arXiv:1101.0355v5 [math-ph] 13 Jan 2011

Second-order corrections to the non-commutative Klein-Gordon equation with a Coulomb potential

Slimane Zaim^a, Lamine Khodja^b and Yazid Delenda^a

aDépartement de Physique, Faculté des Sciences, Université Hadj Lakhdar – Batna, Algeria.

bLaboratoire de Physique Thorique, Département de Physique, Faculté des Sciences Exactes, Université A. Mira – Bjaia, Route Targa Ouzemour, Bjaia, Algeria.

Abstract

We improve the previous study of the Klein-Gordon equation in a non-commutative space-time as applied to the Hydrogen atom to extract the energy levels, by considering the second-order corrections in the non-commutativity parameter. Phenomenologically we show that non-commutativity is the source of lamb shift corrections.

Keywords: non-commutative field theory, Hydrogen atom, Klein-Gordon equation. Pacs numbers: 11.10.Nx, 81Q05, 03.65.-w

1 Introduction

The non-commutative field theory has received a wide appreciation as an alternative approach to understanding many physical phenomenon such as the ultraviolet and infrared divergences [1], unitarity violation [2], causality [3], and new physics at very short distances of the Plancklength order [4].

The non-commutative field theory is motivated by the natural extension of the usual quantum mechanical commutation relations between position and momentum, by imposing further commutation relations between position coordinates themselves. As in usual quantum mechanics, the non-commutativity of position coordinates immediately implies a set of uncertainty relations between position coordinates analogous to the Heisenberg uncertainty relations between position and momentum; namely:

[x̂^μ, x̂^ν ]_∗ = iθ^{μν} , (1)

where x̂^μ are the coordinate operators and θ^{μν} are the non-commutativity parameters of dimension of area that signify the smallest area in space that can be probed in principle. This idea is similar to the physical meaning of the Plank constant in the relation [x̂_i, p̂_j ] = iℏδ_{ij}, which as is known is the smallest phase-space in quantum mechanics.

One can study the physical consequences of this theory by making detailed analytical estimates for measurable physical quantities and compare the results with experimental data to find an upper bound on the θ parameter. The most obvious natural phenomena to use in hunting for non-commutative effects are simple quantum mechanics systems, such as the hydrogen atom [5–7]. In the non-commutative space one expects the degeneracy of the initial spectral line to be lifted, thus one may say that non-commutativity plays the role of spin.

In this work we present an important contribution to the non-commutative approach to the hydrogen atom. Our goal is to solve the Klein Gorden equation for the Coulomb potential in a non-commutative space-time up to second-order of the non-commutativity parameter using the Seiberg-Witten maps and the Moyal product. We thus find the noncommutative modification of the energy levels of the hydrogen atom and we show that the non-commutativity is the source of lamb shift corrections.

This paper is organized as follows. In section 2 we derive the corresponding Seiberg- Witten maps up to the second order of θ for the various dynamical fields, and we propose an invariant action of the non-commutative charged scalar field in the presence of an electric field. In section 3, using the generalised Euler-Lagrange field equation, we derive the deformed Klein-Gordon (KG) equation. Applying these results to the hydrogen atom, we solve the deformed KG equation and obtain the non-commutative modification of the energy levels. In section 4, we introduce the non-relativistic limit of the NC Klein–Gordon equations and solve them using perturbation theory and deduce that the non-relativistic NC Klein–Gordon equation is the same as Schrödinger equation on NC space. The last section is devoted to a discussion.

