arXiv:1101.0602v2 [hep-ph] 8 Mar 2011

Leptonic mixing, family symmetries, and neutrino phenomenology

I. de Medeiros Varzielas,^{1, 2, ∗} R. González Felipe,^{1, 3, †} and H. Serôdio^{1, ‡} 1Departamento de Física and Centro de Física Teórica de Partículas, Instituto Superior Técnico, Avenida Rovisco Pais, 1049-001 Lisboa, Portugal 2Fakultät für Physik, Technische Universität Dortmund D-44221 Dortmund, Germany 3Instituto Superior de Engenharia de Lisboa, Rua Conselheiro Emídio Navarro, 1959-007 Lisboa, Portugal

Tribimaximal leptonic mixing is a mass-independent mixing scheme consistent with the present solar and atmospheric neutrino data. By conveniently decomposing the effective neutrino mass matrix associated to it, we derive generic predictions in terms of the parameters governing the neutrino masses. We extend this phenomenological analysis to other mass-independent mixing schemes which are related to the tribimaximal form by a unitary transformation. We classify models that produce tribimaximal leptonic mixing through the group structure of their family symmetries in order to point out that there is often a direct connection between the group structure and the phenomenological analysis. The type of seesaw mechanism responsible for neutrino masses plays a role here, as it restricts the choices of family representations and affects the viability of leptogenesis. We also present a recipe to generalize a given tribimaximal model to an associated model with a different mass-independent mixing scheme, which preserves the connection between the group structure and phenomenology as in the original model. This procedure is explicitly illustrated by constructing toy models with the transpose tribimaximal, bimaximal, golden ratio, and hexagonal leptonic mixing patterns.

PACS numbers: 14.60.Pq, 11.30.Hv, 14.60.St

I. INTRODUCTION

Neutrino data [1–3] is well in agreement with tribimaximal (TB) mixing [4]. If one assumes that the leptonic mixing is described at leading order by TB mixing, it is natural to consider that this special structure arises due to a family symmetry. Although continuous groups have been used [5, 6], discrete symmetries are particularly attractive for this purpose, with A_4 being especially popular and featured in several models of leptonic mixing [7].

From the phenomenological viewpoint, an attractive feature of the mass-independent mixing schemes (also referred to as form-diagonalizable schemes) is that they lead to predictive neutrino mass matrix structures which contain just five parameters (the three neutrino masses and the two Majorana phases), in the absence of Diractype CP violation. The latter can then be directly related to neutrino observables such as the mass-squared differences, the absolute mass scale, and the effective mass parameter in neutrinoless double beta (0νββ) decays.

In this paper, we parametrize the general effective neutrino mass matrix diagonalized by TB mixing through three independent contributions which reflect the wellknown magic and μ-τ symmetries, as well as the democratic symmetry. We then connect some phenomenological features directly to the magnitude of the parameter controlling the democratic contribution. Furthermore, we show that this analysis is also valid for other mass-

∗ ivo.de@udo.edu † gonzalez@cftp.ist.utl.pt ‡ hserodio@cftp.ist.utl.pt

independent mixing schemes by expressing a given formdiagonalizable structure in terms of the TB mixing rotated by an appropriate unitary matrix. We also discuss how to obtain in a natural way the above three independent contributions from discrete non-Abelian symmetries. An alternative implementation of TB mixing in minimal A_4 (type-I) seesaw models based on the so-called form dominance can be found in Ref. [8]. Much of what applies to model building with TB mixing also transfers to other mass-independent schemes. To illustrate this, we build explicitly toy models that exhibit transpose tribimaximal [9], bimaximal [10], golden ratio [11, 12] and hexagonal [13] mixing patterns.

II. EFFECTIVE NEUTRINO PHENOMENOLOGY

A. Tribimaximal mixing phenomenology

The effective neutrino mass matrix with TB mixing can be written without loss of generality in the form

m_{TB} = U_{TB} d_ν U^T_{TB} = 1 3 ( 2x^′ + 3y^′ + z^′ −x^′ + z^′ −x^′ + z^′ −x^′ + z^′ 2x^′ + z^′ −x^′ + 3y^′ + z^′ −x^′ + z^′ −x^′ + 3y^′ + z^′ 2x^′ + z^′ ) , (1)

where d_ν = diag(x^′ + y^′, y^′ + z^′, x^′ − y^′), and

U_{TB} =

√_2 3 1√ 3 0 −^{1√}_6^{1√}_3 −^{1√}_2 −^{1√}_6^{1√}_3^{1√}_2 (2) is the TB mixing matrix with angles θ_{12} = arcsin(1/ √ 3), θ_{23} = −π/4, and θ_{13} = 0, in the standard parametrization adopted in Ref. [14]. The mass matrix m_{TB} can be separated into three components,

m_{TB} = x^′C + y^′P + z^′D, (3)

where C = 1 3 ( 2 −1 −1 −1 2 −1 −1 −1 2 ) , P = ( 1 0 0 0 0 1 0 1 0 ) , D = 1 3 ( 1 1 1 1 1 1 1 1 1 )

(4) denote the well-known magic, μ-τ symmetric, and democratic matrices, respectively.

As it turns out, through the above decomposition, we are able to reveal interesting phenomenological properties that apply to many models, classified according to the parameters x^′, y^′, and, particularly, z^′. For instance, if either x^′ or y^′ vanishes, the neutrino mass spectrum has a twofold degeneracy [see Eq. (6) below]. Such a possibility is already excluded by the experimental data. Thus, only the contribution proportional to z^′, i.e., the democratic contribution, can be absent in Eq. (3).

