arXiv:0912.4766v2 [astro-ph.CO] 28 Apr 2010

Noether Symmetry Approach in “Cosmic Triad” Vector Field Scenario

Yi Zhang^{a,b,1},Yun-Gui Gong^{a,2}, Zong-Hong Zhu^{b,3},

aCollege Mathematics and Physics, Chongqing Universe of Posts and Telecommunications, Chongqing 400065, China b Department of Astronomy, Beijing Normal university, Beijing 100875, China

Abstract

To realize the accelerations in the early and late periods of our universe, we need to specify potentials for the dominant fields. In this paper, by using the Noether symmetry approach, we try to find suitable potentials in the “cosmic triad” vector field scenario. Because the equation of state parameter of dark energy has been constrained in the range of −1.21 ≤ ω ≤ −0.89 by observations, we derive the Noether conditions for the vector field in quintessence, phantom and quintom models, respectively. In the first two cases, constant potential solutions have been obtained. What is more, a fast decaying point-like solution with power-law potential is also found for the vector field in quintessence model. For the quintom case, we find an interesting constraint C̃V^′_p = −CV^′_q on the field potentials, where C and C̃ are constants related to the Noether symmetry.

1Email: zhangyia@cqupt.edu.cn 2Email: gongyg@cqupt.edu.cn 3Email: zhuzh@bnu.edu.cn

1 Introduction

The inflationary paradigm was used as a resolution of the problems, such as horizon and flatness problems in standard cosmology [1]. The dark energy scenario was proposed to explain the current accelerating expansion of the universe found by the type Ia supernova observations [2]. Various candidates are suggested to explain the early and current accelerations. Assuming that a scalar field provides the driving force of the acceleration is the most popular and economic explanation. However, vector field scenarios are workable as well, which also have the advantage that their basic particle is present in nature. The vector field inflationary scenario was firstly proposed by Ford with the characteristic of a natural large scale anisotropy [3]. Nevertheless, now, at least three methods [4] could solve the anisotropic problem: they are the time-like vector field scenario [5], the“cosmic triad” vector field scenario [6] and the “N-flation” vector field model [7]. As important applications in the early universe, the vector field can be used in inflation [8], used as a curvaton [9], the stability is also discussed [10]. What is more, vector field is one of the p-form fields [11] and can be identified as the electricmagnetic field [12]. The vector field scenario is a worthy topic to work on.

However, these paradigms could not be satisfactorily established without considering their connection with a fundamental theory. Therefore, we have to face the problem of choosing suitable potentials from fundamental physics. The Noether symmetry approach has been revealed as a useful tool to find out exact solutions in cosmology. It is also an effective method to select models motivated at a more fundamental level. By choosing the constant of motion, Noether symmetry reduces the dynamical system. In most cases, results are integrable because of the conserved quantities. Results of previous works, which concern the scalar field cosmology [13, 14, 15] and the f(R) cosmology [16], are encouraging. Then, it is natural to ask what potential will be obtained in vector field scenario by applying the Noether symmetry approach. In the present paper, we try to give an answer. First of all, among the above three vector field scenarios, we choose the “cosmic triad” model to discuss, which is easy to deal with.

Observations suggest that the dark energy equation of state (EoS) parameter is in the range of −1.21 ≤ ω ≤ −0.89 [17] which has a possibility of crossing the phantom divider ω = −1. Although phantom type of matter with negative kinetic energy has well-known problems, it was implicitly suggested by astronomical observations and has also been widely studied as dark energy. It is phenomenologically significant and worthy of putting other theoretical difficulties aside temporally. Therefore, for a complete description, corresponding to the classification of the scalar fields, we discuss three types of matter in “cosmic triad” vector field scenario, which are the quintessence type of vector fields with positive kinetic terms, the phantom type of vector fields with negative kinetic terms, and the quintom type of vector fields with both positive and negative kinetic terms^4.

The paper is organized as follows. In section 2, we introduce the “cosmic triad” vector field model. In section 3, we introduce the Noether symmetry approach, and apply it to both quintessence and phantom cases. We perform the change of variables and get the solutions. In section 4, we discuss the application of Noether symmetry approach in vector field quintom case. In section 5, we draw our conclusions.

2 “Cosmic Triad” Scenario

Based on observations, we assume that the geometry of space-time is described by the flat Friedmann-Robertson-Walker (FRW) metric,

ds^2 = −dt^2 + a^2(t) 3∑ i=1 (dx^i)^2, (1)

where a is the scale factor. Meanwhile, as we consider both the vector fields and the dust matter in the system, the total action is

S_{tot} = S_A + S_m, (2)

where S_A is the action for vector fields, S_m is the action for dust matter. The density of dust matter can be expressed as ρ_m = ρ_{m0}(a_0/a)^{3γ} , where ρ_{m0} is an initial constant and 0 < γ ≤ 2. Here, we limit our analysis to γ = 1 which corresponds to the pressureless dust matter with P_m = 0.

