arXiv:0912.4265v1 [hep-th] 21 Dec 2009

December 23, 2009

THE KERR-FERMI SEA

Thomas Hartman, Wei Song, and Andrew Strominger

Center for the Fundamental Laws of Nature Harvard University, Cambridge, MA 02138, USA

Abstract

The presence of a massive scalar field near a Kerr black hole is known to produce instabilities associated with bound superradiant modes. In this paper we show that for massive fermions, rather than inducing an instability, the bound superradiant modes condense and form a Fermi sea which extends well outside the ergosphere. The shape of this Fermi sea in phase space and various other properties are analytically computed in the semiclassical WKB approximation. The low energy effective theory near the black hole is described by ripples in the Fermi surface. Expressions are derived for their dispersion relation and the effective force on particles which venture into the sea.

Contents

1 Introduction 1

2 Semiclassical limit of the Kerr-Unruh vacuum 3 2.1 E > μ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 E < mΩ_H and E < μ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3 The inner Fermi surface: mΩ_H < μ 7 3.1 The ground state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.1.1 Number density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.1.2 Angular momentum density . . . . . . . . . . . . . . . . . . . . . . . 9 3.1.3 ⟨Ψ̄Ψ⟩ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 3.2 Small fluctuations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

4 The outer Fermi surface: mΩ_H > μ 11

5 Sailing on the Fermi sea 12

A Non-extremal Kerr 13

B WKB limit of the Kerr-Dirac equation 14

1 Introduction

A massive scalar field has a dramatic effect on a rotating black hole. Small fluctuations of the scalar can grow exponentially - the so-called “black hole bomb” [1] - and classically destabilize the Kerr solution. Recently it has been argued [2] that this phenomenon both constrains the possible spectrum of light axions in our universe and predicts certain gaps in the mass-angular momentum spectrum of astronomical black holes.

The unstable modes arise from bound states with energies below the superradiant bound. They are localized in a “pocket” in the effective radial potential which is separated by a barrier both from infinity and the horizon. One way to view the instability (in the particle picture) is this: thermodynamically the superradiant modes want to form a Bose condensate in the pocket. This condensate then stimulates emission from the black hole, which leads to a larger condensate and even more emission. This runaway behavior is the black hole bomb.

It is not known if there are light scalars in the real world that could lead to such instabilities. We do know however that there are light fermions. In this paper we investigate the effects of a light fermion on a rotating black hole in the semiclassical WKB limit, which turn out to be equally dramatic but qualitatively different. The WKB limit is relevant for fermions whose Compton wavelength is small compared to the black hole radius. For a neutrino near a solar mass black hole the WKB expansion parameter is around 10^{−7}.

The leading WKB wave equation for a massive scalar and a massive fermion are identical and equivalent to the massive geodesic equation. Therefore the fermions also see a pocket outside the black hole with bound superradiant modes. However fermions cannot form a Bose condensate. Instead, in the standard Unruh vacuum, all the bound superradiant modes are filled, forming a Fermi sea which extends well outside the ergosphere. The low energy effective theory is described by ripples on the Fermi surface which can carry energies much below the fermion mass. In the WKB approximation, many properties of this Fermi sea turn out to be analytically calculable. We compute the number density of fermions, the fluid continuity equation and the force on a test particle which couples to the sea fermions.

In principle, it is conceivable that our results are relevant for understanding the properties of astronomically observable black holes, and the Kerr-Fermi sea a component of dark matter. In this paper we consider only the simplest case of a free fermion on a fixed geometry, and a number of issues must be addressed before our results can be applied to the real world. Among these are the effects of fermion interactions, gravitational backreaction and the rate at which the quantum state around a black hole formed by gravitational collapse approaches the Unruh vacuum.

In a completely different direction, our results may also be useful in the search for holographic duals for rotating condensates for example of the kind created in the laboratory in [3].

Recently it has been argued that the near-horizon deep-infrared region of extreme Kerr is dual to a two-dimensional conformal field theory (CFT) [4]. The Fermi sea described in this paper is localized a finite distance outside the horizon, and therefore is largely relevant at energies scales higher than those considered in [4]. Nevertheless the sea does touch the horizon and so may be relevant to the near-horizon CFT. Fermi seas of this type - localized outside the black hole - have been studied in the context of holographic superconductivity in [5, 6, 7, 8].

This paper is organized as follows. In section 2 we review the definition of the Unruh vacuum and describe the semiclassical limit. In sections 3 and 4 we find the shape of the Fermi surface in phase space, compute the number density and other feature of the ground state, and derive the equation governing small fluctuations. In section 5 we compute the force on a test particle which couples to the fermions along its worldline. Although we anticipate that our results hold qualitatively for general Kerr, for the sake of brevity we restrict to the maximally rotating case. The non-extremal case is considered briefly in appendix A and details of the WKB approximation are provided in appendix B.

