ_E denote the Euclidean continuation of the Killing vector ξ and let the corresponding one parameter subgroup be denoted by Γ_E = {γ^n_E ≡ e^{2nπξE} , n ∈ Z}. (13) Γ_E is a discrete one parameter subgroup of the isometries of the Euclidean warped AdS_3 and is therefore a cyclic Kleinian group [23] with elements γ^n_E, n ∈ Z. Under the action of γ^n_E, an arbitrary point (α_E , β_E, τ_E ) of the warped Euclidean AdS_3 manifold goes to

γ^n_E : (α_E , β_E, τ_E ) → e^{2nπξE} (α_E, β_E , τ_E ), (14)

where the subscript E denotes the Euclidean continuation and specifically we have τ_E = iτ. The Killing vector ξ in (9) and the corresponding Euclidean version ξ_E are linear in the partial derivatives of the coordinates. In terms of α̃ =^{αE}_n , β̃ =^{βE}_n , γ̃ =^{γE}_n , we can rewrite (14) as (α_E, β_E , τ_E) → e^{2πξE (∂α̃,∂β̃ ,∂γ̃ )}(α̃n, β̃n, γ̃n). (15) Therefore, in the limit n → ±∞, an arbitrary point (α_E, β_E , τ_E ) of the warped Euclidean ADS_3 goes to (±∞, ±∞, ±∞) respectively. To see the nature of this limit set, note that the metric for the Euclidean warped ADS_3 is given by

ds^2_E = l^2 ν^2 + 3 [ − cosh^2 α_E dτ^2_E + dα^2_E +

4ν^2 ν^2 + 3

(dβ_E + sinh α_Edτ_E )^2 ] . (16)

It is therefore clear that as α_E , β_E , τ_E → ±∞, the metric (16) for the Euclidean warped ADS_3 collapses to a one dimensional metric corresponding to the τ_E direction only. From the above analysis we can conclude that the limit set of Γ_E consists of only two points, given by ∞ and −∞. Moreover, the limit set is independent of the chosen starting point. Since the limit set of Γ_E is finite and consists of only two points, the Kleinian group Γ_E elementary, and hence geometrically finite [24]. It therefore follow that the spacelike stretched Euclidean AdS_3 black hole is a geometrically finite Kleinian manifold. The boundary of this space is topologically equivalent to a two torus.

From the above analysis it follows that the Euclidean warped ADS_3 black hole spacetime satisfies the conditions for the validity of the Sullivan’s theorem.This implies that there exists a one-to-one correspondence between the hyperbolic structure of the interior of the Euclidean warped ADS_3 black hole and the conformal structure of its boundary, the latter being labelled by the Teichmuller parameter of a two torus. We therefore conclude that there exists a precise mathematical kinematical notion of holography for the Euclidean warped ADS_3 black hole.

3 Holographic quasinormal modes

For the BTZ black hole, quasinormal modes for a scalar field can be obtained either by imposing Dirichlet boundary conditions at infinity or by imposing certain relations between monodromies of the solutions of Klein-Gordon equations around the black hole horizons [17]. The notion of holography, via the Sullivan’s theorem, provides a geometrical basis for these monodromy relations [15]. In this Section we shall obtain similar monodromy relations for the warped ADS_3 black hole and find the frequencies that would satisfy these relations.

The boundary of the warped ADS_3 black hole is topologically equivalent to a two torus T^2 and the corresponding Teichmuller space is given by a fundamental region of the complex variable τ. Two Teichmuller parameters τ and τ^′ are equivalent if

τ^′ = aτ + b cτ + d , ad − bc = 0 (17) and a, b, c, d ∈ Z. The transformation is the action of the modular group on τ generated by S : τ → − 1 τ ; T : τ → τ + 1 (18)

For the warped ADS_3 black hole, the inner and outer radii can be interchanged by a suitable combination of these generators, which we denote by Q ∈ SL(2, Z).

