arXiv:1101.2566v3 [gr-qc] 21 Feb 2012

Conformal Gravity with the most general ELKO Matter

Luca Fabbri

Abstract Recently we have constructed the conformal gravity with metric and torsion, finding the gravitational field equations that give the conservation laws and trace condition; in the present paper we apply this theory to the case of ELKO matter field, proving that their spin and energy densities once the matter field equations are considered imply the validity of the conservation laws and trace condition mentioned above.

Introduction

That conformal gravity is important is due to a number of reasons: mathematically, its Lagrangian is unique as proven by Weyl, physically, its renormalizability was addressed by Stelle [1], phenomenologically, it provides an explanation for dark matter as discussed by Mannheim and Kazanas [2]; spontaneous conformal symmetry breaking has been studied [3, 4]. On the other hand, a complete theory of gravity possesses beside the curvature also the torsion tensor, arising as gauge strengths of rotations and translations in the gauge theory of the Poincaré group [5]; in this way the full coupling to both energy and spin density tensors may be established [6]. Therefore, we have that metric as well as torsion conformal transformations have to be defined [7]. In a very recent paper, we have found a curvature with metric and torsion that is conformal in (1+3)-dimensional spacetimes, constructing the conformal metric-torsional theory by giving the system of gravitational field equations and the corresponding conservation laws and trace condition for the spin and energy densities [8, 9].

Now, a few years ago, a new form of matter was introduced, and called ELKO from the acronym of the German Eigenspinoren des LadungsKonjugationsOperators, designating eigenspinors of the charge-conjugation operator; ELKO fields are spin-^1_2 fermions of Majorana type: since ELKOs are topologically neutral, they display non-locality [10, 11]. In order for ELKO fields to possess mass they have to obey second-order derivative matter field equations, meaning that their mass dimension is 1 [12, 13]. That ELKO are Majorana fields with scalar-like mass dimension endows them with interesting properties, and their possible applications ranging from particle physics to cosmology have been addressed in various works such as those given in literature in references from [14] to [42].

In this paper, we shall apply the above-mentioned theory of conformal gravity with curvature and torsion to the case of ELKO matter fields: after a brief introduction of the geometrical background we will discuss how to construct an ELKO action that is conformally invariant; its variation will give the ELKO spin and energy densities with matter field equations, with which we will check that both conservation laws and trace condition are valid indeed. Eventually we will discuss how to ensure the conformal invariance then both curvature and torsion tensors are in fact necessary in the case of the ELKO matter model.

1 Conformal Curvature and Derivative

Here we follow the convention about geometry as in [8], and for matter as in [9].

We only recall that for a given σ and defining ln σ = ϕ the torsion and metric tensors have conformal transformations Q^σ_{ρα} → Q^σ_{ρα} + q(δ^σ_ρ ∂_αϕ − δ^σ_α∂_ρϕ) (1) g_{αβ} → σ^2g_{αβ} (2)

so that for the metric-compatible connection Γ^σ_{ρα} the conformal transformation is a consequence of (1) and (2); in terms of metric and connection it is possible to introduce the Minkowskian metric η_{ij} and a basis of vierbein e^i_α together with the antisymmetric spin-connection ω^{ij}_α and their conformal transformation is given in terms of the previous ones: eventually we introduce the γ_a matrices so to define the^1_4 [γ_a, γ_b] = σ_{ab} matrices through which the connection Ω_ρ and its conformal transformation are assigned, and covariant derivatives D_ρ for ELKO fields may be defined. The ELKO and ELKO dual conformal transformation is λ → σ^{−1}λ^¬λ→ σ^{−1 ¬}λ (3) as ELKO and ELKO dual are Majorana fields with scalar-like mass dimension.

The Riemann-Cartan metric-torsional curvature tensor G_{ρξμν} is defined as it is customary. The commutator of spinorial covariant derivatives is

[D_ρ, D_μ]λ = Q^θ_{ρμ}D_θλ +^1_2 G^{αβ}_{ρμ}σ_{αβ} λ (4)

and once the curvature is defined, this is a geometric identity.

The metric-torsional curvature tensor can be modified as in the following M_{αβμν} = G_{αβμν} + (^{1−q}_{3q} )(Q_β Q_{αμν} − Q_αQ_{βμν} ) (5) since this is the form whose irreducible part

T_{αβμν} = M_{αβμν} −^1_2 (M_{α[μ}g_{ν]β} − M_{β[μ}g_{ν]α}) +^1_{12} M(g_{α[μ}g_{ν]β} − g_{β[μ}g_{ν]α}) (6)

is conformally covariant in (1 + 3)-dimensional spacetimes. However, because the ELKO field is a Majorana spinor with a peculiar mass dimension, from the covariant derivative of ELKO the construction of a kinetic term that is also conformally invariant is not a straightforward procedure, as we discuss next.

2 Conformal Gravity and Matter: ELKO Fields

When treating the conformal spinor field, the simplest example of Dirac field is such that due to its mass dimension^3_2 its first-order derivative kinetic term and conformal transformations makes it conformally invariant in a trivial way [9].