In the physical basis, where the charged leptons are diagonal and real, the effective low-energy leptonic mixing can be written in the form

U_ν = e^{−iσ1 /2} U_{TB} 1 e^{iγ1} e^{iγ2} , (5)

with γ_1 = (σ_1 − σ_2)/2, γ_2 = (σ_1 − σ_3)/2, being the Majorana phases and σ_{1,3} = arg(x^′ ± y^′), σ_2 = arg(y^′ + z^′). In turn, the neutrino masses read as

m_1 = | |xe^{iα}1 + y | | = (x^2 + y^2 + 2xy cos α_1)^{1/2} ,

m_2 = | |y + ze^{iα}2 | | = (y^2 + z^2 + 2yz cos α_2)^{1/2} ,

m_3 = | |xe^{iα}1 − y | | = (x^2 + y^2 − 2xy cos α_1)^{1/2} , (6)

where x = |x^′|, y = |y^′|, z = |z^′| ,and α_1 = arg x^′ −arg y^′, α_2 = arg z^′ − arg y^′.

Experimentally, only the mass-squared differences have been directly measured. The solar and atmospheric mass-squared differences at 2 σ confidence level are presently [1]

Δm^2_{sol} ≡ m^2 − m^2_1 = (7.25 − 8.11) × 10^{−5} eV^2 ,

Δm^2_{atm} ≡ | |m^2_3 − m^2_1 | | = (2.18 − 2.64) × 10^{−3} eV^2 , (7)

with the best-fit values Δm^2_{sol} = 7.65 × 10^{−5} eV^2 and Δm^2_{atm} = 2.40 × 10^{−3} eV^2. There is also an indirect cosmological bound for the sum of the neutrino masses, ∑ m_i < 0.58 eV [15].

Another important constraint can be obtained from 0νββ experiments, which access the quantity m_{ee} = | | | | 3∑ n=1 (U_ν )^2_{1i} m_i | | | | . (8)

Despite large uncertainties from poorly known nuclear matrix elements, present data sets an upper bound on |m_{ee}| in the range 0.2 to 1 eV at 90% C.L. [16–18]. This will be improved in forthcoming experiments, with an expected sensitivity of about 10^{−2} eV [19].

We remark that the sign of the neutrino mass difference (m_3 − m_2) is dictated by the ordering of the neutrino masses, being positive for normal ordering and negative for inverted ordering. In terms of the parameters x, y, z and the phases α_{1,2}, from Eq. (6), one obtains

Δm^2_1 = z (z + 2y cos α_2) − x (x + 2y cos α_1) ,

Δm^2_{31} = −4xy cos α_1 . (9) The above relations allow us to reduce the number of free parameters from five to three. Yet, even in this case, neutrino mass models are not very predictive. As we will discuss, the democratic component in Eq. (3) is naturally absent or suppressed in many flavor models. It is then of interest to study the latter cases and their phenomenological implications. When the democratic contribution is absent (z = 0), the first relation in Eq. (9) becomes Δm^2_1 = −x (x + 2y cos α_1). Since, by definition, Δm^2_1 > 0, then π/2 < α_1 < 3π/2. The second relation in Eq. (9) thus implies Δm^2_{31} > 0, which enforces a normal hierarchy. We emphasize that this applies to all flavor models with mass-independent mixing schemes that do not contain in the effective neutrino mass matrix the democratic matrix D or its rotated counterpart in other mixing schemes (cf. Sec. II B).

Choosing, without loss of generality, α_1 as the free parameter, the light neutrino masses become

m_1 = ( y^2 − Δm^2_1 )_{1/2} , m_2 = y,

m_3 = ( y^2 + Δm^2_{31} − Δm^2_1 )_{1/2} , (10)

with x = ( Δm^2_{31} − 2Δm^2_1 )_{1/2} √ 2 , y = − 1 2 √ 2 cos α_1

Δm^2_{31}

(Δm^2_{31} − 2Δm^2_1)^{1/2} . (11)

The Majorana phases read γ_1 = arg(xe^{iα1} + y)/2 and γ_2 = γ_1 − arg(xe^{iα1} − y)/2.

From Eqs. (10) and (11), we conclude that the lightest neutrino mass has a lower bound, m^{low}_1 ≃ 1.56×10^{−2} eV, for α_1 = π. Moreover, the effective mass parameter m_{ee} that governs 0νββ decay is approximately given by m_{ee} = m_2 3 × [ 2 ( 2 − Δm^2_{12} m^2 ) (1 + cos 2γ_1) + 1 − 2

Δm^2_{12} m^2

]_{1/2} (12)

and attains its lowest value m^{low}_{ee} at α_1 = π, when m_2 is also minimal:

m^{low}_{ee} ≃ m^{low}_2 √ 1 − 2 3 Δm^2_{12} ( m^{low}_2

)_2 ≃ 1.64 × 10^{−2} eV. (13)

FIG. 1. Neutrino mass spectrum as a function of the phase α1 for z = 0.1 eV and z = z_{lim} ≃ 3.3 × 10^{−3} eV with α2 = 0 (left plots) and for z = 0.1 eV and α2 = π/2, π (right plots). The curves correspond to the light neutrino masses mi, properly ordered according to the spectrum hierarchy.

Let us now consider the case in which a small contribution from the democratic structure is present in the effective neutrino mass matrix. It can be seen from Eqs. (9) that an inverted hierarchy is now allowed for small values of z. Furthermore, such a hierarchy is easier to achieve when α_2 = 0; for other values of α_2, the inverted hierarchy is, in general, excluded for z ≲ 0.01 eV. Assuming small z and α_2 = 0, the mass spectrum is

m_1 ≃ ( y^2 − Δm^2_1 + 2yz )_{1/2} , m_2 ≃ ( y^2 + 2yz )_{1/2} , m_3 ≃ ( y^2 + Δm^2_{31} − Δm^2_1 + 2yz )_{1/2} , (14)

so that the solar mass-squared difference in Eq. (9) can be approximated by Δm^2_1 ≃ 2yz − x(x + 2y cos α_1). Because of the presence of the 2yz term in this relation, an inverted neutrino spectrum is now viable. The parameters x and y no longer have a closed form, as in Eq. (11). Nevertheless, one can solve numerically the equations for the mass spectrum. For illustration, in Fig. 1, we present the neutrino mass spectrum as a function of the phase α_1 for z = 0.1 eV and α_2 = 0, π/2, π. We find that, for z ≥ z_{lim} ≃ 3.3 × 10^{−3} eV, an inverted mass hierarchy is allowed. The limiting case is depicted in the lower left plot of Fig. 1, which corresponds to the limiting value z = z_{lim} and a vanishing phase α_2. In Fig. 2, we present the 0νββ parameter m_{ee} for α_2 = 0 and two different values of the democratic contribution to the neutrino mass matrix, z = 0.1 eV and z = z_{lim}.