We proceed to determine the monodromies of the solutions of the massless scalar field equation in the background of warped ADS_3 black hole [18] about the horizons r = r_±. The wave equation is given by ∇^2_Lχ = 0 (19) Setting χ = Ψ(r) exp{iωt + iμθ}, Ψ(r) was found to be

Ψ(r) = C_1(r − r_−)^{−A}(r − r_+)^B F [A_−, B_−, C_−;

r_+ − r r_+ − r_− ] + C_2(r − r_−)^{−A}(r − r_+)^{−B} F [A_+, B_+, C_+;

r_+ − r r_+ − r_−

], (20)

where A = √_{αr2−+βr−+γ} r_+−r_− , B = √_{αr2++βr++γ} r_+−r_− , (21)

A_± = ∓B − A +^1_2 (1 ± √ 1 + 4α), (22) B_± = A_± ∓ √ 1 + 4α, C_± = 1 ± 2B. (23)

In the above, we have used,

α ≡ −3ω^2(ν^2 − 1)(ν^2 + 3)^{−2}, (24) β ≡ −[ω^2(ν^2 + 3)(r_+ + r_−) − 4ν(ω^2 √ r_+r_−(ν^2 + 3) − 2μω)](ν^2 + 3)^{−2}, (25) γ ≡ −4[μ^2 − ωμ √ r_+r_−(ν^2 + 3) ](ν^2 + 3)^{−2} (26)

Let P (r_+) denote the monodromy of the solution of the Klein-Gordon equation around the outer horizon r_+. For this purpose we consider only that part of the solution which is purely ingoing at r = r_+ [17], which is obtained from Eqn. (20) with C_1 = 0 [18], given by

Φ(r) = C_2(r − r_−)^{−A}(r − r_+)^{−B} F [A_+, B_+, C_+;

r_+ − r r_+ − r_−

]. (27)

The monodromy depends on the metric of the warped ADS_3 black hole, or equivalently on the hyperbolic structure. On the other hand, the conformal structure of the boundary is defined by the Teichmuller parameter. As stated before, two Teichmuller parameters related by the action of the modular group are identified. Since Sullivan’s theorem provides a one-to-one correspondence between the hyperbolic structure and the conformal structure, the monodromies related by the modular transformations should be identified as well. Therefore, under the action of Q ∈ SL(2, Z), we have QP (r_+) = P (r_+). (28) Note that Q is the transformation which interchanges r_+ with r_−. Therefore, we also have

QP (r_+) = P (Qr_+) = P^±(r_−), (29)

where the ± sign correspond to the two analytic continuations of Eqn. (27) to r = r_−.

We first calculate the monodromy using the ingoing part of Φ(r) given in Eqn.(27). The monodromy at r = r_+ can be read off easily from (27) and is given by

P (r_+) = e^{−2πiB} . (30)

To find the same at r = r_−, first we analytically continue Eqn.(27) to r → r_−. For this, we use the transformation of the hypergeometric function [25], F (a, b; c, z) = Γ(c)Γ(c − a − b) Γ(c − a)Γ(c − b) F (a; b, a + b = c; 1 − z) + (1 − z)^{c−a−b} Γ(c)Γ(a + b − c)

Γ(a)Γ(b) F (c − a, c − b; c − a − b + 1, 1 − z). (31) Using Eqns. (27) and (3), we find that the monodromies at r = r_− as

P^+(r_−) = e^{−2πiA}, P^−(r_−) = e^{2πi(A+4B)} (32)

Finally, using the conditions on the monodromies following from the Sullivan’s theorem given by P (r_+) = P^±(r_−) and using Eqns. (21)-(26), we find the holographic quasinormal frequencies as ω_L = i

(ν^2 + 3)n 2ν , ω_R = −

(6μ +^{in}_2 (ν^2 + 3)(r_+ − r_−) ν(r_− + 5r_+) − 3 √ r_+r_−(ν^2 + 3) n ∈ Z (33)

Since these frequencies are obtained using the Sullivan’s theorem, we call these as the holographic QNM frequencies. The ω_L is consistent with that obtained in [18] whereas the expression for ω_R is different from that obtained using the Dirichlet condition. We make further comments about this in the concluding section.

4 Conclusions

In this Letter we have shown that the warped Euclidean ADS_3 black hole is a geometrically finite manifold. For such manifolds, Sullivan’s theorem provides a one-to-one correspondence between the hyperbolic structures of the interior and the conformal structures of the boundary. Thus the theorem provides a precise kinematical notion of holography (AdS/CFT correspondence) which was conjectured in [11].