2 Semiclassical limit of the Kerr-Unruh vacuum

A Schwarzschild black hole has two well-known time-symmetric vacua: the Hartle-Hawking vacuum, which has a thermal gas of particles and a smooth stress tensor at the horizon, and the Boulware vacuum which has no particles (according to static observers) and a singular stress tensor at the horizon. In addition there is a third time-asymmetric but stationary vacuum, the Unruh vacuum, which approximates the late-time asymptotic state around a black hole formed by gravitational collapse. It is characterized by no “in” particles from past radial infinity and a thermal flux of “up” particles from the past horizon H^−. These initial conditions result in outgoing Hawking flux at future infinity and a smooth stress tensor at H^+. The Unruh vacuum describes a black hole emitting blackbody radiation into empty space.

For the Kerr black hole, analogs of the Hartle-Hawking and Boulware vacua are known generically not to exist, see [9, 10, 11, 12, 13, 14, 15] for discussion. The basic problem is that one cannot equilibrate modes with respect to the rotational potential outside the speedof-light surface. The Unruh vacuum on the other hand does exist. For the sake of brevity we will specifically consider only the case of extreme Kerr except for appendix A where a few details of the general case are given. In the extreme case the Unruh vacuum is characterized by no incoming particles from past infinity and a “thermal” flux at zero temperature with nonzero angular potential Ω_H =^1_{2M} on H^−. This populates with unit probability all up modes with energy below the superradiant bound: E < mΩ_H where m = p_ϕ is the angular momentum of the mode. More explicitly, in terms of the expansion of the field operator for a Dirac fermion, Ψ = ∑ ℓ,m ∫ E>0 dE ( a^{in}_{Eℓm}ψ^{in}_{Em} + b^{in†}_{Eℓm}ψ^{in}_{−E−mℓ} ) + ∑ ℓ,m ∫ E>mΩ_H dE ( a^{up}_{Eℓm}ψ^{up}_{Em} + b^{up†}_{Eℓm}ψ^{up}_{−E−mℓ} ) , (2.1) where ℓ labels the angular eigenfunction, the Unruh vacuum is defined by a^{in}|0⟩ = b^{in}|0⟩ = a^{up}|0⟩ = b^{up}|0⟩ = 0 (2.2) for all a, b.

The massive Dirac equation cannot in general be solved analytically for Kerr so, although we know in principle which modes are occupied in the Unruh vacuum, it is difficult to determine quantities such as for example the stress tensor. In this paper we are interested in the leading semiclassical or WKB approximation, in which case it turns out the leading behavior of many quantities of interest is analytically calculable. The semiclassical expansion parameter is the ratio^1_{μM} of the Compton wavelength of the particle to the Schwarzschild radius. For a neutrino near a solar mass black hole this is^1_{μM} ∼ 10^{−7}.

The semiclassical approximation begins with the phase space of a massive particle in the Kerr geometry which is labeled by the 6 coordinates (r, θ, ϕ, p_r, p_θ, p_ϕ) . This phase space is constrained by the required existence of a real four vector p_ν obeying p^ν p_ν = −μ^2, with p_t = −E, and lying in the future light cone.^1 We then define single particle states as cells of volume ℏ^3 in this phase space. A quantum state on the entire spacetime is specified by giving the occupation numbers of each of these states.^2 For fermions it can only be zero or one. For Dirac fermions, as shown in appendix B, we need four copies of this space corresponding to spin up and spin down particles and anti-particles.

Cells in phase space are mapped to orbits by the action of the Hamiltonian, which in turn lift to pieces of WKB limits of solutions of the massive Dirac equation. The cell is then filled if the corresponding semiclassical field mode is. Since the Unruh vacuum is stationary, all cells on the same orbit are filled with the same probability. Clearly a necessary condition for an orbit to be filled is E < mΩ_H . (2.3)

In general, the WKB limit of a given solution has real “under-the-barrier” regions as well as oscillatory regions. More than one oscillatory region corresponds to more than one classical orbit separated by a potential barrier. Moreover, it may happen that one or more of the oscillatory regions corresponds to an “anti-orbit” with momentum vector p^μ which lies in the past rather than the future light cone. Indeed this occurs in flat space. In the case of fermions these anti-orbits correspond to the negative-energy particles filling the Dirac sea. In the case of Kerr we shall encounter anti-orbits with positive energy inside the ergosphere.

Orbits are characterized by the three conserved quantities E, m and the Carter constant Q (defined in the next section) which are functions on phase space. Let us now consider the various possibilities in turn. 2.1 E > μ Orbits with E > μ have energy greater than their rest mass and are therefore not bound. They all reach infinity in the far past and/or future. Those which do cross the horizon must

1This constraint can be expressed [16] as g_{ϕϕ}E > −g_{tϕ}m.

