arXiv:0912.5154v2 [gr-qc] 11 Aug 2010

Asymptotic Chern-Simons formulation of spacelike stretched AdS gravity

M. Blagojević and B. Cvetković^∗ University of Belgrade, Institute of Physics, P. O. Box 57, 11001 Belgrade, Serbia

Abstract

We show that the asymptotic structure of topologically massive gravity in the spacelike stretched AdS sector can be faithfully represented by an SL(2, R) × U(1) Chern-Simons gauge theory, by adopting a natural correspondence between their fields and coupling constants.

1 Introduction

In three-dimensional (3D) Einstein’s gravity with a cosmological constant (GR_Λ), the AdS asymptotic structure is described by two independent Virasoro algebras with classical central charges [1, 2]. Of particular importance for our understanding of the corresponding gravitational dynamics, at both classical and quantum level, is the fact that GR_Λ can be represented as an ordinary gauge theory—the Chern-Simons (CS) theory based on the internal SL(2, R) × SL(2, R) gauge group [3, 4].

Adding the gravitational CS term to GR_Λ substantially changes its dynamical structure: while GR_Λ is a topological theory with no dynamical degrees of freedom, the new theory, known as topologically massive gravity with a cosmological constant (TMG_Λ), is a truly dynamical theory with one degree of freedom, the massive graviton [5]. In GR_Λ, the AdS sector is defined around the maximally symmetric vacuum AdS_3, and it contains the BTZ black hole with interesting thermodynamic properties [6, 7]. Since the same AdS_3 is authomatically a solution of TMG_Λ, one can define the AdS sector also in TMG_Λ. However, for generic values of the coupling constants, the physical interpretation of this sector suffers from serious difficulties: for the usual sign of the gravitational coupling constant G > 0, massive excitations around AdS_3 carry negative energies [5], while for G < 0, the black hole mass becomes negative [8, 9].

In an interesting attempt to find a resolution of this inconsistency, Li et al [9] studied the chiral version of TMG_Λ, defined by a specific relation between the graviton mass and the cosmological constant. However, we shall focus our attention to another promising idea: Anninos et al [10] suggested that choosing a new vacuum, the spacelike stretched

∗Email addresses: mb@ipb.ac.rs, cbranislav@ipb.ac.rs

AdS_3, could lead to a stable ground state of TMG_Λ. Geometrically, choosing the spacelike stretched AdS_3 as the ground state corresponds to a deformation of the AdS_3 isometry group SL(2, R) × SL(2, R) to its four-parameter subgroup SL(2, R) × U(1) [11, 12].

The constrained Hamiltonian analysis of the full TMG_Λ was carried out recently in [13], see also [14], leading to a clear and precise picture of its gauge and dynamical features. An important step towards a proper understanding of the spacelike stretched AdS asymptotic structure was achieved by constructing a set of suitable asymptotic conditions [15, 16]. The resulting asymptotic symmetry was shown to be centrally extended semidirect sum of a Virasoro and a u(1) Kac-Moody algebra, Virasoro ⊕_{sd} u(1)_{KM}. This whole sector of TMG_Λ will be called shortly the spacelike stretched AdS gravity. Motivated by the experience stemming from GR_Λ, the goal of the present paper is to improve our understanding of the spacelike stretched AdS gravity by showing that its asymptotic structure can be faithfully represented by an SL(2, R) × U(1) CS gauge theory.

Let us mention here a highly interesting hypothesis formulated by Anninos et al [10], according to which the spacelike stretched AdS boundary dynamics is characterized by a two-dimensional conformal symmetry with central charges. The proof of this hypothesis, presented recently in [16], is based on the asymptotic Virasoro ⊕_{sd} u(1)_{KM} canonical algebra and the (algebraic) Sugawara construction, see also [17]. We expect that the asymptotic CS representation of the spacelike stretched AdS gravity will be a useful tool in clarifying the boundary conformal structure lying behind the Sugawara construction.

The paper is organized as follows. In Sections 2 and 3, we use the canonical approach to study the asymptotic structure of the SL(2, R)×U(1) CS gauge theory, a natural counterpart of the spacelike stretched AdS gravity. The result of this analysis is the Virasoro ⊕_{sd} u(1)_{KM} Poisson bracket algebra of the canonical generators. Then, in Section 4, we give a brief overview of the basic asymptotic features of the spacelike stretched AdS gravity, including its asymptotic canonical algebra, Virasoro ⊕_{sd} u(1)_{KM}. In section 5 we introduce specific asymptotic conditions, find a new form of the canonical surface terms and count and identify boundary degrees of freedom of the spacelike stretched AdS gravity. In Section 6, we compare the resulting gravitational asymptotic structure with the one found in the CS theory and find, by a natural identification of the corresponding coupling constants and dynamical fields, that they are identical. Section 7 is devoted to concluding remarks, while appendices contain some technical details.

Our conventions are the same as in Ref. [16]: the Latin indices refer to both the basis of sl(2, R) and the local Lorentz frame, the Greek indices refer to the coordinate frame; the middle alphabet letters (i, j, k, ...; μ, ν, λ, ...) run over 0,1,2, the first letters of the Greek alphabet (α, β, γ, ...) run over 1,2; the metric components in the local Lorentz frame are η_{ij} = (+, −, −); totally antisymmetric tensor ε^{ijk} and the related tensor density ε^{μνρ} are both normalized as ε^{012} = 1.

2 SL(2, R) × U(1) Chern-Simons gauge theory

Motivated by the asymptotic structure of TMG_Λ in the spacelike stretched AdS sector [16], we discuss here the corresponding aspects of the SL(2, R) × U(1) CS gauge theory.

2.1 The action and boundary conditions

Consider the CS gauge theory defined by the action

I_{CS} = −κ ∫ M ( A^idA_i + 1 3 ε_{ijk}A^iA^j A^k ) + κ̄ ∫ M ĀdĀ . (2.1)

Here, M is a spacetime manifold with topology R × Σ, where R is interpreted as time and Σ is a spatial manifold whose boundary is topologically a circle (which may be located at infinity), A^i = A^i_μdx^μ and Ā = Ā_μdx^μ (1-forms) are the SL(2, R) and U(1) gauge potentials, respectively, and ε_{ij}^k are the structure constants of sl(2, R) (Appendix A). The action is invariant under the infinitesimal gauge transformations

δ_0A^i = ∇u^i := du^i + ε^i_{jk}A^j u^k , δ_0Ā = dū ,

where u^i and ū are gauge parameters.

We assume the existence of the Schwarzschild-like coordinates x^μ = (t, ρ, φ) on M, such that the boundary ∂Σ is described by the standard angular coordinate φ. Having in mind the fact that the asymptotic parameters in the spacelike stretched AdS sector of TMG_Λ are time independent, we choose the CS boundary conditions as

A^i_0 = 0 , Ā_0 = ā_0 at ∂Σ , (2.2)

since they imply ∂_0u^i = 0, ∂_0ū = 0 at the boundary. Although the choice (2.2) leads to a nontrivial boundary term δB in the variation of the action, this can be corrected by introducing the improved action Ĩ := I − B, which produces the standard field equations:

F^i := dA^i + ε^i_{jk}A^j A^k = 0 , F̄ := dĀ = 0 . (2.3)

Consequently, the Lie algebra valued gauge potentials are locally trivial: A_μ = G^{−1}∂_μG, Ā_μ = Ḡ−1∂_μḠ, where G and Ḡ are elements of SL(2, R) and U(1), respectively.