2 Seiberg-Witten maps

Here we look for a mapping ϕ^A → ϕ̂^A and λ → λ̂ (λ, A_μ), where ϕ^A = (A_μ, φ) is a generic field, A_μ and φ are the gauge and charged scalar fields respectively (the Greek and Latin indices denote curved and tangent space-time respectively), and λ is the U(1) gauge Lievalued infinitesimal transformation parameter, such that:

ϕ̂^A (A) + δ̂_{λ̂}ϕ̂^A (A) = ϕ̂^A (A + δ_λA) , (2)

where δ_λ is the ordinary gauge transformation and δ̂_{λ̂} is a noncommutative gauge transformation which are defined by: δ̂_{λ̂}φ̂ = iλ̂ ∗ φ̂, δ_λφ = iλφ, (3) δ̂_{λ̂}Â_μ = ∂_μλ̂ + i [ λ̂, Â_μ ] ∗ , δ_λA_μ = ∂_μλ. (4)

In accordance with the general method of gauge theories, in the non-commutative space, using these transformations one can get at second order in the non-commutative parameter θ^{μν} (or equivalently θ) the following Seiberg–Witten maps [8]:

φ̂ = φ + θφ^1 + θ^2φ^2 + O ( θ^3 ) , (5) λ̂ = λ + θλ^1 (λ, A_μ) + θ^2λ^2 (λ, A_μ) + O (θ^3) , (6) Â_ξ = A_ξ + θA^1_ξ (A_ξ) + θ^2A^2_ξ (A_ξ) + O (θ^3) , (7) F̂_{μξ} = F_{μξ} (A_ξ) + θF^1_{μξ} (A_ξ) + θ^2F^2_{μξ} (A_ξ) + O (θ^3) , (8)

where F_{μν} = ∂_μA_ν − ∂_ν A_μ − i [A_μ, A_ν ] . (9) To begin, we consider a non-commutative field theory with a charged scalar particle in the presence of an electrodynamic gauge field in a Minkowski space-time. We can write the action as: S = ∫ d^4x ( η^{μν} ( D̂_μφ̂ )_† ∗ D̂_νφ̂ + m^2φ̂^† ∗ φ̂ − 1 4 F̂_{μν} ∗ F̂^{μν} ) , (10)

where the gauge covariant derivative is defined as: D̂_μφ̂ = ( ∂_μ + ieÂ_μ ) ∗ φ̂. Next we use the generic-field infinitesimal transformations (3) and (4) and the starproduct tensor relations to prove that the action in eq. (10) is invariant. By varying the scalar density under the gauge transformation and from the generalised field equation and the Noether theorem we obtain [9]: ∂L ∂φ̂ − ∂_μ ∂L ∂ (∂_μφ̂) + ∂_μ∂_ν ∂L ∂ (∂_μ∂_νφ̂) − ∂_μ∂_ν ∂_σ ∂L ∂ (∂_μ∂_ν ∂_σφ̂) + O ( θ^3 ) = 0. (11)

3 Non-commutative Klein-Gordon equation

In this section we study the Klein-Gordon equation for a Coulomb interaction (−e/r) in the free non-commutative space. This means that we will deal with solutions of the U(1) gauge-free non-commutative field equations [10]. For this we use the modified field equations in eq. (11) and the generic field Â_μ so that: δÂ_μ = ∂_μλ̂ − ieÂ_μ ∗ λ̂ + ieλ̂ ∗ Â_μ, (12) and the free non-commutative field equations: ∂^μF̂_{μν} − ie [ Â^μ, F̂_{μν} ] ∗ = 0. (13)

Using the Seiberg-Witten maps (7)–(8) and the choice (13), we can obtain the following deformed Coulomb potential [10]:

â_0 = − e r + e^5 20 r^5 ( θ^{ij} )_2 + O ( θ^3 ) , (14)

â_i = e^3 4 r^3 θ^{ij}x_j + O ( θ^3 ) . (15)

Using the modified field equations in eq. (11) and the generic field φ̂ so that:

δ_{λ̂}φ̂ = iλ̂ ∗ φ̂, (16)

the Klein-Gordon equation in a non-commutative space-time in the presence of the vector potential Â_μ can be cast into: ( η^{μν} ∂_μ∂_ν − m^2 ) φ̂ + ( ieη^{μν} ∂_μÂ_ν − e^2η^{μν}Â_μ ∗ Â_ν + 2ieη^{μν}Â_μ∂_ν ) φ̂ = 0. (17)

