arXiv:1101.1247v3 [hep-th] 6 Aug 2012

IIB black hole horizons with five-form flux and KT geometry

U. Gran^1, J. Gutowski^2 and G. Papadopoulos^2

1 Fundamental Physics Chalmers University of Technology SE-412 96 Göteborg, Sweden

2 Department of Mathematics King’s College London Strand London WC2R 2LS, UK

Abstract

We investigate the near horizon geometry of IIB supergravity black holes with non-vanishing 5-form flux preserving at least two supersymmetries. We demonstrate that there are three classes of solutions distinguished by the choice of Killing spinors. We find that the spatial horizon sections of the class of solutions with an SU(4) invariant pure Killing spinor are hermitian manifolds and admit a hidden Kähler with torsion (KT) geometry compatible with the SU(4) structure. Moreover the Bianchi identity of the 5-form, which also implies the field equations, can be expressed in terms of the torsion H as d(ω ∧ H) = ∂ ¯∂ω^2 = 0, where ω is a Hermitian form. We give several examples of near horizon geometries which include group manifolds, group fibrations over KT manifolds and uplifted geometries of lower dimensional black holes. Furthermore, we show that the class of solutions associated with a Spin(7) invariant spinor is locally a product R^{1,1} × S, where S is a holonomy Spin(7) manifold.

1 Introduction

There is evidence to suggest that in higher dimensions there are black holes with exotic horizon topologies. As a result, the classical black hole uniqueness theorems [1]-[7] do not extend to more than four dimensions. Five dimensions are also special. Although there is no uniqueness theorem for a large class of theories the horizon topologies that can occur are S^3, S^1 × S^2 and T^3 [8]. The first two are the horizon topologies of the BMPV black hole [9] and black ring [10], respectively. To our knowledge, no black hole solution has been found with horizon topology T^3.

To probe the horizon topologies in more than five dimensions, one can either assume that the solutions are static, see e.g. [11, 12, 13], or are black hole solutions of the type considered in [14, 15], or that they preserve a fraction of spacetime supersymmetry. The latter assumption is natural in the context of string, Kaluza-Klein or supergravity theories. The analysis is further simplified provided that one considers extreme black holes and focuses on a suitable geometry near the horizon, the near horizon geometry^1. In this context, it is natural to ask whether the topology and geometry of the near horizon geometries of supersymmetric black holes of higher-dimensional supergravity theories can be classified. Some progress has been made to solve this problem. For example, there is a good understanding of the near horizon topologies and geometries of heterotic supergravity [16, 17]. This has been assisted by the solution of the Killing spinor equations (KSEs) of heterotic supergravity in all cases [18, 19, 20]. In particular, all the conditions on the geometry of heterotic horizons are known, as well as the corresponding fractions of supersymmetry preserved. The half supersymmetric horizons have been classified, and the 1/4 supersymmetric ones lead to pairing of a cohomological and of a non-linear differential system on Kähler surfaces. Although there is no classification of the 1/4 supersymmetric horizons, many explicit solutions of both systems are known, for example on del Pezzo surfaces, and the associated horizons have exotic topologies.

In this paper we extend the results of the heterotic analysis to type IIB supergravity [21, 22, 23]. In contrast to the heterotic case, somewhat less is known about solutions of IIB supergravity. In particular, the KSEs have been solved for N = 1 backgrounds in [24, 25]. It has also been shown that if a background preserves more than 28 supersymmetries it is maximally supersymmetric [26, 27]. Moreover, the backgrounds that preserve 28 and 32 supersymmetries have been classified in [28] and [29], respectively. Very little is known about the properties of solutions in the intermediate cases, however see the conjectures in [30, 31]. Some simplification occurs for those backgrounds that have only 5-form flux [32]. Because of this, we shall first examine the supersymmetric IIB near horizon geometries with non-vanishing 5-form flux. The general case which includes IIB near horizon geometries with other fluxes will be reported elsewhere. The advantage of focusing on near horizon geometries with only 5-form flux is that the analysis is rather economical and leads to insightful connections with KT geometry. This in turn allows for the construction of many examples of near horizon geometries, some of which have exotic topologies.

1However, it is not apparent that all near horizon geometries found in such an investigation can be extended to full black hole solutions. For an extensive discussion on this point, see eg [16] and references within.

The focus of our analysis is on IIB near horizon geometries with non-vanishing 5-form flux that preserve at least 2 supersymmetries^2. An application of the spinorial geometry technique [33] for solving KSEs to IIB supergravity reveals that there are three classes of near horizon geometries depending on the choice of Killing spinors. The Killing spinor of the first class of solutions is constructed from a Spin(7) invariant spinor on the spatial horizon section S. In this case we shall show that the near horizon geometry is R^{1,1} × S. In turn S is a product of closed Riemannian manifolds with special holonomy as given in the Berger classification, and the 5-form vanishes. The Killing spinors of the other two classes are constructed from SU(4) invariant spinors on S . These two classes are distinguished by whether the SU(4) invariant spinors are generic or pure. We shall focus our analysis on the pure case. The geometry of the horizons in the generic SU(4) case is different and its exploration requires the development of new techniques which will be reported elsewhere.

The Killing spinor vector bi-linear of the pure SU(4) invariant case, which we identify with the black hole stationary Killing vector field, is null. Consequently, the metric of the near horizon geometry can be written as

ds^2 = 2du(dr + rh) + ds^2_{(8)}(S) , (1.1)

where ds^2_{(8)}(S) is the metric of the horizon section. Moreover, the KSEs require that S is a Hermitian manifold with an SU(4) structure such that

h = θ_ω = θ_{Re χ} , (1.2)

where θ_ω and θ_{Re χ} are the Lee forms of the Hermitian form ω and the real component of the (4,0)-form χ, respectively.

The equality of the two Lee forms is significant. This is because it is precisely the condition for the SU(4) structure on S to admit a compatible Kähler with torsion (KT) geometry [34]. This condition implies that the manifold is equipped with a metric connection, ^∇, with skew-symmetric torsion H, such that

^∇ω = ^∇χ = 0 . (1.3)

Therefore all the horizon sections with non-vanishing 5-form flux admit a hidden 3-form torsion. This cannot be immediately identified with either the NS-NS 3-form or R-R field strengths of IIB supergravity as they have been set to zero. Another advantage of introducing H is that now the Bianchi identity for the 5-form, which also implies all the remaining equations of IIB supergravity including field equations, can be written as

d(ω ∧ H) = i∂ ¯∂ω^2 = 0 . (1.4)

As we shall demonstrate, expressing the conditions implied by the KSE and field equations as in (1.3) and (1.4) is instrumental for the construction of many examples of near horizon geometries. Our examples include horizons with sections which are group manifolds, and

2 This is the minimal amount of supersymmetry that is preserved by a solution when only the 5-form flux is non-vanishing.

toric and SU(2) fibrations over lower dimensional KT manifolds. A particular large class of examples includes T^2 fibrations over 6-dimensional Kähler-Einstein manifolds. We also demonstrate that the uplifting of the near horizon geometries of 5-dimensional black holes [35, 36, 37] to IIB solves all the conditions and so provides more examples.

IIB spatial horizon sections are 8-dimensional but the conditions we have found on S can be easily adapted to 2n dimensions. Strong KT manifolds (SKT) [34] are KT manifolds which in addition satisfy the second order equation dH = 2i∂ ¯∂ω = 0. A comparison of (1.4) with the strong condition for SKT manifolds leads to a generalization of both conditions. In particular, k-strong Kähler manifolds with torsion (k-SKT) are KT manifolds which in addition satisfy ∂ ¯∂ω^k = d(ω^{k−1} ∧ H) = 0. For 2n-dimensional manifolds, the (n- 1)-SKT and (n-2)-SKT structures coincide with the Gauduchon [38] and the Jost and Yau astheno-Kähler [39] conditions, respectively. The above conditions can also be extended to 2n-dimensional manifolds with an SU(n) structure compatible with a connection with skew-symmetric torsion, or equivalently almost Calabi-Yau with torsion (ACYT) and, if the almost complex structure is integrable, Calabi-Yau with torsion (CYT) manifolds. In this terminology, the horizon spatial section S is a 2-SCYT manifold. The expression of k-SKT structure in terms of H allows one to further extend it on other manifolds with almost KT (AKT), Sp(n), Sp(n) · Sp(1), G_2 or Spin(7) structures.

A further generalization of k-SKT geometries is possible following the introduction of the k-Gauduchon condition ∂ ¯∂ω^k ∧ ω^{n−k−1} = 0 for Hermitian manifolds in [40]. One can also define the (k; ℓ)-SKT condition as ∂ ¯∂ω^k ∧ ω^ℓ = 0 which includes both the k-SKT and k-Gauduchon structures. Rewriting this as d(ω^{k−1} ∧ H) ∧ ω^ℓ = 0 it generalizes to other manifolds with SU(n), Sp(n) and Sp(n) · Sp(1) structures.

This paper is organized as follows. In section two, we describe the field and KSEs for near horizon geometries of IIB supergravity. In section 3, we solve the KSEs for horizons which preserve at least two supersymmetries. The cases with Spin(7)-invariant and pure SU(4)-invariant Killing spinors are emphasized. In section 4, we demonstrate that the spatial horizon sections of solutions with a pure SU(4)-invariant Killing spinor admit a hidden KT geometry compatible with an SU(4) structure. In section 5, we give several examples of IIB supersymmetric horizons which are group fibrations over KT manifolds. In section 6, we present some more examples which arise by uplifting lower-dimensional black hole horizons to IIB supergravity, and in section 7, we give our conclusions. In appendix A, we explain our conventions. In appendix B we give the definitions of new geometries associated with other structure groups which arise as a generalization of the conditions we have found on the IIB spatial horizon sections. In appendix C, we give the 5-form field strength of the uplifted lower-dimensional black hole horizon geometries.

2 Fields near the horizon and supersymmetry

2.1 Near horizon limit and field equations

It is well-known that under some analyticity assumptions [41], one can adapt Gaussian Null co-ordinates near the horizon of an extremal black hole to write the metric as

ds^2 = 2e^+e^− + δ_{ij} e^ie^j = 2du(dr + rh − 1 2 r^2Δdu) + γ_{IJ} dy^Idy^J , (2.1) where we have introduced the basis

e^+ = du, e^− = dr + rh − 1 2 r^2Δdu, e^i = e^i_I dy^I . (2.2)

The horizon is the Killing horizon of the time-like Killing vector field V =^∂_{∂u} which is identified to be in the same class as the stationary Killing vector field of the black hole, see e.g. [41], [16]. The spatial horizon section S is the co-dimension 2 submanifold defined by r = u = 0 and it is assumed to be closed, i.e. compact without boundary.

The components of the metric depend on all coordinates apart from u. The near horizon geometry is defined by first making the coordinate transformation r → ℓr, u → ℓ^{−1}u , (2.3) and then taking the limit ℓ → 0. The resulting spacetime metric does not change its form, however in the near-horizon limit Δ, h and γ no longer depend on r. The components of the spin connection are listed in Appendix A.