B. Other mass-independent mixing schemes

In addition to TB mixing, there are other massindependent structures that can reproduce the observed leptonic mixing angles. Below we give some examples of such mass-independent schemes.

The transposed TB mixing has the mixing angles θ_{12} = π/4, θ_{23} = arctan √ 2, and θ_{13} = 0 [9]. In the wellknown bimaximal structure [10], the mixing angles are θ_{12} = θ_{23} = π/4 and θ_{13} = 0. There are also two golden ratio (GR) proposals where the angles can be related with Φ = (1 + √ 5)/2. The first (GR1) scheme corresponds to θ_{12} = arctan (1/Φ), θ_{23} = π/4, and θ_{13} = 0 [11], while the second (GR2) has the associated angles θ_{12} = arccos (Φ/2), θ_{23} = −π/4, and θ_{13} = 0 [12]. Finally, the so-called hexagonal mixing [13] is described by the angles θ_{12} = π/6, θ_{23} = −π/4, and θ_{13} = 0.

The phenomenological analysis previously discussed is straightforwardly generalized to other mass-independent structures such as the five examples given above. In-

FIG. 2. The effective Majorana mass parameter mee for α2 = 0, assuming z = 0.1 eV (left) and z = z_{lim} ≃ 3.3 × 10^{−3} eV (right).

deed, if the effective neutrino mass matrix m_ν is exactly diagonalized by the unitary matrix U_X in a given massindependent mixing scheme, one has

m_ν = U_X d_ν U^T_X . (15)

Reexpressing the mixing in terms of U_{TB} and an appropriate rotation K_X ,

U_X = K_X U_{TB}, (16)

we can then rewrite

m_ν = K_X m_{TB} K^T_X . (17)

We can see that the decomposition of the neutrino mass matrix into three independent components, as given in Eq. (3), is maintained as each component is rotated appropriately by K_X . Thus, the analysis in terms of the parameters x^′, y^′, z^′ also holds. From this simple manipulation, it should become clear that, although the mixing matrix is different, the main conclusions drawn for the TB mixing remain valid for any other massindependent mixing structure, as well. In particular, the results that depend only on the neutrino mass spectrum are unchanged. On the other hand, since the effective mass parameter m_{ee} depends directly on the first row of the mixing matrix, it is affected by the mixing scheme used. Yet, as the mixing angles are constrained by the experimentally allowed ranges, all the mass-independent schemes presented above lead to very similar predictions for m_{ee}.

III. LEPTONIC MIXING FROM FAMILY SYMMETRY INVARIANTS

The A_4 = Δ(12) symmetry is often used to obtain TB mixing, due to its relative simplicity - it is the smallest discrete group with a triplet irreducible representation (irrep). As a function of the parameters x^′, y^′, and z^′ introduced in Eqs. (1) and (3), the TB effective Lagrangian can be written as

L_ν ∝ x^′ (2ν_1ν_1 − ν_1ν_2 − ν_1ν_3 − ν_2ν_1 + 2ν_2ν_2 − ν_2ν_3 −ν_3ν_1 − ν_3ν_2 + 2ν_3ν_3) + y^′(ν_1ν_1 + ν_2ν_3 + ν_3ν_2) + z^′(ν_1ν_1 + ν_1ν_2 + ν_1ν_3 + ν_2ν_1 + ν_2ν_2 + ν_2ν_3 + ν_3ν_1 + ν_3ν_2 + ν_3ν_3) . (18)

In order to show how the Lagrangian structure of Eq. (18) arises in A_4 models, we reproduce below the most relevant group theoretical aspects (a more detailed study can be found, e.g., in Ref. [20]). We then extend our analysis to the Δ(3n^2) family symmetry groups.

A. A4 invariants

The A_4 group has a Z_3 and a Z_2 generator that are not simultaneously diagonalizable. It has three singlet irreps and one triplet irrep, the latter being denoted as (0, 1) in the notation used in Ref. [20] for Δ(3n^2). As we shall see below, the triplet representation is labeled according to the Z_n generators, in the basis where they are diagonal. Some of the invariants that can be constructed are (0, 1)× (0, 1) and (0, 1) × (0, 1) × (0, 1).

In the basis where the Z_3 generator is diagonal, the (0, 1) × (0, 1) invariant becomes φ^′_1φ_1 + φ^′_2φ_3 + φ^′_3φ_2, where φ_i and φ^′_i are the components of the two triplets. We then immediately conclude from the group structure that the required effective neutrino mass term c_{ij} L_iHL_j H can be constructed if the lepton doublet L_i is assigned to a (0, 1) irrep. Here, i is a generation index, and H denotes the standard model (SM) Higgs field. Furthermore, adding a SM singlet (0, 1) scalar (familon) field ϕ, the invariant term LHLHϕ can also be constructed, which becomes a mass term when the familon acquires a vacuum expectation value (VEV).

In the following, we assume that, through the appropriate scalar potential, the aligned VEV ⟨ϕ⟩ ∝ (1, 1, 1) is obtained^1. Such a VEV alignment leads to both the μ-τ and magic structures given in Eq. (4) and yields the Lagrangian of Eq. (18) with z^′ = 0. In order to produce the democratic structure, one can use higher order terms^2 such as (LHϕ)(LHϕ). It is, therefore, legitimate to consider that, in models based on A_4, the parameter z^′ in Eq. (3) naturally vanishes or is small in comparison with other contributions.