The “cosmic triad” model [6], as a realistic vector field scenario, which can be derived from a gauge theory with SU(2) or SO(3) gauge group, is proved to be compatible with

4 The scalar field quintessence with positive kinetic term is proposed by Ref.[18]; the scalar field phantom with negative kinetic term is suggested by Ref.[19]; and the quintom with both positive and negative kinetic terms is proposed by Ref.[20]. And with the help of modified gravity, a lot of models could cross ω = −1 as well, for example in [21].

the background metric, with the following action

S_{A1} = ∫ d^4x √ −g [ R 16πG + 3∑ a=1 ( ϵ 1 4 F^a_{μν} F^{aμν} − V (A^{a2}) )] , (3)

where Latin indices label the gauge fields (a, b = 1, 2...), and Greek indices label the different space-time components (μ, ν = 1, 2...). F^a_{μν} = ∂_μA^a_ν − ∂_ν A^a_μ is the field strength, A^a_μ is the vector filed and A^{a2} = g^{μν} A^a_μA^a_ν . For the purpose of describing both the positive and negative kinetic terms, we put the parameter ϵ in the action. When ϵ = 1, the kinetic term of the “cosmic triad” is positive, and one has the vector field quintessence case. When ϵ = −1, the kinetic term of the “cosmic triad” is negative, and then one has the vector field phantom case. The action of the vector field quintom is

S_{A2} = ∫ d^4x √ −g [ R 16πG + 3∑ a=1 ( 1 4 F^a_{qμν} F^{aμν}_q − V_q(A^{a2}_q ) ) + 3∑ b=1 ( − 1 4 F^b_{pμν} F^{bμν}_p − V_p(A^{b2}_p ) )] , (4)

where the subscript q denotes quintessence and subscript p denotes phantom.

Following the assumption in Ref.[6], the “cosmic triad” scenario becomes compatible with spatial isotropy by using the assumptions below for the vector fields. For the quintessence and phantom cases,

A^b_μ = δ^b_μA(t) · a, (5)

and for action (4) which notifies the quintom, it is A^b_{pμ} = δ^b_μA_p(t) · a, A^b_{qμ} = δ^b_μA_q(t) · a, (6) where A, A_p, A_q are scalars. The three kinds of vector fields with the same kinetic terms point in three mutually orthogonal spatial directions and share the same time-dependent length. It turns out that this scenario is able to drive a stage of accelerating expansion in the universe, and exhibits tracking attractors that render cosmic evolution insensitive to initial conditions [6].

3 The Noether Symmetry Approach in Quintessence and Phantom Cases

As discussed in the introduction, we are looking for solutions induced by symmetries. Noether symmetry approach is such a powerful tool that it can find the solution for a given Lagrangian. This method looks for the related cyclic variables and consequently reduces the dynamics of the system to a manageable one. In vector field quintessence and phantom cases, we treat action (3) as a dynamical system in which the scale factor a and the scalar field A play the role of independent dynamical variables. Then a configuration space Q = (a, A) may be considered. To study the related symmetries, we need an effective point-like Lagrangian for the model whose variation with respect to the dynamical variables yields the correct equations of motion. Based on action (3), the point-like Lagrangian takes such a form

L_1 = L_{A1} + L_m = 3aȧ^2 − 3 m^2_{pl} ( ϵ a^3Ȧ^2 + aA^2ȧ^2 + 2a^2AȧȦ 2 − a^3V (A^2) ) + ρ_{m0} m^2_{pl} , (7)

where m^2_{pl} = (8πG)^{−1} is the Planck mass.

The “energy function” associated with L_{A1} is

E_{L1} = ∂L_1 ∂q̇_i q̇_i − L_1 = 3a^3 ( ϵ(Ȧ + HA)^2 2 + V (A^2) + ρ_{m0}a^{−3} 3 − m^2_{pl}H^2 ) , (8)

where q_i is the variable a or A in the configuration space. If considering the vanishing of the “energy function” as a constraint, we get the Friedmann equation

H^2 = 1 m^2_{pl} ( ϵ(Ȧ + HA)^2 2 + V (A^2) + ρ_{m0}a^{−3} 3 ) . (9)

And, the Euler-Lagrange equations associated with L_1 are d dt ( ∂L_1 ∂q̇_i ) − ∂L_1 ∂q_i = 0. (10)

When q_i = a, the explicit form of the equation can be written down as

Ḣ = −[2ϵ( Ȧ + HA)2 + V ′A] 2m^2_{pl} , (11)

which is called the Raychaudhuri equation, where V^′ = dV/dA. When q_i = A, the Euler- Lagrange equation is