2.2 The canonical structure

Now, we analyze the symmetry structure of our CS theory by using the canonical formalism.

Gauge generator. Introducing the canonical momenta (π_i^μ, π̄^μ) corresponding to the Lagrangian variables (A^i_μ, Ā_μ), one obtains the primary constraints:

π_i^0 ≈ 0 , ϕ_i^α := π_i^α + κε^{0αβ} A_{iβ} ≈ 0 , π̄^0 ≈ 0 , ϕ̄^α := π̄^α − κ̄ε^{0αβ}Ā_β ≈ 0 ,

where α, β = 1, 2. The secondary constraints have the form H_i := κε^{0αβ}F_{iαβ} − ∇_αϕ_i^α ≈ 0 , H̄ := −κ̄ε^{0αβ}F̄_{αβ} − ∂_αϕ̄^α ≈ 0 , and the total Hamiltonian (up to an irrelevant divergence) is given by

H_T = A^i_0H_i + Ā^0H̄ + w^i_0π_i^0 + w̄π̄^0 , where w^i and w̄ are arbitrary multipliers.

The constraints (π_i^0, H_i, π̄^0, H̄) are first class while (ϕ_i^α, ϕ̄^α) are second class. Using Castelanni’s procedure [18], one finds the form of the canonical gauge generator: G = ∫ d^2x [ (∇_0u^i)π_i^0 + u^iH_i ] + ∫ d^2x [ (∂_0ū)π̄^0 + ūH̄ ] . (2.4)

Fixing the gauge. We have found two sets of the first class constraints, (π_i^0, π̄^0) and (H_i, H̄). The first set of the corresponding gauge conditions is chosen so as to extend the boundary conditions (2.2) to the whole spacetime:

A^i_0 = 0 , Ā_0 = ā_0 . (2.5a)

Using the notation A_μ = A^i_μT_i, where T_i is a basis of the sl(2, R) Lie algebra (Appendix A), the second set of gauge conditions is defined by restricting A_1 and Ā_1 to be functions of the radial coordinate only:

A_1 ≈ b^{−1}(ρ)∂_1b(ρ) , Ā_1 ≈ b̄^{−1}(ρ)∂_1b̄(ρ) ,

where b and b̄ are in SL(2, R) and U(1), respectively. By a suitable choice of the radial coordinate, we can write A_1 = a_1 , Ā_1 = ā_1 , (2.5b) where a_1 = a^i_1T_i and ā_1 are constant elements of the corresponding Lie algebras. The gauge conditions (2.5b) are conserved in time.

The constraints F_{12} ≈ 0, F̄_{12} ≈ 0 imply:

A_2 ≈ b^{−1}Â_2(t, φ)b , Ā_2 ≈ Ā_2(t, φ) ,

while the field equations F_{02} = 0 , F̄_{02} = 0 lead to: Â_2 = Â_2(φ) , Ā_2 = Ā_2(φ) .

The residual gauge symmetry has the form:

δ_0Â^i_2 = ∂_2û^i + ε^i_{jk}Â^j_2û^k , δ_0Ā_2 = ∂_2ū , (2.6)

where u =: b^{−1}û(φ)b and ū = ū(φ).

The improved generator. After adopting the gauge conditions (2.5), the effective gauge generator can be written as G = ∫ d^2xu^iH_i + ∫ d^2xūH̄ . This expression is not differentiable. Indeed, when the gauge parameters are independent of field derivatives, the variation of G contains certain boundary contributions: δG = −δΓ_L[u] − δΓ_R[ū] + R , δΓ_L[u] = ∮ df_αu^i ( −2κε^{0αβ} δA_{iβ} + δϕ_i^α ) , δΓ_R[ū] = ∮ df_αū ( 2κ̄ε^{0αβ}δĀ_β + δϕ̄^α ) . (2.7a)

Here, R are regular terms, which correspond to well-defined functional derivatives, δΓ_L, δΓ_R are the boundary integrals obtained with the help of the Stokes theorem, and df_α = ε_{0αβ}dx^β represents the line element on the spatial boundary. If we can integrate δΓ_L[u] and δΓ_R[ū] to find Γ_L[u] and Γ_R[ū], the improved gauge generator takes the form G̃ [u, ū] = G [u, ū] + Γ_L[u] + Γ_R[ū] . (2.7b)

3 Asymptotic symmetries

The form of the improved canonical generator G̃, which gives a complete description of the boundary symmetry, depends on the boundary conditions imposed on u^i and ū.

3.1 Kac-Moody extension of sl(2, R) ⊕ u(1)

The simplest boundary conditions on the gauge parameters that allows us to find an explicit form of the surface terms is defined as follows:

u and ū are independent of the fields (at the boundary). On the subspace defined by ϕ_i^α, ϕ̄^α ≈ 0, the relations (2.7a) imply Γ_L[τ] ≈ −2κ ∮ dx^β τ^iA_{iβ} , Γ_R[τ̄ ] ≈ 2κ̄ ∮ dx^βτ̄Ā_β . (3.1) To find the PB algebra of the improved generator (2.7b), we use the relation {G̃[τ, τ̄], G̃[λ, λ̄]} ≈ δ_λΓ_L[τ] + δ¯_λΓ_R[τ̄ ] , combine it with δ_λΓ_L[τ] + δ¯_λΓ_R[τ̄] = −2κ ∮ dx^βτ^i∇_βλ_i + 2κ̄ ∮ dx^βτ̄ ∂_βλ̄ , τ^i∇_βλ_i = σ^iA_{iβ} + τ^i∂_β λ_i , where σ^i = ε^{ijk}λ_jτ_k, and obtain {G̃[τ, τ̄], G̃[λ, λ̄]} = G̃[σ, 0] − 2κ ∮ dx^βτ̂^i∂_βλ̂_i + 2κ̄ ∮ dx^βτ̄∂_βλ̄ . (3.2a) After introducing the Fourier modes J_{im} := G̃[τ̂^i = e^{−imφ}, τ̄ = 0] ≈ −2κ(Â_{i2})_m , K_m := G̃[τ̂^i = 0, τ̄ = e^{−imφ}] ≈ 2κ̄(Ā_2)_m , the PB algebra (3.2a) takes the form of a Kac-Moody extension of the sl(2, R) ⊕ u(1) Lie algebra: i{J^i_m, J^j_n} = iε^{ij}_kJ^k_{m+n} + 4πκmη^{ij} δ_{m,−n} , i{K_m, K_n} = −4πκ̄mδ_{m,−n} . (3.2b)

3.2 Semidirect sum of Virasoro and u(1)_{KM}

We now wish to examine another set of boundary conditions on u^i and ū:

u^i = −θ^i − ξ^ρA^i_ρ and ū = −ξ^ρĀ_ρ (at the boundary).

These conditions are analogous to those used in the AdS sector of Einstein’s 3D gravity, but not identical [4]; the presence of the additional θ^i term in u^i will become clear soon. We begin the analysis by discussing the symmetry structure of the SL(2, R) sector.

