arXiv:1101.0471v3 [math-ph] 7 Mar 2013

Heun Functions and their uses in Physics

M. Hortaçsu*

∗ Mimar Sinan Fine Arts University, Department of Physics, Istanbul, Turkey.

March 8, 2013

Abstract

Most of the theoretical physics known today is described using a small number of differential equations. If we study only linear systems different forms of the hypergeometric or the confluent hypergeometric equations often suffice to describe the system studied. These equations have power series solutions with simple relations between consecutive coefficients and/ or can be represented in terms of simple integral transforms. If the problem is nonlinear, then one often uses one form of the Painlevé equation. There are important examples, however, where one has to use higher order equations. An example often encountered in quantum mechanics is the hydrogen atom in an external electric field, the Stark effect. One often bypasses this difficulty by studying this problem using perturbation methods. If one studies certain problems in astronomy or general relativity, encounter with Heun functions is inevitable. This is a general equation whose special forms take names as Mathieu, Lamé and Coulomb spheroidal equation. Here the coefficients in a power series expansions do not have two way recursion relations. We have a relation between three or four different coefficients. A simple integral transform solution is also not obtainable. Here I will try to introduce this equation and some examples whose solution can be expressed in terms of solutions to this equation. Although this equation was discovered more than hundred years ago, there is not a vast amount of literature on this topic and only advanced mathematical packages can identify it. Its popularity, however, increased recently, mostly among theoretical physicists, with 163 papers in SCI in the last thirty years. More than three fourths of the papers that use these functions in physical problems were written in the last decade.

1 Introduction

Most of the theoretical physics known today is described using a small number of differential equations. If we study only linear systems different forms of the hypergeometric or the confluent hypergeometric equations often suffice to describe the system studied. These equations have power series solutions with simple relations between consecutive coefficients and/ or can be represented in terms of simple integral transforms. If the problem is nonlinear, then one often uses one form of the Painlevé equation. Let us review some well known facts about second order differential equations. Differential equations are classified according to their singularity structure [1], [2]. If a differential equation has no singularities over the full complex plane, it can only be a constant. Singularities are classified as regular singular and irregular points. If the coefficient of the first derivative has at most single poles, and the coefficient of the term without a derivative has at most double poles while the coefficient of the second derivative is unity, this second order differential equation has regular singularities, which gives us one regular solution while expanding around this singular point. The second solution has a branch point. If the poles of these coefficients are higher, we have an irregular singularities and the general solution has an essential singularity [3]. As stated in Morse and Feshbach [1] an example of a second order differential equation with one regular singular point is

d^2w dz^2 = 0. (1)

This equation has one solution which is constant. The second solution blows up at infinity. The differential equation

d^2w dz^2 + k^2w = 0. (2)

has one irregular singularity at infinity which gives an essential singularity at this point. The equation z d^2w dz^2 + (1 + a) dw dz = 0. (3)

has two regular singular points, at zero and at infinity. In physics an often used equation is the hypergeometric equation z(1 − z) d^2w dz^2 + [c − (1 + a + b)z] dw dz − abw = 0. (4) This equation has three regular singular points ,at zero, one and infinity. Jacobi, Legendre, Gegenbauer, Tchebycheff equations are special forms of this equation. When the singular points at z=1 and z equals infinity are ”coalesced” [4] at infinity, we get the confluent hypergeometric equation z d^2w dz^2 + (c − z) dw dz − aw = 0. (5) with an essential singularity at infinity and a regular singulariy at zero. Bessel, Laguerre, Hermite equations can be reduced to this form. An important property of all these equations is that they allow infinite series solutions about one of their regular singular points where a recursion relation can be found between two consecutive coefficients. This fact allows having an idea about the general properties of the solution, as asymptotic behaviour at distant points, the radius of convergence of the series, etc. A new equation was introduced in 1889 by Karl M. W. L. Heun [5]. This is an equation with four regular singular points at zero, one, f and infinity. This equation is discussed in the book edited by Ronveaux [6]. All the general information we give below is taken from this book. As discussed there, any equation with four regular singular points can be transformed to the equation given below:

d^2w dz^2 + [ c z + d z − 1 + e z − f ] dw dz − abz − q z(z − 1)(z − f) w = 0. (6)

There is a relation between the constants given as a + b + 1 = c + d + e . If we try to obtain a solution in terms of a power series , one can not get a recursion relation between two consecutive coefficients. We at least have a relation between three coefficients. A simple solution in an integral transform also can not be found. It is known that [11]any second order differential equation with n regular singular points has a family of 2^{n−1}n! local solutions, which splits into 2n sets of 2^{n−2}(n − 1)! equivalent expressions, each set defining one of the two Frobenius solutions in the neighborhood of a singular point. The n! factor comes from permuting the n singular points and the 2n-1 factor from negating exponent differences. Maier [11] has given the list of 192 local solutions for the Heun equation. The set of transformations that can be applied to the a Fuchian equation with n singular points to generate alternative expressions for this equation has order 2^{n−1}n! and acts on the parameter space of the equation. This group of transformations is isomorphic to the Coxeter group D_n . These transformations generate 2^{n−2}(n − 1)! solutions. For the Heun case n=4, and this group is isomorphic to D_4 , a group of order 192. These transformations will be the combination of Mobius transformations and transformations which multiply the desired solution by powers. It turns out that the Mobius group PGL (2,C) , which takes x to (Ax+B) / ( Cx+D), AD-BC non vanishing, can be used taking values from the different singular points. For Heun equation with four regular singular points, this transformation takes each singular point to five other points, which have zeroes at the same value. These points are given below: x, x/(x − 1), x/f, x/(x − f), (1 − f)x/(x − f), (f − 1)x/f(x − 1), 1−x, (x−1)/x, (x−1)/(x−f), (x−1)/(f −1), d(x−1)/(x−f), f(x−1)/(f −1)x, 1/x, 1/(1 − x), f/x, f/(f − x), (f − 1)/(x − 1), (1 − f)/(x − f), (x − f)/x, (f − x)/a, (x−f)/(x−1), (f −x)/(f −1), (x−f)/f(x−1), (f −x)/(f −1)x. Any one of these transformations map three of the four points, 0,1,f, infinity, into 0,1, infinity, but generally change the value of f, which takes one of the six possible values: f_1 = f, f_2 = 1−f, f_3 = 1/f, f_4 = 1/(1−f), f_5 = f/(f−1), f_6 = (f−1)/f.