Ä + 3HȦ + (2H^2 + Ḣ)A + ϵV^′ = 0. (12)

In the present paper, as both the positive and negative kinetic terms are discussed, it is natural and necessary to concern the EoS parameter which is related to the sign of the kinetic terms tightly. From the action (3), we can give out the energy density and the pressure of the vector fileds

ρ_A = 3ϵ 2 (Ȧ + HA)^2 + 3V (A^2), (13)

P_A = ϵ 2 (Ȧ + HA)^2 − 3V (A^2) + V^′A, (14)

then we can write down the EoS parameter

ω_A = P_A ρ_A = ϵ(Ȧ + HA)^2/2 − 3V (A^2) + V^′A 3ϵ(Ȧ + HA)^2/2 + 3V (A^2)

. (15)

When ϵ = 1, ω_A < −1 requires 2(Ȧ+HA)^2+V^′A < 0, and the potential must be “tachyonic” which means a negative V^′. When ϵ = −1, ω_A < −1 requires that −2(Ȧ +HA)^2 +V^′A < 0, we don’t need to make V^′ smaller than 0. However, the vector field scenario is different from the scalar field case, which just needs ϵϕ̇^2 < 0 if asking ω_ϕ < −1. Furthermore, the vector field quintessence and phantom allow that one crosses ω_A = −1.

The Noether symmetry approach consists in considering the two equations (11) and (12) as a second-order dynamical system with the following vector field which is an infinitesimal generator of a point transformation on the configuration space Q = (a, A) X = α ∂ ∂a + β ∂ ∂A + α̇ ∂ ∂ȧ + β̇ ∂ ∂Ȧ , (16)

where α and β are generic functions of a and A. And the tangent space for the related bundle is T Q = (a, A, ȧ, Ȧ). X can be treated as a vector field on T R^2, which is the tangent bundle of R^2, with natural coordinates (a, A, ȧ, Ȧ). The Lagrangian is invariant under the transformation X if

L_X L_1 = α ∂L_1 ∂a + dα dt ∂L_1 ∂ȧ + β ∂L_1 ∂A + dβ dt ∂L_1 ∂Ȧ = 0, (17)

where L_X stands for Lie derivative with respect to X. We claim that the dynamical system has Noether symmetries when L_X L_1 = 0. In this way, the transformation on the base space can preserve the second-order character of the dynamical field, with an explicit expression as a^2 m^2_{pl} (3αV + aβV^′) −Ȧ^2 ϵa^2 m^2_{pl} (A ∂α ∂A + a ∂β ∂A + 3α 2 )

−ȧ^2( ϵA^2 2m^2_{pl} α − α + ϵaA^2 m^2_{pl} ∂α ∂a − 2a ∂α ∂a + ϵaA m^2_{pl} β + ϵa^2A m^2_{pl} ∂β ∂a ) −aȧȦ( 2ϵAα m^2_{pl} + ϵaβ m^2_{pl} − 2 ∂α ∂A + ϵA^2 m^2_{pl} ∂α ∂A + ϵa^2 m^2_{pl} ∂β ∂a + ϵaA m^2_{pl} ∂β ∂A ) = 0. (18)

It gives a quadratic polynomial in terms of ȧ and Ȧ, whose coefficients are partial derivatives of α and β with respect to the configuration variables a and A. Thus the resulting expression is equal to zero if and only if these coefficients are zero

3αV + aβV^′ = 0, (19) 2A ∂α ∂A + 2a ∂β ∂A + 3α = 0, (20) ϵA^2 2m^2_{pl} α − α + ϵaA^2 m^2_{pl} ∂α ∂a − 2a ∂α ∂a + ϵaA m^2_{pl} β + ϵa^2A m^2_{pl} ∂β ∂a = 0, (21) 2ϵAα m^2_{pl} + ϵaβ m^2_{pl} − 2 ∂α ∂A + ϵA^2 m^2_{pl} ∂α ∂A + ϵa^2 m^2_{pl} ∂β ∂a + ϵaA m^2_{pl} ∂β ∂A = 0. (22)

The last two equations can be simplified by using Eq.(20), which are reduced to aβ m^2_{pl} + a^2 m^2_{pl} ∂β ∂a = 2 ∂α ∂A − αA 2m^2_{pl} , (23) −α + aA^2 m^2_{pl} ∂α ∂a − 2a ∂α ∂a + 2A ∂α ∂A = 0. (24)

In the present paper, we will use Eqs.(19), (20), (23), (24) as the Noether conditions with implicit symmetries. Particularly speaking, Eq.(24) is a partial differential equation for α. We can find two solutions for this equation, which are α = 0 and α = C_2A^{1/2} [22]. In the following subsections, combined with other Noether conditions, we will discuss the two corresponding full solutions in detail. Before that, we discuss the constants of motion firstly.

