arXiv:1101.2956v1 [hep-th] 15 Jan 2011

Factorization of integrals, defining the β-function, into integrals of total derivatives in N = 1 SQED, regularized by higher derivatives

K.V.Stepanyantz

January 18, 2011

Moscow State University, physical faculty, department of theoretical physics.

119992, Moscow, Russia

Abstract Some calculations in supersymmetric theories, made with the higher derivative regularization, show that the β-function is given by integrals of total derivatives. This is qualitatively explained for the N = 1 supersymmetric electrodynamics in all orders.

1 Introduction

Quantum corrections in supersymmetric theories were studied for a long time. In particular, a lot of papers were devoted to calculations of a β-function and an anomalous dimension, e.g. [1]. Most calculations were made with the dimensional reduction [2], which is a special modification of the dimensional regularization. The matter is that the dimensional regularization [3] breaks the supersymmetry and is not convenient for calculations in supersymmetric theories. However, it is well known that the dimensional reduction is not self-consistent [4]. Ways, allowing to avoid such problems, are discussed in the literature [5]. Other regularizations are also sometimes applied for calculations in supersymmetric theories. For example, in Ref. [6] the two-loop β-function of the N=1 supersymmetric Yang–Mills theory was calculated with the differential renormalization [7].

It is also possible to make calculations with the higher covariant derivative regularization, proposed in Ref. [8]. It was generalized to the supersymmetric case in Ref. [9] (another variant was proposed in Ref. [10]). This regularization is self-consistent and does not break the supersymmetry. A calculation of the one-loop β-function for the (non-supersymmetric) Yang–Mills theory, regularized by higher covariant derivatives, was made in Ref. [11]. After corrections, made in subsequent papers [12], the result coincided with the well-known result, obtained with the dimensional regularization [13]. It was proved that in the one-loop approximation calculations with the higher covariant derivative regularization always agree with the results of calculations with the dimensional regularization [14]. Some calculations in the one-loop and two-loop approximations were made for various theories [15, 16] with a variant of the higher covariant derivative regularization, proposed in [17]. The structure of the corresponding integrals was discussed in Ref. [16].

A calculation of the three-loop β-function for the N = 1 supersymmetric electrodynamics (SQED) regularized by higher derivatives [18] reveals an interesting feature of quantum corrections: loop integrals, defining the β-function, are integrals of total derivatives. (In Ref. [18] three-loop integrals, defining the β-function, were reduced to integrals of total derivatives using integration by parts.) A two-loop calculation, made with the dimensional reduction in N = 1 SQED and revealing a similar feature, was presented in Ref. [19], where the factorization of integrands into total derivatives is explained in all loops using a special technique, based on the covariant Feynman rules in the background field method [20]. Such factorization allows to calculate one of the loop integrals analytically and obtain the NSVZ β-function [21], which (in N = 1 SQED) relates the β-function in n-th loop with the anomalous dimension in the previous loop. Due to this, application of the higher covariant derivative regularization is sometimes very convenient in the supersymmetric case. The fact that integrals, appearing with the higher covariant derivative regularization, in the limit of zero external momentum become integrals of total derivatives, seems to be a general feature of supersymmetric theories. It was verified in the two-loop approximation in [22] for a general renormalizable N = 1 supersymmetric theory. A similar results can be obtained with different versions of the higher derivative regularization.

Using a usual supergraph technique for N = 1 SQED, regularized by higher derivatives, a partial explanation of the factorization of integrands into total derivatives was made in [23] by substituting a solution of the Ward identity into the Schwinger–Dyson equation. Using this method it is possible to extract a contribution, giving the exact NSVZ β-function in all orders. However, there is also another contribution. In N = 1 SQED this contribution is nontrivial starting from the three-loop approximation. In the three-loop approximation it is given by an integral of a total derivative and is equal to 0. It was conjectured in [23] that this occurs in all loops. A partial four-loop verification of this statement was made in Ref. [24].

In this paper for N = 1 SQED using usual supergraphs we try to explain, why integrals, defining a β-function, are integrals of total derivatives in all loops. Although the explanation is not completely rigorous, we demonstrate that a key ingredient of the proof is a special algebraic identity, obtained in this paper. Moreover, the simple arguments, presented here, can be formulated in a rigorous form, and the results can be compared with explicit calculations. We will describe this in the forthcoming paper.