2The notion of a particle depends on the choice of a coordinate system. In this paper we will use Boyer- Lindquist coordinates. Our operational definition of a particle in a given orbit is an occupied mode of the associated WKB wavefunction. This may become unphysical inside the ergosphere where static observers in Boyer-Lindquist coordinates are moving above lightspeed. In section 5, we will compute something more physical: the force on a probe which couples to the fermions comprising the Fermi sea.

have p_μχ^μ_H < 0, (2.4)

where χ_H = ∂_t + Ω_H ∂_ϕ is the null generator of the horizon, as both p and χ_H are futuredirected at the horizon. The condition (2.4) may be rewritten as E > mΩ_H , so we conclude that such unbound orbits are unfilled.

If E > μ and E < mΩ_H , the effective potential governing the WKB wavefunction has a barrier separating the near horizon region from the far region, under which the wave function must tunnel. In the semiclassical limit, this barrier is infinite, and the eigenmodes on the near and far side of the potential do not mix. Those on the far side begin at spatial infinity and return there after reflecting off the barrier. Such modes are not populated in the Unruh vacuum. Those on the near side begin and end at the horizon. However if they have E < mΩ_H and cross the horizon, the momentum vector must lie in the past light cone and they correspond to anti-orbits. These modes are filled in the Unruh vacuum in the same sense that the negative energy modes in flat space are filled in the usual Dirac sea.

Away from the strict semiclassical limit, the WKB wave functions on the near and far regions have exponentially suppressed tunneling through the potential barrier. This is the well-known Unruh-Starobinsky radiation of fermions [17, 9].

2.2 E < mΩ_H and E < μ

These orbits cannot reach infinity because their energy is less than their rest mass. They also cannot cross the horizon as they do not satisfy (2.4). They are bound orbits which remain a finite distance outside the black hole. One expects that they are filled since they are near the horizon which behaves like a reservoir for modes with E < mΩ_H . We will see this is indeed the case.

To illustrate the point, let’s take a specific orbit on the equator with say E =^{7μ}_8 and m =^μ_Ω . In the WKB limit the radial equation for the wave function becomes a Schrödinger problem (−∂^2_s + V )ψ = 0, (2.5)

with a potential V = μ^2M^2( 15 64 e^{2s} − 17 16 e^s − 23 64 + 7 8 e^{−s} − 1 16 e^{−2s}), (2.6)

where s = log(r/M − 1), illustrated in figure 1.

This potential is of course the same as the one that appears in the geodesic equation for the corresponding orbits. The horizon is at r = M, s = −∞. V goes to −∞ at the horizon and +∞ far from the black hole. In between there is a local minimum at s_{min} = 0.93, and a

Figure 1: Potential at E =^7_8 μ, m = 2Mμ in units of μ^2M^2. The horizon is at s = −∞ and the boundary of the ergosphere at s = 0.

maximum at s_{max} = −1.97. The zeros are at (s_1, s_2, s_3) = (−2.61, −0.27, 1.55). The WKB solution is ψ(s) ∼ e^{− ∫ s ds′} √_{V (s′)} , (2.7) where we take the branch of the square root which is positive at s → ∞ where the wave function vanishes. At s → −∞ ψ ∼ e^{±i μM}4^{e−s−i 7μ}8^{t+i2μMϕ}. Since the wave function emanates from H^− rather than radial infinity and has E < mΩ_H the mode is filled in the Unruh vacuum.

The zeros of V (s_1, s_2, s_3) divide the real and oscillatory regions. The two oscillatory regions have −∞ < s < s_1 and s_2 < s < s_3. In the first region g_{ϕϕ}E < −g_{tϕ}m, so we have an anti-orbit. The filled mode does not correspond to a real particle in the sense that a geodesic observer very near the horizon will not see any particles. Note that even though E, m and Q are the same everywhere, it need not be the case that the tangent vectors in both oscillatory regions are both in the future light cone. The second region indeed has g_{ϕϕ}E > −g_{tϕ}m and corresponds to a bound orbit in the equatorial plane (since we took Q = 0) around the black hole. Since this orbit arises as the WKB limit of a filled mode, all the fermion states in this orbit are filled.

We note that the so-called Penrose orbits, which have E < 0, can readily be shown [16] to always have E > mΩ_H . Hence filled orbits always have positive energy.

To summarize, the filled portion of the Fermi sea is the region of phase space obeying

E < min(μ, mΩ_H ). (2.8)

These are the bound orbits with energies below the superradiant bound. We will refer to the E = mΩ_H surface as inner and the E = μ surface as outer because the typical radii of orbits grows with angular momentum.

3 The inner Fermi surface: mΩ_H < μ

The Fermi sea and surface each have two portions divided along the 5-dimensional hypersurface m = μ/Ω_H in phase space. In this section we analyze the inner surface m < μ/Ω_H . The outer surface with m > μ/Ω_H is analyzed in section 4.