The same cannot hold in this case, since ELKO are Majorana fields with mass dimension 1: although they a special type of spinor, their peculiar mass dimension makes them more analogous to scalars both about their dynamical properties and in terms of their conformal transformation; so for ELKO like scalar fields, the second-order derivative kinetic term |Dλ|^2 is such that the conformal transformation (3) produces the appearance of additional extra terms in the action. However, we may take advantage of the fact that geometrical fields like the torsion trace Q_α and the modified curvature trace M under their conformal transformations produce the appearance of similar types of additional terms in the action: therefore for ELKO as well as for scalars, if beside the kinetic term also these extra terms are added, then specific fine-tunings may be assumed for which all additional terms cancel exactly, yielding for this improved kinetic term in the action the conformal invariance. A quick inventory gives possible terms that can be taken and a long although straightforward calculation shows that a specific fine-tuning may actually be chosen in order for the action to be conformally invariant if given by S = ∫ [L_{gravity} + D_ρ^¬λ D^ρλ + aD_ρ^¬λ σ^{ρβ} D_β λ + +(^{aq+q−1}_{3q} )(D_α^¬λ σ^{αν} λ−^¬λ σ^{αν} D_αλ)Q_ν + (^{4−3a+3qa−24p+24pq}_{12q} )D_ν λ^2Q^ν + +(^{7−3a−6q+3aq2 +3q2−24p−24pq+48pq2} 36q^2 )λ 2Q_αQ^α + pλ^2M]|e|dV (7) with parameters a and p and where it is over the volume of the spacetime that the integral is taken. By varying (7) we get the spin and energy densities S^{μαβ} =^1_2 (D^{μ ¬}λ σ^{αβ} λ−^¬λ σ^{αβ} D^μλ) + +^a_2 (D_ρ^¬λ σ^{ρμ}σ^{αβ} λ−^¬λ σ^{αβ}σ^{μρ}D_ρλ) + +(^{1−q−aq}_{6q} )(D^{ρ ¬}λ σ_{ρθ}λ−^¬λ σ_{ρθ}D^ρλ)g^{θ[β}g^{α]μ} − −(^{4−3a+3aq−24p} 24q )D_θλ^2g^{θ[β}g^{α]μ} − (^{1−q−aq}_{6q} )Q_θ^¬λ {σ^{θμ}, σ^{αβ} }λ + +(^{7−3a−6q+3q2 +3aq2 −22p−29pq+48pq2} 36q^2 )Q

[αg^{β]μ}λ^2 − pQ^{μαβ} λ^2 (8) T^{αμ} = (D^{μ ¬}λ D^αλ + D^{α ¬}λ D^μλ − g^{μα}D_ρ^¬λ D^ρλ) + +a(D^{μ ¬}λ σ^{αρ}D_ρλ + D_ρ^¬λ σ^{ρα}D^μλ − g^{μα}D_ρ^¬λ σ^{ρσ} D_σ λ) + +(^{1−q−aq}_{3q} )D_β (D^{ρ ¬}λ σ_{ρν} λ−^¬λ σ_{ρν} D^ρλ)(g^{αν} g^{μβ} − g^{αμ}g^{νβ}) − −(^{4−3a+3qa−24p+24pq} 12q )D_βD_ν λ^2(g^{αν} g^{μβ} − g^{αμ}g^{νβ} ) + +(^{1−q−aq}_{3q} )Q_ρ(D^{μ ¬}λ σ^{ρα}λ−^¬λ σ^{ρα}D^μλ) − −(^{7−3a−6q+3q2 +3aq2 −24p+24pq2} 18q^2 )Dβ (λ 2Q_ν )(g^{βμ}g^{αν} − g^{αμ}g^{βν} ) + +(^{4−3a+3qa−24p+24pq} 12q )Q^αD^μλ^2 + +(^{7−3a−6q+3q2 +3aq2 −24p+24pq} 36q^2 )QρQ ρλ^2g^{αμ} − −^{2p(1−q)}_{3q} (Q^αQ^μ + Q^{αμρ}Q_ρ)λ^2 + 2p(M^{αμ} −^1_2 g^{αμ}M)λ^2 (9) along with the matter field equations

D^2λ + Q^μD_μλ + aσ^{ρμ}D_ρD_μλ + (^{aq−2q+2}_{3q} )Q_ρσ^{ρμ}D_μλ + +(^{aq+q−1}_{3q} )D_ρQ_μσ^{ρμ}λ + (^{4−3a+3qa−24p+24pq}_{12q} )D_ρQ^ρλ − −(^{7−3a−18q+9aq−6aq2 +3q2 −24p+48pq−24pq2} 36q^2 )QαQ αλ − pMλ = 0 (10) as a simple although quite laborious computation would show.