SL(2, R) sector. Imposing the adopted gauge conditions (2.5), the form of δΓ_L[u] in (2.7a) leads to Γ_L = 2κ ∫_{2π} 0 dφ [ (θ̂ + ξ^1a_1)Â_2 + 1 2 ξ^2(Â_2)^2 ] , (3.3)

where θ =: b^{−1}θ̂b.

To proceed, we impose two additional requirements: Â^1_2 = 0 , Â^−_2 = −2C . (3.4a)

They are of the same form as in the AdS sector of 3D gravity [19], but now, C is an arbitrary constant. Using the residual gauge symmetry (2.6), the invariance of these requirements implies θ̂^− + ξ^1a^−_1 = 0 , θ̂^1 + ξ^1a^1 = −∂_2ξ^2 , C(θ̂^+ + ξ^1a^+_1 ) = ∂^2 ξ^2 . (3.4b) The last equation shows why the additional θ^i term is needed: with the usual GR_Λ choice θ^i = 0 and for the standard “gravitational” value a^+_1 = 0 [4], we would have a too strong restriction ∂^2 ξ^2 = 0. Note that this is true even in GR_Λ. As a consequence of (3.4b), the integrand in (3.3) is linearized:

Γ_L[ξ] = − ∫ dφξ^2M_L , M_L := 2κCÂ^+_2 . (3.5a)

The canonical algebra can be now derived using the transformation rule δ_ηM_L = −2(∂_2η^2)M_L − η^2∂_2M_L − 2κ∂^3_2 η^2 . (3.5b) Indeed, this rule implies

δ_ηΓ_L[ξ] = Γ_L[σ] + 2κ ∫ dφξ^2∂^3_2 η^2 ,

with σ^2 = η^2∂_2ξ^2 − ξ^2∂_2η^2, and consequently,

{G̃_L[ξ], G̃_L[η]} = G̃_L[σ] + 2κ ∫ dφξ^2∂^3_2 η^2 . (3.6a)

Expressed in terms of the Fourier modes L^′_m = G̃[ξ^2 = e^{−imφ}] ≈ −(M_L)_m , the canonical algebra takes the form of a Virasoro algebra with classical central charge: i{L^′_m, L^′_n} = (m − n)L^′_{m+n} + 4πκm^3δ_{m,−n} . (3.6b) The complete theory. Going now to the U(1) sector with ū = −ξ^ρĀ_ρ and imposing the additional restriction ā_1 = 0 , we obtain

Γ_R = −2κ̄ ∫_{2π} 0 dφ [ ξ^0ā_0Ā_2 + 1 2 ξ^2(Ā_2)^2 ] , (3.7) δ_ηĀ_2 = −∂_2(η^2Ā_2) − ā_0∂_2η^0 .

Combining (3.7) with (3.5), we find that the complete surface term has the form

Γ[ξ] := Γ_L[ξ] + Γ_R[ξ] = − ∫ dφξ^0E − ∫ dφξ^2M , E = 2κ̄ā_0Ā_2 , M = M_L + κ̄(Ā_2)^2 . (3.8a) As before, the transformation rules δ_ηM = −2(∂_2η^2)M − η^2∂_2M − 2κ∂^3_2 η^2 − (∂_2η^0)E , δ_ηE = −(∂_2η^2)E − η^2∂_2E − 2κ̄ā^2_0∂_2η^0 , (3.8b) define the form of the complete PB algebra: {G̃[ξ], G̃[η]} = G̃[σ] + 2κ ∫ dφξ^2∂^3_2 η^2 + 2κ̄ā^2_0 ∫ dφξ^0∂_2η^0 , (3.9)

where σ^ᾱ = η^2∂_2ξ^ᾱ − ξ^2∂_2η^ᾱ, ᾱ = 0, 2. Expressed in terms of the the Fourier modes: K_n = G̃[ξ^0 = e^{−inφ}, ξ^2 = 0] = −E_n , L_m = G̃[ξ^0 = 0, ξ^2 = e^{−imφ}] = −M_m , the above PB algebra takes the form of the semidirect sum Virasoro ⊕_{sd} u(1)_{KM}: i{L_m, L_n} = (m − n)L_{m+n} + 4πκm^3δ_{m,−n} , i{L_m, K_n} = −nK_{m+n} , i{K_m, K_m} = −4πκ̄ā^2_0mδ_{m,−n} . (3.10) The gauge conditions (2.5a) and (2.5b) in conjunction with the additional requirements (3.4a) imply that the original set of 9 + 3 gauge potentials A^i_μ and Ā_μ is reduced to just two independent boundary degrees of freedom, Â^+_2(φ) and Ā_2(φ). These are the only modes that appear in the CS surface term (3.8a).

The basic content of our analysis is encoded in the form of the surface term (3.8a) and the PB algebra of the asymptotic generators (3.10). These results will be compared to those found in the asymptotic region of the spacelike stretched AdS gravity.

4 Spacelike stretched AdS gravity

We now turn our attention to TMG_Λ, defined by the Lagrangian

L_{TMG} = 2ab^iR_i − Λ 3 ε_{ijk}b^ib^j b^k + aμ^{−1}L_{CS}(ω) + λ^iT_i , (4.1)

where the notation is the same as in Ref. [16]: ω^i is the Lorentz connection and b^i the orthonormal coframe, R^i and T^i are their associated field strengths, the curvature and torsion, L_{CS}(ω) = ω^idω_i +^1_3 ε_{ijk}ω^iω^jω^k is the Chern-Simons Lagrangian for the connection, λ^i is the Lagrange multiplier that ensures the vanishing of torsion, and a = 1/16πG. We assume that G is positive, while μ remains arbitrary. By construction, TMG_Λ is invariant under the local Poincaré transformations.

The variation of the action with respect to b^i, ω^i and λ^i, yields the gravitational field equations:

2aR_i − Λε_{ijk}b^j b^k + ∇λ_i = 0 , (4.2a) 2aT_i + 2aμ^{−1}R_i + ε_{imn}λ^mb^n = 0 , (4.2b) T_i = 0 , (4.2c)

where ∇λ_i = dλ_i + ε_{ijk}ω^jλ^k is the covariant derivative of λ_i.

In order to prepare a comparison between our CS theory and TMG_Λ, we now give a brief account of the asymptotic structure of TMG_Λ and derive a new form of the surface terms.

4.1 Spacelike stretched AdS asymptotics

The spacelike stretched black hole is a solution of TMG_Λ (Appendix B), which can be constructed as a discrete quotient space of the spacelike stretched AdS_3 vacuum. This black hole generates an interesting set of asymptotic states, the structure of which is defined, in analogy with the AdS case, by the following requirements:

(a) asymptotic configurations should include spacelike stretched black hole geometries; (b) they should be invariant under the action of SL(2, R) × U(1), the isometry group of the spacelike stretched AdS_3;

(c) asymptotic symmetries should have well-defined canonical generators.

In [16], this general approach was used to derive asymptotic properties of the fields and gauge parameters. Based on the requirements (a) and (b), the gravitational fields b^i_μ, ω^i_μ and λ^i_μ are found to have the following asymptotic form:

b^i_μ = b̄^i_μ + B^i_μ , B^i_μ :=

O_1 O_3 O_1 O_2 O_2 O_1 O_1 O_3 O_0

, (4.3a)

ω^i_μ = ω̄^i_μ + Ω^i_μ , Ω^i_μ :=

O_1 O_3 O_0 O_2 O_2 O_1 O_1 O_3 O_0

, (4.3b) λ^i_μ = λ̄^i_μ + Λ^i_μ , Λ^i_μ :=

O_1 O_3 O_0 O_2 O_2 O_1 O_1 O_3 O_0

, (4.3c)

where O_n is a term that tends to zero as r^{−n} or faster. The expansion (4.3) is an asymptotic expansion around the spacelike stretched black hole vacuum (b̄^i_μ, ω̄^i_μ, λ̄^i_μ), displayed in Appendix B.