3.1 The ground state

The extreme Kerr metric is

ds^2 = − Δ ρ^2 ( dt − M sin^2 θdϕ )_2 + sin^2 θ ρ^2 ( (r^2 + M^2)dϕ − Mdt

)_2 + ρ^2 Δ dr^2 + ρ^2dθ^2 (3.1)

Δ ≡ (r − M)^2 , ρ^2 ≡ r^2 + M^2 cos^2 θ ,

where we take Planck units G = ℏ = c = 1. The horizon is at r = M. The angular velocity of the horizon is Ω_H = 1 2M . (3.2)

The 6-dimensional phase space for a particle in the Kerr geometry has coordinates (r, θ, ϕ, p_r, p_θ, m) where we denote m = p_ϕ. The Fermi surface is a 5-dimensional hypersurface in the phase space, given by E(r, θ, ϕ, p_r, p_θ, m) = mΩ_H (3.3) where, for particle mass μ, E = −p_t is the solution of the quadratic equation

p^μp_μ = −μ^2 (3.4)

such that p^μ is in the future light cone. It is sometimes convenient to eliminate p_θ in favor of the conserved quantity [18]

Q = p^2_θ +

(m − ME sin^2 θ)^2

sin^2 θ

+ M^2μ^2 cos^2 θ − (m − ME)^2 (3.5)

known as the Carter constant. In terms of Q the general form of potential appearing in the radial equation Δp^2_r + V = 0, or equivalently in the WKB Schrödinger equation (2.5) is V = − 1 Δ ( E(r^2 + M^2) − mM

)_2

+ μ^2r^2 + (m − ME)^2 + Q. (3.6)

The insertion of the surface condition (3.3) into (3.4) yields

Δp^2_r = χm^2 − p^2_θ − μ^2ρ^2 (3.7) = r^2 + 2Mr

4M^2 m^2 − μ^2r^2 − Q

where χ = ρ^2 Δ sin^2 θ

|∂_t + Ω_H ∂_ϕ|^2 (3.8) = 5 4 + r 2M + r^2 4M^2

− csc^2 θ − 1 4 sin^2 θ

Therefore for the ground state the Fermi surface is at the real values of

p_r = ± √ χm^2 − μ^2ρ^2 − p^2_θ Δ ≡ ±σ_0 (3.9)

where the ± denote the two branches of the hyperbola. Note that near the north pole, sin θ → 0, and χ → −∞ so p_r can never be real. Hence the Fermi surface does not extend all the way to the poles.

3.1.1 Number density

Its interesting to compute the fermion density. The measure on phase space is, for ℏ = 1, 1 (2π)^3 dr ∧ dθ ∧ dϕ ∧ dp_r ∧ dp_θ ∧ dp_ϕ. (3.10) The total number of fermions present is just the volume of the Fermi sea computed with this measure. The density of fermions as a function of (r, θ, ϕ) is N(r, θ, ϕ) = 1 (2π)^3 √ h ∫ sea dp_r ∧ dp_θ ∧ dp_ϕ (3.11)

= 4 (2π)^3 √ h ∫_{2Mμ} μρ/ √ χ dm ∫ √_{χm}2_{−μ}2_ρ2 0 dp_θσ_0 = μ^3 (2π)^2 √ hΔ (4M^3χ 3 − Mρ^2 + ρ^3 3 √ χ )

where h is the induced metric on a constant time slice and √ h = ρ sin θ √ (r^2 + M^2)^2 − M^2Δ sin^2 θ Δ . (3.12)

For radii r of order M, ρ ∼ M, Δ ∼ M^2, √ h ∼ M^2 and χ ∼ 1. It then follows that N ∼ μ^3. This is just the statement that in the vicinity of the black hole there is of order one fermion per Compton cube. At large r, we have ρ ∼ r, Δ ∼ r^2, √ h ∼ r^2 and χ ∼^{r2}_{4M 2} .

In this limit the range of the m integral goes to zero and the leading and subleading terms in N cancel. The leading nonvanishing term gives N ∼ μ^3(^M_r )^3. There is a log divergence at large r in the total number of fermions.

3.1.2 Angular momentum density

It is easy to compute the angular momentum density L by just inserting a factor of m in the Fermi sea integral (3.11). One finds L(r, θ, ϕ) = πμ^4 4(2π)^3χ √ hΔ ( 4M^2χ − ρ^2

)_2

. (3.13)

Again there is a large r cancellation, and the leading behavior is L ∼ μ^4M(^M_r )^3. The angular momentum of the black hole itself is J = M^2. If we impose a large radius cutoff r_c, the ratio of the Fermi sea angular momentum to the back hole angular momentum is^3 L J ∼ μ^4M^2 ln r_c M . (3.14)

In Planck units, the mass of the sun is 10^{38}, while a typical neutrino mass is 10^{−31}. Hence for the neutrino sea around a solar mass black hole, for L to be of order J we need r_c M ∼ 10^{1048} . For r of order M,^L_J ∼ 10^{−48}. In this example the semiclassical expansion parameter^1_{μM} ∼ 10^{−7} is very small. The computation of the energy density is a bit more involved but one expects on dimensional grounds E ∼ μ^4(^M_r )^3 which is also small. Hence the backreaction of the Fermi sea on the geometry is suppressed.