Following Ref.[13], the Noether conditions select constants of motion. The existence of a Noether symmetry in the model reduces the dynamics through cyclic variables. Firstly, we have to define the conjugate momenta p_{qi} = ∂L_1 ∂q̇_i , (25)

whose explicit expressions with different variables are

p_a = ∂L_1 ∂ȧ = 3(2aȧ − ϵ aA^2ȧ + a^2AȦ m^2_{pl} ), (26)

p_A = ∂L_1 ∂Ȧ = − 3ϵa^3 m^2_{pl} (Ȧ + HA). (27)

The equations of motion indicate ∂L_1/∂q_i = dp_{qi} /dt, and combined with Eq.(17), which gives out

L_X L_1 = d dt (αp_a + βp_A) = 0. (28)

Then, the required Noether constant of motion is deduced

αp_a + βp_A = Q = μ_0, (29)

where Q is the conserved charge with unclear physical meaning, and μ_0 is the corresponding constant. In other words, a symmetry exists if at least one of the functions α or β is different from zero. As byproducts, the constant of motion will be given out and the form of V (A^2) is determined in correspondence to such a symmetry.

3.1 Solution One: The Constant Potential

The simplest solution to Eq. (24) is α = 0. And from the other Noether symmetry conditions, the complete solution is obtained

α = 0, β = C_1a^{−1}, V = V_0, (30)

where C_1 and V_0 are constants of integration. This solution is equivalent to massless vector field plus a cosmological constant, and the solution is gauge invariant. Such a solution exists in the scalar field case as well. However, the difference between scalar field and vector field is that the value of β is a constant in the scalar field scenario, while it varies as a^{−1} in the vector field scenario. The solution indicates that the cyclic coordinate is a, and constant of motion can be expressed as −3C_1a^{−1} m^2_{pl} (a^3Ȧ + a^2ȧA) = Q = μ_0, (31)

which can be simplified as

(aA)˙ = a(Ȧ + HA) = μ̃_0 a = μ_0m^2_{pl} −3C_1a . (32)

When μ̃_0 = 0, Eq. (32) tells us that the kinetic energy of the vector field is zero, and the scalar field A(t) evolves as A ∝ a^{−1}. So the solution with μ̃_0 = 0 constrains the model just a cosmological constant type model.

When μ̃_0 ≠ 0, according to Eq.(32), we get (Ȧ+HA)^2 ∝ 1/a^4. The kinetic energy of the vector field behaves as a radiation field, so the solution constrains the model to radiation plus cosmological constant. For a viable dark energy or inflation model, the potential energy must dominate, and the model again behaves like the cosmological constant model.

Since V = V_0, V^′ = 0, the EoS parameter is

ω_A = ϵ(Ȧ + HA)^2/2 − 3V (A^2) 3ϵ(Ȧ + HA)^2/2 + 3V (A^2)

. (33)

If μ̃_0 ≠ 0, in the quintessence case, ϵ = 1, ω_A ≥ −1, and in the phantom case, ϵ = −1, ω_A ≤ −1. In both cases, EoS parameter ω_A is close to −1 and it does not cross the phantom divider ω_A = −1. That is the reason why we need to consider quintessence, phantom and quintom cases separately when the Noether symmetry is applied.

3.2 Solution Two: The Point-Like Solution

There is another solution which satisfies the Noether conditions:

A^2 = 2ϵm^2_{pl}, α = C_2A^{1/2}, β =

−4C_2A^{3/2} 3a , V = V_0(

A^2 m^2_{pl} )^{9/8}, (34)

where C_2 and V_0 are constants. For the phantom case where ϵ = −1, A^2 = −2m^2_{pl}, the value of the fields are not physical, so the solution only applies to the quintessence case. In other words, Noether symmetry may be used to select models. The value of the vector fields are constants, and that is why we call it the point-like solution. In this solution, the potential has a power-law form.

Based on Eq.(34), the Noether constant of motion is

3C_2A^{1/2}(2aȧ − aA^2ȧ + a^2AȦ m^2_{pl} ) + 4C_2A^{3/2} am^2_{pl} (a^3Ȧ + a^2Aȧ) = Q = μ_0. (35)

When A^2 = 2m^2_{pl} and the value of vector field keeps as constant Ȧ = 0, the above equation can be simplified as

2A^{1/2}H = μ̃_0 a^2

, (36)

where μ̃_0 = μ_0/3C_2. The solution is a(t) ∝ t^{1/2}, which describes the radiation era. Therefore, this solution is unable to explain the current accelerating expansion.