Each value is taken four times. Just recall the Heun equation:

d^2w dx^2 + [ c x + d x − 1 + e x − f ] dw dx − abx − q x(x − 1)(x − f) w = 0, (7)

written in terms of the real variable x. One writes the solution to the Heun equation in the form: y(x) = x^r (x − 1)^s(1 − x/f)^tu(x) , which changes the form of the differential equation. For (i) r=0 or 1-c, (ii) s =0 or 1-d, (iii) t = 0 or 1-e, however, the resulting equation has the Heun form. The values given above are the exponents at the singularities [12]. Of course, the parameters of the equations change. For each such combination, say for r=0, there are four possible values s and t can take, namely both equal to zero; s=1-d, t=0; s=0, t= 1-d; s=1-d, t= 1-e. Thus we get three more solutions for each solution. Another factor of six comes from the six different possible values d can take. In total for expansions around a single regular singular point, we have twenty four equivalent solutions, obtained by simply transforming the original equation. The presence of two different indices for expansion around each singular point doubles the number of equivalent solutions, resulting in 48 solutions for expansions around each singular point. Four singular points multiplies this number by four giving the total of 192 local solutions. It turns out that for infinite set of values of the parameter q, there are solutions which are analytic at 0 and at 1 . These are called Heun functions, whereas those which are analytic only at one point are called local Heun functions [13]. For integer values of one of a, g − a, d − a, e − a,and for special finite values of q, solutions analytic at three singularities exist. A special case is for a = −n, n = 0, 1, 2 and q_{n,m}, m = 0, 1, ...., n, where q_{n,m} are eigenvalues of a tridiagonal matrix, we get the solution as a polynomial of degree n, which is analytic at three singular points, 0,1 and d [14]. ”No example has been given of a solution of Heun’s equation expressed in the form of a definite integral or contour integral involving only functions which are , in some sense, simpler” [15]. One can obtain different confluent forms of this equation. When we ”coalesce” two regular singular points, we get the confluent Heun equation: d dz ((z^2 − 1) dw dz ) + [−p^2(z^2 − 1) + 2pβz − λ − m^2 + s^2 + 2msz (z^2 − 1)

]w = 0. (8)

Special forms of this equation are obtained in problems with two Coulombic centers, d dz ((z^2 − 1) dw dz ) + [−p^2(z^2 − 1) + 2pβz − λ − m^2 (z^2 − 1)

]w = 0. (9)

whose special form is the spheroidal equation, d dz ((z^2 − 1) dw dz ) + [−p^2(z^2 − 1) − λ − m^2 (z^2 − 1)

]w = 0. (10)

Another form is the algebraic form of the Mathieu equation: d dz ((z^2 − 1) dw dz ) + [−p^2(z^2 − 1) − λ − 1 4(z^2 − 1)

]w = 0. (11)

If we coalesce two regular singular points pairwise, we obtain the double confluent form:

D^2w + (α_1z + α_{−1} z )Dw + [(B_1 + α_1 2 )z + (B_0 + α_1α_{−1} 2 ) + (B_{−1} − α_{−1} 2 ) 1 z )]w = 0.

(12) Here D = z^d_{dz} . If we equate the coefficient α_i, i = −1, 0, 1 to zero, we can reduce the new equation to the Mathieu equation, an equation with two irregular singularities at zero and at infinity. Another form is the biconfluent form, where three regular singularities are coalesced. The result is an equation with a regular singularity at zero and an irregular singularity at infinity of higher order:

z^2 d^2w dz^2 + z dw dz w + (A_0 + A_1z + A_2z^2 + A_3z^3 − z^4)w = 0. (13)

The anharmonic equation in three dimensions can be reduced to this equation:

d^2w dz^2 + (E − ν r^2

− μr^2 − λr^4 − ηr^6)w = 0. (14)

In the triconfluent case, all regular singular points are ”coalesced” at infinity which gives the equation below:

d^2w dz^2 + (A_0 + A_1z + A_2z^2 − 9 4 z^4)w = 0. (15)

These different forms are used in different physics problems.