3.1.3 ⟨Ψ̄Ψ⟩

In the WKB approximation (discussed in appendix B), the current for a single particle mode ψ_± labeled by p^μ is ψ̄γ^μψ = ± 1 μ ψ̄ψp^μ + O(ℏ) , (3.15)

where the sign is positive for particles and negative for antiparticles. Because the sea has an equal number of particles and antiparticles, the total current vanishes

⟨Ψ̄γ^μΨ⟩ = 0 . (3.16)

3The total angular momentum also has a logarithmic divergence at the horizon. This divergence does not appear away from extremality, and is similar in form to well-studied divergences of the stress-tensor near the horizon of an extremal Reissner-Nordstrom black hole. In the latter case the divergence appears to be rather benign and eliminated by gravitational backreaction - see [19] and references therein. A similar outcome may pertain to extreme Kerr.

In the semiclassical approximation, ⟨Ψ̄Ψ⟩ has real and positive contributions from both particles and antiparticles. The expectation value is given by summing (3.15) over the Fermi sea,

⟨Ψ̄Ψ⟩ = 4μ (2π)^3 √ −g ∫ sea dmdp_θdp_r 1 p^t (3.17) = 8πμρ^2 (2π)^3 √ −gΔ ∫_{μ/ΩH} μρ/ √ χ dm (mΩ_H − E_{min}) where the factor of 4 comes from particles and antiparticles of each spin, and E_{min} = 1 α ( 2M^2rm + ρ √ Δ(ρ^2m^2/ sin^2 θ) + Δαμ^2 ) (3.18)

with α ≡ −2M^2r g_{ϕϕ} g_{tϕ} = (r^2 + M^2)^2 − ΔM^2 sin^2 θ (3.19)

is the minimum allowed energy of an orbit given r, θ, ϕ, m. Doing the final integral we find

⟨Ψ̄Ψ⟩ =

2μ^3ρ^2 (2π)^2 √ −gΔ [( Ω_H + g_{tϕ} g_{ϕϕ} ) m^2 μ^2 − mρ^2 √ Δ αμ sin θ √ m^2 μ^2 + α sin^2 θ ρ^2

(3.20)

− sin θ √ Δ log m μ + √ m^2 μ^2 + α sin^2 θ ρ^2 ]| | | m=μ/Ω_H

m=μρ/χ 3.2 Small fluctuations

In this section we derive the first-order differential equation governing the propagation of small disturbances of the Fermi sea. Denoting the top of the sea by σ = p_r(r, θ, ϕ, p_ϕ, m), the general equation for the evolution of the Fermi sea is ∂_tσ = [p_r, H] + ∂_{pϕ} σ[p_ϕ, H] + ∂_{pθ} σ[p_θ, H] − ∂_rσ[r, H] − ∂_ϕσ[ϕ, H] − ∂_θσ[θ, H] (3.21) where p_ϕ = m and H = E. The second term vanishes. Now we expand

σ = ±σ_0 + σ̃^±. (3.22)

(3.21) then becomes the fluid continuity equation

∂_tσ̃^± ± ∂_r(v^rσ̃^±) + ∂_ϕ(v^ϕσ̃^±) + ∂_θ(v^θσ̃^±) = 0 (3.23)

which is related to conservation of Ψ̄γ^μΨ. Here

v^i = ∂H ∂p_i (3.24) v^r = Δ √ r^2 + 2Mr −^{4M 2}_{m2} (μ^2r^2 + Q) r(r^2 + Mr + 2M^2) + M^2(r − M) cos^2 θ

(3.25)

v^ϕ =

2M(r − M cos^2 θ) csc^2 θ r(r^2 + Mr + 2M^2) + M^2(r − M) cos^2 θ

(3.26)

v^θ = 2M(r − M) √ Q − cos^2 θ[μ^2M^2 + m^2(^1_{sin2 θ} −^1_4 )] m[r(r^2 + Mr + 2M^2) + M^2(r − M) cos^2 θ]

(3.27)

4 The outer Fermi surface: mΩ_H > μ

In section 3 we found the inner Fermi surface for mΩ_H < μ given by the condition E = mΩ_H . Here we describe the case mΩ_H > μ in which case the Fermi surface is at E = μ where the orbits become unbound. In phase space the equation E = μ becomes

p_r = ±σ_0 = ± 1 Δ √ c_2m^2 − μc_1m + μ^2c_0 − p^2_θΔ (4.1) c_2 = M^2 − Δ csc^2 θ c_1 = 4rM^2 c_0 = 2Mr(r^2 + M^2)