Now using the fact that:

η^{μν} ∂_μ∂_ν = −∂^2_0 + Δ, (18) and 2ieη^{μν}Â_μ∂_ν = i 2e^2 r ∂_0 − i e^6 10 r^5 θ^2∂_0 − e^4 2 r^3 ⃗θ.⃗L, (19) and − e^2η^{μν}Â_μ ∗ Â_ν = e^4 r^2 − e^8 10 r^6 θ^2 − e^8 16 r^6 ( θ^{ij}x_j )_2

, (20)

then the Klein-Gordon equation (17) up to O ( θ^3 ) takes the form: [ −∂^2_0 + Δ − m^2_e + e^4 r^2 + i 2e^2 r ∂_0 − e^4 2 r^3 ⃗θ.⃗L − e^8 16 r^6 ( θ^{ij} x_j )_2 − i e^6 10 r^5 θ^2∂_0 − e^8 10 r^6 θ^2 ] φ̂ = 0.

(21) The solution to eq. (21) in spherical polar coordinates (r, θ, ϕ) takes the separable form [11]: φ̂(r, θ, ϕ, t) = 1 r R(r)Y (θ, ϕ) exp(−iEt). (22)

Then eq. (21) reduces to the radial equation: [ d^2 dr^2 − l(l + 1) − e^4 r^2 + 2Ee^2 r + E^2 − m^2_e − e^4 2 r^3 ⃗θ.⃗L− − e^8 16 r^6 ( θ^{ij} x_j )_2 − e^6 10 r^5 Eθ^2 − e^8 10 r^6 θ^2 ] R(r) = 0. (23)

In eq. (23) the coulomb potential in non-commutative space appears within the perturbation terms: − e^4 2 r^3 ⃗θ.⃗L − e^8 16 r^6 ( θ^{ij}x_j )_2 − e^6 10 r^5 Eθ^2 − e^8 10 r^6 θ^2, (24)

where the first, third and last terms take a similar form to the interaction terms between the electron magnetic-dipole and the magnetic-field produced by the nucleus in the noncommutative space, in which the non-commutative parameter θ plays the role of the spin and magnetic field [12]. The second term induces splitting the 1S states [10], in which the non-commutative parameter θ plays the role of the spin.

3.1 The solution

Equation (23) has not yet been solved exactly in the presence of the perturbation terms (24), whereas in their absence its exact solution is available in ref. [13]. To obtain the solution we choose θ = 0 and arrive at: [ d^2 dr^2 − l(l + 1) − e^4 r^2 + 2Ee^2 r + E^2 − m^2_e ] R(r) = 0. (25)

This equation is a generalized equation of hypergeometric type [14], R^{′′} + ~τ (r) σ(r) R^′ + ~σ (r) σ^2(r)

R = 0, (26)

where σ(r) = r, ~τ = 0, ~σ = (Er + e^2)^2 − r^2m^2_e − l(l + 1). Using the transformation: R(r) = ϕ(r)y(r), (27) equation (25) reduces to an equation of hypergeometric type:

σ(r)y^{′′} + τ(r)y^′ + λy = 0, (28)

and ϕ(r) is the solution of the equation: ϕ^′(r)/ϕ(r) = π(r)/σ(r), (29) where the polynomial π(r) is defined so that: π(r) = σ^′ − ~τ 2 ± √( σ^′ − ~τ 2 )_2 − ~σ + kσ

= 1 2 ± √( l + 1 2 )_2

− e^4 − 2e^2Er + (m^2_e − E^2) r^2 + kr . (30)

According to the Nikiforov-Uvarov (NU) method [14], the expression in the square–root must be the square of a polynomial, and so one can find new possible functions for each k as: π(r) = 1 2 ± √ m^2_e − E^2 r + √( l +^1_2