2 Some Examples of the Heun equation in physical applications

In SCI I found 94 papers when I searched for Heun functions in early 2010. Now, in March 2013, the number is 163. More than three fourths of these papers were published in the last ten years. The rest of the papers were published between 1990 and 2002, except a single paper in 1986. This shows that although the Heun equation was found in 1889, it was largely neglected in the physics literature until recently. Earlier papers on this topic are mostly articles in mathematics journals. If one looks for books on this topic, one finds out the the list of books is not very long. There is a book edited by A.Ronveaux, which is a collection of papers presented in the ” Centennial Workshop on Heun’s Equations: Theory and Application. Sept.3-8 1989, Schloss Ringberg”. It was published by the Oxford University Press in 1995 by the title ” Heun’s Differential Equations”. There are two books on functions which are special cases of the Heun Equation: Mathieusche Funktionen und Sphaeroidfunktionen mit anwendungen auf physikalische und technische Probleme by Joseph Meixner and Friedrich Wilhelm Schaefke, published by Springer Verlag in 1954 [7] and a Dover reprint of a book first published in 1946, Theory and Applications of

Mathieu Functions by N.W. McLachlan in 1963 [8] . Some papers on different mathematical properties of these functions can be found in references [9-13]. A reason why more physicists are interested in the Heun equation recently may be, perhaps, a demonstration of the fact that we do not have simple problems in theoretical physics anymore and authors have to tackle more difficult problems, either with more difficult metrics or in higher dimensions. Both of these extensions may necessitate the use of the Heun functions among the solutions. We can give the Eguchi-Hanson case as an example. The wave equation in the background of the Eguchi-Hanson metric [18]in four dimensions has hypergeometric functions as solutions [19] whereas the Nutku helicoid [20] ,[21] metric, the next higher one, gives us Mathieu functions [22], a member of the Heun function set. We also find that the Eguchi-Hanson metric, trivially extended to five dimensions gives Heun type solutions [23].

Note that the problem does not need to be very complicated to work with these equations. We encounter Mathieu functions if we consider two dimensional problems with elliptical shapes [24]. Let us use x =?a cosh μ cos θ, y =?a sinh μ sin θ, where a is the distance from the origin to the focal point. Then the Helmholtz equation can be written as ∂_{μμ}ψ + ∂_{θθ}ψ + 1 4 a^2k^2[cosh^2 μ − cos^2 θ]ψ = 0 (16)

which separates into two equations

d^2H dθ^2 + (b − h^2 cos^2 θ)H = 0, (17)

− d^2M dμ^2 + (b − h^2 cosh^2 μ)M = 0. (18)

The solutions to these two equations can be represented as Mathieu and modified Mathieu functions. If we combine different inverse powers of r, starting from first up to the fourth, or if we combine the quadratic potentials with inverse even powers of two, four and six, we see that the solution of the Schrodinger equation involves Heun functions [25]. Solution to symmetric double Morse potentials also needs these functions., like V (x) = B^2/4sinh2x − (s + 1/2)Bcoshx where s = (0, 1/2, 1, ...) [25]. Similar problems are treated in references [26], [27] and [28]

o In atomic physics further problems such as separated double wells, Stark effect, hydrogen molecule ion use these functions. Physics problems which end up with these equations are given in the book by S.Y. Slavyanov and S. Lay [29]. Here we see that even the Stark effect, hydrogen atom in the presence of an external electric field, gives rise to this equation. As described in page 166 of Slavyanov’s book, cited above ( original reference is Epstein [30], also treated by S.Yu Slavyanov [31]).

When all the relevant constants, namely Planck constant over 2π, electron mass and electron charge are set to unity, the Schrodinger equation for the hydrogen atom in a constant electric field of magnitude F in the z direction is given by ( Δ + 2[E − (F z − 1 r )] ) Ψ = 0. (19)

Here Δ is the laplacian operator. Using parabolic coordinates, where the cartesian ones are given in terms of the new coordinates by x = √ ξηcosϕ, y = √ ξηsinϕ, z =^{ξ−η}_2 and writing the wave function in the product form Ψ = √ ξηV (ξ)U(η)exp(imϕ), (20) we get two separated equations:

d^2V dξ^2 + ( E 2 + β_1 ξ + F 4 ξ + 1 − m^2 4ξ^2

)V (ξ) = 0, (21)

d^2U dη^2 + ( E 2 + β_2 η + F 4 η + 1 − m^2 4η^2

)U(η) = 0. (22)

Here β_1 and β_2 are separation constants that must add to one.We note that these equations are of the biconfluent Heun form.

The hydrogen molecule also is treated in reference [32] . When the hydrogenmolecule ion is studied in the Born-Oppenheimer approximation ,where the ratio of the electron mass to the proton mass is very small, one gets two singly confluent Heun equations if the prolate spheroidal coordinates ξ =^{r1+r2}_{2c} , η =

r_1+r_2

2c are used. Here c is the distance between the two centers. Assuming

ψ == √ ξηV (ξ)U(η)exp(imϕ), (23) we get two confluent Heun equations: d dξ ( (1 − ξ^2) dV dξ ) + ( λ^2ξ^2 − κξ − m^2 1 − ξ^2 + μ ) V = 0, (24) d dη ( (1 − η^2) dU dη ) + ( λ^2η^2 − m^2 1 − η^2 + μ ) U = 0. (25)

If we mention some recent papers with Heun type solutions we find:

o Three relatively recent papers which treat atoms in magnetic fields: o Exact low-lying states of two interacting equally charged particles in a magnetic field are studied in by Truong and Bazzali [33]

o The energy spectrum of a charged particle on a sphere under a magnetic field and Coulomb force are studied by Ralko and Truong [34]

o B.S. Kandemir presented an analytical analysis of the two-dimensional Schr?dinger equation for two interacting electrons subjected to a homogeneous magnetic field and confined by a two-dimensional external parabolic potential. Here a biconfluent Heun (BHE) equation is used [35]

o Dislocation movement in crystalline materials, quantum diffusion of kinks along dislocations are some solid state applications of this equation. The book by S.Y. Slavyanov and S. Lay [29] is a general reference on problems solved before 2000.