Outside the ergosphere c_2 < 0 and the resulting contribution to the number density is

Ñ = 4 (2π)^3 √ h ∫_{μp+} 2Mμ dm ∫ √_{(c2m}2_{−μc1m+μ}2_{c0)/Δ} 0 dp_θσ_0 (4.2) = πμ^3 2(2π)^3 √ hΔ^32 [ 2c_0(p_+ − 2M) + c_1(4M^2 − p^2_+) −

2c_2 3 (8M^3 − p^3_+) ] (4.3)

p_+ = sin θ ( −2M^2r sin θ + √ 2Mr(r − M)ρ ) (r^2 − 2Mr + M^2 cos^2 θ)

(4.4)

At radius of order M, the number density is also of order μ^3 as in (3.11) so N ∼ Ñ. However at large radius (4.2) falls off more slowly than (3.11):

Ñ ∼ μ^3(M r )^{32} , as r → ∞ (4.5)

The angular momentum density goes as L ∼ μ^4M(^M_r ), while the energy density goes as E ∼ μ^4(^M_r )^{3/2}. For r ∼ M, the number, angular momentum and energy densities are comparable to those of the inner sea. However they fall off more slowly at large r.

The computation of ⟨Ψ̄Ψ⟩ is identical to that of the inner Fermi sea, except that in the final answer (3.20) the limits of integration are m = μ/Ω_H to m = μp_+.

5 Sailing on the Fermi sea

In this section we consider the effect of the Fermi sea on the trajectory of a particle with worldline coupling λ ∫ dτΨ̄Ψ (5.1)

to first order in the coupling λ which we take to be small. Here τ is the proper time along the particle trajectory X^μ(τ), which implies g_{μν} ∂_τ X^μ∂_τ X^ν = −1. There are two effects to consider: the change δE_F in the energy of the Fermi sea and the change δE_P in the energy of the test particle. Both of these result in an effective force on the test particle, and a modification of the geodesic equation if the particle is in free motion. We will assume in this section that the particle motion is slow enough so that effective description of the Fermi sea in terms σ given by (3.23) and the semiclassical description are valid.

The change in the particle energy is read directly off of the interaction (5.1). It is nonvanishing at leading order in λ because Ψ̄Ψ has a nontrivial vev, as computed for the inner sea in section 3. One finds simply δE_P = λ dτ dt ⟨Ψ̄Ψ⟩ (5.2)

To compute δE_F , note that the presence of the particle modifies the Dirac equation to

γ^μ∇_μΨ − (μ + δμ)Ψ = 0 (5.3)

with δμ = λ √ −g ∫ dτδ^4(x^μ − X^μ(τ) = λ √ −g dτ dt δ^3(x^i − X^i(t)) (5.4)

This in turn modifies the equation for the Fermi surface, which at linear level can be expressed as a source term for σ̃. The modification is found simply by replacing μ by μ + δμ in (3.9). This gives for the inner sea

σ̃^± = ∓ λμρ^2 √ (−g)Δ(χm^2 − μ^2ρ^2 − p^2_θ) dτ dt δ^3(x^i − X^i(t)) (5.5)

The contribution to the energy of such a “dimple” from every m and p_θ is − λmμρ^2 M √ (−g)Δ(χm^2 − μ^2ρ^2 − p^2_θ) dτ dt (5.6)

Now we integrate over p_θ and m and multiply by 4 (for particles and antiparticles of each spin) to get the total energy. This gives, where χ is positive, δE_F = − 2λμ^3ρ^2(r − 2M cot^2 θ) (2π)^2χ √ (−g)Δ dτ dt (5.7)

The gradient of this gives a force which vanishes at infinity and diverges on the horizon. At large r, δE_F goes as^{μ3}_{r2} and the force as^{μ3}_{r3} . The sign depends on the sign of λ.

There is also a dimple in the outer sea. Outside the ergosphere the energy is

δẼ_F = − 4λμ^3ρ^2 ( sin θ √ 2Mrρ − 2M(r − M cos^2 θ) ) (2π)^2 √ −gΔ(r^2 − 2Mr + M^2 cos^2 θ) dτ dt (5.8)

At large r, δẼ_F goes as μ^3r^{− 3}2 , and the force goes as μ^3r^{− 5}2 .

We note that the coupling (5.1) has the special property that, at first order, the presence of a particle only produces a dimple in the Fermi surface which follows the particle trajectory, but not a propagating wave. For more general couplings – such as ∫¯ Ψγ_μΨdX^μ – we do expect waves to be produced and propagate according to the fluid continuity equation (3.23).

Acknowledgements

We are grateful to Sean Hartnoll, Gary Horowitz, Alex Maloney, John McGreevy, and Eva Silverstein for useful conservations. This work was supported in part by DOE grant DE- FG02-91ER40654 and the Harvard Society of Fellows.