The self-dual^3 5-form field strength F of IIB supergravity also simplifies in the near horizon limit. Assuming that all components of F are regular functions of r, independent of u, such that F is well-defined on taking the near-horizon limit, in addition to the duality condition and the Bianchi identity dF = 0, one finds that

F = rdu ∧ dY + du ∧ dr ∧ Y − ⋆_8Y = re^+ ∧ (dY − h ∧ Y ) + e^+ ∧ e^− ∧ Y − ⋆_8Y , (2.4)

where Y is a r, u-independent 3-form on S. Writing the 10-dimensional spacetime volume form in terms of that on S as

dvol_{(10)} = e^+ ∧ e^− ∧ dvol_{(8)} , (2.5)

one finds that Y satisfies

d ⋆_8 Y = 0, dY − h ∧ Y = − ⋆_8 (dY − h ∧ Y ) , (2.6)

and ⋆_8 is the Hodge dual on S, with the convention that

(⋆_8Y )_{n1n2n3n4n5} = 1 3! ϵ^{m1m2m3}_{n1n2n3n4n5} Y_{m1m2m3} . (2.7)

The field equation for the 5-form field strength coincides with the Bianchi identity which we have already given in (2.6). The remaining field equation is the Einstein equation of the theory, R_{AB} = 1 6 F_{AL1L2L3L4} F_B^{L1L2L3L4} . (2.8)

For the near horizon geometry, this can be decomposed along the light-cone directions and those of the horizon section S. In particular, from the +− component, one obtains: 1 2 ~∇^ih_i − Δ − 1 2 h^2 = − 2 3 Y_{ℓ1ℓ2ℓ3} Y^{ℓ1ℓ2ℓ3} , (2.9)

3In our conventions F_{M1 ...M5} =^1_{5!} ϵ^{N1...N5}_{M1...M5} F_{N1 ...N5} , where ϵ_{0123456789} = 1.

where ~∇ denotes the Levi-Civita connection of S. From the ij component one finds

R̃_{ij} + ~∇_{(i}h_{j)} − 1 2 h_ih_j = −4Y_{iℓ1ℓ2} Y_j^{ℓ1ℓ2} + 2 3 δ_{ij} Y_{n1n2n3} Y^{n1n2n3} , (2.10)

where R̃ denotes the Ricci tensor of S. From the ++ component, one obtains 1 2 ~∇^2Δ − 3 2 h^i ~∇_iΔ − 1 2 Δ ~∇^ih_i + Δh^2 + 1 4 dh_{ij}dh^{ij} = 1 6 (dY − h ∧ Y )_{n1n2n3n4} (dY − h ∧ Y )^{n1n2n3n4} , (2.11) and from the +i component, one gets 1 2 ~∇^j dh_{ij} − h^j dh_{ij} − ~∇_iΔ + Δh_i = −4 3 (dY − h ∧ Y )_{in1n2n3} Y^{n1n2n3} . (2.12)

2.2 Killing spinor equations

We set the axion and dilaton to be constant, and the 3-forms to vanish. Thus the only active bosonic fields are the metric and real self-dual 5-form F . In such case, the only non-trivial KSE is

∇_M ϵ + i 48 F_{MN1N2N3N4} Γ^{N1N2N3N4} ϵ = 0 , (2.13)

where ∇ is the spin connection associated with the frame (2.2) and ϵ is a spinor in the positive chirality complex Weyl representation of Spin(9, 1).

To proceed further, we use the projections

ϵ = ϵ_+ + ϵ_− , Γ_±ϵ_± = 0 , (2.14)

to decompose the KSE along the light-cone directions and the rest. The KSE along the light-cone directions can be integrated. In particular on integrating up the − component of the KSE, one finds

ϵ_+ = ϕ_+, ϵ_− = ϕ_− + rΓ_− (1 4 h_iΓ^i + i 12 Y_{n1n2n3} Γ^{n1n2n3} ) ϕ_+ , (2.15)

where ϕ_± do not depend on r. A similar analysis of the + component of the KSE gives that

ϕ_+ = η_+ + uΓ_+ (1 4 h_iΓ^i − i 12 Y_{n1n2n3} Γ^{n1n2n3} ) η_−, ϕ_− = η_− , (2.16)

where η_± do not depend on u or r. Furthermore, η_+, η_− must satisfy the following algebraic conditions ( − 1 8 h^2 − 1 2 Δ + 1 12 Y_{ℓ1ℓ2ℓ3} Y^{ℓ1ℓ2ℓ3} − 1 8 dh_{ij}Γ^{ij} +( i 48 dY_{ℓ1ℓ2ℓ3ℓ4} − 1 8 Y_{mℓ1ℓ2} Y^m_{ℓ3ℓ4} )Γ^{ℓ1ℓ2ℓ3ℓ4} ) η_− = 0 , (2.17)

(1 8 h^2 + 1 2 Δ − 1 12 Y_{ℓ1ℓ2ℓ3} Y^{ℓ1ℓ2ℓ3} − 1 8 dh_{ij}Γ^{ij} +( i 48 dY_{ℓ1ℓ2ℓ3ℓ4} + 1 8 Y_{mℓ1ℓ2} Y^m_{ℓ3ℓ4} )Γ^{ℓ1ℓ2ℓ3ℓ4} ) η_+ = 0 , (2.18) (1 8 h^2 + 1 2 Δ − 1 12 Y_{ℓ1ℓ2ℓ3} Y^{ℓ1ℓ2ℓ3} − 1 8 dh_{ij} Γ^{ij} +( i 48 dY_{ℓ1ℓ2ℓ3ℓ4} + 1 8 Y_{mℓ1ℓ2} Y^m_{ℓ3ℓ4} )Γ^{ℓ1ℓ2ℓ3ℓ4} )

× (1 4 h_j Γ^j − i 12 Y_{n1n2n3} Γ^{n1n2n3} ) η_− = 0 , (2.19) ( ( − 1 8 dh_{q1q2} Γ^{q1q2} + i 48 (dY − h ∧ Y )_{ℓ1ℓ2ℓ3ℓ4} Γ^{ℓ1ℓ2ℓ3ℓ4} )( 1 4 h_j Γ^j + i 12 Y_{n1n2n3} Γ^{n1n2n3} ) + 1 4 (Δh_i − ∂_iΔ)Γ^i ) η_+ = 0 , (2.20) and ( ( − 1 8 dh_{q1q2} Γ^{q1q2} + i 48 (dY − h ∧ Y )_{ℓ1ℓ2ℓ3ℓ4} Γ^{ℓ1ℓ2ℓ3ℓ4} )( 1 4 h_j Γ^j + i 12 Y_{n1n2n3} Γ^{n1n2n3} ) + 1 4 (Δh_i − ∂_iΔ)Γ^i )(1 4 h_mΓ^m − i 12 Y_{m1m2m3} Γ^{m1m2m3} ) η_− = 0 . (2.21)

It has been shown in [24, 25] that all supersymmetric IIB backgrounds admit a Killing vector field constructed as a bilinear of the Killing spinor. The solution of the above algebraic conditions as well as that of the remaining component of the KSE along S proceeds by identifying the Killing vector bilinear with the Killing vector field of the near horizon geometry V = ∂_u. This is justified if one assumes that the black hole spacetime is supersymmetric. However, this is not necessary. As it has been emphasized in [42], the analysis can be carried out under the assumption that only the near horizon geometry is supersymmetric and not necessarily the black hole spacetime. However, such a weaker assumption leads to a more involved analysis in IIB supergravity which is not within the scope of this paper.

3 Solutions with at least two supersymmetries

To proceed, we consider first the solutions with minimal supersymmetry, and we require that the 1-form Killing spinor bilinear

Z_M = ⟨B(Cϵ^∗)^∗, Γ_M ϵ⟩ = ⟨Γ_0ϵ, Γ_M ϵ⟩ , (3.1)

should be proportional to V , where V = − 1 2 r^2Δe^+ + e^− . (3.2)

First, evaluate Z at r = u = 0, for which ϵ = η_+ + η_−. Requiring that Z_+ = 0 at r = u = 0 implies that η_− = 0 . (3.3) Then, using r, u independent Spin(8) gauge transformations of the type considered in [24, 25], one can, without loss of generality, take η_+ = p + qe_{1234} , (3.4) where p, q are complex functions of S. Furthermore, on computing the component Z_−, one finds that |p|^2 + |q|^2 must be a (non-zero) constant.

Next, evaluate Z_i at r ≠ 0. As this component must vanish, one finds h_i = − |p|^2 − |q|^2 |p|^2 + |q|^2 Y_{iℓ1ℓ2} ω^{ℓ1ℓ2} , (3.5)

where in conventions similar to those in [24, 25], ω = −e^1 ∧ e^6 − e^2 ∧ e^7 − e^3 ∧ e^8 − e^4 ∧ e^9 , (3.6) is an almost Hermitian structure on S. Also, noting that Δ = −2r^{−2}

Z_+ Z_− , (3.7) one finds Δ = 1 6 Y_{ℓ1ℓ2ℓ3} Y^{ℓ1ℓ2ℓ3} − 1 4 h^2 + Y_{ℓn1n2} Y^ℓ_{n3n4} [1 8 ω ∧ ω − 1 4 pq̄ |p|^2 + |q|^2 χ − 1 4 p̄q |p|^2 + |q|^2 χ̄ ]_{n1n2n3n4} , (3.8)

where, in the conventions of [24, 25] χ = (e^1 + ie^6) ∧ (e^2 + ie^7) ∧ (e^3 + ie^8) ∧ (e^4 + ie^9) , (3.9) is the (4, 0) form on S.

In particular, on defining Ŷ_{ℓ1ℓ2ℓ3} = (Y_{(0,3)} + Y_{(3,0)})_{ℓ1ℓ2ℓ3} − i 8(|p|^2 + |q|^2) Y_{mn1n2} ω^{n1n2} ( pq̄χ^m_{ℓ1ℓ2ℓ3} − p̄qχ̄^m_{ℓ1ℓ2ℓ3} ) , (3.10) it is straightforward to show, using (3.5), that (3.8) can be rewritten as Δ = 2 3 Ŷ_{ℓ1ℓ2ℓ3}Ŷ^ℓ1^ℓ2^ℓ3 , (3.11) so Δ ≥ 0, as expected.

Next, we consider the remaining components of the KSE. These imply that

~∇_iη_+ − 1 4 h_iη_+ − i 12 Y_{ℓ1ℓ2ℓ3} Γ^{ℓ1ℓ2ℓ3} Γ_iη_+ = 0 , (3.12) and ( [ 1 4 ~∇_j h_i − 1 8 h_ih_j + 1 4 Y_{iq1q2} Y_j^{q1q2} ]Γ^j + [ i 12 ( ~∇_iY_{ℓ1ℓ2ℓ3} − (dY )_{iℓ1ℓ2ℓ3} ) + i 24 ((h ∧ Y ) + ⋆_8(h ∧ Y ))_{iℓ1ℓ2ℓ3} − 1 144 Y_{im1m2} Y_{m3m4m5} ϵ^{m1m2m3m4m5}_{ℓ1ℓ2ℓ3} − 1 4 Y_{m[ℓ1ℓ2} Y_{ℓ3]i}^m]Γ^{ℓ1ℓ2ℓ3} ) η_+ = 0 , (3.13)

where ~∇ denotes the Levi-Civita connection on S. Note that on contracting (3.13) with Γ^i, and on making use of (2.18), one obtains (2.9). Furthermore, (2.10) is obtained from the integrability conditions of the KSE.