o In a relatively recent work P. Dorey, J. Suzuki, R. Tateo [36] show that equations in finite lattice systems also reduce to Heun equations. In the rest of this work we will comment only on papers on particle physics and general relativity.

o In general relativity, in a relatively early work, Teukolsky studied the perturbations of the Kerr metric and found out that they were described by two coupled singly confluent Heun equations [37]

o Quasi-normal modes of rotational gravitational singularities were also studied by solving these equations by E.W. Leaver [38].

o In recent applications in general relativity, these equations become indispensible when one studies phenomena in higher dimensions, or in different geometries. Some references are:

o D. Batic, H. Schmid, M. Winklmeier where the Dirac equation in the Kerr-Newman metric and static perturbations of the non-extremal Reisner- Nordstrom solution are studied [39]. D. Batic and H. Schmid also studied the Dirac equation for the Kerr-Newman metric and looked for its propagator [40]. They found that the equation satisfied is a form of a general Heun equation described in Reference [39]. In later work Batic , with collaborators continued studying Heun equations and their generalizations [41], [42]. Prof. P.P. Fiziev studied problems whose solutions are Heun equations extensively.

o In a paper published in gr-qc/0603003, he studied the exact solutions of the Regge-Wheeler equation in the Schwarschild black hole interior [43].

o He presented a novel derivation of the Teukolsky-Starobinsky identities, based on properties of the confluent Heun functions [44]. These functions define analytically all exact solutions to the Teukolsky master equation, as well as to the Regge-Wheeler and Zerilli ones.

o In a talk given at 29th Spanish Relativity Meeting (ERE 2006), he depicted in more detail the exact solutions of Regge-Wheeler equation,which described the axial perturbations of Schwarzschild metric in linear approximation, in the Schwarzschild black hole interior and on Kruskal-Szekeres manifold in terms of the confluent Heun functions [45].

o All classes of exact solutions to the Teukolsky master equation were described in terms of confluent Heun functions in Reference [46].

o In reference [47] he reveals important properties of the confluent Heun’s functions by deriving a set of novel relations for confluent Heun’s functions and their derivatives of arbitrary order. Specific new subclasses of confluent Heun’s functions are introduced and studied. A new alternative derivation of confluent Heun’s polynomials is presented.

o In another paper [48] he, with a collaborator, noted that weak gravitational, electromagnetic, neutrino and scalar fields, considered as perturbations on Kerr background satisfied Teukolsky Master Equation. The two non-trivial equations were obtained after separating the variables, one equation only with the polar angle and another using only the radial variable. These were solved by transforming each one into the form of a confluent Heun equation.

o Fiziev is an expert in this topic. Two further articles by him and his collaborator is: Solving systems of transcendental equations involving the Heun functions, [49] and Application of the confluent Heun functions for finding the quasinormal modes of non rotating black holes [49]. Among other papers on this subject one may cite the following papers:

o R.Manvelyan, H.J.W. Muller Kirsten, J.Q. Liang and Y. Zhang, calculated the absorption rate of a scalar by a D3 brane in ten dimensions in terms of modified Mathieu functions, and obtained the S-matrix inreference [51].

o T.Oota and Y.Yasui studied the scalar laplacian on a wide class of five dimensional toric Sasaki-Einstein manifolds, ending in two Heun’s differential equations in reference [52].

o S.Musiri and G. Siopsis found out that the wave equation obtained in calculating the asymptotic form of the quasi-normal frequencies for large AdS black holes in five dimensions reduces to a Heun equation in reference [53].

o A. Al-Badawi and I. Sakalli studied the Dirac equation in the rotating Bertotti-Robinson spacetime [54] ending up with a Heun type equation.

o Mirjam Cvetic, and Finn Larsen studied grey body factors and event horizons for rotating black holes with two rotation parameters and five charges in five dimensions. When the Klein Gordon equation for a scalar particle in this background is written, one gets a confluent Heun equation. In the asymptotic region this equation turns into the hypergeometric form [55]. When they studied the similar problem for the rotating black hole with four U(1) charges, they again obtained a confluent Heun equation for the radial component of the Klein Gordon equation, which they reduce to the hypergeometric form by making approximations [56]. These two papers are partly repeated in [57] . Same equations were obtained which were reduced to approximate forms which gave solutions in the hypergeometric form.

M. Cvetic encounters this function in several of her publications and reduce them to the hypergeometric form by giving physical arguments to drop certain terms in the equation. The hypergeometric solution points to the presence of conformal symmetry in the reduced model[58, 59].

Other relevant references I could find are listed as references [60] - [67]. The most recent papers are ” Fermions in magnestar’s crust in terms of Heun double confluent functions” [68], and ”The approximative analytic study of fermions in magnetar’s crust; ultra-relativistic plane waves, Heun and Mathieu solutions and beyond ” [69], both by M.A. Dariescu, C. DariescuAnother paper is: ”Quantized black hole and Heun function” by D. Momeni, K. Yerzhanov and R. Myrzakulov, in Canadian Journal of Physics, 90 Issue: 9 Pages: 877-881, (2012), where a black hole is quantized using the Bohr approach. The solution turns up to be of the Heun type.