The paper is organized as follows:

In Sec. 2 we recall basic information about N = 1 SQED, regularized by higher covariant derivatives. In Sec. 3 we explain how the three-loop β-function is related with the two-loop anomalous dimension due to the factorization of integrands into total derivatives. A qualitative explanation of this feature is given in Sec. 4 for N = 1 SQED. The results are briefly discussed in the Conclusion. In Appendix A we present explicit expressions for the three-loop integrals, defining the β-function and the anomalous dimension in N = 1 SQED. An identity, which is a key ingredient of our arguments, is proved in the Appendix B.

2 N=1 supersymmetric electrodynamics, regularized by higher covariant derivatives

Let us consider N = 1 SQED, regularized by higher derivatives. In the massless case it is described by the action^1 S = 1 4e^2 Re ∫ d^4x d^2θ W_aC^{ab}R(∂^2/Λ^2)W_b + 1 4 ∫ d^4x d^4θ ( ϕ^∗e^{2V} ϕ + ~ϕ^∗e^{−2V} ~ϕ ) , (1)

where R(∂^2/Λ^2) is a regulator, e.g. R = 1 + ∂^{2n}/Λ^{2n}. This action is invariant under the gauge transformations

1In our notation ημν = diag(1, −1, −1, −1); θ^a ≡ θ_bC^{ba}; θa and θ̄a denote the right and left components of θ, respectively.

ϕ → e^{iΛ}ϕ; ~ϕ → e^{−iΛ} ~ϕ; V → V + i 2 (Λ^∗ − Λ), (2)

where Λ is an arbitrary chiral superfield. A gauge is fixed by adding

S_{gf} = − 1 64e^2 ∫ d^4x d^4θ ( V D^2D̄^2R(∂^2/Λ^2)V + V D̄^2D^2R(∂^2/Λ^2)V ) (3) to the action. The term with higher derivatives does not remove divergences in the one-loop approximation [25]. In order to cancel the remaining one-loop divergences, the Pauli-Villars determinants should be inserted into the generating functional Z[J, j] = ∫ Dμ ∏ I ( det P V (V, M_I ) )_{cI} exp { i(S + S_Λ + S_{gf} + Sources) } , (4)

where ∑ I c_I = 1 and ∑ I c_I M^2_I = 0. It is useful to present the Pauli–Villars determinants in the following form:

det P V (V, M_I ) = ( ∫ DΦ_I D~Φ_I e^{iSI} )_{−1} , (5)

where S_I is the action for the Pauli–Villars fields,^2

S_I = 1 4 ∫ d^4x d^4θ ( Φ^∗_I e^{2V} Φ_I + ~Φ^∗_I e^{−2V} ~Φ_I ) + (1 2 ∫ d^4x d^2θ M_I ~Φ_I Φ_I + h.c. ) . (6)

We assume that M_I = a_I Λ, where a_I are constants. (Thus, there is the only dimensionful parameter Λ in the regularized theory.)

The generating functional for connected Green functions and the effective action are defined by the standard way. Terms in the effective action, corresponding to the renormalized two-point Green function of the gauge superfield, have the form

Γ^{(2)}_V = − 1 16π ∫ d^4p (2π)^4 d^4θ V (−p, θ) ∂^2Π_{1/2}V (p, θ) d^{−1}(α, μ/p), (7) where α is a renormalized coupling constant, and

∂^2Π_{1/2} = − 1 8 D^aD̄^2D_a (8)

is a supersymmetric transversal projector. We calculate d d ln Λ ( d^{−1}(α_0, Λ/p) − α^{−1}_0 )| |_{p=0} = − dα^{−1}_0 d ln Λ = β(α_0) α^2_0

, (9)

where α and Λ are considered as independent variables. The anomalous dimension is defined similarly. If the two-point Green function of the matter superfield in the massless limit is written as Γ^{(2)}_ϕ = 1 4 ∫ d^4p (2π)^4 d^4θ ( ϕ^∗(−p, θ) ϕ(p, θ) + ~ϕ^∗(−p, θ) ~ϕ(p, θ) ) (ZG)(α, μ/p), (10) then the anomalous dimension is defined by

2This action differs from the one, used in [18], because here the quotient of the coefficients in the kinetic term and in the mass term does not contain the factor Z. Using terminology of Ref. [26], one can say that here we calculate the canonical coupling αc, while in Ref. [18] the holomorphic coupling α_h was calculated. Certainly, after the renormalization the effective action does not depend on the definitions. However, the definitions, used here, are much more convenient.