Also, on expanding out (3.12), one obtains the conditions:

∂_αp + ( 1 2 Ω_{α,β}^β − iY_{αβ}^β − 1 4 h_α)p = 0 ,

∂_αp̄ + ( − 1 2 Ω_{α,β}^β − 1 4 h_α)p̄ − i 3 ϵ_{αλ1λ2λ3} Y^{λ1λ2λ3}q̄ = 0 , ∂_αq + ( − 1 2 Ω_{α,β}^β − 1 4 h_α)q + i 3 ϵ_{αλ1λ2λ3} Y^{λ1λ2λ3} p = 0 , ∂_αq̄ + ( 1 2 Ω_{α,β}^β + iY_{αβ}^β − 1 4 h_α)q̄ = 0 , (3.14) and Ω_{α,λ1λ2} ϵ^{λ1λ2}_{μ̄1μ̄2} = 4pq̄ |p|^2 + |q|^2 Ω_{α,μ̄1μ̄2} , iY_{αμ̄1μ̄2} − iδ_{α[μ̄1} Y_{μ̄2]β}^β = (|p|^2 − |q|^2) 2(|p|^2 + |q|^2)

Ω_{α,μ̄1μ̄2} . (3.15)

So far, we have investigated the general supersymmetric near horizon geometries. From now on, we shall restrict ourselves to some special cases which depend on the choice of the functions p and q and of the spinor η_+ in (3.4). There are three cases to consider as follows:

• η_+ is an Spin(7) invariant spinor, |p|^2 = |q|^2.

• η_+ is a generic SU(4) invariant spinor, p ≠ 0 and q ≠ 0 and |p|^2 − |q|^2 ≠ 0.

• η_+ is a pure SU(4) invariant spinor, p = 0 or q = 0.

We shall investigate in detail the geometry of the spatial horizon section in the first and last cases.

3.1 Spin(7) invariant Killing spinors

For solutions with |p|^2 = |q|^2, one can, by an appropriate r, u-independent Spin(8) gauge transformation, take q = p. The conditions on the fields derived from the KSEs can be organized in Spin(7) irreducible representations but for the analysis that follows it suffices to use their local expressions in SU(4) ⊂ Spin(7) representations as stated in the previous section. Moreover observe that the 3-form null Killing spinor bi-linear [24] which contains the Hermitian 2-form vanishes in this case.

Note first that (3.15) implies that the (2,1) and (1,2) parts of Y vanish, and (3.5) implies that h = 0. Also, from (3.14) one finds that p is constant and the (3, 0) and (0, 3) parts of Y also vanish. It then follows from (3.8) that Δ = 0 as well. Hence, without loss of generality we have ϵ = η_+ = 1 + e_{1234} and Δ = 0, h = 0, F = 0. The spacetime is R^{1,1} × S, where S is a compact Spin(7) holonomy manifold.

3.2 Pure SU(4) invariant Killing spinor

To analyse these solutions, first note that η_+ = p 1 is related to η_+ = q e_{1234} by a r, uindependent Spin(8) gauge transformation, hence without loss of generality, it suffices to consider η_+ = p 1. Furthermore, an appropriately chosen u, r-independent U(4) gauge transformation can be used to set p to be a real function. As |p|^2 is constant, we can without loss of generality take

η_+ = 1 . (3.16)

Then the conditions (3.14) are equivalent to

Y_{α1α2α3} = 0 , Ω_{α,β}^β − iY_{αβ}^β = 0 , iY_{αβ}^β + 1 2 h_α = 0 , (3.17)

so, in particular, the (3, 0) and (0, 3) components of Y vanish. As q = 0 as well, it follows from (3.11) that

Δ = 0 . (3.18)

Also, (3.15) can be rewritten as

Ω_{α,λ1λ2} = 0 , iY_{αμ̄1μ̄2} − iδ_{α[μ̄1} Y_{μ̄2]β}^β = 1 2 Ω_{α,μ̄1μ̄2} . (3.19)

Note that these conditions are sufficient to imply that ( 1 4 h_iΓ^i + i 12 Y_{ℓ1ℓ2ℓ3} Γ^{ℓ1ℓ2ℓ3} )η_+ = 0 , (3.20)

so the Killing spinor is

ϵ = η_+ = 1 . (3.21)

Furthermore, the algebraic condition (3.13) can be simplified to obtain

((dh)_{ij} Γ^j + i 3 (dY − h ∧ Y )_{iℓ1ℓ2ℓ3} Γ^{ℓ1ℓ2ℓ3} )η_+ = 0 . (3.22)

On contracting (3.22) with Γ^i, and making use of the anti-self-duality of dY − h ∧ Y , one finds (dh)_{ij}Γ^{ij} η_+ = 0 , (3.23) i.e.

dh_{αβ} = 0, dh_α^α = 0 , (3.24) so dh ∈ su(4). The remaining content of (3.22) can be written as dh_{ij} = −(dY − h ∧ Y )_{ijmn}ω^{mn} . (3.25) To summarize, the KSE implies that S is a Hermitian manifold with an SU(4) structure associated with the pair (ω, χ) of a Hermitian form ω and (4,0)-form χ. In addition, the KSE imposes the geometric condition θ_ω = θ_{Reχ} , (3.26) where θ_{Reχ} = − 1 4 ⋆_8 ( Reχ ∧ ⋆_8d Reχ ) , (θ_ω)_i = −∇^kω_{kj}ω^j_i , (3.27) are the Lee forms of Reχ and ω, respectively. This follows on comparing the second equation in (3.17) with the second equation in (3.19). Observe that (3.26) can also be written as d_{θω} Reχ = [d Reχ − θ_ω ∧ Reχ] = 0 . (3.28) We have not included the condition that dθ_ω ∈ su(4) as this follows from the Hermitian structure on S. We shall produce a proof for this in the next section. Moreover, the components of the metric and fluxes are given as Δ = 0, h = θ_ω, Y = 1 4 (dω − θ_ω ∧ ω) . (3.29) This concludes the analysis of the KSEs.

It remains to investigate the field equations and Bianchi identities. The Bianchi identity dF = 0 implies that d ⋆_8 ( dω − θ_ω ∧ ω ) = 0 . (3.30) The rest of the field equations are also satisfied as a consequence of (3.30) and the conditions derived from the KSEs.

3.2.1 Solutions with θ_ω = 0 Before examining the pure spinor solutions in greater detail, it is instructive to briefly consider the special case for which θ_ω = 0. The Bianchi identity (3.30) implies that ω ∧ d ⋆_8 dω = 0 , (3.31) and on integrating this expression over S, one finds that dω = 0, so from (3.29) it follows that the 5-form flux vanishes, F = 0, and Δ = 0, h = 0 so the spacetime is a product R^{1,1} × S, where S is a compact Calabi-Yau 4-fold.

4 Hidden KT structure of horizon sections

In this section, we examine further the properties of the solutions for which the Killing spinor is ϵ = 1, concentrating in particular on the structure of the horizon section S.

4.1 k-SKT and k-SCYT manifolds

Before we proceed with the detailed analysis of the geometry of the spatial horizon section, we shall first explore some geometric structures in the context of 2n-dimensional Hermitian manifolds with Hermitian form ω. Kähler with torsion (KT) manifolds [34] are Hermitian manifolds equipped with the unique compatible connection^4 ^∇ with skewsymmetric torsion H, ^∇ω = 0. Moreover H is expressed in terms of the complex structure and Hermitian metric as H = −i_I dω = −i(∂ − ¯∂)ω . (4.1) Clearly hol( ^∇) ⊆ U(n). For strong KT manifolds (SKT), the torsion is in addition closed, dH = 0. The latter condition can be expressed as

∂ ¯∂ω = 0 . (4.2)

This condition has been extensively investigated in the context of supersymmetric 2- dimensional sigma models [43, 44, 45] and in the context of Hermitian geometry [34, 46, 49, 50, 52].

Another second order equation which arises in the context 2n-dimensional Hermitian manifolds is

∂ ¯∂ω^{n−1} = 0 . (4.3)

It has been shown by Gauduchon [38] that within the conformal class of a Hermitian metric, there is a representative which solves (4.3).

To continue, it is suggestive to define as k-SKT manifolds the Hermitian manifolds equipped with the compatible connection with skew-symmetric torsion, H, which in addition satisfies d(ω^{k−1} ∧ H) = 2i k ∂ ¯∂ω^k = 0 . (4.4)

Clearly for k = 1 this condition coincides with SKT, while for a 2n-dimensional Hermitian manifold and for k = n − 1 it coincides with the Gauduchon condition (4.3).

Next let us compare the above conditions for Hermitian manifolds of different dimension. It is clear that for 4-dimensional Hermitian manifolds the SKT condition coincides with the Gauduchon condition, and so all 4-dimensional Hermitian manifolds are SKT. In 6 dimensions, the 2-SKT condition (4.9) coincides with the Gauduchon condition [38]. Therefore all 6-dimensional Hermitian manifolds are 2-SKT. However, it is known that the SKT condition is restrictive for 6-dimensional manifolds [47]. It is likely that this is

4In our conventions, we have set ^∇_iY^j = ∇_iY^j +^1_2 H^j_{ik} Y^k.

also the case for the SKT and 2-SKT conditions for 8-dimensional Hermitian manifolds. In this case, the Gauduchon condition coincides with the 3-SKT structure. Similar observations can be made for Hermitian manifolds in higher dimensions. The conditions (4.4) provide a set of natural second order equations on Hermitian manifolds which may deserve further investigation.

Next consider CYT manifolds, i.e. KT manifolds which in addition have hol( ^∇) ⊆ SU(n). Clearly the k-strong condition also generalizes in this case yielding a k-SCYT structure. It is known that there are restrictions on the existence of such manifolds. As an example, closed, conformally balanced, ie θ_ω = 2dΦ and Φ is a smooth real function, SCYT manifolds are Calabi-Yau [49, 50]. It is not known under which conditions similar theorems hold for k-SKT manifolds, k ≥ 1. It turns out that the spatial horizon sections S admit a 2-SCYT structure. Moreover we shall provide compact 8-dimensional examples with this structure. However in all examples, we shall construct manifolds which are not conformally balanced.

4.2 Hidden torsion

Returning to the geometry of the spatial horizon sections, we have shown that S is a Hermitian manifold with a SU(4) structure associated with the pair (ω, χ) of fundamental forms. In addition, the Killing spinor equations impose the geometric constraint given in (3.26). It turns out that (3.26) is equivalent to requiring that S is a KT manifold with a compatible SU(4)-structure^5, i.e. a CYT manifold. This has been first observed for 6-dimensional manifolds with an SU(3)-structure in [48], and later it has been expressed in the form (3.26) for all 2n-dimensional manifolds with a SU(n)-structure in [18, 19]. This means that there exists a connection with skew-symmetric torsion H such that

^∇ω = ^∇χ = 0 , (4.5)

where H is given in (4.1).