Another paper is: ”Quantized black hole and Heun function” by D. Momeni, K. Yerzhanov and R. Myrzakulov in Canadian Journal of Physics, 90 Issue: 9 Pages: 877-881, (2012), where a black hole is quantized using the Bohr method. The solution turns to be of the Heun type.

In ”On an approach to constructing static ball models in general relativity” by A.M. Baranov, some solutions of the Einstein equation were described by Heun functions [71].

A comprehensive bibliography can be found at the bibliography section of http://tcpa.uni-sofia.bg/heun/home.html, compiled by Prof. P. Fiziev and his group .

I first ”encountered” this type of equation when we tried to solve the scalar wave in the background of the Nutku helicoid instanton [20]. In this case one gets the Mathieu equation which is a special case of the Heun equation [22].

o The helicoid instanton is a double-centered solution. As remarked above, for the simpler instanton solution of Eguchi-Hanson [18] hypergeometric solutions are sufficient [19]. Here one must remark that another paper using the Eguchi-Hanson metric ends up with the confluent Heun equation [72]. These two papers show that sometimes judicious choice of the coordinate system and separation ansatz matters.

o Sucu and Ünal also obtained closed solutions for the spinor particle written in the background of the Nutku helicoid instanton [19]. .

o One can show that these solutions can be expanded in terms of Mathieu functions if one attempts to use the separation of variables method. as described by L.Chaos-Cador and E. Ley-Koo [73].

In the subsequent sections I will summarize some work Tolga Birkandan and I have done on this topic.

3 Dirac equation in the Background of the Nutku helicoid metric

The Nutku helicoid metric is given as

ds^2 = 1 √ 1 +^{a2}_{r2}

[dr^2 + (r^2 + a^2)dθ^2 + ( 1 + a^2 r^2 sin^2 θ ) dy^2

− a^2 r^2 sin 2θdydz+ ( 1 + a^2 r^2 cos^2 θ ) dz^2]. (26)

where 0 < r < ∞, 0 ≤ θ ≤ 2π, y and z are along the Killing directions and will be taken to be periodic coordinates on a 2-torus [22]. This is an example of a multi-center metric. If we make the following transformation

r = a sinh x, (27)

the metric is written as

ds^2 = a^2 2 sinh 2x(dx^2 + dθ^2) + 2 sinh 2x

[(sinh^2 x + sin^2 θ)dy^2 (28)

− sin 2θdydz + (sinh^2 x + cos^2 θ)dz^2].

We write the system in the form Lψ = Λψ, where L is the Dirac operator and try to obtain the solutions for the different components. We write the Newman- Penrose formalism [75] [76] to write the Dirac equation, with four components, in this metric. The transformation Ψ_{1,2} =^{1√}_{sinh2x} f_{1,2} is used for the upper components to have similar equations for all componenets. These equations read:

{(∂_x + i∂_θ)Ψ_3 + iak[cos(θ − ϕ + ix)]Ψ_4 − iak_tf_1} = Λ a √ 2 f_1, (29)

{(∂_x − i∂_θ)Ψ_4 − iak[cos(θ − ϕ − ix)]Ψ_3 − iak_tf_2} = Λ a √ 2 f_2, (30)

(−∂_x + i∂_θ)f_1 + iak[cos(θ − ϕ + ix)]f_2 + iak_tΨ_3 = −Λ asinh2x √ 2 Ψ_3, (31)

(−∂_x − i∂_θ)f_2 − iak[cos(θ − ϕ − ix)]f_1 + iak_tΨ_4 = −Λ asinh2x √ 2 Ψ_4. (32)

We solve our equations in terms of f_{1,2} and substitute these expressions in equations, given above. This substitution gives us second order, but uncoupled equations for the lower components. ( ∂_{xx} + ∂_{θθ} + a^2 2 [k^2 (−cos[2(θ − ϕ)] − cosh2x) − (k^2_t + Λ^2)sinh2x] ) Ψ_{3,4} = 0. (33)

We can separate this equation into two ordinary differential equations by the ansatz Ψ_{3,4} = R(x)S(θ−ϕ). Using this ansatz) gives us two ordinary differential equations. The equation for S reads

∂_{ΘΘ}S(Θ) − ( a^2 2 k^2cos(2Θ) − n ) S(Θ) = 0, (34)

where (θ − ϕ) = Θ. This equation is of the Mathieu type and the solution can be written immediately. S(θ) = C_1Se(n, a^2k^2 4 , θ − ϕ) + C_2So(n, a^2k^2 4 , θ − ϕ). (35) The solutions should be periodic in the angular variable Θ. This fact forces n, the separation constant, to take discrete values. It is known that the angular Mathieu functions satisfy an orthogonality relation such that functions with different n values are perpendicular to each other. Here, we integrate the angular variable from zero to 2π. One can fix the normalization constant according to the chosen normalization, whether it is according to the McLachlan or the Morse-Stratton convention [77].

The equation for R(x) reads { ∂_{xx} − [ a^2 2 (k^2cosh2x + (k^2_t + Λ^2)sinh2x] + n } R(x) = 0. (36)

This solution is of the double confluent form which can be reduced to the form

R(x) = D_1Se(n, A_6, i(x + b)) + D_2So(n, A_6, i(x + b)). (37)

by several transformations. Here C_1, C_2, D_1, D_2 are arbitrary constants. As a result of this analysis we see that the solutions of the Dirac equation, written in the background of the Nutku helicoid metric, can be expressed as a special form of Heun functions [74],[23]. We could reduce the double confluent Heun function obtained for the radial equation to the Mathieu function with coordinate transformations. Mathieu function is a related but much more studied function with similar singularity structure.

o One can show that one can use the same metric in five dimensions and obtain, in general, double confluent Heun functions which can be reduced to Mathieu functions.