The subset of Poincaré gauge transformations that leave the asymptotic configurations (4.3) invariant defines the asymptotic symmetry. The invariance of (4.3) restricts the gauge parameters ξ^μ (translations) and θ^i (Lorentz rotations) to have the following form:

ξ^0 = ℓT (φ) −

4ℓ^2ν (ν^2 + 3)^2 1 r ∂^2 S + O_2 , ξ^1 = −r∂_2S(φ) + O_0(φ) ,

ξ^2 = S(φ) +

2ℓ^2 (ν^2 + 3)^2 1 r^2

∂^2 S + O_3 , (4.4a)

θ^0 = − 2ℓ √ 3(ν^2 + 3)(ν^2 − 1) 1 r ∂^2 S(φ) + O_2 ,

θ^1 = 2ℓ √ ν^2 + 3 3(ν^2 − 1) 1 r ∂_2T (φ) + O_2 ,

θ^2 = − 4ℓν (ν^2 + 3) √ 3(ν^2 − 1) 1 r ∂^2 S(φ) + O_2 . (4.4b)

The leading order terms in (4.4), which are determined by just two functions, T (φ) and S(φ), define the (T, S) transformations; their time independence closely corresponds to the CS boundary conditions (2.2). The sub-leading terms, those that remain after imposing T = S = 0, define the residual (or pure) gauge transformations. The asymptotic symmetry is defined by the (T, S) pair, ignoring all the residual gauge parameters.

In the expressions (4.3) and (4.4), some typos appearing in [16] are corrected.

4.2 Canonical PB algebra

Using the adopted asymptotic conditions, the improved canonical generator is given as [16]: G̃ = G + Γ ,

Γ := − ∫_{2π} 0 dφ ( ℓT E^1 + SM^1 ) , (4.5)

where

E^1 = b^i_0 [ 4a 3 ω_{i2} + λ_{i2} − a 3ℓν (2ν^2 + 3)b_{i2} ] , M^1 = b^i_2(2aω_{i2} + λ_{i2}) + aℓ 3ν ω^i_2ω_{i2} . (4.6a)

The improved generator G̃ is differentiable and has a finite value. For T = 1 and S = 1, the surface term Γ defines the conserved canonical charges, energy and angular momentum (for a background independent approach to the conserved quantities, see [20]).

The corresponding PB algebra is determined by the transformation laws

δ_0E^1 = −S∂_2E^1 − (∂_2S)E^1 −

2a(ν^2 + 3) 3ν ∂_2T , δ_0M^1 = −2(∂_2S)M^1 − S∂_2M^1 − (ℓ∂_2T )E^1 −

2aℓ(5ν^2 + 3) 3ν(ν^2 + 3)

∂^3_2 S , (4.6b)

Expressed in terms of the Fourier modes, K_n := G̃(T = e^{−inφ}, S = 0) ≈ −ℓE^1_n , L_n := G̃(T = 0, S = e^{−inφ}) ≈ −M^1_n , (4.7)

the asymptotic canonical algebra of the spacelike stretched AdS gravity reads: i{L_m, L_n} = (m − n)L_{m+n} + c_V 12 m^3δ_{m,−n} , i{L_m, K_n} = −nK_{m+n} , i{K_m, K_n} = − c_K 12 mδ_{m,−n} , (4.8a) where c_V =

(5ν^2 + 3)ℓ Gν(ν^2 + 3)

, c_K =

(ν^2 + 3)ℓ Gν . (4.8b)

One should note that this algebra is of the same form as the corresponding CS algebra: Virasoro ⊕_{sd} u(1)_{KM}.

5 Boundary structure of the spacelike stretched AdS gravity

In this section, we introduce a set of specific asymptotic conditions for the spacelike stretched AdS gravity, corresponding to the gauge conditions introduced in the CS theory; then, we derive a new form of the surface terms and discuss the boundary degrees of freedom.

5.1 Specific asymptotic conditions

In section 4.1, our intention was to construct the most general set of asymptotic conditions based on the requirements (a) and (b). Here, we introduce a set of the specific (refined) asymptotic conditions, compatible with the general asymptotic structure.

We begin by noting that neither the black hole solution nor the leading order asymptotic parameters depend on time. These properties can be naturally extended by introducing the following refined asymptotic conditions:

(b^i_μ, ω^i_μ, λ^i_μ) and (ξ^μ, θ^i) are time independent . (5.1)

In particular, (5.1) implies that pure gauge parameters are time independent.

Next, motivated again by the properties of the black hole solution [to leading order, it is represented by the black hole vacuum (B.2)], we adopt the following conditions: ν ℓ b^i_0 + ω^i_0 = 0 , a μℓ^2 (4ν^2 − 3)b^i_0 − λ^i_0 = 0 . (5.2)

One can verify that these conditions do not lead to any restriction on the asymptotic parameters. They can be considered as the gauge conditions that are compatible with the spacelike stretched AdS asymptotics, while canonically, the conditions (5.2) are associated to the first class constraints (π_i^{0′}, Π_i^0) in TMG_Λ [13]. Note the analogy between (5.1), (5.2) and the CS boundary conditions (2.2) or gauge conditions (2.5a).

In the standard AdS gravity, the BTZ black hole satisfies the condition b^i_+/ℓ + ω^i_+ = 0, which is similar to the first condition in (5.2). The difference stems from different asymptotic conditions in the standard and spacelike stretched AdS gravity: using the CS variables, these conditions can be expressed as A_+ = 0 and A_0 = 0, respectively.

5.2 A new form of the surface terms

The surface terms E^1 and M^1 can be written in a form which closely resembles the corresponding CS expressions (3.8a). Indeed, the conditions (5.1) and the equations of motion (C.1a), (C.2a) and (C.3a) imply

E^1 = − a[3(ν^2 − 1)]^{3/2} 3νℓ B̂^2_0 , (5.3a)

M^1 = M^+ +

12πℓ^2 c_K (E^1)^2 , (5.3b)

where

M^+ := − a √ 3(ν^2 − 1) 2 (^ B̂2_2 νℓ + 2 √ ν^2 + 3 3ℓ B̂^0_2 + 4 3 Ω̂2_2 + 1 a Λ̂2_2 + 2 √ ν^2 + 3 3ν Ω̂0_2 ) . (5.3c)

Here, the first/second order sub-leading terms in the asymptotic expansion of the fields are denoted by single/double hats. For instance, the relation B^2_0 = O_1 in (4.3) is written as

B^2_0 =

B̂2_0 r + B̂_{20}

r^2 + · · · , and similarly for the other field components.

5.3 Boundary degrees of freedom

We are now going to prove the following statement:

in the spacelike stretched AdS sector of TMG_Λ, there are two independent boundary degrees of freedom.