The 3-form H is not immediately identifiable with either the NS-NS or the R-R 3-form field strengths of IIB supergravity as we have set both of them to zero. In addition, H may not be closed and, for a non-product near horizon geometry, S should not be balanced, θ_ω ≠ 0.

The KSE requires that dθ_ω ∈ su(4). To show that the (2,0) part of dθ_ω vanishes we can utilize the existence of H and in particular (4.5). For this first observe that the Ricci form ρ̂ of ^∇ for any KT manifold can be written [49, 50] as ρ̂ ≡ − 1 4 R̂_{ij,kℓ} ω^{kℓ} e^i ∧ e^j = −i∂ ¯∂ log det g − d(Iθ_ω) , (4.6) where (Iθ_ω)_i = (θ_ω)_jI^j_i. To establish the above identity, it is convenient to use complex coordinates. Since the holonomy^6 of ^∇ is contained in SU(4), ρ̂ = 0. Taking the (2,0)

5The classes of SU(3)-structures on 6-dimensional manifolds have been investigated in [51]. 6It turns out that dθ^{2,0}_ω = 0 for all Hermitian manifolds, i.e. hol( ^∇) ⊆ U(n), but a proof is more involved.

part of the rhs, one finds that dθ^{2,0}_ω = 0. It remains to show that d(θ_ω)_{ij}ω^{ij} = 0. This follows from the definition of θ_ω and 1 2 ω^{ij}(dθ_ω)_{ij} = −ω^{ij}∇_i(∇^kω_{kℓ}ω^ℓ_j ) = ∇_i∇_j ω^{ij} + ∇_kω^{ki}∇_ℓω^{ℓj}ω_{ij} = ∇_i∇_jω^{ij} = 0 , (4.7)

where one establishes the last equality by expressing the two derivatives in terms of the Riemann curvature and by using that the Ricci tensor is symmetric.

Another advantage of introducing the torsion H is that the Bianchi identity for F (3.30) can now be expressed as

d ⋆_8 [dω − θ_ω ∧ ω] = d(ω ∧ H) = 0 . (4.8)

Using (4.1) observe that the above equation can be rewritten as

∂ ¯∂ω^2 = 0 . (4.9)

Clearly this is a second order equation on the Hermitian form ω and it coincides with the 2-strong condition on KT manifolds.

To summarize, both the KSEs and field equations require that spatial horizon section S is a 2-SCYT manifold. To find examples of IIB horizons, it is convenient to utilize the hidden torsion of S and solve the conditions required for the 2-SCYT structure. These are two equations, one is the vanishing of the Ricci form ρ̂ = 0 of the connection with torsion and the other is the 2-strong condition (4.9). There are two sources of examples of such manifolds. One source is the Nil-manifolds. However this class will not produce interesting examples as it has been shown that all Nil-manifolds with invariant Hermitian structure and hol( ^∇) ⊆ SU(4) are balanced [52]. Since in this case h = θ_ω and Δ = 0, the near horizon geometry is a product R^{1,1} × S, where S is a compact Calabi-Yau 4-fold, and the 5-form flux vanishes. In fact as a consequence of the argument given in section 3.2.1, all balanced, θ_ω = 0, 2-SKT 8-dimensional manifolds are Kähler. The other source of examples are group fibrations over Hermitian manifolds. We shall demonstrate that this class produces many examples.

5 KT fibrations

In this section, we present a number of examples of near-horizon geometries corresponding to the class of solutions for which the Killing spinor is ϵ = 1 by constructing horizon sections satisfying the conditions described in section 4. As we have shown, the entire near-horizon solution is completely determined in terms of that of the spatial horizon section S. Thus we have to find examples of 8-dimensional 2-SCYT manifolds. For this, we shall consider group fibrations over KT manifolds.

Our primary interest is in 8 dimensions but the construction of fibrations can be made for any 2n-dimensional KT manifold X^{2n}. To continue suppose that X^{2n} is a fibration of a group G over a KT 2m-dimensional manifold B^{2m} with metric ds^2_{(2m)}, complex structure I and skew-symmetric torsion 3-form H_{(2m)}. For G a torus such fibrations have been extensively investigated in [53, 54, 55] and have been further explored in [56, 57]. Here we shall extend the construction to more general group fibrations. For this, we take X^{2n} = G×_K P (K, B^{2m}), ie X^{2n} is G group fibration associated to a principal fibration P (K, B^{2m}), K ⊂ G. In addition, P (K, B^{2m}) is equipped with a principal bundle connection λ^A and K acts on G from the right. Considering a metric h on G which is left invariant and assuming that in addition is invariant under the right action of K, one can introduce a metric and a 3-form on X^{2n} as

ds^2_{(2n)} = h_{ab}λ^aλ^b + ds^2_{(2m)} , ds^2_{(2m)} = δ_{ij} e^ie^j ,

H_{(2n)} = 1 3! H_{abc}λ^a ∧ λ^b ∧ λ^c + h_{ab}λ^a ∧ F^b + H_{(2m)} , (5.1)

where the frame λ^a = e^a − ξ^a_Aλ^A, e^a are the left-invariant 1-forms on G, ξ’s are the (leftinvariant) vector fields that generate the right K action on G, and H_{abc} are the structure constants of G. Observe that the ξ’s are constant when evaluated on the left invariant frame e^a. This construction gauges the right action of K on G. Furthermore dλ^A − 1 2 H^A_{BC} λ^B ∧ λ^C = F^A , F^a = ξ^a_AF^A , (5.2)

where F^A is the curvature of λ^A and H_{ABC} are the structure constants of K. This relation of H_{(2n)} to the Chern-Simons-like form of λ has been motivated by the results of [18, 19]. Observe that

H_{(2m)} = −i_I dω_{(2m)} , (5.3)

where ω_{(2m)} is the Hermitian form of B^{2m}.

To define a KT structure on X^{2n}, we assume that the fibre G admits a left-invariant almost complex structure J such that h is a Hermitian metric with respect to J. In addition, we require that the almost Hermitian form is chosen such that it is also invariant under the right action of K. This in particular implies that H^c_{Aa}J_{cb} −(b, a) = 0. Moreover J is chosen such that the structure constants H_{abc} of the Lie algebra of G are identified with the components of skew-symmetric torsion associated with the Hermitian structure (h, J) on G [58]. Using these, one can write an almost Hermitian form on X^{2n} as

ω_{(2n)} = 1 2 J_{ab}λ^a ∧ λ^b + ω_{(2m)} . (5.4)

Next for X^{2n} to be a complex manifold, one finds the conditions

F^a_{ij}I^i_kI^j_ℓ = F^a_{kℓ} , (5.5)

ie the curvature of the fibration is (1,1) with respect to the complex structure of the base space B^{2m}, and

H_{abc} − 3H_{ef[a}J^e_bJ^f_{c]} = 0 , (5.6)

ie the structure constants of G are (2,1) and (1,2) with respect to J. Thus provided (5.5) and (5.6) are satisfied, X^{2n} is a KT manifold with respect to (ds^2_{(2n)}, ω_{(2n)}) with torsion given in (5.1).

The conditions (5.5) and (5.6) can be solved as follows. First (5.6) is automatically satisfied because J is chosen such that H_{abc} is the skew-symmetric torsion of the Hermitian structure (h, J) of G. The condition (5.5) can be solved by taking the fibration to be holomorphic. Therefore, X^{2n} is a holomorphic fibration over a Hermitian manifold B^{2m}, with fibre G which also admits an invariant Hermitian structure with skew-symmetric torsion constructed from the structure constants of G.

Next for X^{2n} to have a CYT structure, it is required that the connection with skewsymmetric torsion has holonomy contained SU(n), hol( ^∇) ⊆ SU(n). Since by construction ^∇ preserves both the metric ds^2_{(2n)} and ω_{(2n)}, clearly the holonomy of ^∇ is contained in U(n). It remains to further restrict the holonomy to SU(n). For this, we set the Ricci form of the connection with skew-symmetric torsion to zero, ρ̂_{(2n)} = 0. This in turn gives the conditions

(ρ̂_{(2m)})_{kℓ} + 1 2 h_{ab}F^a_{kℓ}F^b_{ij}ω^{ij}_{(2m)} = 0 , 2F^a_{ik}F^b_{jℓ}δ^{kℓ}ω^{ij}_{(2m)} + H^{ab}_cF^c_{ij}ω^{ij}_{(2m)} = 0 , ^∇_k(F^a_{ij}ω^{ij}_{(2m)}) = 0 , (5.7)

where ρ̂_{(2m)} is the Ricci form of the connection with torsion of B^{2m}. It is clear that

F^a_{ij}ω^{ij}_{(2m)} = k^a , (5.8)

is constant. Using this and that F is a (1,1)-form, the above conditions can be simplified somewhat to

(ρ̂_{(2m)})_{kℓ} + 1 2 h_{ab}k^bF^a_{kℓ} = 0 , H^{ab}_ck^c = 0 . (5.9)

It is clear from the last condition above that if k ≠ 0, the direction along k in the Lie algebra of G commutes with all other generators of G. Thus up to a discrete identification, G = U(1) × G^′. Finally, one can compute the Lee form to find that

(θ_{ω(2n)} )_i = (θ_{ω(2m)} )_i ,

(θ_{ω(2n)} )_a = 1 2 H_{b1b2c}J^{b1b2} J^c_a + 1 2 k_cJ^c_a . (5.10)

Observe that the first term in the second equation of (5.10) is the Lee form associated with the Hermitian structure (h, J) of G. This completes the general analysis on group fibrations and KT structures.

Next take S = X^8. Since S is a CYT manifold both the fibre group and the base manifold B^{2m} are restricted. First the fibre groups are restricted to be KT manifolds, and with skew-symmetric torsion obtained from the structure constants of the associated Lie algebra. Furthermore, the fibre groups must admit a left-invariant metric and a left-invariant Hermitian form which are in addition invariant under the right action of a subgroup K. In the examples explored below K is chosen either as the trivial subgroup or a torus. It turns out that all even-dimensional compact Lie groups satisfy all these dim G G 2 T^2 4 T^4, S^1 × SU(2) 6 T^6, T^3 × SU(2), SU(2) × SU(2) 8 T^8, T^5 × SU(2), T^2 × SU(2) × SU(2), SU(3)

Table 1: The first column gives the rank of the fibre which is the dimension of the group. The second column gives the available compact Lie groups up to discrete identifications.

conditions. We have tabulated all such groups up to dimension 8 in table 1. These are relevant for the construction of horizons.

The only restriction on the fibre group arises whenever the fibre twists over the base space with a connection λ such that k in (5.8) does not vanish. As we have mentioned in such a case G is a product U(1) × G^′ up to a discrete identification. To find new horizon geometries, it remains to solve for (5.9) and (5.8), and in addition verify the 2-strong condition d(ω_{(8)} ∧ H_{(8)}) = 0. We shall do this explicitly in some special cases below. In all the examples below, the requirement that the metric and Hermitian form to be invariant under the right action of the subgroup K of G that it is gauged is always satisfied.