)_2

− e^4, for k = 2e^2E + 2 √ m^2_e − E^2 √( l +^1_2

)_2 − e^4 √ m^2_e − E^2 r − √( l +^1_2

)_2

− e^4, for k = 2e^2E − 2 √ m^2_e − E^2 √( l +^1_2

)_2 − e^4. (31) For all possible forms of π(r) we must choose the one for which the function τ(r) = ~τ (r)+2π(r) has roots on the interval [0, +∞[ and a negative derivative. These conditions are satisfied by the function:

τ(r) = 1 + 2 √( l + 1 2 )_2

− e^4 − √ m^2_e − E^2 r , (32) which corresponds to: π(r) = 1 2 + √( l + 1 2 )_2

− e^4 − √ m^2_e − E^2 r

λ = 2 e^2E − 1 2 + √( l + 1 2 )_2 − e^4 √ m^2_e − E^2 , (33)

and ϕ(r) = r^{12 +} √ (l+^1_2 )^2−e^4 exp ( − √ m^2_e − E^2r ) . (34)

The exact energy eigenvalues of the radial part of the Klein-Gordon equation with a Coulomb potential can be found from the equation:

λ + nτ^′ + n (n − 1) 2 σ^{′′} = 0, (35)

We obtain

E = E_{n,l} = m_e ( n +^1_2 + √( l +^1_2

)_2 − α^2 ) [ ( n +^1_2

)_2 + ( l +^1_2

)_2 + 2 ( n +^1_2 ) √( l +^1_2

)_2 − α^2 ] 1_2 , α = e^2. (36)

The proper function y(r) in eq. (28) is the hypergeometric-type function whose polynomial solutions are given by Rodrigues relation:

y_n(r) = B_{nl} r^2 √ (l+^1_2 )^2−α^2 e−2 √_{m2e −E2 r} d^n dr^n ( r^{n+2} √ (l+^1_2 )^2−α^2 e−2 √_{m2e −E2 r}) , (37)

where B_{nl} is a normalizing constant. Merging this with the Laguerre polynomials for x = 2 √ m^2_e − E^2 r, the radial functions are written as:

R_{nl}(r) = C_{nl}x^{12 +} √ (l+^1_2 )^2−α^2 e−x/2L^2 √ (l+^1_2 )^2−α^2 n (x), (38) where C_{nl} is normalization constant determined by ∫_{+∞} 0 R^2_{nl}(r)dr = 1. Thus the corresponding normalized radial functions are found to be: R_{nl}(r) = √ a n + ν + 1 ( n! Γ (n + 2ν + 2) )_{1/2} x^{ν+1}e^{−x/2}L^{2ν+1}_n (x) , (39)

where ν = − 1 2 + √( l + 1 2 )_2

− α^2, (40)

and a = √ m^2_e − E^2.

Now to obtain the modification to the energy levels as a result of the terms (24) due to the non-commutativity of space-time we use perturbation theory. For simplicity, first of all, we take θ_3 = θ and assume that the other components are all zero such that ⃗θ.⃗L = θL_z. In addition we use: ⟨nlm | L_z | nlm^′⟩ = m_lδ_{mm}′ − l ≤ m_l ≤ l, (41) and also the fact that in the first-order perturbation theory the expectation value of 1/r^3, 1/r^4, 1/r^5 and 1/r^6 with respect to the exact solution of eq. (25), are given by: ⟨nlm | r^{−k} | nlm^′⟩ = ∫_∞ 0 R^2_{nl}(r)r^{−k}drδ_{mm}′ = 2^{k−1}a^kn!