In summary, for the quintessence and phantom cases, the ”cosmic triad” vector field scenario with Noether symmetry behaves effectively like the cosmological constant model.

4 Noether Symmetry Approach in Quintom Case

In this section, we are going to apply the Noether symmetry approach to the quintom case. We look for the solution which crosses the phantom divider ω_A = −1. Based on the action (4), we can get the point-like Lagrangian

L_{A2} = 3aȧ^2 − 3 m^2_{pl} ( a^3Ȧ_q^2 + aA^2_qȧ^2 + 2a^2A_qȧȦ_q 2 − a^3V^2_q )

+ 3 m^2_{pl} ( a^3Ȧ_p^2 + aA^2_pȧ^2 + 2a^2A_pȧȦ_p 2 + a^3V_p ) . (37)

The energy density and pressure for the vector field are

ρ̃_A = 3 2 (Ȧ_q + HA_q)^2 + 3V_q − 3 2 (Ȧ_p + HA_p)^2 + 3V_p, (38)

P̃_A = 1 2 (Ȧ_q + HA_q)^2 − 3V_q + dV_q dA_q A_q − 1 2 (Ȧ_p + HA_p)^2 − 3V_p + dV_p dA_p A_p, (39)

and the equations of motion for A_q and A_p are

Ä_q + 3HȦ_q + (2H^2 + Ḣ)A_q + V^′_q = 0, (40) Ä_p + 3HȦ_p + (2H^2 + Ḣ)A_p − V^′_p = 0. (41)

The configuration space is Q = (a, A_q, A_p), and the generator of the Noether symmetry is X̃ = α̃ ∂ ∂a + β̃ ∂ ∂A_q + γ ∂ ∂A_p + ˙α̃ ∂ ∂ȧ + ˙β̃ ∂ ∂Ȧ_q + γ̇ ∂ ∂Ȧ_p , (42)

where α̃, β̃ and γ are generic functions of a, A_p, A_q. Noether symmetry requires L~_X (L_{A2} + L_m) = 0, so the Noether conditions are

3α̃(V + Ṽ^′) + aβ̃V^′_q + aγV^′_p = 0, (43) 2A_q ∂α̃ ∂A_q + 2a ∂β̃ ∂A_q + 3α̃ = 0, (44) 2A_p ∂α̃ ∂A_p + 2a ∂γ ∂A_p + 3α̃ = 0, (45)

2A_qα̃ m^2_{pl} + aβ̃ m^2_{pl} − 2 ∂α̃ ∂A_q + A^2_q m^2_{pl} ∂α̃ ∂A_q + a^2 m^2_{pl} ∂β̃ ∂a + aA_q m^2_{pl} ∂β̃ ∂A_q = 0, (46) 2A_pα̃ m^2_{pl} + aγ m^2_{pl} + 2 ∂α̃ ∂A + A^2_p m^2_{pl} ∂α̃ ∂A_p + a^2 m^2_{pl} ∂γ ∂a + aA_p m^2_{pl} ∂γ ∂A_p = 0, (47)

A^2_q 2m^2_{pl} α̃ − α̃ + aA^2_q m^2_{pl} ∂α̃ ∂a − 2a ∂α̃ ∂a + aA_q m^2_{pl} β̃ + a^2A^q m^2_{pl} ∂β̃ ∂a − A^2_p 2m^2_{pl} α̃ − aA^2_p m^2_{pl} ∂α̃ ∂a − aA_p m^2_{pl} γ − a^2A_p m^2_{pl} ∂γ ∂a = 0. (48)

The above equations have an obvious solution which is

α̃ = 0, β̃ = Ca^{−1}, γ = C̃a^{−1}, (49) C̃V^′_p = −CV^′_q , (50)

where C and C̃ are both constants of integration, and at least one of the three parameters α̃, β̃, γ is not zero. In the following, according to the values of C, C̃ and μ_0, we will discuss the various solutions .

4.1 C = 0 and C̃ ≠ 0

In the case of C = 0 and C̃ ≠ 0, we get V^′_p = 0, and the conserved charge is Q = α̃p_a + β̃p_{Aq} + γp_{Ap} = C̃ 3a^2 m^2_{pl} (Ȧ_p + A_pH) = μ_0,

and both a and A_q are cyclic variables. When μ_0 ≠ 0, the above equations tell us that the phantom type field is the same as that from the constant potential solution, while the quintessence type field is free of the constraint. This solution allows that one crosses the phantom divider ω_A = −1. When μ_0 = 0, the solution constrains the model to just a quintessence field plus the cosmological constant. This solution does not allow that one crosses the phantom divider ω_A = −1. The case C̃ = 0 and C ≠ 0 can be treated exactly in the same way. And the results are similar, except for that the role of quintessence field is replaced by the phantom type field.