4 Scalar field in the background of the extended Eguchi-Hanson solution

This section is based on one section of our reference [23].

To go to five dimensions, we can add a time component to the Eguchi-Hanson [18] metric so that we have

ds^2 = −dt^2 + 1 1 −^{a4}_{r4} dr^2 + r^2(σ^2_x + σ^2_y ) + r^2(1 − a^4 r^4

)σ^2_z (38)

where σ_x = 1 2 (− cos ξdθ − sin θ sin ξdϕ) (39)

σ_y = 1 2 (sin ξdθ − sin θ cos ξdϕ) (40)

σ_z = 1 2 (−dξ − cos θdϕ). (41) This is a vacuum solution. If we take Φ = e^{ikt}e^{inϕ}e^{i(m+ 12 )ξ}φ(r, θ), (42) we find the scalar equation as Hφ(r, θ) = ( r^4 − a^4 r^2 ∂_{rr} + 3r^4 + a^4 r^3

∂_r + k^2r^2 +

4a^4m^2 a^4 − r^4 + 4∂_{θθ} + 4 cot θ∂_θ +

8mn cos θ − 4(m^2 + n^2) sin^2 θ )φ(r, θ). (43)

If we take φ(r, θ) = f(r)g(θ), the solution of the radial part is expressed in terms of confluent Heun (H_C ) functions.

f (r) = ( −a^4 + r^4

) 1_{2 m}

H_C ( 0, m, m, 1 2 k^2a^2, 1 2 m^2 − 1 4 λ − 1 4 k^2a^2, a^2 + r^2

2a^2 )

+ ( a^2 + r^2

)_− 1_{2 m} ( r^2 − a^2

) 1_{2 m}

H_C ( 0, −m, m, 1 2 k^2a^2, 1 2 m^2 − 1 4 λ − 1 4 k^2a^2, a^2 + r^2

2a^2 )

(44) The angular solution is in terms of hypergeometric solutions.

g (θ) = 1 sin θ { √ 2 − 2 cos (θ) ( 1 2 cos (θ) − 1 2 ) 1_{2 m} ( 1 2 cos (θ) − 1 2 )_− 1_{2 n}

[(2 cos (θ) + 2)^{12 − 12 n− 12 m}

×_2 F_1 ([−n + 1 2 √ λ + 1 + 1 2 , −n − 1 2 √ λ + 1 + 1 2 ], [1 − n − m], 1 2 cos (θ) + 1 2 ) (45) + (2 cos (θ) + 2)^{12 + 12 n+ 12 m}

×_2 F_1 ([m + 1 2 √ λ + 1 + 1 2 , m − 1 2 √ λ + 1 + 1 2 ], [1 + n + m], 1 2 cos (θ) + 1 2 )]} If the variable transformation r = a √ cosh x is made, the solution can be expressed as

f (x) = 1 sinh x

{(sinh (x))^{m+1} H_C ( 0, m, m, 1 2 k^2a^2, 1 2 m^2 − 1 4 λ − 1 4 k^2a^2, 1 2 cosh (x) + 1 2 )

+ (2 cosh (x) + 2)^{− 12 m+ 12} (2 cosh (x) − 2)^{12 m+ 12} (46) ×H_C ( 0, −m, m, 1 2 k^2a^2, 1 2 m^2 − 1 4 λ − 1 4 k^2a^2, 1 2 cosh (x) + 1 2 ) }. We tried to express the equation for the radial part in terms of u =^{a2+r2}_{2a2} to see the singularity structure more clearly. Then the radial differential operator reads 4 d^2 du^2 + 4 ( 1 u − 1 + 1 u ) d du + k^2a^2 ( 1 u − 1 + 1 u ) + m^2 u^2(1 − u)^2

. (47)

This operator has two regular singularities at zero and one, and an irregular singularity at infinity, the singularity structure of the confluent Heun equation. This is different from the hypergeometric equation, which has regular singularities at zero, one and infinity.

5 Derivation of a new generalized Heun Equation

This section is based on one section of our reference [23].

The Dirac equation written in the background of the Nutku helicoids metric is written as (∂_x + i∂_θ)Ψ_3 + iak[cos(θ − ϕ + ix)]Ψ_4 = 0, (48) (∂_x − i∂_θ)Ψ_4 − iak[cos(θ − ϕ − ix)]Ψ_3 = 0, (49) (−∂_x + i∂_θ)f_1 + iak[cos(θ − ϕ + ix)]f_2= 0, (50) (−∂_x − i∂_θ)f_2 − iak[cos(θ − ϕ − ix)]f_1 = 0. (51) These equations have simple solutions [19] which can also be expanded in terms of products of radial and angular Mathieu functions [73][74]. Problem arises when these solutions are restricted to boundary [23]. To impose these boundary conditions we need to write the little Dirac equation, the Dirac equation restricted to the boundary, where the variable x takes a fixed value x_0. We choose to write the equations in the form, √ 2 a {i d dθ Ψ_3 + ikacos(θ − ϕ + ix_0)Ψ_4} = λf_1, (52) √ 2 a {−i d dθ Ψ_4 − iakcos(θ − ϕ − ix_0)Ψ_3} = λf_2, (53) √ 2 a {−i d dθ f_1 − iakcos(θ − ϕ + ix_0)f_2} = λΨ_3, (54) √ 2 a {i d dθ f_2 + iakcos(θ − ϕ − ix_0)f_1} = λΨ_4. (55)