It is possible to see that the spin and energy densities (8-9) so soon as the conformal matter field equations (10) are accounted have conservation laws

D_ρS^{ρμν} + Q_ρS^{ρμν} +^1_2 T^{[μν]} = 0 (11) D_μT^{μρ} + Q_μT^{μρ} − T_{μσ} Q^{σμρ} + S_{βμσ} G^{σμβρ} = 0 (12) and the trace condition

(1 − q)(D_μS^{νμ}_ν + Q_μS^{νμ}_ν ) +^1_2 T^μ_μ = 0 (13)

where the commutator of covariant derivatives has been used; when a geometrical background is conformally invariant there is the loss of one degree of freedom realized by the introduction of the trace condition as constraint: such constraint has the structure of a conservation law and it is therefore dynamically implemented in the conformal theory of gravitation for ELKO matter fields.

Conclusion

We have considered the conformal theory of gravity discussing the case of ELKO matter fields, of which we have obtained the spin and energy density tensors along with the matter field equations, showing that the spin and energy densities, when the matter field equations are taken, satisfy both conservation laws and trace condition; we have to stress that among all possible values of the conformal parameters q, a, p, there exists no possible choice for which the presence of torsion can be removed altogether: if a conformal gravity that beside curvature has also torsion is important in itself, a conformal curvature-torsional gravitational theory is necessary for applications to the ELKO matter model.

References

[1] K. S. Stelle, Phys. Rev. D 16, 953 (1977).

[2] P. D. Mannheim, D. Kazanas, Astrophys. J. 342, 635 (1989). [3] A. Edery, L. Fabbri, M. B. Paranjape, Class. Quant. Grav. 23, 6409 (2006). [4] A. Edery, L. Fabbri, M. B. Paranjape, Can. J. Phys. 87, 251 (2009). [5] F. W. Hehl, P. Von Der Heyde, G. D. Kerlick, J. M. Nester, Rev. Mod. Phys. 48, 393 (1976).

[6] L. Fabbri, arXiv:0806.2610 [hep-th]. [7] I. L. Shapiro, Phys. Rept. 357, 113 (2002). [8] Luca Fabbri Phys. Lett. B 707, 415 (2012). [9] Luca Fabbri arXiv:1101.2334 [gr-qc].

[10] D. V. Ahluwalia, D. Grumiller, JCAP 0507, 012 (2005). [11] D. V. Ahluwalia, D. Grumiller, Phys. Rev. D 72, 067701 (2005).

[12] D. V. Ahluwalia, C. Y. Lee, D. Schritt, Phys. Lett. B 687, 248 (2010). [13] D. V. Ahluwalia, C. Y. Lee, D. Schritt, Phys. Rev. D 83, 065017 (2011). [14] L. Fabbri, Mod. Phys. Lett. A 25, 151 (2010). [15] L. Fabbri, Mod. Phys. Lett. A 25, 2483 (2010). [16] L. Fabbri, Gen. Rel. Grav. 43, 1607 (2011). [17] D. V. Ahluwalia, Int. J. Mod. Phys. D 15, 2267 (2006). [18] C. G. Böhmer, D. F. Mota, Phys. Lett. B 663, 168 (2008). [19] C. G. Böhmer, Phys. Rev. D 77, 123535 (2008). [20] C. G. Böhmer, Annalen Phys. 16, 325 (2007). [21] S. Shankaranarayanan, Int. J. Mod. Phys. D 18, 2173 (2009). [22] S. Shankaranarayanan, arXiv:1002.1128 [astro-ph.CO]. [23] H. Wei, Phys. Lett. B 695, 307 (2011). [24] A. Basak, J. R. Bhatt, JCAP 1106, 011 (2011). [25] D. V. Ahluwalia, S. P. Horvath, JHEP 1011, 078 (2010). [26] R. da Rocha, W. A. J. Rodrigues, Mod. Phys. Lett. A 21, 65 (2006). [27] R. da Rocha, J. M. Hoff da Silva, Adv. Appl. Clif. Alg. 20, 847 (2010). [28] R. da Rocha, J. M. Hoff da Silva, J. Math. Phys. 48, 123517 (2007). [29] J. Hoff da Silva, R. da Rocha, Int. J. Mod. Phys. A 24, 3227 (2009). [30] M. Dias, F. de Campos, J. M. H. da Silva, Phys. Lett. B 706, 352 (2012). [31] R. da Rocha, A. E. Bernardini, J. M. H. da Silva, JHEP 1104, 110 (2011). [32] C. Boehmer, J. Burnett, Mod. Phys. Lett. A 25, 101 (2010). [33] C. Boehmer, J. Burnett, Phys. Rev. D 78, 104001 (2008). [34] C. Boehmer, Annalen Phys. 16, 38 (2007). [35] C. Boehmer, J. Burnett, arXiv:1001.1141 [gr-qc].

[36] C. Boehmer, J. Burnett, D. Mota, D. J. Shaw, JHEP 1007, 53 (2010). [37] Cheng-Yang Lee, arXiv:1011.5519 [hep-th]. [38] K. E. Wunderle, R. Dick, arXiv:1010.0963 [hep-th]. [39] A. Gillard, B. Martin, arXiv:1012.5352 [hep-th].

[40] Y. X. Liu, X. N. Zhou, K. Yang, F. W. Chen, arXiv:1107.2506 [hep-th]. [41] L. Fabbri, Phys. Lett. B 704, 255 (2011). [42] L. Fabbri, S. Vignolo, arXiv:1012.4282 [gr-qc].