Let us first note that the only sub-leading field modes that contribute to the values of the conserved charges are those of the order O_0 and O_1. The connection ω^i and the multiplier field λ^i can be expressed in terms of the triad by using the asymptotic expansion of the equations of motion. The only second-order triad modes that appear in these asymptotic relations are B̂^0_0, B̂^2_0, B̂^2_2 and B̂^1_1 (see Appendix C). Thus, the number of boundary modes is defined by the 9 first-order modes B̂^i_μ plus the additional 4 second-order modes.

However, not all of these modes are independent: there are 4 constraints (C.1), and 7 modes can be fixed by fixing the residual gauge symmetry, defined by 7 residual gauge parameters in (D.1). Thus, the number of independent boundary degrees of freedom is 13 − 4 − 7 = 2. They can be identified with E^1 and M^+, the surface terms of the canonical generator, which are invariant under the residual gauge transformations, see (D.3).

The boundary degrees of freedom should not be confused with the propagating degrees of freedom. Thus, for instance, Einstein’s 3D gravity is a topological theory without propagating degrees of freedom, but its AdS sector possesses two boundary degrees of freedom.

6 Asymptotic relation between CS theory and TMG_Λ

We are now ready to establish a remarkable asymptotic relation between the SL(2, R)×U(1) CS gauge theory and TMG_Λ:

asymptotic structures of the spacelike stretched AdS gravity and the SL(2, R) × U(1) CS gauge theory can be identified by adopting a natural asymptotic correspondence between their field variables and coupling constants.

The result holds when the gauge conditions (2.5b) have the form a_1 = T_1, ā_1 = 0, and for a specific value of the constant C in (3.4a).

To prove the statement, we compare the asymptotic canonical algebras (3.10) and (4.8) and the corresponding surface terms (3.8) and (4.5) of the two theories, and find that these structures coincide if we adopt the following asymptotic correspondence:

4πκ̄ā^2_0 ∼ c_K 12 , 4πκ ∼ c_V 12 , E ∼ E^1 , M ∼ M^1 . (6.1)

Taking into account (5.3), the correspondence between the surface terms reads

2κ̄ā_0Ā_2 ∼ E^1 , 2κCÂ^+_2 ∼ M^+ , (6.2)

or equivalently, when expressed in terms of the boundary modes,

Ā_2 ∼ −a[3(ν^2 − 1)]^{3/2} 6κ̄ā_0νℓ B̂^2_0 ,

Â^+_2 ∼ −a √ 3(ν^2 − 1) 4κC (^ B̂2_2 νℓ + 2 √ ν^2 + 3 3ℓ B̂^0_2 + 4 3 Ω̂2_2 + 2 √ ν^2 + 3 3ν Ω̂0_2 +

Λ̂_{22} a ) .

It is interesting to note that, under the adopted gauge and boundary conditions, this correspondence can also be rewritten in a covariant form (Appendix E):

A^i_μ ∼ ω^i_μ + 3ν 2(2ν + √ ν^2 + 3) ( 3 + 2ν √ ν^2 + 3 3ℓν b^i_μ + 1 a λ^i_μ ) , (6.3a) Ā_μ ∼ ℓ 2κ̄ā_0 b^i_0 ( 4a 3 ω_{iμ} + λ_{iμ} − a 3ℓ 2ν^2 + 3 ν b_{iμ} ) . (6.3b)

The transformation laws of A^i_μ and Ā^i_μ, induced by (6.3), take the expected form:

δ_0A^i_μ ∼ −^A∇_μ θ^i − (∂_μξ^ρ)A^i_ρ − ξ^ρ∂_ρA^i_μ , (6.4a) δ_0Ā^i_μ ∼ −(∂_μξ^ρ)Ā^i_ρ − ξ^ρ∂_ρĀ^i_μ . (6.4b)

To illustrate practical aspects of the established correspondence, we note that in thermodynamic applications, one needs an action which is both finite and differentiable [21]. These properties are ensured by the following procedure: first, if the value I_{bh} of the action I at the black hole configuration is divergent, we apply a suitable regularization to define I_r, a finite piece of I, and second, we construct the improved action Ĩ = I_r + B, where B is a surface term that ensures the differentiability of Ĩ under the adopted boundary conditions.

Let us now apply this procedure to the CS action (2.1). We begin by noting that in the spacelike stretched AdS sector, the asymptotic relations (6.3) imply the gauge conditions (2.5) and the relations ∂_0A_2 = ∂_0Ā_2 = 0. Then, one finds that (I_{CS})_{bh} vanishes, (I_{CS})_{bh} ≈ (κ/3) ∫ ε_{ijk}A^iA^j A^k ≈ 0, so that there is no need for any regularization: (I_{CS})_r = I_{CS}. After that, the improved action Ĩ_{CS} is found to be of the form

Ĩ_{CS} = I_{CS} + B_{CS} , B_{CS} := −κ̄ā_0 ∫ ∂M dtdφĀ_2 . In the Euclidean spacetime with the periodic time coordinate, B_{CS} is finite.

When the same procedure is applied to TMG_Λ, using (4.1) and the spacelike stretched boundary conditions, we find:

(I_{TMG})_r = I_{TMG} + ∫ dtdφ a(ν^2 + 3) 2ℓ r_∞ , Ĩ_{TMG} = (I_{TMG})_r + B_{TMG} , B_{TMG} = −1 2 ∫ ∂M dtdφE^1 , where r_∞ is the value of r at the boundary. Then, in view of the asymptotic correspondence (6.2), the CS boundary term is seen to coincide with its gravitational counterpart:

B_{CS} = B_{TMG} , (6.5)

and the on-shell values of the improved actions Ĩ_{CS} and Ĩ_{TMG} are identical. This result gives a deeper insight into the correspondence of the two theories, extending it from an asymptotic relation between fields and coupling constants, to the level of equality of the boundary terms needed to improve the regularized actions. The equality (6.5) might lead to a simplified approach to the gravitational entropy, which is, on the other hand, closely related to the question of warped AdS/CFT correspondence in TMG_Λ [10, 16, 17].

7 Concluding remarks

In this paper, we compared the asymptotic structures of the spacelike stretched AdS gravity and the SL(2, R) × U(1) CS gauge theory.

(1) We studied the asymptotic properties of the SL(2, R) × U(1) CS gauge theory in the canonical formalism. By imposing a suitable set of the gauge and boundary conditions, we calculated two conserved charges and found that the boundary symmetry is described by the Virasoro ⊕_{sd} u(1)_{KM} PB algebra with central charges.

(2) This result shows a remarkable resemblance with the properties of the spacelike stretched AdS gravity. Indeed, by comparing the boundary canonical algebras and the surface terms of the improved generators in the two theories, one finds that their asymptotic structures can be identified by adopting a natural mapping between the respective coupling constants and field variables. Thus, in spite of the fact that TMG_Λ is not a topological theory, the asymptotic structure of its spacelike stretched AdS sector can be faithfully represented by the SL(2, R) × U(1) CS gauge theory. Note that this result holds only asymptotically, not in the bulk. It represents a natural extension of the known asymptotic correspondence between the AdS sector of TMG_Λ and another topological gauge theory—the Mielke- Baekler 3D gravity with vanishing torsion [13], or equivalently, the SL(2, R) × SL(2, R) CS gauge theory [22].