B. Generalization to Δ(3n^2)

The group Δ(3n^2) ∼ (Z_n × Z_n) ⋊ Z_3 has a Z_3 generator and two Z_n generators, denoted here by a, c, and d, respectively. In the Z_n-diagonal basis, the generators of this group can be written in a triplet representation as follows: a = 0 1 0 0 0 1 1 0 0 , (19)

and c = η^k 0 0 0 η^l 0 0 0 η^{−k−l} , d = η^{−k−l} 0 0 0 η^l 0 0 0 η^k , (20)

where η = exp(2πi/n) and the integers k, l = 0, 1, ..., (n− 1) label the triplet representations. Because of the particular form of the group generators, a triplet irrep can be labeled in three different ways, ( k l ) → [ k l ] p ≡ M^p ( k l ) , (21)

with p = 0, 1, or 2, and M = ( −1 −1 1 0 ) . (22)

When building Δ(3n^2) invariants, we need to consider two cases: n ≠ 3Z or n = 3Z. The way the relevant invariants, (3 ⊗ 3)_{10} and (3 ⊗ 3 ⊗ 3)_{10} , are obtained will be shown next. Hereafter, we shall use the simplified notation (k, l) to denote 3_{(k,l)}. Moreover, when presenting the invariant products in terms of components, we shall assume 3 ∼ φ, with φ = (φ_1, φ_2, φ_3).

1. n ≠ 3Z

In this case, there are three one-dimensional (r = 0, 1, 2) and (n^2 − 1)/3 three-dimensional irreducible rep-

1 In a complete model this is a nontrivial issue that should be addressed.

2 This approach is usually adopted in continuous models [5, 6] and the so-called indirect models [21].

resentations. We are only interested in the singlet contributions ( 3_{(k}′_{,l}′_) ⊗ 3_{(k,l)} ) 1 = 1_0 + 1_1 + 1_2 , (23)

which verify the condition ( k^′ l^′ ) = [ −k −l ] p . (24)

Without ambiguity we choose p = 0. The Clebsch- Gordan coefficients for the invariant product of two triplets is given by

1^{2φ}_r : φ^′

1 0 0 0 ω^{−1} 0 0 0 ω r φ , (25)

where ω = exp(2πi/3). For the product of three triplets, 3_{(k}′′_{,l}′′_) ⊗ 3_{(k}′_{,l}′_) ⊗ 3_{(k,l)}, the necessary condition for the invariant is ( k^{′′} l^{′′} ) = [( k^′ l^′ ) + [ k l ] q ] p , (26)

and the Clebsch-Gordan coefficients are

1^{3φ}_r : φ^{′′}a^p φ^′_1 0 0 0 ω^{−r}φ^′_2 0 0 0 ω^rφ^′_3 a^q φ . (27)

The variable q = 0, 1, 2 is associated with one of the three triplets coming out of the product of two triplets, i.e.,

q = 0 : [ k^′ + k l^′ + l ] p , q = 1 : [ k^′ − k − l l^′ + k ] p , q = 2 : [ k^′ + l l^′ − k − l ] p , (28)

while the variable p is either 0, 1, or 2. When the condition of Eq. (24) is satisfied, the triplet with q = 0 is not present.

We are particularly interested in products of two and three triplets where two of them are the same. There are two different possibilities when (k^′, l^′) = (k, l):

(i) Case (k, l) = (−k, −l)

In this case, only triplets of the type (0, n/2) and equivalent representations are allowed. From Eq. (26), we see that q = 0 is not allowed so that the invariant products are

1^{2φ}_r ∼ ( 0 n/2 ) × ( 0 n/2 ) , 1^{3φ}_r ∼ ( 0 n/2 ) × ( 0 n/2 ) × ( 0 n/2 ) , q = 1, 2. (29)

(ii) Case (k, l) ≠ (−k, −l)

It is not possible to write the invariant of two triplets in this case. However, there is one extra invariant in the product of three triplets:

1^{3φ}_r ∼ ( 2k 2l ) × ( k l ) × ( k l ) , q = 0, 1^{3φ}_r ∼ ( −k −l ) × ( k l ) × ( k l ) , q = 1, 2. (30)

Notice that, in both cases, we have assumed p = q, since these are the relevant invariants that will allow us to obtain TB mixing with a simple VEV alignment.

2. n = 3Z

When n is an integer multiple of three, there exist nine one-dimensional (s, r = 0, 1, 2) and (n^2 −3)/3 threedimensional irreducible representations. Once again, we shall be interested in the singlet contributions. These are ( 3_{(k}′_{,l}′_) ⊗ 3_{(k,l)} ) 1 = 2∑ s=0 (1_{0,s} + 1_{1,s} + 1_{2,s}) , (31)

with the condition ( k^′ l^′ ) = [ −k + sn/3 −l + sn/3 ] p . (32)

We have two different possibilities: k^′, l^′, k, and l are either all multiples of n/3, or not all of them are multiples of n/3. In the former case, the condition for an invariant of the product of two triplets is ( −k^′ −l^′ ) = ( k l ) = ( 0 ±n/3 ) , (33)

with the Clebsch-Gordan coefficients given by

1^{2φ}_{r,s} : φ^′a^{∓s} 1 0 0 0 ω^{−1} 0 0 0 ω r φ . (34)

For the invariant constructed from three triplets, the necessary condition is ( k^{′′} l^{′′} ) = ( k^′ l^′ ) = ( k l ) = ( 0 ±n/3 ) , (35)

and the Clebsch-Gordan coefficients are 1^{3φ}_{r,s} : φ^{′′}a^{±s}a^q φ^′_1 0 0 0 ω^{−r}φ^′_2 0 0 0 ω^rφ^′_3 a^qφ . (36)

The triplets associated with q are the same as in the previous case. It is not possible to build an invariant from the product of two triplets when they are in the same irrep. On the other hand, for the product of three triplets, we get