(n + ν + 1) Γ (n + 2ν + 2) ∫_∞ 0 x^{2ν+2−k}e^{−x} [ L^{2ν+1}_n (x)

]_2 dxδ_{mm}′ = f(k) k = 3, 4, 5, 6. (42)

We use the relation between the confluent hypergeometric function F (−n; ν + 1; x) and the associated Laguerre polynomials L^ν_n(x), namely:

L^ν_n(x) =

Γ (n + ν + 1) Γ (n + 1) Γ (ν + 1)

F (−n; ν + 1; x), (43)

∫_∞ 0 x^{ν−1}e^{−x} [F (−n; γ; x)]^2 dx = n!Γ(ν) γ (γ + 1) · · · (γ + n − 1) { 1 + n (γ − ν − 1) (γ − ν) 1^2γ + + n (n − 1) (γ − ν − 2) (γ − ν − 1) (γ − ν) (γ − ν + 1) 1^22^2γ (γ + 1) + · · · · · · + n (n − 1) · · · 1 (γ − ν − n) · · · (γ − ν + n − 1) 1^22^2 · · · n^2γ (γ + 1) · · · (γ + n − 1) } . (44)

Equation (42) becomes: ⟨nlm | r^{−3} | nlm^′⟩ = ∫_∞ 0 R^2_{nl}(r)r^{−3}drδ_{mm}′ = 4a^3n!

(n + ν + 1) Γ (n + 2ν + 2) ∫_∞ 0 x^{2ν−1}e^{−x} [ L^{2ν+1}_n (x)

]_2 dxδ_{mm}′ = 4a^3n!

(n + ν + 1) Γ (n + 2ν + 2) [ Γ (n + 2ν + 2) Γ (n + 1) Γ (2ν + 2)

]_2 × × ∫_∞ 0 x^{2ν−1}e^{−x} [F (−n; 2ν + 2; x)]^2 dxδ_{mm}′ = 2a^3 ν (2ν + 1) (n + ν + 1) { 1 + n (ν + 1) } δ_{mm}′ = f(3),

⟨nlm | r^{−4} | nlm^′⟩ = 4a^4 (2ν − 1) ν (2ν + 1) (n + ν + 1) [ 1 + 3n (ν + 1) + + 3n (n − 1) (ν + 1) (2ν + 3) ] δ_{mm}′ = f(4), ⟨nlm | r^{−5} | nlm^′⟩ = 4a^5 (2ν − 1) (ν − 1) ν (2ν + 1) (n + ν + 1) [ 1 + 6n (ν + 1) + + 15n (n − 1) (ν + 1) (2ν + 3) + 5n (n − 1) (n − 2) (ν + 1) (2ν + 3) (ν + 2) ] δ_{mm}′ = f(5), ⟨nlm | r^{−6} | nlm^′⟩ = 8a^6 (2ν − 3) (2ν − 1) (ν − 1) ν (2ν + 1) (n + ν + 1) [ 1 + 10n (ν + 1) + + 45n (n − 1) (ν + 1) (2ν + 3) + 35n (n − 1) (n − 2) (ν + 1) (2ν + 3) (ν + 2) + + 35n (n − 1) (n − 2) (n − 3) 2 (ν + 1) (2ν + 3) (ν + 2) (2ν + 5) ] δ_{mm}′ = f(6). (45)

Putting these results together one gets

ΔE^{nc} = − α^2m_l 2 f(3)θ − α^3 2 ( α 8 f(4) + E_{nl} 5 f(5) + α 5 f(6) ) θ^2. (46)

The energy shift is due to the terms (24). In addition, the first term of order θ multiplied by magnetic quantum number indicates the splitting of states with the same orbital angular momentum into the corresponding components. This behavior is similar to the Zeeman effect without spin. The rest of the terms of second order in θ are independent of magnetic quantum number, which clearly reflects the existence of spin. Furthermore it is worth noting that the correction terms containing θ^2 are very similar to the spin–spin coupling, thus the non-commutative parameter θ plays the role of spin and thus the degeneracy of levels is completly removed.