γ ( α_0(α, Λ/μ) ) = − d d ln Λ ( ln Z(α, Λ/μ) ) . (11)

The two-point Green functions are calculated using a standard supergraph technique, described e.g. in textbooks [27, 28].

3 Three-loop calculation for SQED

A calculation of the three-loop β-function gives the following result: d d ln Λ ( d^{−1}(α_0, Λ/p) − α^{−1}_0 )| |_{p=0} = − d d ln Λ α^{−1}_0 (α, μ/Λ) = β(α_0) α^2_0 = 1 π ( 1 − d d ln Λ ln G(α_0, Λ/q) | | q=0 ) = 1 π − 1 π d d ln Λ ( ln ZG(α, μ/q) − ln Z(α, Λ/μ) )| |_{q=0} = = 1 π ( 1 − γ ( α_0(α, Λ/μ) )) . (12)

The explicit three-loop expression for the left hand side and the two-loop expression for the right hand side are presented in Appendix A. It should be noted that they are given by well defined integrals. In particular, the higher derivative regularization and the differentiation with respect to ln Λ ensure that there are no IR divergences. This agrees with the results of Ref. [29] that the IR region does not affect to the β-function.

In the three-loop approximation the integrals, obtained with the higher covariant derivative regularization, can not be calculated analytically. However, it is possible to find relation (12) between them. It is easy to see that this relation appears due to the factorization of integrands into total derivatives.

4 Factorization of integrands into total derivatives in N = 1 SQED: qualitative explanation

Now let us try to explain the factorization of integrands into total derivatives in N = 1 SQED, described by action (1). We will calculate the two-point Green function of the gauge superfield. Due to the Ward identity this function is transversal. In order to obtain the β-function we make calculations in the limit p → 0 after differentiation with respect to ln Λ: ∫ d^4θ V ∂^2Π_{1/2}V × d d ln Λ

(Momentum integral) | | |_{p=0}. (13)

Therefore, in order to find a β-function it is possible to make the substitution

V → θ̄^aθ̄_aθ^bθ_b ≡ θ^4, (14)

so that ∫ d^4θV ∂^2Π_{1/2}V → −8. (15)

This is possible, because we make calculations in the limit p → 0, where p is an external momentum. (In this limit the gauge superfield V does not depend on the coordinates x^μ.)

We will try to reduce a sum of Feynman diagrams for the considered theory to integrals of total derivatives. In the coordinate representation such an integral can be written as Tr ( [x^μ, Something] ) = 0. (16)

In order to extract such commutators first we consider diagrams, containing a vertex to which only one external line (and no internal lines) is attached. We can sum such a diagram with the diagram, in which the external line is shifted to the nearest vertex [30]. This gives a sum of the subdiagrams, presented below. Making the substitution V → θ^4 we obtain

+ =

= −θ^aθ_aθ̄^b D̄_bD2 4∂^2 + θ^aθ_a D^2 4∂^2

+ iθ̄^b(γ^μ)_b^aθ_a D̄2D2∂_μ 8∂^4 − iθ^a(γ^μ)_a^b D̄_bD2∂_μ 4∂^4 + D̄2D2 16∂^4

. (17)

Only the first and the third terms give nontrivial contributions to the two-point function of the gauge superfield, because they contain θ̄. Really, finally it is necessary to obtain ∫ d^4θ θ^aθ_aθ̄^bθ̄_b,

while calculation of the supergraph can not increase degrees of θ or θ̄. Therefore, we should have θ̄^aθ̄_a from the beginning.

Now let us proceed to calculation of Feynman diagrams. In the one-loop approximation all calculations have been already done, so that we can ignore this case. (In the one-loop approximation contributions of the Pauli–Villars field are very essential, but here we do not consider them. For investigation of the Pauli–Villars contribution it is necessary to consider the massive case. In principle, this is made similarly, but all expressions become more complicated.)