A Non-extremal Kerr

We now consider a black hole at temperature T_H , with rotational parameter a = J/M, horizon at r = r_+, and

Δ ≡ r^2 + a^2 − 2Mr , ρ^2 ≡ r^2 + a^2 cos^2 θ , Ω_H = a r^2_+ + a^2

. (A.1)

The inner Fermi surface, defined by setting E = mΩ_H in the geodesic equation, is

p_r = ± √ χm^2 − μ^2ρ^2 − p^2_θ Δ (A.2)

where χ = ρ^2 Δ sin^2 θ

|∂_t + Ω_H ∂_ϕ|^2 (A.3) = [Ω_H (r^2 + a^2) − a]^2 Δ − (1 − aΩ_H sin^2 θ)^2 sin^2 θ

. (A.4)

At finite temperature the Fermi surface is smoothed out, but modes with

0 < E < mΩ_H , |E − mΩ_H | ≪ T_H (A.5)

are filled with unit probability.

B WKB limit of the Kerr-Dirac equation

The WKB limit of the Dirac equation in a general curved spacetime is considered, for example, in [20, 21]. Expand the fermion wavefunction as a series in ℏ , ψ = exp(−iA/ℏ) ∞∑ n=0 (−iℏ)^na_n(x) . (B.1)

Plugging this into the Dirac equation, we have the leading order equation

(γ^μA_{,μ} − μ)a_0 = 0 . (B.2)

The existence of a nontrivial solution for a_0 requires

A^{,μ}A_{,μ} = −μ^2 . (B.3)

Therefore p_μ = −A_{,μ} is a congruence of timelike geodesics [20, 21]. Focusing on a single worldline of the congruence, for modes moving forward in time we can adjust the local tetrad so that p_a ≡ e^μ_a p_μ = (−μ, 0, 0, 0). (B.4) Then the leading order positive energy solution is^4

ψ_+ = e^{iℏ ∫ dxμpμ} (α_1, α_2, 0, 0)^T (B.5)

along the worldline, where D_μ(p^μα^2_{1,2}) = 0 . (B.6) To leading order in ℏ, the fermion bilinears are

ψ̄_+ψ_+ = |α_1|^2 + |α_2|^2 (B.7)

j^μ_+ = ψ̄_+γ^μψ_+ = ℏ 2μ [ (∇^μψ̄_+)ψ_+ − ψ̄_+∇^μψ_+ ] + ℏ 2μ ∇_ν [¯ ψ_+σ^{μν} ψ_+ ] (B.8) = p^μ μ (|α_1|^2 + |α_2|^2) (B.9)

where we have used the Gordon decomposition to compute the current.

Similarly, the negative frequency solution is

ψ_− = e^{− iℏ ∫ dxμpμ} (0, 0, β_1, β_2) (B.10) D_μ(p^μβ^2_{1,2}) = 0 (B.11)

4Our gamma matrices are γ^î = ( 0 σ^î −σ^î 0 ) , γ^{^0} = ( 1 0 0 −1 ) , where σ^î are Pauli matrices.

with the bilinears

ψ̄_−ψ_− = −(|β_1|^2 + |β_2|^2) (B.12)

j^μ_− = p^μ μ (|β_1|^2 + |β_2|^2) . (B.13)

So far, we have shown that to leading order the Dirac equation decouples into four components, particles and antiparticles of spin up and spin down, where each component travels along an identical particle geodesic. We now specialize to the extreme Kerr metric. There are three conserved quantities, the energy E, the angular momentum m, and Carter’s constant Q. The Dirac field can be written as a mode sum Ψ = ∑ s=1,2 ∫ E>0 dEdmdQ (ãψ_+ + b̃^†ψ_−) (B.14)

where the WKB wavefunctions ψ_± and a, b depend on E, m, Q, s. Comparing to (2.1), we see that the Unruh vacuum has

ã|0⟩ = b̃|0⟩ = 0 (in modes) (B.15) ã|0⟩ = b̃|0⟩ = 0 (up modes, E > mΩ_H ) ã^†|0⟩ = b̃^†|0⟩ = 0 (up modes, E < mΩ_H )

Then we have J^μ ≡ ⟨Ψ̄γ^μΨ⟩ = ∫ sea dEdmdQ (j^μ_+ − j^μ_−) (B.16)

⟨Ψ̄Ψ⟩ = ∫ sea dEdmdQ μ p^t ( j^t_+ + j^t_− ) (B.17)