4.2 C ≠ 0 and C̃ ≠ 0

If both the parameters C and C̃ are not zero, Eq. (50) gives a constraint on the form of potentials which is related to the first derivative of potentials. The conserved charge is − C 3a^2 m^2_{pl} (Ȧ_q + A_qH) + C̃

3a^2 m^2_{pl} (Ȧ_p + A_pH) = Q = μ_0. (51)

Here, when μ_0 ≠ 0, we discuss a particular situation that is both Ȧ_q +HA_q and Ȧ_p +HA_p are proportional to a^{−2}, which indicates that the kinetic energy of both fields behaves like a radiation field. Substituting the results into the equations of motion, we find that V^′_q = V^′_p = 0, which means the behaviors of A_p and A_q are the same as those discussed in Section 3.1.

When μ_0 = 0, Eq. (51) tells us that

(Ȧ_p + A_pH) = C C̃ (

Ȧ_q + A_qH). (52)

Combining Eqs. (50) and (52), we get

ω̃_A = P̃_A ρ̃_A = 1 2 (1 −^{C2}_{C̃2} )(Ȧ_q + HA_q)^2 + (1 −^C_{C̃} )^{dVq}_{dAq} A_q − 3V_q − 3V_p 3 2 (1 −^{C2}_{C̃2} )(Ȧ_q + HA_q)^2 + 3V_q + 3V_p

. (53)

Obviously, when C = C̃, ω̃_A = −1. If we require ω̃_A < (>) − 1, the following condition must be satisfied

0 < (>)( C̃ C − 1) ( 2( C̃ C + 1)(Ȧ_q + HA_q)^2 + V^′_q A_q ) . (54)

Therefore this model allows that one crosses the phantom divider ω̃_A = −1 as expected. We take the following two examples to illustrate this point Example One : V_{q1} = V_0 − 1 2 m^2_1A^2_q, V_{p1} = V_0 + 1 2 m̃^2_1A^2, m^2_1 m̃^2_1 = C̃ C ; (55) Example T wo : V_{q2} = V_0 + 1 2 m^2A^2, V_{p1} = V_0 + 1 2 m̃^2A^2, m^2 m̃^2 = − C̃ C . (56)

In the first example, without loss of generality, assuming C̃/C > 1, when 2(C̃/C + 1)(Ȧ_q + HA_q)^2 + V^′_q A_q crosses zero, ω̃_A crosses over ω̃_A = −1. It is not surprising that the quintessence-like field takes the dominant role. In the second example, if C̃/C ≪ −1, or m^2 ≪ m̃^2, it is easy to get ω̃_A < −1.

The most interesting point is that the solution does not require a particular form for the potentials, so we have the freedom of choosing potentials by observations. Furthermore, this kind of constraint is coming from symmetries of the system.

5 Conclusion

In this paper, we have studied the choice of potentials in “cosmic triad” vector field model by using Noether symmetry approach. The existence of Noether symmetry implies that the Lie derivative of the Lagrangian with respect to the related infinitesimal generator vanishes. The phase space is constructed by taking the scale factor a and the field A as independent dynamical variables. In the configuration space which is spanned by a and A, the pointlike Lagrangian of the model is constructed such that its variations with respect to these dynamical variables yield correct field equations. Then, the dynamical system is simplified with Noether symmetry.

The Noether symmetry is used to select a class of potentials. We have derived the Noether conditions for three different vector field models. In the quintessence and phantom cases, solutions with constant potential have been obtained. And, a point-like solution with power-law potential exists for quintessence case only. This suggests that we may use Noether symmetry to select theoretical models. In the quintom case, we find that the Noether symmetry requires C̃V^′_p = −CV^′_q . This result gives a useful constraint on the quintom potentials, and the solution has the desired crossing over ω_A = −1 behavior.

Acknowledgements

We thanks Rong-gen Cai, Hui Li, Ya Tian and Nan Liang for useful discussions. We also thanks the anonymous referees for their useful suggestions. This work was supported by CQUPT under Grant No. A2009-16, the National Basic Research Program of China (973 Program) under grant Nos. 2007CB815401 and 2010CB833004, the National Natural Science Foundation of China key project under grant Nos. 10533010 and 10935013, the Distinguished Young Scholar Grant 10825313, and the Natural Science Foundation Project of CQ CSTC under grant No. 2009BA4050.