First we consider diagrams, in which external V -lines are attached to different loops of matter superfields. Let us denote a chain of the matter superfield propagators, connecting vertexes with quantum gauge field, by ∗.^3 Then each loop will be proportional to

Tr ( iθ̄^c(γ^ν )_c^dθ_d D̄2D2∂_ν 8∂^4 ∗ −θ^cθ_cθ̄^d D̄_dD2 4∂^2 ∗ ) ∼ Tr ( − θ^cθ_cθ̄^d ∗ D̄_dD2 4∂^2 ∗ −θ̄^dθ^c ∗ D̄2D_c 4∂^2 ∗ D̄_dD2 4∂^2

∗ +iθ̄^c(γ^ν )_c^dθ_d ∗ D̄2D2∂_ν 8∂^4

∗ +θ^2,θ̄^1,θ^1,θ^0 terms ) . (18)

(Here we do not distinguish ∗ and ∗^2. This is possible only qualitatively. However, the calculation can be repeated using a rigorous approach. In this case the result should be slightly modified.) After some simple algebra this expression can be written as Tr ( − 2θ^cθ_cθ̄^d[θ̄_d, ∗] + iθ̄^c(γ^ν )_c^dθ_d[y^∗_ν , ∗] + . . . ) = 0 + . . . , (19)

where y^∗_ν = x_ν − iθ̄^a(γ_ν )_a^bθ_b, and dots denote terms, proportional to θ^2, θ̄^1, θ^1, θ^0. In order to calculate the two-point function we should multiply two such expressions. Then the terms,

3It is possible to give a rigorous definition of ∗. This will be done in [31]. Below for simplicity we omit some details, needed in the rigorous approach.

denoted by dots, vanish due to the integration over d^4θ. Therefore, the sum of all such diagrams is given by an integral of a total derivative and is equal to 0.

Now let us consider diagrams, in which external V -lines are attached to a single loop of the matter superfields.

We can shift θ-s to an arbitrary point of the loop, commuting them with matter propagators. Then we obtain

θ^aθ̄^b θ^cθ̄^d ∼ i 32 d d ln Λ Tr ( θ^4 D̄2D2∂μ ∂^4 ∗ D̄2D2∂_μ ∂^4 ∗ ) ;

θ^aθ̄^b θ^cθ_cθ̄^d

∼ 4(γ^μ)_d^c d d ln Λ Tr ( θ^4 ( D̄2D_c∂_μ 16∂^4 ∗ D̄dD2 ∂^2 ∗ + D̄2D2∂_μ 16∂^4 ∗ D̄2D_c 16∂^2 ∗ D̄dD2 ∂^2 ∗ )) ;

θ^aθ_aθ̄^b θ^cθ_cθ̄^d ∼ −4i d d ln Λ Tr ( θ^4 ( − D̄_dD2 4∂^2 ∗ D̄2 8∂^2 ∗ D̄dD2 4∂^2 ∗ − D̄_d 2∂^2 ∗ D̄dD2 4∂^2 ∗ + D̄_dDc 2∂^2 ∗ D̄2D_c 8∂^2 ∗ D̄dD2 4∂^2 ∗ + D̄_dD2 4∂^2 ∗ D̄2Dc 8∂^2 ∗ D̄2D_c 8∂^2 ∗ D̄dD2 4∂^2 ∗ )) .

In order to write the sum of these diagrams as an integral of a total derivative, we will start with the calculation of the following sum:

θ^aθ̄^b θ^cθ̄^d + 1 2 θaθ̄b θcθ_cθ̄d Using the identity [x^μ, ∂_μ ∂^4

] = [−i ∂ ∂p_μ , − ip_μ p^4

] = −2π^2δ^4(p_E ) = −2πiδ^4(p) (20)

after some algebra we obtain that this sum is given by

4i d d ln Λ Tr ( θ^4 (iπ2 8 ∗ D̄^2D^2δ^4(∂_α) + [ y^∗_μ, D̄2D2∂μ 16∂^4 ∗ ])) = −Tr (π2 2 θ^4 ∗ D̄^2D^2δ^4(∂_α) ) . (21)

δ-function allows to perform integration over the momentum of the considered matter loop. This corresponds to cutting the diagram and gives diagrams for the two-point Green function of the matter superfield [19]. For example, + + . . .

For diagrams, which can not be made disconnected by two cuts of the matter loop, this gives the corresponding contribution to the anomalous dimension.

If a method, based on substituting a solution of the Ward identity into the Schwinger–Dyson equation, is used, a sum of the considered diagrams is contained in the effective diagrams that can be expressed in terms of the two-point function of the matter superfield. These diagrams give β(α) ← − α^2 π γ(α). (22) (A part of this contribution, corresponding to higher terms in the expansion of ln Z, comes from diagrams, considered below.)