Here λ is the eigenvalue of the little Dirac equation. We take λ = 0 as the simplest case. The transformation Θ = θ − ϕ − ix_0 (56) can be used. Then we solve f_1 in the latter two equations in terms of f_2: − d^2 dΘ^2 f_2−tan Θ d dΘ f_2+

(ak)^2 2 [cos(2Θ) cosh(2x_0)−i sin(2Θ) sinh(2x_0)+cosh(2x_0)]f_2 = 0 (57) When we make the transformation u = e^{2iΘ}, (58) the equation reads, {4(u+1)u[u d^2 du^2 + d du ]−2iu(u−1) d du + (ak)^2 2 (u+1)[ue^{−2x0} + 1 u e^{2x0} +cosh(2x_0)]}f_2 = 0. (59) This equation has irregular singularities at u = 0 and ∞ and a regular singularity at u = −1. This is still another generalized Heun equation, different from the one given by by reference [39].

6 Conclusion

Here I tried to give some applications of the different forms of the Heun functions and functions derived from it. Although it has been around for more than 100 years, literature on this topic is rather scarce. In the internet I could not find the confluent case in Wikipedia. With work increasing on higher dimensions, it should not be far when we will encounter it more often in theoretical physics literature. The growth in the physics literature is amazing. More than 50 new papers are added to the list in SCI in the last two years.

7 Ackowledgement

I thank Tolga Birkandan for collaboration. I thank Science Academy Society for support.

References

[1] Philip M. Morse and Herman Feshbach Methods of Theoretical Physics McGraw Hill Company, New York 1953.

[2] E.L. Ince, Ordinary Differential Equations (Dover Publications) (1926,1956.)

[3] Philip M. Morse and Herman Feshbach Methods of Theoretical Physics McGraw Hill Company, New York 1953, pp532.

[4] P. Dennery, A. Krzywicki, Mathematics for Physicists (Dover Publications) (1967.)

[5] K. Heun, Mathematische Annalen 33, 161 (1889).

[6] A. Ronveaux (ed.), Heun’s Differential Equations (Oxford University Press) (1995).

[7] J. Meixner and F. W. Schaefke , Mathieusche Funktionen und Sphaeroidfunktionen mit anwendungen auf physikalische und technische Probleme , Springer Verlag (1954).

[8] N.W. McLachlan, Theory and Applications of Mathieu Functions, Dover reprint from 1946 edition (1963).

[9] R. Schafke, D. Schmidt, SIAM Journal of Mathematical Analysis 11, 848 (1980).

[10] R.S. Maier, math.CA/0408317.

[11] R.S. Maier, math.CA/0203264, also Journal of Differential Equations 213, 171-203 (2005).

[12] F.M.Arscott, in Heun’s Differential Equations, Ed. By A. Ronveaux, Oxford University Press(1995).

[13] See Ronveaux pp ,11-12, 39-41. [14] See Ronveaux pp 12,41-44. [15] See Ronveaux p. 65.

[16] N. Gurappa, P.K. Panigrahi, Journal of Physics A: Math. General 37 L605- L608 (2004).

[17] B.D.B. Figueiredo, Journal of Mathematical Physics, 46 , 113503 (2005), math-phys/0509013.

[18] T. Eguchi, A.J. Hanson, Physics Letters 74B, 249 (1978). [19] Y. Sucu, N. Ünal, Classical and Quantum Gravity 21, 1443 (2004). [20] Y. Nutku, Physical Review Letters 77, 4702 (1996). [21] D. Lorenz-Petzold, Journal of Mathematical Physics 24, 2632 (1983). [22] A.N. Aliev, M. Hortaçsu, J. Kalaycı , Y. Nutku, Classical and Quantum Gravity 16, 631 (1999).

[23] T. Birkandan, M. Hortaçsu, Journal of Mathematical Physics 48, 092301 (2007).

[24] Philip M. Morse and Herman Feshbach Methods of Theoretical Physics McGraw Hill Company, New York 1953, p1407.

[25] B.D.B. Figueiredo, math-ph 10402071.

[26] B.D.B. Figueiredo, Journal of Mathematical Physics 48 (1), 013503 (2007). [27] L.J. El-Jaick, B.D.B. Figueiredo, Journal of Mathematical Physics 49 (8),083508 (2008).

[28] L.J. El-Jaick, B.D.B. Figueiredo,Journal of Mathematical Physics 50 (12),123511 (2008).

[29] S.Y. Slavyanov, W. Lay, Special Functions, A Unified Theory Based on Singularities(Oxford University Press) (2000).

[30] P.S. Epstein) Physical Review 2 695 (1926).

[31] S.Y. Slavyanov, Asymptotic Solutions of the One-dimensional Schrodinger Equation (Leningrad University Press) (in Russian) (1991), Translation into English: S.Y. Slavyanov, Asymptotic Solutions of the One-dimensional Schrodinger Equation (Amer. Math. Soc. Trans. of Math. Monographs) 151 (1996).

[32] A.H. Wilson, Proceedings of Royal Society A118, 617-647 (1928), also reference [29], p.167.

[33] T.T. Truong ,D. Bazzali , Physics Letters A 269 Issue: 2-3 186-193 (2000). [34] A. Ralko A, T.T. Truong, Journal of Physics A-Mathematical and General 35 9573-9583 (2002.