1^{3φ}_{r,s} : ( 0 ±n/3 ) × ( 0 ±n/3 ) × ( 0 ±n/3 ) , q = 0, 1, 2. (37) The second case, i.e., when not all k^′, l^′, k, and l are multiples of n/3, is similar to the case with n ≠ 3Z. The necessary condition for the invariant product of two triplets is ( k^′ l^′ ) = [ −k −l ] p + s n 3 ( 1 1 ) , (38)

with the Clebsch-Gordan coefficients of the form

1^{2φ}_{r,s} : φ^′s^p

1 0 0 0 ω^{−1} 0 0 0 ω r φ. (39)

The condition for the product of three triplets is ( k^′ l^′ ) = [ − ( k^′ l^′ ) − [ k l ] q ] p + s n 3 ( 1 1 ) , (40)

and the corresponding Clebsch-Gordan coefficients read

1^{3φ}_{r,s} : φ^{′′}a^p φ^′_1 0 0 0 ω^{−r}φ^′_2 0 0 0 ωφ^′_1 a^q φ. (41)

As in the case of n ≠ 3Z, we are only interested in the situation when s = 0. We consider again two different possibilities when (k^′, l^′) = (k, l).

(i) Case (k, l) = (−k, −l)

If n is odd, it is not possible to satisfy this condition. For n even we have (k, l) = (0, n/2). Since the value q = 0 is not allowed, we get

1^{2φ}_{r,0} ∼ ( 0 n/2 ) × ( 0 n/2 ) , 1^{3φ}_{r,0} ∼ ( 0 n/2 ) × ( 0 n/2 ) × ( 0 n/2 ) , q = 1, 2. (42)

(ii) Case (k, l) ≠ (−k, −l)

In this case it is not possible to write the invariant of two triplets. The extra invariant in the product of three triplets is now given by

1^{3φ}_{r,0} ∼ ( −2k −2l ) × ( k l ) × ( k l ) , q = 0, 1^{3φ}_{r,0} ∼ ( k l ) × ( k l ) × ( k l ) , q = 1, 2. (43)

3. Invariant decomposition

In the previous section, we presented a simple approach to build the invariants of the Δ(3n^2) group. We also constructed the irrep combinations and their associated Clebsch-Gordan decomposition for the relevant invariants. The results were obtained in the basis where the Z_n generators are diagonal. Yet, for model building, it is more convenient to change to the basis where the Z_3 generator is diagonal. The only transformation that is needed in order to get the Clebsch-Gordan decomposition in the new basis is given by

φ = U(ω)^† φ_{old} , U(ω) = 1 √ 3 1 1 1 1 ω ω^2 1 ω^2 ω , (44)

where φ_{old} denotes the triplet field in the old basis. In the new basis, the invariant for the product of two triplets is

1^{2φ}_{0(0)} : φ^′_1φ_1 + φ^′_2φ_3 + φ^′_3φ_2 , (45)

while for the product of three triplets the invariants are

1^{3φ}_{0(0)}(q = 0) : 1 √ 3 {φ^{′′}_1 (φ^′_1φ_1 + φ^′_2φ_3 + φ^′_3φ_2) + φ^{′′}_2 (φ^′_2φ_2 + φ^′_1φ_3 + φ^′_3φ_1) + φ^{′′}_3 (φ^′_3φ_3 + φ^′_1φ_2 + φ^′_2φ_1)} ,

1^{3φ}_{0(0)}(sym) : 1 √ 3 {φ^{′′}_1 (2φ^′_1φ_1 − φ^′_2φ_3 − φ^′_3φ_2) + φ^{′′}_2 (2φ^′_2φ_2 − φ^′_1φ_3 − φ^′_3φ_1) + φ^{′′}_3 (2φ^′_3φ_3 − φ^′_1φ_2 − φ^′_2φ_1)} ,

1^{3φ}_{0(0)}(asym) : i (φ^{′′}_1 φ^′_2φ_3 + φ^{′′}_2 φ^′_3φ_1 + φ^{′′}_3 φ^′_1φ_2 − φ^{′′}_1 φ^′_3φ_2 − φ^{′′}_2 φ^′_1φ_2 − φ^{′′}_3 φ^′_2φ_1) .

(46)

In this basis, the charged lepton sector is diagonal and TB mixing is easily achieved in the neutrino sector from the products 3 ⊗ 3 and 3 ⊗ 3 ⊗ 3 with simple VEVs.

Although the Clebsch-Gordan decomposition for other mass-independent mixing schemes is comparably more complicated in the new basis, it can be obtained through the rotation matrix K_X , given in Eq. (16). Moreover, the change to the convenient Z_3-diagonal basis is performed analogously to the one in Eq. (44), where U(ω) is now replaced by U(ω)K^†_X . This is a good basis choice to obtain other mass-independent mixing patterns, since the rotated 3 ⊗ 3 directly leads to the rotated μ-τ symmetric matrix P , as in the TB mixing case.

IV. TYPES OF SEESAW

Under general considerations, the effective neutrino mass term is written as the nonrenormalizable operator L_iHL_j H(...), where (...) denotes additional fields that may be present and increase the dimensionality of the operator. To establish what kind of family invariants lead to desired structures, it is important to consider the mechanism responsible for the effective term. In what follows we assume a standard type-I, II or III seesaw mechanism (for a brief review of the seesaw types and their connection with leptogenesis, see, e.g., Ref. [22]).

In the type-I (type-III) seesaw, heavy right-handed fermion singlets (triplets) are added to the SM. The type- I seesaw Lagrangian for the neutrino sector becomes

L_ν = Y^{ij}_D L_iHN_j + M_{R ij} N^c_i N_j , (47) where N_i are the right-handed neutrino fields, Y_D is the Dirac-neutrino Yukawa coupling matrix, and M_R is the heavy Majorana neutrino mass matrix. The type-III seesaw Lagrangian is similar, with the right-handed neutrino N replaced by the fermion triplet, and the SU(2) contractions appropriately changed.