References

[1] W. H. Press and S. A. Teukolsky, “Floating orbits, superradiant scattering and the black-hole bomb,” Nature 238, 211 (1972); W. H. Press and S. A. Teukolsky, “Perturbations of a Rotating Black Hole. II. Dynamical Stability of the Kerr Metric,” Astrophys. J. 185, 649 (1973); T. Damour, N. Deruelle and R. Ruffini, “On Quantum Resonances In Stationary Geometries,” Lett. Nuovo Cim. 15, 257 (1976); T. J. M. Zouros and D. M. Eardley, “Instabilities Of Massive Scalar Perturbations Of A Rotating Black Hole,” Annals Phys. 118, 139 (1979); S. Detweiler, “Klein-Gordon Equation And Rotating Black Holes,” Phys. Rev. D 22, 2323 (1980); V. Cardoso, O. J. C. Dias, J. P. S. Lemos and S. Yoshida, “The black hole bomb and superradiant instabilities,” Phys. Rev. D 70, 044039 (2004) [Erratum-ibid. D 70, 049903 (2004)] [arXiv:hep-th/0404096]; S. R. Dolan, “Instability of the massive Klein-Gordon field on the Kerr spacetime,” Phys. Rev. D 76, 084001 (2007) [arXiv:0705.2880 [gr-qc]]; S. Hod and O. Hod, “Analytic treatment of the black-hole bomb,” arXiv:0910.0734 [gr-qc]; J. G. Rosa, “The extremal black hole bomb,” arXiv:0912.1780 [hep-th].

[2] A. Arvanitaki, S. Dimopoulos, S. Dubovsky, N. Kaloper and J. March-Russell, “String Axiverse,” arXiv:0905.4720 [hep-th].

[3] V. Schweikhard, I. Coddington, P. Engels, V. P. Mogendorff and E. A. Cornell, “Rapidly Rotating Bose-Einstein Condensates in and near the Lowest Landau Level,” Phys. Rev. Lett. 92, 040404 (2004) [arXiv:cond-mat/0308582].

[4] M. Guica, T. Hartman, W. Song and A. Strominger, “The Kerr/CFT Correspondence,” arXiv:0809.4266 [hep-th].

[5] S. S. Lee, “A Non-Fermi Liquid from a Charged Black Hole: A Critical Fermi Ball,” Phys. Rev. D 79, 086006 (2009) [arXiv:0809.3402 [hep-th]].

[6] H. Liu, J. McGreevy and D. Vegh, “Non-Fermi liquids from holography,” arXiv:0903.2477 [hep-th].

[7] T. Faulkner, H. Liu, J. McGreevy and D. Vegh, “Emergent quantum criticality, Fermi surfaces, and AdS2,” arXiv:0907.2694 [hep-th].

[8] S. A. Hartnoll, J. Polchinski, E. Silverstein and D. Tong, “Towards strange metallic holography,” arXiv:0912.1061 [hep-th].

[9] W. G. Unruh, “Second quantization in the Kerr metric,” Phys. Rev. D 10, 3194 (1974).

[10] D. A. Leahy and W. G. Unruh, “Angular Dependence Of Neutrino Emission From Rotating Black Holes,” Phys. Rev. D 19, 3509 (1979).

[11] P. Candelas, P. Chrzanowski and K. W. Howard, “Quantization Of Electromagnetic And Gravitational Perturbations Of A Kerr Black Hole,” Phys. Rev. D 24, 297 (1981).

[12] V. P. Frolov and K. S. Thorne, “Renormalized Stress - Energy Tensor Near the Horizon of a Slowly Evolving, Rotating Black Hole,” Phys. Rev. D 39, 2125 (1989).

[13] B. S. Kay and R. M. Wald, “Theorems on the Uniqueness and Thermal Properties of Stationary, Nonsingular, Quasifree States on Space-Times with a Bifurcate Killing Horizon,” Phys. Rept. 207, 49 (1991).

[14] A. C. Ottewill and E. Winstanley, “The renormalized stress tensor in Kerr space-time:

General results,” Phys. Rev. D 62, 084018 (2000) [arXiv:gr-qc/0004022].

[15] A. C. Ottewill and E. Winstanley, “Divergence of a quantum thermal state on Kerr space-time,” Phys. Lett. A 273, 149 (2000) [arXiv:gr-qc/0005108].

[16] C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation, 1973 (Freeman: San Francisco).

[17] A. A. Starobinsky, Zh. Exp. i Teoret. Fiz., 64, 48 (transl. in Soviet Phys. JETP, 37, 28).

[18] B. Carter, “Hamilton-Jacobi and Schrodinger separable solutions of Einstein’s equations,” Commun. Math. Phys. 10, 280 (1968).

[19] S. P. Trivedi, “Semiclassical Extremal Black Holes,” Phys. Rev. D 47, 4233 (1993) [arXiv:hep-th/9211011].

[20] J. Audretsch, “Trajectories And Spin Motion Of Massive Spin 1/2 Particles In Gravitational Fields,” J. Phys. A 14, 411 (1981).

[21] R. Rudiger, “The Dirac Equation And Spinning Particles In General Relativity,” Proc.

Roy. Soc. Lond. A 377, 417 (1981).