References

[1] A. H. Guth, Phys. Rev. D 23, 347 (1981);

A. D. Linde, Phys. Lett. B 108, 389 (1982);

A. J. Albrecht and P. J. Steinhardt, Phys. Rev. Lett. 48, 1220 (1982). [2] A. G. Riess et al. [Supernova Search Team Collaboration], Astron. J. 116, 1009 (1998), [arXiv:astro-ph/9805201];

S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Astrophys. J. 517, 565 (1999) [arXiv:astro-ph/9812133].

[3] L. H. Ford, In *Perth 1988, Proceedings, Recent developments in theoretical and experimental general relativity, gravitation and relativistic field theories, pt. A* 893-896. (see Conference Index);

L. H. Ford, Phys. Rev. D 40, 967 (1989).

[4] Y. Zhang, Phys. Rev. D 80, 043519 (2009) [arXiv:0903.3269 [astro-ph.CO]]. [5] V. V. Kiselev, Class. Quant. Grav. 21, 3323 (2004) [arXiv:gr-qc/0402095];

S. M. Carroll and E. A. Lim, Phys. Rev. D 70, 123525 (2004) [arXiv:hep-th/0407149]; E. A. Lim, Phys. Rev. D 71, 063504 (2005) [arXiv:astro-ph/0407437]; C. G. Boehmer and T. Harko, Eur. Phys. J. C 50, 423 (2007) [arXiv:gr-qc/0701029]; T. S. Koivisto and D. F. Mota, JCAP 0808, 021 (2008) [arXiv:0805.4229 [astro-ph]]; S. Koh and B. Hu, arXiv:0901.0429 [hep-th]; S. Koh, arXiv:0902.3904 [hep-th];

B. Li, D. Fonseca Mota and J. D. Barrow, Phys. Rev. D 77, 024032 (2008) [arXiv:0709.4581 [astro-ph]];

S. M. Carroll, T. R. Dulaney, M. I. Gresham and H. Tam, arXiv:0812.1049 [hep-th]. S. Kanno and J. Soda, Phys. Rev. D 74, 063505 (2006) [arXiv:hep-th/0604192].

[6] M. C. Bento, O. Bertolami, P. V. Moniz, J. M. Mourao and P. M. Sa, Class. Quant.

Grav. 10, 285 (1993) [arXiv:gr-qc/9302034];

C. Armendariz-Picon, JCAP 0407, 007 (2004) [arXiv:astro-ph/0405267]. H. Wei and R. G. Cai, Phys. Rev. D 73, 083002 (2006) [arXiv:astro-ph/0603052].

[7] A. Golovnev, V. Mukhanov and V. Vanchurin, JCAP 0806, 009 (2008) [arXiv:0802.2068 [astro-ph]];

A. Golovnev, V. Mukhanov and V. Vanchurin, JCAP 0811, 018 (2008) [arXiv:0810.4304 [astro-ph]];

A. Golovnev and V. Vanchurin, Phys. Rev. D 79 (2009) 103524 [arXiv:0903.2977 [astroph.CO]].

[8] S. Kanno and J. Soda, Phys. Rev. D 74, 063505 (2006) [arXiv:hep-th/0604192];

S. Yokoyama and J. Soda, JCAP 0808, 005 (2008) [arXiv:0805.4265 [astro-ph]]; S. Kanno, M. Kimura, J. Soda and S. Yokoyama, JCAP 0808, 034 (2008) [arXiv:0806.2422 [hep-ph]];

C. A. Valenzuela-Toledo and Y. Rodriguez, arXiv:0910.4208 [astro-ph.CO].

[9] S. Dimopoulos, S. Kachru, J. McGreevy and J. G. Wacker, JCAP 0808, 003 (2008) [arXiv:hep-th/0507205];

K. Dimopoulos, Phys. Rev. D 74, 083502 (2006) [arXiv:hep-ph/0607229]; K. Dimopoulos and M. Karciauskas, JHEP 0807, 119 (2008) [arXiv:0803.3041 [hepth]];

K. Dimopoulos, M. Karciauskas, D. H. Lyth and Y. Rodriguez, JCAP 0905, 013 (2009) [arXiv:0809.1055 [astro-ph]];

K. Dimopoulos, M. Karciauskas and J. M. Wagstaff, arXiv:0907.1838 [hep-ph]; K. Dimopoulos, M. Karciauskas and J. M. Wagstaff, arXiv:0909.0475 [hep-ph]; C. A. Valenzuela-Toledo, Y. Rodriguez and D. H. Lyth, arXiv:0909.4064 [astro-ph.CO].