Let us consider an arbitrary mass-independent leptonic mixing texture and assume three light neutrinos. Following the arguments of Ref. [23], we can then state the following: If the matrix M_R has the same parametrization as the light neutrino mass matrix m_ν , i.e.,

M_R = a_RC + b_RP + c_RD , (48)

with C, P , and D defined in Eqs. (4), then the matrix m_D = vY_D , where v is the SM Higgs VEV, is also parametrized in the same way,

m_D = a_DC + b_DP + c_DD , (49)

and is thus symmetric. As discussed in detail in Sec. IV A, the assumption about the texture of the matrix M_R given in Eq. (48) is justified in the context of family models with a group structure.

In the type-II seesaw framework, heavy scalar triplets Δ_a are added to the model, and the Lagrangian in the neutrino sector becomes

L_ν = Y^{ij}_a L^c_i L_j Δ_a . (50)

The neutrino mass matrix structure arising from these terms is controlled by the allowed contractions.

A. Relevant invariants for TB mixing

In order to obtain the TB mixing from the invariants, it is necessary to discuss first the representations of the charged leptons and the mechanism responsible for the generation of the effective neutrino mass term. Within type-I seesaw, it is possible to draw some conclusions about the matrix M_R, since it is constructed from invariants with repeated representations. If N belongs to singlet representations, there are too many parameters, and mass-independent textures cannot be generated without fine-tuning. Thus, N must be a family triplet, and the invariant contractions can either be NN (leading to P ) or NNϕ (leading to C and/or D, depending on the group and the VEVs of the ϕ fields). The form given in Eq. (48) is obtained, and, as stated after Eq. (49), the Dirac-neutrino mass matrix m_D needs to be symmetric. Furthermore, if we attempt to construct the symmetric contribution, due to the magic matrix C in m_D, from a LNϕ ∼ 1^{3φ}_{0(0)}(sym) invariant of Δ(3n^2), the undesired antisymmetric contribution 1^{3φ}_{0(0)}(asym) is also generated, thus spoiling the TB mixing. Therefore, we must forbid both contributions by setting a_D = 0 in Eq. (49).

Within type-II seesaw, the effective neutrino mass matrix is obtained directly from repeated representations: L must be a triplet representation with family invariant contractions LL or LLϕ. Notice also that, although, in general, the SM Higgs H and the SU(2) triplet scalar Δ are considered as family symmetry singlets, and the triplet fields ϕ are added to the theory, it is possible to replace ϕ by assigning the SU(2) multiplets H and Δ to family triplets. By doing so, the theory becomes renormalizable.

Considering in detail the representations, we can also formulate general arguments to justify the absence or suppression of the democratic contribution to m_{TB}. This has been already discussed for A_4 = Δ(12) models. Here, we generalize it for Δ(3n^2) with n > 2.

Consider, for instance, n = 3, i.e., the Δ(27) group. There are only 2 triplet irreps, (0, 1) and (0, 2). In this case, the LL term is not allowed and the two choices for three-triplet invariants, (0, 1) × (0, 1) × (0, 1) or (0, 2) × (0, 2) × (0, 2), are equivalent and always result in three simultaneous invariants with q = 0, 1, and 2.

Assume now n = 4, i.e., Δ(48). This group has 5 triplet irreps which can be labeled as (0, 1), (0, 2), (0, 3), (1, 1), and (3, 3). The three-triplet invariant with p = q = 0 can result e.g. from one of the outcomes of the product (0, 2) × (0, 1) × (0, 1). This invariant is never available with a repeated (0, 2) irrep, as required by the invariant LL. If we assign L to (0, 1), though, it is possible to obtain simultaneously all three structures at the cost of an extra field: when the (0, 3) scalar aligns in the (1, 1, 1) direction, the product (0, 3)×(0, 1)×(0, 1) allows the q = 1, 2 invariant necessary for the C matrix, while the product (0, 2) × (0, 1) × (0, 1) allows the q = 0 invariant from which both P and D can be constructed, as soon as the scalars align in the (1, 0, 0) and (1, 1, 1) directions, respectively. Within this context, Δ(48) is the smallest Δ(3n^2) group for which the effective neutrino mass matrix naturally contains the democratic structure and thus allows for an inverted light-neutrino mass spectrum.

B. Implications for leptogenesis

Type-I and type-III seesaw flavor models that lead to an exact mass-independent leptonic mixing have a vanishing leptogenesis CP asymmetry in leading order [23– 25]. This result does not necessarily hold in type-II seesaw models. In the latter case, the leptonic asymmetry is, in general, nonvanishing and, as it turns out, can be related to the democratic component of the neutrino mass matrix.

We recall that the unflavored leptonic CP asymmetry ϵ_a in a type-II seesaw framework is proportional to

ϵ_a ∝ Im [ μ^∗_aμ_bTr ( Y^bY^{†a} )] , (51)

while the flavored asymmetries ϵ^{αβ}_a depend on ϵ^{αβ}_a ∝ Im [ μ^∗_aμ_bY^b_{αβ} Y^{∗a}_{αβ} ] (52) and ϵ^{αβ}_a ∝ Im [ Tr ( Y^{b†}Y^a ) Y^b_{αβ} Y^{∗a}_{αβ} ] . (53)

In the above expressions, α and β are flavor indices, and μ_a and Y_a are the couplings of the scalar triplets Δ_a to the SM Higgs and charged lepton fields, respectively.

It is convenient to distinguish two cases, depending on whether Δ is a singlet or a triplet under the family symmetry. For leptogenesis to be viable, at least two scalar SU(2) triplets are needed. If both are family singlets, then one of them can be associated to the P contribution, and the other one to the C contribution, in Eq. (3). If a third scalar triplet is available, it may be associated to the democratic component D. In this minimal setup, unless a democratic contribution is present, the unflavored asymmetry (51) is zero, because the product of the C and P matrices is traceless^3. On the other hand, the flavored leptogenesis asymmetries do not necessarily vanish, even when the democratic component is absent. In the latter case, the combination in Eq. (53) would vanish, but the one in Eq. (52) would be, in general, nonzero.