5.1 Group Manifold Horizon Sections

Let us suppose that the horizon section is a group manifold. The T^8 case is trivial. Next consider the case T^5 × SU(2) and take

ds^2_{(8)} = 5∑ r=1 (τ^r)^2 + (σ^1)^2 + (σ^2)^2 + (σ^3)^2 ,

ω_{(8)} = −σ^3 ∧ τ^1 − σ^1 ∧ σ^2 + 1 2 5∑ r,s=2 J_{rs}τ^r ∧ τ^s , (5.11)

where

dτ^r = 0 , dσ^3 = σ^1 ∧ σ^2 , (5.12)

and cyclically in 1, 2 and 3, and J_{rs} a constant complex structure in the denoted 4 directions. In this case ^∇ is a parallelizable connection and so the holonomy is {1}. Moreover

H_{(8)} = σ^1 ∧ σ^2 ∧ σ^3 , θ_ω = τ^1 , (5.13)

and the 2-strong condition can be easily verified.

Next consider T^2 × SU(2) × SU(2). One can take

ds^2_{(8)} = 2∑ r=1 (τ^r)^2 + (σ^1)^2 + (σ^2)^2 + (σ^3)^2 + (ρ^1)^2 + (ρ^2)^2 + (ρ^3)^2 ,

ω_{(8)} = −σ^3 ∧ ρ^3 − σ^1 ∧ σ^2 − ρ^1 ∧ ρ^2 − τ^1 ∧ τ^2 (5.14) where

dτ^r = 0 , dσ^3 = σ^1 ∧ σ^2 , dρ^3 = ρ^1 ∧ ρ^2 , (5.15)

and cyclically in 1, 2 and 3. In such case ^∇ is again parallelizable and

H_{(8)} = σ^1 ∧ σ^2 ∧ σ^3 + ρ^1 ∧ ρ^2 ∧ ρ^3 , θ_{ω(8)} = −σ^3 + ρ^3 . (5.16)

A short calculation reveals that the 2-strong condition is also satisfied.

It remains to examine SU(3). For this consider the Hermitian structure associated with the bi-invariant metric of SU(3) and the complex structure given in [58]. The associated connection with skew-symmetric torsion is the left-invariant parallelizable connection and so hol( ^∇) = {1}. But the condition (1.4) is not satisfied.

5.2 Fibrations over Riemann surfaces

Suppose that B^2 is a Riemann surface. Equations (5.8) and (5.9) imply that the curvature of B^2 is non-negative. Thus B^2 is either T^2 or S^2. Let us focus on the S^2 case. The fibre group is 6-dimensional and from table 1 there are 3 different cases to consider. First suppose that G = T^6. In such case one can write

ds^2_{(8)} = h_{ab}λ^aλ^b + ds^2(S^2) ω_{(8)} = 1 2 J_{ab}λ^a ∧ λ^b + ω_{(2)}(S^2) . (5.17)

Moreover (5.8) implies that

F^a_{ij} = 1 2 k^a(ω_{(2)})_{ij} , (5.18)

where k is constant. In turn the first condition implies that R_{ij,kℓ} = |k|^2 4 (ω_{(2)})_{ij} (ω_{(2)})_{kℓ} , (5.19)

as H_{(2)} = 0. A straightforward computation reveals that

H_{(8)} = h_{ab}λ^a ∧ F^b , θ_{ω(8)} = 1 2 k^bJ_{ba}λ^a . (5.20)

Moreover one can easily verify that d(ω_{(8)} ∧ H_{(8)}) = 0. Thus any rank 6 toroidal fibration over S^2 with curvatures proportional to the Kähler form of S^2 solves all the conditions. All such manifolds are 2-SCYT.

Next take G = T^3 × SU(2). Again equations (5.8) and (5.9) imply that B is either T^2 or S^2. We shall focus on the latter case. The second condition in (5.9) and (5.8) imply that the fibration curvature along the SU(2) directions vanishes. Thus there is no twisting of SU(2) over the Riemann surface. As a result, we take only the T^3 part of the fibre to twist. Thus we have

ds^2_{(8)} = h_{ab}λ^aλ^b + (λ^3)^2 + ds^2(S^3) + ds^2(S^2) , a, b = 1, 2 , ω_{(8)} = 1 2 J_{ab}λ^a ∧ λ^b − σ^3 ∧ λ^3 − σ^1 ∧ σ^2 + ω_{(2)}(S^2) (5.21)

where

ds^2(S^3) = (σ^1)^2 + (σ^2)^2 + (σ^3)^2 . (5.22)

As in the previous case (5.8) implies (5.18) but now k lies along the 3 toroidal directions. Moreover

H_{(8)} = h_{ab}λ^a ∧ F^b + λ^3 ∧ F^3 + σ^1 ∧ σ^2 ∧ σ^3 , θ_{ω(8)} = 1 2 k^bJ_{ba}λ^a + λ^3 + 1 2 k^3σ^3. (5.23)

It remains to verify the 2-strong condition d(ω_{(8)} ∧ H_{(8)}) = 0. This is satisfied provided that

F^1 = F^2 = 0 , (5.24)

and so k^1 = k^2 = 0. Thus the horizon section is T^2 × S^3 × S^3, with one of the 3-spheres possibly squashed. Observed that in both cases above the data are invariant with respect to the right action of subgroup K, which is a torus, that it is gauged.

The last case is for G = SU(2) × SU(2). There are no solutions in this case as one cannot satisfy all conditions in (5.9).

5.3 Fibrations over Kähler-Einstein manifolds

5.3.1 Six-dimensional base space

First we shall examine horizon sections which are T^2-fibrations over 6-dimensional KT manifolds. At the end we shall consider the horizon sections which are fibrations over 4-dimensional KT manifolds. To simplify the problem further we shall take B^6 to be a Kähler-Einstein manifold. The Ricci form of such manifolds is proportional to the Kähler form. Thus the Kähler form, up to an overall scale, represents the first Chern class of the canonical line bundle. Using the Kähler-Einstein condition of B^6, the metric, torsion and Hermitian form of the horizon section can be written as

ds^2_{(8)} = (λ^0)^2 + (λ^1)^2 + ds^2(B) , H_{(8)} = λ^0 ∧ F^0 + λ^1 ∧ F^1 , ω_{(8)} = −λ^0 ∧ λ^1 + ω_{(6)}(B) , dω_{(6)}(B) = 0 . (5.25)

Moreover, we choose the curvature of λ^0 as

F^0 = k 6 ω_{(6)}(B) , (5.26)

setting k^0 = k, k^1 = 0. Observe that this forces the Ricci form of B^6 to be positive^7. In what follows, we shall specify F^1, which is (1,1) and traceless on B^6, and solve the 2-strong condition d(ω ∧ H) = 0 for a variety of base manifolds B^6.

7Our conventions are chosen so that the Ricci form ρ of a Kähler-Einstein manifold with Hermitian form ω is positive if ρ = −cω, for constant c > 0.

First take B^6 = C P^2 × S^2. Write ω_{(6)} = ω_{C P} 2 + ω_S2 (5.27) where ω_{C P} 2 and ω_S2 are the Fubini-Study Kähler forms on C P^2 and S^2, respectively. Also set F^1 = p ω_{C P} 2 + q ω_S2 . (5.28) Clearly F^1 is (1,1). Enforcing that F^1 is traceless, one finds that 2p + q = 0 . (5.29) Moreover the 2-strong condition d(ω_{(8)} ∧ H_{(8)}) = 0 implies that k^2 12 + 2pq + p^2 = 0 . (5.30) Thus we find that the system has a solution provided that p = ± k 6 , q = ∓ k 3 . (5.31) To give more examples, observe that the same calculation can be carried out provided that C P^2 is replaced by any 4-dimensional Kähler-Einstein manifold X_4 with positive Ricci form. Such manifolds include S^2 × S^2 and the del Pezzo surfaces which arise from blowing up C P^2 on more than two generic points, for the latter see [59]. 5.3.2 Four-dimensional base space One can also consider horizons which are fibrations over a 4-dimensional Kähler manifold B^4. Start first with torus fibrations. In this case, ds^2_{(8)} = (λ^0)^2 + (λ^1)^2 + (λ^2)^2 + (λ^3)^2 + ds^2_{(4)} , H_{(8)} = λ^0 ∧ F^0 + λ^1 ∧ F^1 + λ^2 ∧ F^2 + λ^3 ∧ F^3 , ω_{(8)} = −λ^0 ∧ λ^1 − λ^2 ∧ λ^3 + ω_{(4)} , (5.32) and k^0 = k, k^1 = k^2 = k^3 = 0. The condition (4.8) implies that F^2 ∧ F^2 + F^3 ∧ F^3 = 0 , F^0 ∧ F^0 + F^1 ∧ F^1 = 0 , (5.33) and we remark that k^2 = k^3 = 0 implies that F^2, F^3 are traceless (1,1) forms on B^4, so the first condition in (5.33) implies that F^2 = F^3 = 0 . (5.34) There is a solution for B^4 = S^2 × S^2 and F^0 = p 2 ω^1_S2 + q 2 ω^2_S2 , k = p + q ,

F^1 = ℓ 2 (ω^1_S2 − ω^2_S2 ) , ℓ^2 = pq . (5.35)

Therefore S is a product of T^2 with a 6-dimensional manifold.

One can also find solutions with fibre U(1) × SU(2). In this case, one can show that

F^0 ∧ F^0 = 0 . (5.36)

and the rest of the curvatures F along su(2) must vanish. The condition (5.36) is rather restrictive since it implies that the self-intersection of the canonical class must vanish. This can never be satisfied by a Kähler-Einstein 4-manifold. However for Ricci flat Kähler manifolds one can take F^0 = 0. In such case, the solutions are products. As a result one finds that up to discrete identifications the horizon sections are either S^1 × S^3 × K_3 or S^1 × S^3 × T^4.

6 Uplifted Near-Horizon Geometries

Another class of solutions can be constructed as lifts to IIB supergravity of near-horizon geometries in minimal N = 2, D = 5 supergravity derived in [35]. We shall adopt the notation used in [32] where we distinguish the near-horizon data for the lower dimensional supergravity from those of the higher dimensional theory by adding a subscript indicating the dimension of the associated space as appropriate. In particular, the near horizon geometry and 1-form gauge potential flux in five dimensions are

ds^2_{(5)} = −r^2Δ^2_{(3)}du^2 + 2dudr + 2rh_{(3)}du + ds^2(S^3) ,

A_{(5)} = √ 3 2 rΔ_{(3)}du + a , (6.1)

where h_{(3)}, a and Δ_{(3)} depend only on the coordinates of the 3-dimensional spatial horizon section S^3 and in addition da = − √ 3 2 ⋆_3 (h_{(3)} + 2ℓ^{−1}Z^1) . (6.2)

Moreover, we have equipped S^3 with a basis of 1-forms (Z^1, Z^2, Z^3) such that dvol(S^3) = Z^1 ∧ Z^2 ∧ Z^3, ℓ is a nonzero constant and ⋆_3 denotes the Hodge dual operation on S^3.