The Sullivan’s theorem also provides a relation between the monodromies of the solutions of the wave equation around the inner and outer horizons of the warped ADS_3 black hole. For the BTZ case, the solution of such monodromy relations leads to the QNM frequencies [17, 15]. For the warped ADS_3 black hole the monodromy relations are satisfied by a quantized set of frequencies. However, one set of these holographic QNM frequencies differ from the QNM obtained from the Dirichlet condition [18]. This is very different behaviour compared to the BTZ case, where the nonqnm frequencies obtained from the monodromy conditions agree with that obtained using the Dirichlet condition [17].

Quasinormal modes obtained using the Dirichlet boundary conditions can be shown using general considerations to determine the poles of the retarted Green’s function of the two-point function corresponding to the operator in the dual CFT of the scalar field in the bulk, see [26] for a recent review. Since the holographic quasi-normal modes differ from that obtained by the Dirichelt boundary conditions, then it is clear they do not determine the poles of the Green’s function. It will be certainly interesting to see what these modes determine for the dual CFT Green’s function as the authors mention.

In order to investigate these issues, it would be important to analyze the dual CFT [5] for the warped AdS_3 case to find the relaxation time scales directly, which will allow the comparison of the CFT results with those obtained here and with those obtained from the Dirichlet condition.

Acknowledgments

One of us (SS) thank School of Physics, University of Hyderabad, where a part of this work was done while visiting as Jawaharlal Nehru Chair Professor.

References

[1] M. Banados, C. Teitelboim and J. Zanelli, Phys. Rev. Lett. 69, 1849 (1992).

[2] M. Banados, M. Henneaux, C. Teitelboim and J. Zanelli, Phys. Rev.D 48, 1506 (1993).

[3] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998).

[4] D. Birmingham, C. Kennedy, S. Sen and A. Wilkins, Phys. Rev. Lett. 82, 4164 (1999).

[5] D. Birmingham, I. Sachs, S. N. Solodukhin, Phys. Rev. Lett. 88, 151301 (2002).

[6] E. Witten, arXiv:0706.3359 [hep-th].

[7] S. Deser, R. Jackiw and S. templeton, Annals. Phys. 140, 372 (1982). [8] S. Deser, R. Jackiw and S. Templeton, Phys. Rev. Lett. 48, 975 (1982). [9] W. Li, W. Song and A. Strominger, JHEP 0804, 082 (2008).

[10] S. Carlip, Stanley Deser, A. Waldron and D.K. Wise, Phys. Lett. B 666, 272 (2008). [11] D. Anninos, W. Li, M. Padi, W. Song and A. Strominger,JHEP 0903, 130 (2009). [12] D. Birmingham, I. Sachs, S. Sen, Int. Jour. Mod. Phys. D10, (2001) 833. [13] D. Sullivan, in Proceedings of the 1978 Stony Brook Conference on Riemann Surfaces and Related Topics, edited by I. Kra and B. Maskit, Annals of Mathematics Studies No. 97, Princeton University Press, Princeton, New Jersey, 1981;

[14] C. McMullen, Bull. Am. Math. Soc. 27 (1992) 207; Invent. Math. 99, (1990) 425. [15] Kumar S. Gupta and Siddhartha Sen, Phys. Lett. B 618, 237 (2005). [16] S.F.J. Chan and R.B. Mann, Phys. Rev. D55 (1997) 7546. [17] D. Birmingham and S. Carlip, Phys. Rev. Lett. 92, (2004) 111302. [18] J. J. Oh and W. Kim, JHEP 0901 (2009) 067. [19] H.-C. Kao and W.-Y. Wen, JHEP 0909 (2009) 102 [20] B. Chen and Z.-B. Xu, JHEP 0911 (2009) 091.

[21] A. Bouchareb and G. Clement, Class. Quant. Grav. 24, 5581 (2007). [22] K. A. Moussa, G. Clement, H. Guennoune and C. Leygnac, Phys. Rev. D78, 064065 (2008).

[23] J. G. Ratcliffe, Foundations of Hyperbolic Manifolds, (Springer, 2006) [24] B. Maskit, Kleinian Groups, (Springer-Verlag, Berlin, 1988).

[25] M. Abramowits and I. A. Stegun, Handbook of Mathematical Functions (Dover, New York, 1970).

[26] E. Berti, V. Cardoso and A. O. Starinets, Class. Quant. Grav. 26 (2009) 163001.