(3) As indicated by equality of the boundary terms needed to improve the regularized CS and TMG_Λ Euclidean actions, the asymptotic CS representation of TMG_Λ might be a useful tool in clarifying the status of the hypothesis conjectured by Anninos et al [10].

Acknowledgements

This work was partially supported by the Serbian Science Foundation under Grant No. 141036.

A The sl(2, R) Lie algebra: conventions

For the basis of the fundamental matrix representation of the sl(2, R) Lie algebra (real, traceles, 2 × 2 matrices), we choose:

T_0 = 1 2 ( 0 1 −1 0 ) , T_1 = 1 2 ( 1 0 0 −1 ) , T_2 = 1 2 ( 0 1 1 0 ) . In this basis, the components of the Cartan metric are η_{ij} = −2Tr(T_iT_j ) = (+, −, −), and the form of the Lie algebra is [T_i, T_j ] = ε_{ij}^kT_k, with ε_{012} = +1. In these conventions, the gauge potential can be represented as

A = A^iT_i = 1 2 ( A^1 A^+ −A^− −A^1 ) , where A^± = A^0 ± A^2 are the light-cone components of A^i.

B The spacelike stretched black hole

The spacelike stretched black hole is a solution of TMG_Λ, which represents a discrete quotient of the spacelike stretched AdS_3 vacuum. Using the notation Λ = −a/ℓ^2, ν = μℓ/3, the metric of the black hole in Schwarzschild-like coordinates is given by:

ds^2 = N^2dt^2 − B^{−2}dr^2 − K^2(dφ + N_φdt)^2 , (B.1)

where

N^2 =

(ν^2 + 3)(r − r_+)(r − r_−)

4K^2

, B^2 =

4N^2K^2

ℓ^2 , K^2 = r 4 [ 3(ν^2 − 1)r + (ν^2 + 3)(r_+ + r_−) − 4ν √ r_+r_−(ν^2 + 3) ] , N_φ = 2νr − √ r_+r_−(ν^2 + 3) 2K^2 . The metric is defined for ν^2 > 1.

As shown in [16], we can use (B.1) to calculate the simple diagonal form of the triad field b^i, then, the connection ω^i is determined by the condition of vanishing torsion, and finally, the solution for the multiplier λ^i is found from (4.2b). The triple (b^i, ω^i, λ^i) defined in this way represents the spacelike stretched black hole in the first-order formalism. The corresponding black hole vacuum (b̄^i, ω̄^i, λ̄^i) is defined by the conditions r_+ = r_− = 0:

b̄^i_μ =

√ ν^2 + 3 3(ν^2 − 1) 0 0 0 1 √ ν^2 + 3 ℓ r 0 2ν √ 3(ν^2 − 1) 0 √ 3(ν^2 − 1) 2 r , (B.2a)

ω̄^i_μ = − ν ℓ √ ν^2 + 3 3(ν^2 − 1) 0 − √ 3(ν^2 + 3)(ν^2 − 1) r 2ℓ 0 ν √ ν^2 + 3 1 r 0 − 2ν^2 ℓ √ 3(ν^2 − 1) 0 −ν √ 3(ν^2 − 1) r 2ℓ

, (B.2b)

λ̄^i_μ = 2a μ

4ν^2 − 3 2ℓ^2 √ ν^2 + 3 3(ν^2 − 1) 0 ν ℓ^2 √ 3(ν^2 + 3)(ν^2 − 1) r 0 3 − 2ν^2 2ℓ √ ν^2 + 3 1 r 0 (4ν^2 − 3)ν ℓ^2 √ 3(ν^2 − 1) 0 3(2ν^2 + 1)

4ℓ^2 √ 3(ν^2 − 1) r

. (B.2c)

C Asymptotic expansion of the equations of motion

Let us now explore the equations of motion in the asymptotic region.

We start with equation (4.2c) which, in conjunction with the specific asymptotic conditions (5.1) and (5.2), leads to four constraints on the triad modes. Two of them involve the first-order modes,

B̂^0_0 − 2ν√ ν^2 + 3

B̂^2_0 = 0 ,

B̂^1_1 + 2νℓ √ 3(ν^2 − 1) (ν^2 + 3)^{3/2}

B̂^2_0 + 2ℓ √ 3(ν^2 − 1)(ν^2 + 3)

B̂^2_2 = 0 , (C.1a)

and the remaining two contain second-order modes:

B̂0_0 − 2ν√ ν^2 + 3

B̂2_0 + 1 2 [ 3(ν^2 − 1) ν^2 + 3 ]_{3/2} (B̂^2_0)^2 = 0 ,

B̂1_1 + ℓ √ 3(ν^2 − 1) ν^2 + 3

B̂0_0 + 2ℓ √ 3(ν^2 + 3)(ν^2 − 1)

B̂2_2 − 4ℓν (ν^2 + 3) √ 3(ν^2 − 1)

B̂^0_2

− √ ν^2 + 3 ℓ (B̂^1_1)^2 + 2ℓ ν^2 + 3

B̂^0_0B̂^2_2 = 0 . (C.1b)

The remaining equations are algebraic relations containing the connection modes. For the first-order modes, one obtains:

Ω̂^0_2 + 3(ν^2 − 1) 2ℓ B̂^0_0 + √ ν^2 + 3 ℓ B̂^2_2 = 0 ,

Ω̂^2_2 + 3(ν^2 − 1) 2ℓ B̂^2_0 + ν ℓ B̂^2_2 = 0 ,

Ω̂^1_1 − ν ℓ B̂^1_1 − √ 3(ν^2 − 1) ν^2 + 3

B̂^2_0 = 0 ,

2B̂^1_0 + 2ν √ 3(ν^2 − 1) (ν ℓ B̂^0_1 − Ω̂^0_1 ) − √ ν^2 + 3 3(ν^2 − 1) (ν ℓ B̂^2_1 − Ω̂^2_1 ) = 0 ,

∂_2B̂^2_0 − √ ν^2 + 3 3(ν^2 − 1) (ν ℓ B̂^1_2 − Ω̂^1_2 ) + √ 3(ν^2 + 3)(ν^2 − 1) 2ℓ B̂^1_0 = 0 ,

∂_2B̂^1_1 + B̂^1_2 − √ 3(ν^2 + 3)(ν^2 − 1) 2ℓ B̂^2_1 + √ 3(ν^2 − 1) 2 (ν ℓ B̂^0_1 − Ω̂^0_1 ) = 0 ,(C.2a)

and the equations containing the second-order modes are:

2B̂^0_0 + 2ν √ 3(ν^2 − 1) (ν ℓ B̂1_1 − Ω̂1_1) + B̂2_0 (ν ℓ B̂^1_1 − Ω̂^1_1 ) = 0 , √ 3(ν^2 + 3)(ν^2 − 1) 2ℓ B̂1_1 + B̂2_2 − ℓ√ ν^2 + 3 (ν ℓ B̂^0_2 + Ω̂^0_2 ) − B̂^1_1Ω̂^0_2 = 0 , − √ 3(ν^2 − 1) 2 (ν ℓ B̂1_1 − Ω̂1_1) + ℓ√ ν^2 + 3 (ν ℓ B̂2_2 + Ω̂2_2)

−B̂^0_2 + Ω̂^1_1B̂^2_2 + Ω̂^2_2B̂^1_1 = 0 . (C.2b)

Similarly, starting from equation (4.2b), we find the following independent algebraic relations for the the first-order multiplier modes:

Λ̂^0_2 − 2a 3νℓ [ 3(ν^2 − 1)(5ν^2 + 3) 4ν B̂^0_0 + 2ν √ ν^2 + 3B̂^2_2 ] = 0 ,

Λ̂^2_2 − 2a 3νℓ [ 3(ν^2 − 1) √ ν^2 + 3B̂^0_0 +

3(2ν^2 + 1) 2 B̂^2_2 ] = 0 ,

Λ̂^1_1 + a 3νℓ (2ν^2 − 3)B̂^1_1 = 0 . − 2(ν^2 − 1) ℓ B̂^1_0 + (2ν^2 − 3) 3νℓ B̂^1_2 + 1 a Λ̂^1_2 = 0 ,

2ν^2 − 3 3νℓ (√ ν^2 + 3B̂^2_1 − 2νB̂^0_1 ) + √ ν^2 + 3 a Λ̂^2_1 − 2ν a Λ̂^0_1 = 0 , − √ 3(ν^2 − 1) 6 [ 3(2ν^2 + 1) 2ℓν B̂^0_1 − Ω̂^0_1 − √ ν^2 + 3 ν ( 2ν ℓ B̂^2_1 − Ω̂^2_1 )]

+ ℓ 3ν ( Ω̂^1_1 + Ω̂^1_2 ) − √ 3(ν^2 − 1) 4a Λ̂^0_1 = 0 , (C.3a)

and similarly for the second-order modes:

Λ̂1_1 + a(2ν^2 − 3) 3νℓ B̂1_1 = 0 ,

(2ν^2 + 1) √ 3(ν^2 − 1) 4νℓ B̂1_1 + (3 − 2ν^2) 6ν √ ν^2 + 3

B̂2_2 − √ 3(ν^2 − 1) 6 Ω̂1_1

− ℓ 3ν Ω̂0_2 + ℓ 3 √ ν^2 + 3

Ω̂2_2 + √ 3(ν^2 − 1) 4a Λ̂1_1 + ℓ 2a √ ν^2 + 3

Λ̂2_2 + ℓ 3ν Ω̂^1_1Ω̂^2_2 + 1 2a B̂^2_2Λ̂^1_1 + 1 2a B̂^1_1Λ̂^2_2 = 0 , − 2 √ 3(ν^2 + 3)(ν^2 − 1) 3ℓ B̂1_1 + ℓ 3ν Ω̂2_2 − ℓ a √ ν^2 + 3

Λ̂0_2 + 2ν^2 − 3 3ν √ ν^2 + 3

B̂^0_2

− √ 3(ν^2 − 1) 6 ( Ω̂^0_1 − √ ν^2 + 3 ν Ω̂^2_1 ) − 1 a B̂^1_1Λ̂^0_2 = 0 . (C.3b)

The remaining equations (4.2a) do not lead to any new relations. Thus, we see that Ω̂i_μ, Ω̂i_μ and Λ̂i_μ, Λ̂i_μ can be expressed in terms of B̂i_μ, B̂i_μ.

D Residual gauge transformations

In this appendix, we calculate the action of the residual gauge transformations on the triad modes. These transformations are defined by (4.4) with T = S = 0 and are denoted by δ̂_0.

For the first-order triad modes we have:

δ̂_0B̂^0_0 ≡ δ̂_0B̂^2_0 = 0 ,

δ̂_0B̂^0_1 = − ℓ√ ν^2 + 3 θ̂^2 + 2 √ ν^2 + 3 3(ν^2 − 1) ξ̂^0 ,

δ̂_0B̂^0_2 = √ 3(ν^2 − 1) 2 θ̂^1 ,

δ̂_0B̂^1_0 = 2ν √ 3(ν^2 − 1) θ̂^0 − √ ν^2 + 3 3(ν^2 − 1) θ̂^2 ,

δ̂_0B̂^1_1 = ℓ√

ν^2 + 3 ξ̂^1 ,

δ̂_0B̂^1_2 = √ 3(ν^2 − 1) 2 θ̂^0 − ℓ√ ν^2 + 3

∂_2ξ̂^1 ,

δ̂_0B̂^2_1 = − ℓ√ ν^2 + 3 θ̂^0 + 4ν √ 3(ν^2 − 1) ξ̂^0 + 3 2 √ 3(ν^2 − 1)ξ̂^2 ,

δ̂_0B̂^2_2 = − √ 3(ν^2 − 1) 2 ξ̂^1 . (D.1a)

Hence, there is only one component B̂^2_0 [or equivalently B̂^0_0, because of (C.1a)] which remains invariant under the residual gauge transformations.

For the second-order triad modes (with non-zero vacuum values), the transformation laws read:

δ̂_0B̂^0_0 = 2ν √ 3(ν^2 − 1) θ̂^1 + ξ̂^1B̂^0_0 ,

δ̂_0B̂^2_0 = √ ν^2 + 3 3(ν^2 − 1) θ̂^1 + ξ^1B̂^2_0 ,

δ̂_0B̂^1_1 = 2ℓ√

ν^2 + 3 ξ̂^1 + 2ξ̂1B̂1_1 ,

δ̂_0B̂^2_2 = − √ 3(ν^2 − 1) 2 ξ̂^1 . (D.1b)

In a similar way, we can find the residual gauge transformations for the connection and the multiplier modes. The modes that appear in the expressions for the asymptotic charges (5.3) transform in the following manner:

δ̂_0Ω̂^2_2 = − √ 3(ν^2 − 1)(ν^2 + 3) 2ℓ θ̂^1 + ν √ 3(ν^2 − 1) 2ℓ ξ̂^1 ,

δ̂_0Ω̂^0_2 = −ν √ 3(ν^2 − 1) 2ℓ θ̂^1 + √ 3(ν^2 + 3)(ν^2 − 1) 2ℓ ξ̂^1 ,

δ̂_0Λ̂^2_2 = 2a √ 3(ν^2 − 1)(ν^2 + 3) 3ℓ θ̂^1 − a(2ν^2 + 1) √ 3(ν^2 − 1) 2ℓν ξ̂^1 . (D.2)

Using these results, one can verify that the asymptotic charges are invariant under the residual gauge transformations:

δ̂_0E^1 = 0 , δ̂_0M^1 = 0 . (D.3)

Indeed, the invariance of E^1 follows from δ̂_0B̂^2_0 = 0, while the transformation laws for B̂^0_2 and B̂^2_2 in (D.1), together with the relations (D.2), imply δ̂_0M^+ = 0, hence δ̂_0M^1 = 0.

E Derivation of the asymptotic relations (6.3)

In this appendix, we derive the asymptotic formulas (6.3), relating the field variables of the CS theory to those of the spacelike stretched AdS gravity, in the asymptotic region.