The basis elements Z^i satisfy

~∇_I Z^i_J = −Δ^{(3)} 2 (⋆_3Z^i)_{IJ} + (γ_{(3)})_{IJ} (h_{(3)}.Z^i + 3ℓ^{−1}δ_{i1}) − Z^i_I (h_{(3)})_J

− 3ℓ^{−1}Z^i_I Z^1_J + 2 √ 3ℓ^{−1}ϵ_{1ij} a_I Z^j_J , (6.3)

where γ_{(3)} denotes the metric on S^3, ~∇ is the Levi-Civita connection on S^3, and h_{(3)} satisfies

⋆_3 dh_{(3)} − dΔ_{(3)} − Δ_{(3)}h_{(3)} = 6ℓ^{−1}Δ_{(3)}Z^1 . (6.4)

The 2-form field strength of the 5-dimensional solution is

F_{(5)} = √ 3 2 (−Δ_{(3)}du ∧ dr − rdu ∧ dΔ_{(3)} − ⋆_3h_{(3)}) − √ 3ℓ^{−1} ⋆_3 Z^1 . (6.5)

After some manipulation, one finds that the uplifted metric and 5-form flux can be written as^8

ds^2_{(10)} = 2dudr + 2rdu (h_{(3)} + Δ_{(3)}w) + w^2 + ds^2(S^3) + ds^2(C P^2 ) , F_{(10)} = Θ + ⋆Θ , (6.6)

where Θ has been given in (C.2) and the 10-dimensional volume form with respect to which the Hodge duality operation is taken is

dvol_{(10)} = − 1 2 e^+ ∧ e^− ∧ Z^1 ∧ Z^2 ∧ Z^3 ∧ w ∧ ω_{C P} 2 ∧ ω_{C P} 2 . (6.7)

The internal manifold is C P^2 with the Fubini-Study metric

ds^2(C P^2 ) = ℓ^2 ( dα^2 + cos^2 αdβ^2 + sin^2 α cos^2 α(dχ_1 + (cos^2 β − sin^2 β)dϕ)^2

+ 4 cos^2 α sin^2 β cos^2 βdϕ^2 ) , (6.8)

which is Kähler-Einstein, and w = ℓ 2 (dχ_2 + 4 √ 3ℓ a + 2 3 Q) . (6.9)

In addition,

Q = 3 cos^2 α(sin^2 β − cos^2 β)dϕ + 3 2 (sin^2 α − cos^2 α)dχ_1 , (6.10)

is the potential for the Ricci form of this metric and the Kähler form ω_{C P} 2 is given by

ω_{C P} 2 = 1 6 ℓ^2dQ . (6.11)

It follows that the metric of spatial cross-sections of the 10-dimensional horizon geometry and the 3-form Y which determines F_{(10)} are

ds^2(S^8) = w^2 + ds^2(S^3) + ds^2(C P^2 ) , Y = −ℓ^{−1}Z^1 ∧ Z^2 ∧ Z^3 − 1 4 (h_{(3)} + 2ℓ^{−1}Z^1 + Δ_{(3)}w) ∧ ω_{C P} 2 , (6.12)

with

Δ_{(8)} = 0, h_{(8)} = h_{(3)} + Δ_{(3)}w . (6.13)

8Note that the null basis element e^+ used in the near-horizon geometries described here is not the same as the e^+ used in [32], although e^− = dr + rh is the same. If we denote by e^{′+} the basis element in [32], then e^{′+} = e^+ −^1_{2r2Δ2(3)} e^− +^ℓ_{2rΔ(3)} (dχ_2 +^{4√}_{3ℓ} a +^2_3 Q).

Note that although Δ_{(8)} = 0, there exist near-horizon solutions with Δ_{(3)} ≠ 0 (and in fact with dΔ_{(3)} ≠ 0 as well).

It turns out that the Hermitian form on the spatial horizon section is ω_{(8)} = Z^1 ∧ w − Z^2 ∧ Z^3 + ω_{C P} 2 . (6.14) From this, it is straightforward to compute the torsion 3-form associated with the black hole uplift solutions, and one finds that

H_{(8)} = 2 ℓ ( ω_{C P} 2 + ℓ 2 ⋆_3 (h_{(3)} + 4 ℓ Z^1) ) ∧ w − Δ_{(3)}Z^1 ∧ Z^2 ∧ Z^3 . (6.15)

After a short computation using previous conditions like (6.2) and (6.11), one can verify the 2-strong condition d(ω_{(8)} ∧ H_{(8)}) = 0. Observe that the above construction can be easily generalized by replacing C P^2 with another 4-dimensional Kähler Einstein manifold.

Explicit examples of 5-dimensional near horizon geometries have been found by explicitly solving for h_{(3)}, a, Δ_{(3)} and the Z’s. All known examples have 3-dimensional horizon sections S^3 which admit two commuting rotational isometries, which are also symmetries of the full solution. There are three cases of particular interest to consider.

6.1 Cohomogeneity-2 BPS Black Holes in D = 5

The near-horizon geometry of the cohomogenity-2 BPS black holes of Chong et al. [36] has near-horizon data [37]

ds^2_S3 = ℓ^2ΓdΓ^2 4P (Γ) + ( C^2Γ −

Δ^2_0 Γ^2 ) ( dx^1 +

Δ_0(α_0 − Γ) C^2Γ^3 − Δ^2_0 dx^2 )_2 + 4ΓP (Γ) ℓ^2(C^2Γ^3 − Δ^2_0)

(dx^2)^2 ,

(6.16) where P (Γ) = Γ^3 −

C^2ℓ^2 4 (Γ − α_0)^2 −

Δ^2_0 C^2

(6.17) with C, Δ_0 and α_0 constant with Δ_0 > 0. Furthermore,

Δ_{(3)} =

Δ_0 Γ^2

(6.18) and h_{(3)} = Γ^{−1} ( ( C^2Γ −

Δ^2_0 Γ^2 ) ( dx^1 +

Δ_0(α_0 − Γ) C^2Γ^3 − Δ^2_0 dx^2 ) − dΓ ) (6.19) and Z^1 = ℓ(α_0 − Γ)C^2 2Γ dx^1 +

2Δ_0 ℓC^2Γ dx^2 + ℓ 2Γ dΓ (6.20) and da = − √ 3 2 Γ^{−2}( − Δ_0dx^1 + α_0dx^2) ∧ dΓ . (6.21)

From this information, the whole geometric structure associated with the 8-dimensional horizon section S can be reconstructed. Note that the Ricci scalar of the metric (6.16) is not constant, and h does not correspond to an isometry of S.

6.2 Cohomogeneity-1 BPS Black Holes in D = 5

These were the first examples of supersymmetric, asymptotically AdS_5 black holes, with regular horizons. The near horizon data is as follows; Δ_{(3)} is a positive constant, and h_{(3)} = − 3 ℓ Z^1 (6.22) where one can choose that basis Z^i for S_3 satisfying dZ^1 = −Δ_{(3)}Z^2 ∧ Z^3 dZ^2 = Δ_{(3)}(1 − 3ℓ^{−2}Δ^{−2}_{(3)})Z^1 ∧ Z^3 dZ^3 = −Δ_{(3)}(1 − 3ℓ^{−2}Δ^{−2}_{(3)})Z^1 ∧ Z^2 (6.23) with a = − √ 3 2 ℓ^{−1}Δ^{−1}_{(3)}Z^1 (6.24) and it is clear that in this case, S^3 is a squashed 3-sphere, and h_{(8)} is a Killing vector on S^8.

6.3 AdS_5 × S^5

It is straightforward to write AdS_5 × S^5 as an uplifted solution. The near-horizon data is as follows: Δ_{(3)} = 0, a = 0, h_{(3)} = −^2_ℓ Z^1, where the basis Z^i satisfies dZ^1 = 0 dZ^2 = ℓ^{−1}Z^1 ∧ Z^2 dZ^3 = ℓ^{−1}Z^1 ∧ Z^3 . (6.25) Hence, one can introduce local co-ordinates x, y, z such that Z^1 = dz, Z^2 = e^{zℓ} dx, Z^3 = e^{zℓ} dy (6.26) and so the spacetime metric is ds^2_{(10)} = ds^2(AdS_5) + ds^2(S^5) (6.27) where ds^2(AdS_5) = 2dudr − 4r ℓ dudz + dz^2 + e^{2zℓ} (dx^2 + dy^2), ds^2(S^5) = w^2 + ds^2(C P^2 ) , (6.28) and ds^2(C P^2 ) and w are given by (6.8) and (6.9). The 8-dimensional horizon section is S^8 = H_3 × S^5, where H_3 is hyperbolic 3-space.

7 Conclusions

We have solved the KSEs of IIB near horizon geometries with only 5-form flux preserving at least 2 supersymmetries. We demonstrated that there are three cases to consider depending on the choice of Killing spinor which lead to different geometries on the spatial horizon sections. We have examined in detail two of these three cases. If the Killing spinor is constructed from a Spin(7) invariant spinor on the spatial horizon section S, then the near horizon geometry is a product R^{1,1} × S, where S is an 8-dimensional holonomy Spin(7) manifold. For the other case we investigated, the Killing spinor is constructed from a SU(4)-invariant pure spinor of S. In this case S is a Hermitian manifold with a SU(4) structure. The most striking property of S is that it admits a hidden Kähler with torsion structure compatible with the SU(4) structure, i.e. a Calabi-Yau with torsion structure. The presence of this torsion H is not apparent as both the R-R and NS-NS 3-form field strengths have been set to zero. Moreover, the rotation of the horizon is given by the Lee form of the Hermitian form ω. All the remaining equations, including field equations, are also satisfied provided that d(ω ∧ H) = ∂ ¯∂ω^2 = 0. It is therefore clear that the torsion H completely characterizes the near horizon geometry.

We have utilized the existence of Kähler with torsion structure on the spatial horizon sections to provide many examples of near horizon geometries mostly constructed from group fibrations over Kähler with torsion manifolds of lower dimension. We also demonstrated that lifted lower-dimensional near horizon geometries to IIB satisfy all the conditions we have found. Thus there is a large class of examples.

The condition d(ω ∧ H) = 0 on Kähler with torsion manifolds admits various generalizations which we have explained, like for example d(ω^{k−1} ∧ H) = 0. We have also compared d(ω ∧ H) = 0 with the strong condition dH = ∂ ¯∂ω = 0 on Kähler manifolds with torsion, which arises in the context of heterotic horizons. The expression for the above condition in terms of the torsion allows for a generalization to other manifolds with structure group different from SU(n) which however is compatible with a connection with skew-symmetric torsion. We gave a list of several possibilities. It would be of interest to construct examples of manifolds satisfying such conditions.

All the examples of horizons we have constructed so far admit more symmetries than those one a priori expects to be present in the problem. A general solution to the problem will require the solution of two second order differential equations ρ̂ = 0 and ∂ ¯∂ω^2 = 0 on an 8-dimensional complex manifold. The first involving the Ricci form, ρ̂, of the connection with skew torsion will enforce the condition that the associated connection has (reduced) holonomy contained in SU(4), and the second will enforce the remaining equations of IIB supergravity including field equations. These equations can be contrasted with the two equations that arise in the context of heterotic horizons ρ̂ = 0 and ∂ ¯∂ω = 0 as well as the two equations that arise in the context of Calabi-Yau manifolds ρ = 0 and dω = 0, where now ρ is the Ricci form of the Levi-Civita connection. Therefore all these manifolds can be viewed as a generalization of Calabi-Yau manifolds.