The energy levels of the hydrogen atom in the framework of the non-commutative Klein- Gordon equation are:

Ê = E_{n,l} + ΔE^{nc} (n, l, m_l) . (47)

4 Non-relativistic limit of NC Klein-Gordon equation

Now we consider the non-relativistic limit of the non-commutative Klein-Gordon equation (21). To do this we take the wave function in the new form: φ̂(r, θ, ϕ, t) = 1 r R(r)Y (θ, ϕ) exp(−i (ε + m_e) t), (48)

where ε is the non-relativistic energy for which the conditions |eA_0| ≪ m_e |R(r)/r Y (θ, ϕ)| and ε ≪ m_e are valid [15]. Then the non-relativistic limit of non-commutative Klein-Gordon equation (21) is: [ d^2 dr^2 − l(l + 1) r^2 + 2m_ee^2 r + ε − e^4 2 r^3 ⃗θ.⃗L − e^8 16r^6 ( θ^{ij} x_j )_2 − m_ee^6 5r^5 θ^2 − e^8 10r^6 θ^2 ] R(r) = 0, (49) where the perturbation terms in this equation are the same as those in equation (23) (explicitly given in (24)) with the replacement E → m_e. Hence in eq. (49) the NC terms are similar to the NC Hamiltonian of hyperfine splitting in NC space [12]. In addition, the new term is similar to the spin-spin coupling in which the non-commutativity plays the role of the spin. Thus the energy spectrum and radial wave functions corresponding to θ = 0 in equation (49) are given by: ε_n = − m_eα^2 2ℏ^2n^2

(50) and R_{nl}(r) = 1 n ( (n − l − 1)! a (n + l)! )_{1/2} x^{l+1}e^{−x/2}L^{2l+1}_{n−l−1}(x), x = 2 an r, (51)

where a = ℏ^2/(m_eα), the Bohr radius of the Hydrogen atom.

Now to obtain the modification of energy levels as a result of the non-commutative terms in eq. (49), we use the first-order perturbation theory. The expectation value of r^{−3}, r^{−4}, r^{−5} and r^{−6} with respect to the solution in eq. (51) are given by: ⟨nlm | r^{−3} | nlm^′⟩_{l≻0} = 2 a^3n^3l(l + 1)(2l + 1) δ_{mm}′ , ⟨nlm | r^{−4} | nlm^′⟩_{l≻0} = 4 a^4n^5l(l + 1)(2l − 1)(2l + 1)(2l + 3) [ 3n^2 − l(l + 1) ] δ_{mm}′ , ⟨nlm | r^{−5} | nlm^′⟩_{l≻1} = 4 3a^5n^5(l − 1)l(l + 1)(l + 2)(2l + 1) × × [ −1 +

5 (3n^2 − l(l + 1)) (2l − 1)(2l + 3) ] δ_{mm}′ , ⟨nlm | r^{−6} | nlm^′⟩_{l≻1} = 4 a^6n^5l(l + 1)(2l − 3)(2l + 1)(2l + 5) × × [ − 7 3(l − 1)(l + 2) − 3 (3n^2 − l(l + 1)) n^2(2l − 1)(2l + 3) + + 35 (3n^2 − l(l + 1)) 3(l − 1)(l + 2)(2l − 1)(2l + 1)(2l + 3) ] δ_{mm}′ . (52) We show that energy-levels shift for 3P and 3D states are:

ΔE^{NC}_{3P} = − α^2 162a^3 [ m_lθ + 5α^2 36a θ^2 ] , − 1 ≤ m_l ≤ 1, (53)

ΔE^{NC}_{3D} = − α^2 810a^3 [ m_lθ + α^2 36a θ^2 ] − 2α^3 54675a^5 [ m_e − α 18a ] θ^2, − 2 ≤ m_l ≤ 2. (54)

The energy deference between the 3P and 3D states if m_l = 0 is:

δE (3P − 3D) = − α^3 1215a^4 [ 2m_e 45a + α ( 1 − 1 405a^2 )] θ^2. (55)