If there are Δ family triplets, there must be at least one extra singlet or triplet. Otherwise, it is not possible to generate a mass-independent mixing in agreement with low-energy neutrino data. It can be shown that any contributions to Eqs. (52) and (53) that involve components of the same triplet cancel out, but a nonvanishing asymmetry can result from the interaction of a given

3 Notice however that, if each scalar triplet is simultaneously associated to the magic and μ-τ symmetric contributions, the unflavored asymmetry (51) is, in general, nonvanishing.

component of the triplet with the extra singlet or triplet. However, even in this case, the interaction of the triplet with the extra field will produce a traceless product in Eq. (51), unless one of the components is the democratic one (it should be noted that this requires an enlarged Δ field content, since two family triplets are necessary, plus either a third triplet or a singlet field). Furthermore, if Δ is a family triplet, there are additional complications in constructing the interaction term ΔHH, which makes the choice of Δ as singlets more appealing.

V. OTHER MASS-INDEPENDENT STRUCTURES

In Sec. II B, we have expressed a mass-independent mixing U_X in terms of the TB mixing through Eq. (16). In this way, we obtain a simple recipe to transform an existing TB model to another mass-independent mixing scheme. The process requires an appropriate change of basis in the group generators and also the rotation of the VEVs. The simplest way to obtain the rotated VEVs is by means of the transformation given in Eq. (44). We write

⟨φ⟩ = K_X U(ω)^†⟨φ_{old}⟩. (54)

This is equivalent to having rotated the basis as in Eq. (16) and solving for the VEV that leads to the desired mass matrix structure. Note that taking K = 11 corresponds to TB mixing, and rotating the VEV ⟨φ_{old}⟩ = (1, 0, 0)^T leads to ⟨φ⟩ = (1, 1, 1)^T as expected.

As an explicit example, we describe next how to obtain from the A_4 symmetry the GR1 mixing scheme. The necessary VEVs do not appear natural and may be difficult to obtain from the group structure. Existing models that produce the GR1 mixing from a discrete group such as A_5 also appear to require involved VEVs and irreps with higher dimensions [26]. The 1^′ and 1^{′′} invariants in the rotated basis are not convenient to obtain a diagonal charged-lepton mass matrix for the GR1 model, but we can introduce additional fields with different VEVs in order to use the trivial singlet contraction. In order to obtain the non-TB mass invariant structure, we need intricate VEVs and extra fields to avoid the complicated 1^′ and 1^{′′} invariants. Therefore, it is fair to say that the A_4 group leads more naturally to TB mixing.

For the GR1 example, we assign the SM particles as L ∼ (0, 1); e_R, μ_R, τ_R ∼ 1; and H ∼ 1. We introduce extra scalar fields ϕ_e, ϕ_μ, ϕ_τ , and ϕ that are triplets under A_4 and are responsible for its spontaneous breaking. The Lagrangian is

L_X = y_e Λ ϕ_e (LHe_R) + y_μ Λ ϕ_μ (LHμ_R) + y_τ Λ ϕ_τ (LHτ_R) + y_ν Λ (LHLH) + y^′_ν Λ^2 ϕ (LHLH) , (55) where Λ is the cutoff energy scale. Note that the Lagrangian in the neutrino sector is equal to the one that generates TB mixing, but the charged lepton sector has been modified. The required scalar VEVs are

⟨ϕ_e⟩ = (1, 0, 0) , ⟨ϕ_μ⟩ = (0, 0, 1) ,

⟨ϕ_τ ⟩ = (0, 1, 0) , ⟨ϕ⟩ = ( √ 4 − 2Φ, 1, −1) .

(56)

If the rotated democratic contribution is absent, the predictions described in Sec. II are preserved.

The Lagrangian in Eq. (55) can be used to predict other mixing structures with different VEV alignments. For instance, the GR2 mixing is obtained assigning ⟨ϕ⟩ = ( √ 14 − 8Φ, 1, −1), while the bimaximal mixing corresponds to ⟨ϕ⟩ = (− √ 2, 1, 1). On the other hand, assigning the VEVs ⟨ϕ_e⟩ = (1, 0, 0), ⟨ϕ_μ⟩ = (0, 1, 2 √ 2), ⟨ϕ_τ ⟩ = (0, −2 √ 2, 1), and ⟨ϕ⟩ = (1, 1/ √ 3, √ 2/3), we can predict the transposed TB mixing. Finally, the hexagonal mixing can be obtained with the enticingly simple VEV ⟨ϕ⟩ = ( √ 2/3, 1, 1), so that a complete model for hexagonal mixing may be constructed by simply adding the appropriate aligning terms to the scalar potential.

VI. CONCLUSIONS

We have shown that it is useful to decompose the effective neutrino mass matrix associated to the tribimaximal leptonic mixing into three independent parts [see Eq. (3)], including a democratic contribution. We concluded that this contribution controls interesting phenomenological consequences, such as the type of mass spectrum. In particular, we pointed out that the existence of a democratic contribution is necessary to obtain an inverted neutrino hierarchy. We then generalized those considerations to other mass-independent schemes, which are related to the TB form by a unitary transformation. We derived the same phenomenological results in terms of the rotated contribution of the given mass-independent structure.

We have also considered, in a model-independent context, the consequences of using different groups and choices of representations. We discovered that, for Δ(3n^2) groups producing TB mixing, the order n of the group is very important and determines how natural it is to obtain a significant democratic contribution in the neutrino mass matrix. It would be interesting to extend the analysis based on the family symmetry invariants to other groups, such as Δ(6n^2), which includes S_4 = Δ(24).

From a model-building viewpoint, we have seen that the type of seesaw mechanism responsible for neutrino masses plays an important role, as it restricts the viable choices of family representations. It also has important consequences for leptogenesis. While in minimal type-I and type-III seesaw scenarios that lead to a massindependent leptonic mixing the leptonic CP asymmetries are zero in leading order, in a type-II framework, leptogenesis is, in general, viable. We also concluded that the democratic contribution plays a relevant role in allowing unflavored type-II leptogenesis to proceed.