There is one remaining class of IIB horizons which we have not investigated in this paper. This is associated with a generic SU(4) invariant spinor on S. If solutions exist in this case, the spatial horizon sections are almost complex manifolds but the almost complex structure is not integrable. Moreover, although the spatial horizon sections have an SU(4) structure, this structure is not compatible with a connection with skewsymmetric torsion. Therefore, the geometry of the horizons in this case is different from that we have encountered so far in the pure spinor case. We shall examine this case separately in another publication.

Acknowledgements We thank Anna Fino for correspondence and valuable discussions on nil-manifolds. GP thanks the Gravitational Physics Max-Planck Institute at Potsdam for hospitality where part of this work was done. UG is supported by the Knut and Alice Wallenberg Foundation. JG is supported by the EPSRC grant, EP/F069774/1. GP is partially supported by the EPSRC grant EP/F069774/1 and the STFC rolling grant ST/G000/395/1.

Appendix A Conventions

We have used extensively in our calculations that the non-vanishing components of the spin connection associated with the basis (2.2) are

Ω_{−,+i} = − 1 2 h_i , Ω_{+,+−} = −rΔ, Ω_{+,+i} = r^2( 1 2 Δh_i − 1 2 ∂_iΔ), Ω_{+,−i} = − 1 2 h_i, Ω_{+,ij} = − 1 2 rdh_{ij} , Ω_{i,+−} = 1 2 h_i, Ω_{i,+j} = − 1 2 rdh_{ij} , Ω_{i,jk} = Ω̃_{i,jk} (A.1) where Ω̃ denotes the spin-connection of the 8-manifold S with basis e^i.

In the analysis of the KSE, we have split the spinors ξ into positive and negative parts as ξ = ξ_+ + ξ_−, Γ_±ξ_± = 0 . (A.2) Note that if ξ is an even spinor, then

Γ_{ℓ1ℓ2ℓ3ℓ4} ξ_± = ± 1 4! ϵ_{ℓ1ℓ2ℓ3ℓ4}^{q1q2q3q4} Γ_{q1q2q3q4} ξ_± , Γ_{ℓ1ℓ2ℓ3ℓ4ℓ5} ξ_± = ± 1 3! ϵ_{ℓ1ℓ2ℓ3ℓ4ℓ5}^{q1q2q3} Γ_{q1q2q3} ξ_± , Γ_{ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6} ξ_± = ∓ 1 2 ϵ_{ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6}^{q1q2} Γ_{q1q2} ξ_± , Γ_{ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7} ξ_± = ∓ϵ_{ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7}^qΓ_qξ_± , Γ_{ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7ℓ8} ξ_± = ±ϵ_{ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7ℓ8} ξ_± , (A.3) whereas if ξ is an odd spinor then

Γ_{ℓ1ℓ2ℓ3ℓ4} ξ_± = ∓ 1 4! ϵ_{ℓ1ℓ2ℓ3ℓ4}^{q1q2q3q4} Γ_{q1q2q3q4} ξ_± , Γ_{ℓ1ℓ2ℓ3ℓ4ℓ5} ξ_± = ∓ 1 3! ϵ_{ℓ1ℓ2ℓ3ℓ4ℓ5}^{q1q2q3} Γ_{q1q2q3} ξ_± , Γ_{ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6} ξ_± = ± 1 2 ϵ_{ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6}^{q1q2} Γ_{q1q2} ξ_± , Γ_{ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7} ξ_± = ±ϵ_{ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7}^qΓ_qξ_± , Γ_{ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7ℓ8} ξ_± = ∓ϵ_{ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7ℓ8} ξ_± . (A.4)

Appendix B New geometries with torsion

As we have seen the second order equation (4.4) on KT manifolds can be expressed in terms of the skew-symmetric torsion H. Because of this it can be extended to other manifolds with a G-structure compatible with a connection with skew-symmetric torsion. We have already investigated the cases with U(n) and SU(n) structures. Here, we shall explore similar conditions on manifolds with almost KT, Sp(n), Sp(n) · Sp(1), G_2 and Spin(7) structure.

B.1 k-SAKT manifolds

Almost KT manifolds (AKT) are almost hermitian manifolds compatible with a connection with skew-symmetric torsion H. This have arisen in the context of supersymmetric 2-dimensional sigma models in [60, 61]. In this case, the expression for H in terms of the almost Hermitian and almost complex structure has been given in [62, 63]. As in the KT case, we can define as k-SAKT manifolds those spaces for which the AKT structure satisfies the second order equation

d(ω^{k−1} ∧ H) = 0 , (B.1)

where ω is the almost Hermitian form. Unlike the k-SKT condition, the above restriction cannot be easily expressed in terms of a ∂ ¯∂ operator. Nevertheless, it is identical to the k-SKT condition when it is expressed in terms of H.

As has been mentioned in the introduction, one can also define the (k; ℓ)-SAKT condition as

d(ω^{k−1} ∧ H) ∧ ω^ℓ = 0 . (B.2)

Clearly this generalizes the k-SAKT structure for ℓ ≥ 1.

B.2 (k_1, k_2, k_3)-SHKT and k-SQKT manifolds

It is clear that the condition (4.4) can easily be extended in the context of HKT manifolds [34], that is hyper-complex manifolds equipped with a compatible connection with skewsymmetric torsion. The expression of the condition (4.4) in terms of H naturally leads to an extension of the strong HKT condition (SHKT) to a (k_1, k_2, k_3)-SHKT structure as

d(ω^{k1−1}_I ∧ ω^{k2−1}_J ∧ ω^{k3−1}_K ∧ H) = 0 , (B.3)

where I, J and K is a hyper-complex structure and ω_I , ω_J and ω_K , are the associated Hermitian forms respectively. When two of the three k_1, k_2 and k_3 integers vanish, the above condition coincides with that in (4.4). Similarly, one can define the (k_1, k_2, k_3; ℓ_1, ℓ_2, ℓ_3)- SHKT structure as

d(ω^{k1−1}_I ∧ ω^{k2−1}_J ∧ ω^{k3−1}_K ∧ H) ∧ ω^{ℓ1}_I ∧ ω^{ℓ2}_J ∧ ω^{ℓ3}_K = 0 . (B.4)

A similar condition can also be written for QKT manifolds, i.e. manifolds with a Sp(n) · Sp(1) structure compatible with a connection with skew-symmetric torsion, [64].

In particular, one can define as k-SQKT manifolds the QKT manifolds which in addition satisfy

d(ψ^{k−1} ∧ H) = 0 , (B.5)

where

ψ = ω_I ∧ ω_I + ω_J ∧ ω_J + ω_K ∧ ω_K . (B.6)

A (k; ℓ)-SQKT condition can also be defined as

d(ψ^{k−1} ∧ H) ∧ ψ^ℓ = 0 . (B.7)

B.3 G_2 and Spin(7)

The above conditions can also be extended to manifolds with Spin(7) and G_2 structures. It is known that all 8-dimensional manifolds with a Spin(7) structure admit a compatible connection with skew-symmetric torsion [65]. The torsion H of this connection may not be closed. So one natural second order equation on the Spin(7) structure is to impose the closure of H, dH = 0, which is the analogue of the strong condition for SKT manifolds. Alternatively, one can impose

d(ϕ ∧ H) = 0 , (B.8)

where ϕ is the fundamental self-dual 4-form of the Spin(7) structure.

A 7-dimensional manifold with a G_2 structure admits a compatible connection with skew-symmetric torsion provided a certain geometric condition is satisfied [62, 63]. Again, one can either impose as a second order equation the strong condition, dH = 0, or alternatively

d(φ ∧ H) = 0 , (B.9)

where φ is the fundamental 3-form of the G_2 structure. Observe that in both the Spin(7) and G_2 cases, the conditions (B.8) and (B.9) impose a single restriction on the corresponding structures. Both these conditions can be rewritten as^∗d^∗θ_ϕ = 0 and^∗d^∗θ_φ = 0, where θ_ϕ and θ_φ are the Lee forms of ϕ and φ, respectively. So these are Gauduchon type of conditions.

Appendix C Uplifted Horizons

The self-dual 5-form of the lifted 5-dimensional black hole solutions is

F_{(10)} = Θ + ⋆_{10}Θ (C.1)

where

Θ = − 1 ℓ e^+ ∧ e^− ∧ Z^1 ∧ Z^2 ∧ Z^3 + rΔ_{(3)}e^+ ∧ Z^1 ∧ Z^2 ∧ Z^3 ∧ w

+ ω_{C P} 2 ∧ (1 4 Δ_{(3)}Z^1 ∧ Z^2 ∧ Z^3 − 1 4 e^+ ∧ e^− ∧ (h_{(3)} + 2 ℓ Z^1) + 1 4 re^+ ∧ ⋆_3(−dΔ_{(3)} + Δ_{(3)}h_{(3)}) + 1 4 re^+ ∧ w ∧ (h_{(3)} + 2 ℓ Z^1) )

⋆_{10}Θ = ℓ 2 w ∧ ( − 1 4 ω_{C P} 2 ∧ ω_{C P} 2 − 1 8 ℓΔ_{(3)}e^+ ∧ e^− ∧ ω_{C P} 2 − 1 8 ℓ ⋆_3 (h_{(3)} + 2 ℓ Z^1) ∧ ω_{C P} 2 + 1 8 ℓre^+ ∧ (−dΔ_{(3)} + Δ_{(3)}h_{(3)}) ∧ ω_{C P} 2 )

+ 1 4 rΔ_{(3)}e^+ ∧ ω_{C P} 2 ∧ ω_{C P} 2 − 1 4 re^+ ∧ ⋆_3(h_{(3)} + 2 ℓ Z^1) ∧ ω_{C P} 2 . (C.2)

This together with the metric in (6.6) describes the full 10-dimensional solution.

References

[1] W. Israel, Event Horizons In Static Vacuum Space-Times, Phys. Rev. 164 (1967) 1776.

[2] B. Carter, Axisymmetric Black Hole Has Only Two Degrees of Freedom, Phys. Rev.

Lett. 26 (1971) 331.

[3] S. W. Hawking, Black holes in general relativity, Commun. Math. Phys. 25 (1972) 152.

[4] D. C. Robinson, Uniqueness of the Kerr black hole, Phys. Rev. Lett. 34 (1975) 905.

[5] W. Israel, Event Horizons in Static, Electrovac Space-Times, Commun. Math. Phys.

8 (1968) 245.

[6] P. O. Mazur, Proof of Uniqueness of the Kerr-Newman Black Hole Solution J. Phys.

A 15 (1982) 3173.

[7] D. Robinson, Four decades of black hole uniqueness theorems, appeared in The Kerr spacetime: Rotating black holes in General Relativity, eds D. L. Wiltshire, M. Visser and S. M. Scott, pp 115-143, CUP 2009.

[8] H. S. Reall, Higher dimensional black holes and supersymmetry, Phys. Rev. D68 (2003) 024024; [hep-th/0211290].