This result is very important: as a possible means of introducing electron spin we replace l → ± ( j +^1_2 ) and n → n − j −^1_2 , where j is the quantum number associated to the total angular momentum, then the states 3P and 3D_{l=2} have the same total quantum number j =^3_2 , but the difference of energy indicates the splitting between the 3P 3_2 and 3D 3_2 levels. These results show that in the non-commutative non-relativistic (relativistic) theory degeneracy is completely removed. As we have explicitly shown the non-commutativity contributes to the correction of the lamb shift between these levels. Thus by comparing to the data one can get an experimental bound on the value of θ.

5 Conclusions

In this work we started from quantum field theory in a canonical non-commutative space and used the relativistic charged scalar particle in the Minkowski space-time to find the action which is invariant under the generalised infinitesimal gauge transformation. By using the Seiberg-Witten maps and the Moyal product up to second order in the non-commutativity parameter θ, we generalised the equations of motion and derived the deformed Klein-Gorden equation for non-commutative Coulomb potential. By solving the deformed KG equation we found the energy shift up to the second order of θ, where the first term is proportional to the magnetic quantum number. This behavior is similar to the Zeeman effect that is applied in the magnetic field of the system without spin and the second term is proportional to θ^2, thus we explicitly accounted for a spin effects in this space. Hence we can say that the Klein-Gordon equation in non-commutative space at the second order of θ describes particles with spin. After that we have obtained the non-relativistic limit of the deformed Klein-Gorden equation for a non-commutative Coulomb potential. We showed that the non-relativistic Klein-Gordon equation is the same the Schrödinger equation for a coulomb potential in non-commutative space. Thus we came to the conclusion that the non-commutative non-relativistic theory degeneracy is completely removed and induced the lamb shift where the energy spectrum of the hydrogen atom depends on the second-order on the non-commutative parameter θ.

References

[1] S. Minwalla, M. van Raamsdonk and N. Seiberg, JHEP 0002 (2000) 020, [arXiv:hep-th/9912072].

[2] J. Gomis, and T. Mehen, Nucl. Phys. B591, (2000) 178, [arXiv:hep-th/0005129].

[3] N. Seiberg, L. Susskind and N. Toumbas, JHEP 0006 (2000) 044, [arXiv:hep-th/0005015].

[4] S. Doplicher, K. Fredenhagen and J.E. Roberts, Phys. Lett. B331 (1994) 39;

S. Doplicher, K. Fredenhagen and J. E. Roberts, Commun. Math. Phys. 172 (1995) 187; T. Yoneya, Progr. Theor. Phys.103 (2000) 1081 [arXiv:hep-th/0004074].

[5] M. Chaichian, M. M. Sheikh-Jabbari and A. Tureanu, Phys. Rev. Lett. 86 (2001) 2716.

[6] T. C. Adorno, M. C. Baldiotti, M. Chaichian, D. M. Gitman, A. Tureanu, Phys. Lett.

B682 (2009) 235.

[7] H. Motavalli, A. R. Akbarieh, Mod. Phys. Lett. A25 (2010) 2523

[8] N. Seiberg and E. Witten, JHEP 032 (1999) 9909.

[9] N. Mebarki, S. Zaim, L. Khodja and H. Aissaoui, Phys. Scripta 78 (2008) 045101.

[10] A. Stern, Phy. Rev. Lett. 100, 061601 (2008).

[11] J. Naudts, [arXiv:physics/0507193].

[12] S. A. Alavi, Phys. Scr.78 (2008) 015005.

[13] I. I. Gol’dman and D. V. Krivchenkov, Problems in quantum mechanics (Pergamon, London, 1961).

[14] A. F. Nikiforov and V. B. Uvarov, Special Functions of Mathematical Physics (Birkhauser, Basel, 1988).

[15] M. R. Setare and O. Hatami , Commun.Theor.Phys.51 (2009) 1000.