Finally, we have extended our analysis of TB mixing to other mass-independent mixing schemes and have shown how a given TB model can be modified to yield such structures. This process has been illustrated by constructing a toy model that predicts the golden ratio mixing, which, although not as elegant as the respective TB model, is simple when compared to other models that predict the same mixing. The necessary VEV alignment to obtain the golden ratio mixing has been presented, and, for completeness, we have also given the alignments that would lead to the bimaximal and transposed tribimaximal mixing patterns, as well as the relatively simple alignment needed for the hexagonal mixing. We have then concluded that, within this kind of rotated model, the special connection between the would-be democratic contribution and phenomenology is preserved.

ACKNOWLEDGEMENTS

The work of I.d.M.V. was supported by Fundação para a Ciência e a Tecnologia (FCT, Portugal) under Grant No. SFRH/BPD/35919/2007 and by DFG Grant No. PA 803/6-1. The work of H.S. was supported by FCT under Grant No. SFRH/BD/36994/2007. This work was partially supported by FCT through the projects CFTP-FCT UNIT 777, PTDC/FIS/098188/2008, and CERN/FP/109305/2009, which are partially funded through POCTI (FEDER).

[1] T. Schwetz, M. Tortola and J. W. F. Valle, New J. Phys.

10, 113011 (2008) [arXiv:0808.2016 [hep-ph]]. [2] M. C. Gonzalez-Garcia, M. Maltoni and J. Salvado, JHEP 1004, 056 (2010) [arXiv:1001.4524 [hep-ph]].

[3] G. L. Fogli, E. Lisi, A. Marrone and A. Palazzo, Prog.

Part. Nucl. Phys. 57, 742 (2006) [arXiv:hep-ph/0506083]. [4] P. F. Harrison, D. H. Perkins and W. G. Scott, Phys.

Lett. B 530, 167 (2002) [arXiv:hep-ph/0202074]. [5] S. F. King, JHEP 0508, 105 (2005) [arXiv:hep-ph/0506297].

[6] I. de Medeiros Varzielas and G. G. Ross, Nucl. Phys. B 733, 31 (2006) [arXiv:hep-ph/0507176].

[7] For a recent review and a list of references, see e.g.

G. Altarelli and F. Feruglio, Rev. Mod. Phys. 82, 2701 (2010) [arXiv:1002.0211 [hep-ph]].

[8] M. -C. Chen, S. F. King, JHEP 0906, 072 (2009) [arXiv:0903.0125 [hep-ph]].

[9] H. Fritzsch, Z. -Z. Xing, Phys. Lett. B 372, 265-270 (1996) [hep-ph/9509389].

[10] V. D. Barger, S. Pakvasa, T. J. Weiler and K. Whisnant, Phys. Lett. B 437, 107 (1998) [arXiv:hep-ph/9806387].

[11] Y. Kajiyama, M. Raidal, A. Strumia, Phys. Rev. D 76 , 117301 (2007) [arXiv:0705.4559 [hep-ph]].

[12] W. Rodejohann, Phys. Lett. B 671, 267 (2009) [arXiv:0810.5239 [hep-ph]].

[13] C. Giunti, Nucl. Phys. B (Proc. Suppl.) 117, 24 (2003) [hep-ph/0209103]; Z. -Z. Xing, J. Phys. G 29, 2227 (2003) [hep-ph/0211465]; C. H. Albright, A. Dueck, W. Rodejohann, Eur. Phys. J. C 70, 1099 (2010) [arXiv:1004.2798 [hep-ph]].

[14] KNakamura et al. [Particle Data Group Collaboration], J. Phys. G 37, 075021 (2010).

[15] E. Komatsu et al. (WMAP Collaboration), Astrophys.

J. Suppl. Ser. 192, 18 (2011) [arXiv:1001.4538 [astroph.CO]].

[16] H. V. Klapdor-Kleingrothaus et al., Eur. Phys. J. A 12, 147 (2001) [arXiv:hep-ph/0103062]; H. V. Klapdor- Kleingrothaus, I. V. Krivosheina, A. Dietz and O. Chkvorets, Phys. Lett. B 586, 198 (2004) [arXiv:hep-ph/0404088].

[17] C. Arnaboldi et al. (CUORICINO Collaboration), Phys.

Rev. C 78, 035502 (2008) [arXiv:0802.3439 [hep-ex]]. [18] J. Wolf (KATRIN Collaboration), Nucl. Instrum. Meth.

A 623, 442 (2010) [arXiv:0810.3281 [physics.ins-det]]. [19] C. Aalseth et al., arXiv:hep-ph/0412300; I. Abt et al., arXiv:hep-ex/0404039.

[20] C. Luhn, S. Nasri and P. Ramond, J. Math. Phys. 48, 073501 (2007) [arXiv:hep-th/0701188].

[21] I. de Medeiros Varzielas, S. F. King, G. G. Ross, Phys.

Lett. B 648, 201 (2007) [hep-ph/0607045].

[22] S. Davidson, E. Nardi, Y. Nir, Phys. Rept. 466, 105 (2008) [arXiv:0802.2962 [hep-ph]].

[23] R. G. Felipe and H. Serôdio, Phys. Rev. D 81, 053008 (2010) [arXiv:0908.2947 [hep-ph]].

[24] E. Bertuzzo, P. Di Bari, F. Feruglio and E. Nardi, JHEP 0911, 036 (2009) [arXiv:0908.0161 [hep-ph]].

[25] D. Aristizabal Sierra, F. Bazzocchi, I. de Medeiros Varzielas, L. Merlo and S. Morisi, Nucl. Phys. B 827, 34 (2010) [arXiv:0908.0907 [hep-ph]].

[26] L. L. Everett, A. J. Stuart, Phys. Rev. D 79, 085005 (2009) [arXiv:0812.1057 [hep-ph]].