[35] B.S. Kandemir, Journal of Mathematical Physics 46,032110 (2005). [36] P.Dorey, J. Suzuki and R.Tateo,Journal of Physics A: Mathematical and General, 372047-2062 (2004).

[37] S.A. Teukolsky, Physical Review Letters 29, 1114 (1972). [38] E.W. Leaver, Proceedings of Royal Society London A 402, 285 (1985). [39] D. Batic, H. Schmid, M. Winklmeier, gr-qc/0607017, Journal of Physics A:

Math. General 39, 12559 (2006).

[40] D. Batic, H. Schmid, Progress in Theoretical Physics , 116 517-544 (2006). [41] D. Batic, H. Schmid, Journal of Mathematical Physics, 48 042502(2007). [42] D. Batic, M. Sandoval, e-Print: arXiv:0805.4399 [gr-qc]. [43] P.P. Fiziev, Classical and Quantum Gravity 23, 2447 (2006), gr-qc/0509123.

[44] P.P. Fiziev, Physical Review D 80 124001 (2009).

[45] P.P. Fiziev , J.Phys.Conf.Ser.66:012016,2007. e-Print: gr-qc/0702014. [46] P.P. Fiziev, Classical and Quantum Gravity 27 13 135001 2010. [47] P.P. Fiziev, Journal of Physics-Mathematical and Theoretical 43 3 035203 (2010).

[48] Roumen S. Borissov, Plamen P. Fiziev, (Sofiya U.) . SU-03-09, Apr 2009.

23pp. e-Print: arXiv:0903.3617 [gr-qc].

[49] P. Fiziev, and D. Staicova, ”Towards New Paradigms : Proceeding of the Spanish Relativity Meeting 2011”, Ed. by I.B. Jimenez,J.S.R. Cembranos, A. Dobado, et. Al, Book Series: AIP Conference Proceedings, Vol 1458, pp. 395-398, (2012).

[50] P. Fiziev and D. Staicova Physical Review D, 84,127502, December 2011. [51] R.Manvelyan, H.J.W. Muller Kirsten, J.Q. Liang and Y. Zhang, Nuclear Physics B579, 177-208 (2000), e-Print: hep-th/0001179.

[52] T. Oota, Y. Yasui, Nuclear Physics B 742, 275-294 (2006).

[53] S Musiri, G. Siopsis, Physics Letters B 576 309-313(2003) e-Print:

hep-th/0308196.

[54] A.Al-Badawi, I. Sakalli, Journal of Mathematical Physics 49 5 052501 (2008).

[55] M. Cvetic and F. Larsen, Physical Review D 564994-5007 (1997). e-Print:

hep-th/9705192.

[56] M. Cvetic and F. Larsen, Nuclear Physics B 506107-120 (1997). e-Print:

hep-th/9706071 [57] M.Cvetic and F. Larsen, Journal of High Energy Physics 0909:088 (2009).

e-Print: arXiv:0908.1136 [hep-th] [58] T. Birkandan and M.Cvetic, ” Conformal invariance and near-extreme rotating AdS black holes” , Physical Review D, 84 , 044018 (2011 ). [59] M.Cvetic and F. Larsen, ” Conformal Symmetry for general black holes”, Journal of High Energy Physics,, Issue 2, Article Number: 122, ( February 2012).

[60] G. Siopsis, hep-th/0407157, Nuclear Physics B715, 483-498 (2005). [61] L.Anguelva, P. Langfelder, Journal of High Energy Physics, Issue: 3 Article 057, March 2003.

[62] S.R. Lau, Classical and Quantum Gravity, 21 4147-4192 (2004), also Journal of Computational Physics, 199 376-422 (2004).

[63] H.Suzuki, E.Takasugi and H.Umetsu, Progress of Theoretical Physics, 100 491-505 (1998).

[64] A.Zecca, Nuovo Cimento B, 125 191-199 (2010).

[65] A.Ensico and N. Kamran, Communications in Mathematical Physics 290 105-127 (2009).

[66] G.Esposito and R. Roychowdhury, General Relativity and Gravitation 42 5 1221-1238 (2010).

[67] S.Yoshida, N. Uchikata and T.Fumatase, Physical Review D 81 4 044005 (2010).

[68] C.Dariescu and M.A. Dariescu, Modern Physics Letters, 27, issue 32, article number 1250184, October 2012.

[69] C.Dariescu and M.A. Dariescu, Astrophysics and Space Science, 341 Issue:

2 Pages: 429-435, October 2012.

[70] D. Momeni, K. Yerzhanov and R. Myrzakulov, Canadian Journal of Physics, 90 Issue: 9 Pages: 877-881, (2012).

[71] A.M. Baranov, Gravitation and Cosmology, 18 , 201-203 , July 2012. [72] A.Malmendier, Journal of Mathematical Physics, 44 4308-4343 (2003). [73] L. Chaos-Cador, E. Ley-Koo, Revista Mexicana de Fisica 48, 67 (2002). [74] T. Birkandan, M. Hortaçsu, Journal of Physics A: Math. Theor. 40, 1 (2007).

[75] E.T. Newman and R. Penrose , Journal of Matermatical Physics 3 566 (1962).

[76] E.T. Newman and R. Penrose, Journal of Mathematical Physics 4 998 ((1962).

[77] Gutiérrez Vega J.C 2003 ”Theory and Numerical Analysis of Mathieu Functions”, Tecnológico de Monterrey, México report and the references given in this paper.