[10] B. Himmetoglu, C. R. Contaldi and M. Peloso, Phys. Rev. Lett. 102, 111301 (2009) [arXiv:0809.2779 [astro-ph]];

B. Himmetoglu, C. R. Contaldi and M. Peloso, Phys. Rev. D 79, 063517 (2009) [arXiv:0812.1231 [astro-ph]];

B. Himmetoglu, C. R. Contaldi and M. Peloso, Phys. Rev. D 80 (2009) 123530 [arXiv:0909.3524 [astro-ph.CO]].

[11] C. Germani and A. Kehagias, arXiv:0902.3667 [astro-ph.CO];

T. Kobayashi and S. Yokoyama, arXiv:0903.2769 [astro-ph.CO]; T. S. Koivisto, D. F. Mota and C. Pitrou, arXiv:0903.4158 [astro-ph.CO].

[12] Y. Hosotani, Phys. Lett. B 147, 44 (1984);

D. V. Galtsov and M. S. Volkov, Phys. Lett. B 256 (1991) 17.

W. Zhao and Y. Zhang, Class. Quant. Grav. 23, 3405 (2006) [arXiv:astro-ph/0510356]. W. Zhao and Y. Zhang, Phys. Lett. B 640, 69 (2006) [arXiv:astro-ph/0604457]; K. Bamba and S. D. Odintsov, JCAP 0804, 024 (2008) [arXiv:0801.0954 [astro-ph]]; K. Bamba, S. Nojiri and S. D. Odintsov, Phys. Rev. D 77, 123532 (2008) [arXiv:0803.3384 [hep-th]].

[13] R. de Ritis, G. Marmo, G. Platania, C. Rubano, P. Scudellaro and C. Stornaiolo, Phys.

Rev. D 42, 1091 (1990).

[14] Y. Zhang, Y. g. Gong and Z. H. Zhu, arXiv:0912.0067 [hep-ph]. [15] M. Demianski, R. de Ritis, C. Rubano and P. Scudellaro, Phys. Rev. D 46 (1992) 1391 S. Capozziello, G. Marmo, C. Rubano and P. Scudellaro, Int. J. Mod. Phys. D 6 (1997) 491 (arXiv: gr-qc/9606050) A. K. Sanyal, Phys. Lett. B 524 (2002) 177 (arXiv: gr-qc/0107053); A. K. Sanyal and B. M. Modak, Class. Quantum Grav. 18 (2001) 3767 (arXiv: gr-qc/0107052);

A. Bonanno, G. Esposito, C. Rubano and P. Scudellaro, Gen. Rel. Grav. 39 (2007) 189 (arXiv: astro-ph/0612091).

[16] S. Capozziello, A. Stabile and A. Troisi, Class. Quantum Grav. 24 (2007) 2153 (arXiv:

gr-qc/0703067);

A. K. Sanyal, B. Modak, C. Rubano and E. Piedipalumbo, Gen. Rel. Grav. 37 (2005) 407 (arXiv: astro-ph/0310610);

S. Capozziello and G. Lambiase, Gen. Rel. Grav. 32 (2000) 673 (arXiv: gr-qc/9912083); B. Vakili, Phys. Lett. B 664, 16 (2008) [arXiv:0804.3449 [gr-qc]]; S. Capozziello and A. De Felice, f(R) cosmology by Noether’s symmetry (arXiv: 0804.2163 [gr-qc]);

S. Capozziello, S. Nesseris and L. Perivolaropoulos, J. Cosmol. Astropart. Phys. JCAP 0712 (2007) 009 (arXiv:0705.3586 [astro-ph]);

S. Capozziello and G. Lambiase, Gen.Rel. Grav. 32, 295 (2000).

[17] A. G. Riess et al. [Supernova Search Team Collaboration], Astrophys. J. 607, 665 (2004) [arXiv:astro-ph/0402512].

[18] B. Ratra and P. J. E. Peebles, Phys. Rev. D 37, 3406 (1988);

C. Wetterich, Nucl. Phys. B 302, 668 (1988);

D. N. Spergel and P. J. Steinhardt, Phys. Rev. Lett. 84, 3760 (2000) [arXiv:astro-ph/9909386];

P. J. Steinhardt, L. M. Wang and I. Zlatev, Phys. Rev. D 59, 123504 (1999) [arXiv:astro-ph/9812313];

M. S. Turner, arXiv:astro-ph/0108103.

[19] R. R. Caldwell, Phys. Lett. B 545, 23 (2002) [arXiv:astro-ph/9908168].

[20] B. Feng, X. L. Wang and X. M. Zhang, Phys. Lett. B 607, 35 (2005) [arXiv:astro-ph/0404224].

[21] R. G. Cai, H. S. Zhang and A. Wang, Commun. Theor. Phys. 44, 948 (2005) [arXiv:hep-th/0505186]; H. S. Zhang and Z. H. Zhu, Phys. Rev. D 75, 023510 (2007) [arXiv:astro-ph/0611834].

[22] Kamke.E, Handbook of First Order Partial Differential Equations, Science Press, Beijing, China, 1983.