[9] J. C. Breckenridge, R. C. Myers, A. W. Peet and C. Vafa, D-branes and spinning black holes, Phys. Lett. B391 (1997) 93; [hep-th/9602065].

[10] H. Elvang, R. Emparan, D. Mateos and H. S. Reall, A Supersymmetric black ring, Phys. Rev. Lett. 93 (2004) 211302; [hep-th/0407065].

[11] G. W. Gibbons, D. Ida and T. Shiromizu, Uniqueness and non-uniqueness of static black holes in higher dimensions, Phys. Rev. Lett. 89 (2002) 041101; [hep-th/0206049].

[12] M. Rogatko, Uniqueness theorem of static degenerate and non-degenerate charged black holes in higher dimensions, Phys. Rev. D67 (2003) 084025; [hep-th/0302091].

[13] M. Rogatko, Classification of static charged black holes in higher dimensions, Phys.

Rev. D73 (2006), 124027; [hep-th/0606116].

[14] R. Emparan, T. Harmark, V. Niarchos and N. Obers, World-Volume Effective Theory for Higher-Dimensional Black Holes, Phys. Rev. Lett. 102 (2009) 191301; [arXiv:0902.0427 [hep-th]]

[15] R. Emparan, T. Harmark, V. Niarchos and N. Obers, Essentials of Blackfold Dynamics, JHEP 1003 (2010) 063; [arXiv:0910.1601 [hep-th]].

[16] J. Gutowski and G. Papadopoulos, Heterotic Black Horizons, JHEP 1007, 011 (2010); [arXiv:0912.3472 [hep-th]].

[17] J. Gutowski and G. Papadopoulos, Heterotic horizons, Monge-Ampere equation and del Pezzo surfaces, JHEP 1010 (2010) 084; [arXiv:1003.2864 [hep-th]].

[18] U. Gran, P. Lohrmann and G. Papadopoulos, The Spinorial geometry of supersymmetric heterotic string backgrounds, JHEP 0602, 063 (2006); [hep-th/0510176].

[19] U. Gran, G. Papadopoulos, D. Roest and P. Sloane, Geometry of all supersymmetric type I backgrounds, JHEP 0708, 074 (2007); [hep-th/0703143].

[20] G. Papadopoulos, Heterotic supersymmetric backgrounds with compact holonomy revisited, Class. Quant. Grav. 27 (2010) 125008; [arXiv:0909.2870 [hep-th]].

[21] J. H. Schwarz and P. C. West, Symmetries And Transformations Of Chiral N=2 D = 10 Supergravity, Phys. Lett. B126 (1983) 301.

[22] J. H. Schwarz, Covariant Field Equations Of Chiral N=2 D = 10 Supergravity, Nucl.

Phys. B226 (1983) 269.

[23] P. S. Howe and P. C. West, The Complete N=2, D = 10 Supergravity, Nucl. Phys.

B238 (1984) 181.

[24] U. Gran, J. Gutowski and G. Papadopoulos, The spinorial geometry of supersymmetric IIB backgrounds, Class. Quant. Grav. 22 (2005) 2453; [arXiv:hep-th/0501177].

[25] U. Gran, J. Gutowski and G. Papadopoulos, The G(2) spinorial geometry of supersymmetric IIB backgrounds, Class. Quant. Grav. 23 (2006) 143; [arXiv:hep-th/0505074].

[26] U. Gran, J. Gutowski, G. Papadopoulos and D. Roest, N = 31 is not IIB, JHEP 0702 (2007) 044; [arXiv:hep-th/0606049].

[27] U. Gran, J. Gutowski, G. Papadopoulos and D. Roest, IIB solutions with N > 28 Killing spinors are maximally supersymmetric, JHEP 0712 (2007) 070; [arXiv:0710.1829 [hep-th]].

[28] U. Gran, J. Gutowski and G. Papadopoulos, Classification of IIB backgrounds with 28 supersymmetries, JHEP 1001 (2010) 044; [arXiv:0902.3642 [hep-th]].

[29] J. M. Figueroa-O’Farrill and G. Papadopoulos, Maximally supersymmetric solutions of ten-dimensional and eleven-dimensional supergravities, JHEP 0303 (2003) 048; [hep-th/0211089].

[30] M. J. Duff, M theory on manifolds of G(2) holonomy: The First twenty years;

[hep-th/0201062].

[31] J. M. Figueroa-O’Farrill, P. Meessen and S. Philip, Supersymmetry and homogeneity of M-theory backgrounds, Class. Quant. Grav. 22 (2005) 207-226; [hep-th/0409170].

[32] U. Gran, J. Gutowski and G. Papadopoulos, IIB backgrounds with five-form flux, Nucl. Phys. B798 (2008) 36; [arXiv:0705.2208 [hep-th]].

[33] J. Gillard, U. Gran and G. Papadopoulos, The Spinorial geometry of supersymmetric backgrounds, Class. Quant. Grav. 22, 1033-1076 (2005); [hep-th/0410155].

[34] P. S. Howe and G. Papadopoulos, Twistor spaces for HKT manifolds, Phys. Lett.

B379 (1996) 80-86; [hep-th/9602108].

[35] J. B. Gutowski and H. S. Reall, Supersymmetric AdS(5) black holes, JHEP 0402 (2004) 006; [arXiv:hep-th/0401042].

[36] Z.-W. Chong, M. Cvetic , H. Lu and C.N. Pope, General non-extremal rotating black holes in minimal five-dimensional gauged supergravity, Phys. Rev. Lett. 95 2005) 161301; [arXiv:hep-th/0506029].

[37] H. K. Kunduri, J. Lucietti and H. S. Reall, Do supersymmetric anti-de Sitter black rings exist? JHEP 0702 (2007) 026; [hep-th/0611351].

[38] P. Gauduchon, Le théorème de l’ excentricite’ nulle, C.R. Acad. Sci. Paris, 285, (1977) 387-390.

[39] J. Jost and S.T. Yau, A non-linear elliptic system for maps from Hermitian to Riemannian manifolds and rigidity theorems in Hermitian geometry, Acta Math 170 (1993) 221; Corrigendum Acta Math 177 (1994) 307.

[40] A. Fino and L. Ugarte, On generalized Gauduchon metrics; [arXiv:1103.1033 [math.DG]].

[41] H. Friedrich, I. Racz and R. M. Wald, On the rigidity theorem for space-times with a stationary event horizon or a compact Cauchy horizon, Commun. Math. Phys. 204 (1999) 691; [gr-qc/9811021].

[42] J. Gutowski and G. Papadopoulos, Topology of supersymmetric N=1, D=4 supergravity horizons, JHEP 1011 (2010) 114; [arXiv:1006.4369 [hep-th]].

[43] S. J. Gates, Jr., C. M. Hull and M. Rocek, Twisted Multiplets and New Supersymmetric Nonlinear Sigma Models, Nucl. Phys. B248 (1984) 157.

[44] P. S. Howe and G. Sierra, Two-dimensional Supersymmetric Nonlinear Sigma Models With Torsion, Phys. Lett. B148 (1984) 451-455.

[45] P. S. Howe and G. Papadopoulos, Further Remarks On The Geometry Of Twodimensional Nonlinear Sigma Models, Class. Quant. Grav. 5 (1988) 1647-1661.

[46] G. Grantcharov and Y. S. Poon, Geometry of Hyper-Kähler Connections with Torsion, Commun. Math. Phys. 213 (2000) 19; [math.DG/9908015].

[47] J. Streets and G. Tian, A parabolic flow of pluriclosed metrics; [arXiv:0903.4418 [math.DG]].

[48] G. L. Cardoso, G. Curio, G. Dall’Agata, D. Lust, P. Manousselis and G. Zoupanos, Non-Kaehler string backgrounds and their five torsion classes, Nucl. Phys. B652 (2003) 5; [hep-th/0211118].

[49] S. Ivanov and G. Papadopoulos, A no go theorem for string warped compactifications, Phys. Lett. B497 (2001) 309; [hep-th/0008232].

[50] S. Ivanov and G. Papadopoulos, Vanishing theorems and string backgrounds, Class.

Quant. Grav. 18 (2001) 1089; [math.DG/0010038].

[51] S. Chiossi and S. Salamon, The intrinsic torsion of SU(3) and G_2-structures, Diff.

Geom., Valencia 2001, World Sci. 2002, 115; [math.DG/0202282].

[52] A. Fino, M. Parton and S. Salamon, Families of strong KT structures in six dimensions; [math.DG/0209259].

[53] K. Dasgupta, G. Rajesh and S. Sethi, M theory, orientifolds and G - flux, JHEP 9908, 023 (1999); [hep-th/9908088].

[54] E. Goldstein and S. Prokushkin, Geometric model for complex nonKahler manifolds with SU(3) structure, Commun. Math. Phys. 251 (2004) 65-78; [hep-th/0212307].

[55] D. Grantcharov, G. Grantcharov and Y. S. Poon, Calabi-Yau connections with torsion on toric bundles, J. Diff. Geom. 78 (2008) 13; [math.DG/0306207].

[56] J. -X. Fu, L. -S. Tseng and S. -T. Yau, Local Heterotic Torsional Models, Commun.

Math. Phys. 289 (2009) 1151-1169; [arXiv:0806.2392 [hep-th]].

[57] J. -X. Fu and S. -T. Yau, The Theory of superstring with flux on non-Kahler manifolds and the complex Monge-Ampere equation, J. Diff. Geom. 78 (2009) 369; [hep-th/0604063].

[58] P. Spindel, A. Sevrin, W. Troost and A. Van Proeyen, Extended Supersymmetric Sigma Models on Group Manifolds. 1. The Complex Structures, Nucl. Phys. B308 (1988) 662.

[59] G. Tian, Canonical metrics in Kähler geometry, Lectures in Mathematics, ETH Zürich, Birkhauser Verlag (2000).

[60] B. de Wit and P. van Nieuwenhuizen, Rigidly And Locally Supersymmetric Two- Dimensional Nonlinear Sigma Models With Torsion, Nucl. Phys. B312 (1989) 58.

[61] G. W. Delius, M. Rocek, A. Sevrin and P. van Nieuwenhuizen, Supersymmetric Sigma Models With Nonvanishing Nijenhuis Tensor And Their Operator Product Expansion, Nucl. Phys. B324 (1989) 523.

[62] T. Friedrich and S. Ivanov, Parallel spinors and connections with skew-symmetric torsion in string theory, Asian Journal of Mathematics 6 (2002), 303-336; [math.DG/0102142].

[63] T. Friedrich and S. Ivanov, Killing spinor equations in dimension 7 and geometry of integrable G_2-manifolds, J. Geom. Phys. 48 (2003) 1; [math.DG/0112201].

[64] P. S. Howe, A. Opfermann and G. Papadopoulos, Twistor spaces for QKT manifolds, Commun. Math. Phys. 197 (1998) 713-727; [hep-th/9710072].

[65] S. Ivanov, Connection with torsion, parallel spinors and geometry of Spin(7) manifolds, Math. Res. Lett. 11 (2004), no. 2-3, 171; [math.DG/0111216].