SL(2, R) sector

Let us first consider the SL(2, R) sector of the theory. Radial coordinates in the CS theory and TMG_Λ, ρ and r respectively, are not identical. They are connected by ℓe^{ρ/ℓ} ∼ r. Hence, for a_1 = T_1, we have b ≡ e^{ρT1/ℓ} = ( √ r/ℓ 0 0 √ ℓ/r ) . Using the gravitational radial coordinate r also in the CS theory, we find

A^i_r = δ^i_1 r , Â^+_2 = r ℓ A^+_2 , Â^−_2 = ℓ r A^−_2 , (E.1)

and consequently:

A^+_2 ∼ − aℓ √ 3(ν^2 − 1) 4κC ( b^2_2 νℓ + 2 √ ν^2 + 3 3ℓ b^0_2 + 4 3 ω^2_2 + 2 √ ν^2 + 3 3ν ω^0_2 + λ^2_2 a ) . Next, we note that (C.1b), (C.2b) and (C.3b) imply:

A^+_2 ∼ − aℓ √ 3(ν^2 − 1) 4κC [( 1 νℓ + 2 √ ν^2 + 3 3ℓ ) b^+_2 + ( 4 3 + 2 √ ν^2 + 3 3ν ) ω^+_2 + λ^+_2 a ] . This result motivates us to assume the following general correspondence: A^i_μ ∼ − aℓ √ 3(ν^2 − 1) 4κC [( 1 ν + 2 √ ν^2 + 3 3 ) b^i_μ ℓ + ( 4 3 + 2 √ ν^2 + 3 3ν ) ω^i_μ + λ^i_μ a ] , (E.2)

where 4κ = c_V /12π. To prove this assumption, we examine its validity for all values of the indices, using the adopted gauge and asymptotic conditions.

For μ = 0, A^i_0 vanishes as a consequence of (2.5a), while (5.2) implies that the rhs of (E.2) also vanishes.

For μ = 2 and i = 1, the first additional requirement in (3.4a) yields A^1_2 = Â^1_2 = 0, while (4.3) implies that the rhs of (E.2) ∼ O_2. For μ = 2 and i = −, we use (4.3) and the second requirement in (3.4a), which imply that (E.2) is satisfied for C = ∓ (ν^2 + 3) √ 3(ν^2 − 1) 2(2ν + √ ν^2 + 3) . Choosing the negative value of C, (E.2) takes the form (6.3a).

Finally, for μ = 1, the conditions (4.3) imply that (6.3a) is identically satisfied. The transformation law (6.4a) of A^i_μ, induced by the relation (6.3a), would not have been correct if we had chosen the plus sign for C.

U(1) sector

By using (4.6a), the asymptotic expression for Ā_2 can be written as:

Ā_2 ∼ ℓ 2κ̄ā b^i_0 ( 4a 3 ω_{i2} + λ_{i2} − a 3ℓ 2ν^2 + 3 ν b_{i2} ) . This relation can be consistently generalized to (6.3b). Indeed, for μ = 1, the rhs of (6.3b) ∼ O_2 as a consequence of (4.3), in agreement with the gauge condition Ā_1 = 0. Similarly, using the refined asymptotic conditions (5.2), we find the expected result:

Ā_0 ∼ −aℓ(ν^2 + 3) 3νκā_0 g_{00} ≡ ā_0 .

References

[1] J. D. Brown and M. Henneaux, Central charges in the canonical realization of asymptotic symmetries: an example from three dimensional gravity, Comm. Math. Phys. 104 (1986) 207.

[2] For a review of the subject, see: S. Carlip, Conformal field theory, (2+1)-dimensional gravity, and the BTZ black hole, Class. Quant. Grav. 22 (2005) R85.

[3] A. Achucarro and P. Townsend, A Chern-Simons action for three-dimensional anti-de Sitter supergravity theories, Phys. Lett. B180 (1986) 89; E. Witten, 2+1 dimensional gravity as an exactly soluble system, Nucl. Phys. B311 (1988) 46.

[4] See also: M. Bañados, Global charges in Chern-Simons field theory and the (2+1) black hole, Phys. Rev. D52 (1995) 5816; M. Blagojević and M. Vasilić, Three-dimensionsl gravity with torsion as a Chern-Simons gauge theory, Phys. Rev. D 68 (2003) 104023.

[5] S. Deser, R. Jackiw and S. Templeton, Three-dimensional massive gauge theories, Phys.

Rev. Lett. 48 (1982) 975; Topologically massive gauge theories, Ann. Phys. 140 (1982) 372.

[6] M. Bañados, C. Teitelboim and J. Zanelli, The black hole in three-dimensional spacetime, Phys. Rev. Lett. 69 (1992) 1849; M. Bañados, M. Henneaux, C. Teitelboim and J. Zanelli, Geometry of 2+1 black hole, Phys. Rev. D 48 (1993) 1506.

[7] See, for instance: S. Carlip, The statistical mechanics of the three-dimensional Euclidean black hole, Phys. Rev. D 55 (1997) 878; A. Strominger, Black hole entropy from near–horizon microstates, JHEP 9802 (1998) 009.

[8] K. Ait Moussa, G. Clement and C. Leygnac, The black holes in topologically massive gravity, Class. Quant. Grav. 20 (2003) L277.

[9] W. Li, W. Song and A. Strominger, Chiral gravity in three dimensions, JHEP 0804 (2008) 082; D. Grumiller and N. Johansson, Instability in cosmological topologically massive gravity at the chiral point, JHEP 0807 (2008) 134.

[10] D. Anninos, W. Li, M. Padi, W. Song and A. Strominger, Warped AdS_3 black holes, JHEP 0903 (2009) 130.

[11] I. Bengtsson and P. Sandin, Anti de Sitter space, squashed and stretched, preprint arXiv:gr-qc/0509076.

[12] D. Anninos, M. Esole and M. Guica, Stability of warped AdS_3 vacua of topologically massive gravity, JHEP 0910 (2009) 083.

[13] M. Blagojević and B. Cvetković, Canonical structure of topologically massive gravity with a cosmological constant, JHEP 0905 (2009) 073.

[14] S. Carlip, The constraint algebra of topologically massive AdS gravity, JHEP 0810 (2008) 078.

[15] G. Compère and S. Detournay, Semi-classical central charge in topologically massive gravity, Class. Quant. Grav. 26 (2009) 012001; Boundary conditions for spacelike and timelike warped AdS_3 spaces in topologically massive gravity, JHEP 0908 (2009) 092.

[16] M. Blagojević and B. Cvetković, Asymptotic structure of topologically massive gravity in spacelike stretched AdS sector, JHEP 0909 (2009) 006.

[17] B. Chen, Z. b. Xu, Quasi-normal modes of warped black holes and warped AdS/CFT correspondence, JHEP 0911 (2009) 091; B. Chen, G. Moutsopoulos, B. Ning, Self-dual warped AdS_3 black holes, preprint arXiv:1005.4175v2 [hep-th].

[18] L. Castellani, Symmetries of constrained Hamiltonian systems, Ann. Phys. (N.Y.) 143 (1982) 357.

[19] O. Coussaert, M. Henneaux and P. van Driel, The asymptotic dynamics of threedimensional Einstein gravity with negative cosmological constant, Class. Quantum Grav. 12 (1995) 2961.

[20] O. Mišković and R. Olea, Background-independent charges in topologically massive gravity, JHEP 0912 (2009) 046.

[21] M. Bañados, F. Méndez, A note on covariant action integral in three dimensions, Phys.

Rev. D 58, 104014 (1998); M. Blagojević and B. Cvetković, Covariant description of the black hole entropy in 3D gravity, Class. Quantum Grav. 24 (2007) 129.

[22] M. Blagojević and M. Vasilić, 3D gravity with torsion as a Chern-Simons gauge theory, Phys. Rev. D 68 (2003) 104023.