Now let us calculate the remaining diagrams

θ^aθ_aθ̄^b θ^cθ_cθ̄^d + 1 2 θ_aθ̄_b θ_cθ_cθ̄_d

The considered sum is given by

d d ln Λ Tr ( θ^4 ( 1 32 (γ^μ)_d^c [ y^∗_μ, D̄2D_c ∂^2 ∗ D̄dD2 ∂^2 ∗ ] + 1 16 (γ^μ)_d^c D̄2D2∂_μ 16∂^4 ∗ D̄2D_c ∂^2 ∗ D̄dD2 ∂^2 ∗ + 1 16 (γ^μ)_d^c D̄2D2∂_μ 16∂^4 ∗ D̄dD2 ∂^2 ∗ D̄2D_c ∂^2 ∗ −4i ( D̄2 2∂^2 ∗ D̄dD2 8∂^2 ∗ D̄_dD2 8∂^2 ∗ + D̄_dDc 2∂^2 ∗ D̄2D_c 8∂^2 ∗ × D̄dD2 8∂^2 ∗ + D̄_dD2 4∂^2 ∗ D̄2Dc 4∂^2 ∗ D̄2D_c 8∂^2 ∗ D̄dD2 8∂^2 ∗ )) . (23)

The first term in this expression is an integral of a total derivative. The other terms have not yet been written as an integral of a total derivative.^4 Let us qualitatively explain, how this can be made. For this purpose we cut the diagram by any chain of internal lines:

Then according to Eq. (23) (we omit the first term, which is the integral of a total derivative) the following variants are possible:

1. There is ∗ D̄aD2 8∂^2

∗ = [∗, θ̄^a] or ∗

D^2D^a 8∂^2

∗ = [∗, θ^a] (24) on the left (right) side.

2. There is ∗ D̄aD2 8∂^2 ∗ D̄_aD2 8∂^2

∗ on the left (right) side. Then on the other side we have 8i{θ^b, [θ_b, ∗]} = 8i ( − ∗ D̄2 4∂^2 ∗ + ∗ D̄2Db 4∂^2 ∗ D̄2D_b 8∂^2 ∗ ) . (25)

3. There is ∗ D̄aD2 8∂^2 ∗ D̄2D_b 8∂^2

∗ on the left (right) side. Then on the other side we obtain

2(γ^μ)_a^bθ^4[y^∗_μ, ∗] = 2(γ^μ)_a^bθ^4 ( ∗ D̄2D2∂_μ 8∂^4 ∗ −i(γ_μ)_c^d ∗ D̄2Dc 4∂^2 ∗ D̄_dD2 8∂^2 ∗ ) . (26) (The last term in (23) is contributed by this expression and by the expression in variant 4. That is why this expression gives only one half of this term.)

4. There is ∗ D̄2D_b 8∂^2 ∗ D̄aD2 8∂^2

∗ on the left (right) side. Then on the other side we have

4In this case the method, based on substituting a solution of the Ward identity into Schwinger–Dyson equation, does not work, because here transversal parts of the Green functions are essential.

2(γ^μ)_a^b[y^∗_μ, ∗]θ^4 = 2(γ^μ)_a^b ( ∗ D̄2D2∂_μ 8∂^4 ∗ −i(γ_μ)_d^c ∗ D̄_cD^d 2∂^2 ∗ −i(γ_μ)_d^c ∗ D̄_cD^2 4∂^2 ∗ D̄^2D^d 8∂^2 ∗ ) θ^4. (27)

5. All modified propagators are on the same side of the diagram.

Graphically the commutators (or anticommutators), which are obtained on one side of the diagram, correspond to one of subdiagrams or

with θ-s or y^∗_μ attached to the vertexes. This subdiagrams can be calculated by a standard supergraph technique. Using this method θ-parts of the graphs can be presented as effective lines with all external lines attached to one of the vertexes. (For this purpose it is necessary to calculate θ-integrals.)

Then a number of loops in the θ-part of the considered diagram is evidently decreased. The procedure can be repeated, if one perform the following substitutions: D̄2D2 16∂^2

→ A, (P_A = 0 or P_A = 1); D̄2Da 8∂^2 → −[θ^a, A}; D̄aD2 8∂^2 → −[θ̄^a, A}; − D̄2 4∂^2 → [θ^a, [θ_a, A}}; θ^4 D̄2D2∂_μ 8∂^4

→ θ^4[y^∗_μ, A]; (D̄2D2∂_μ 8∂^4 − i(γ^μ)_d^c D̄_cDd 2∂^2 ) θ^4 → [y^∗_μ, A]θ^4. (28)

(Also it is necessary to include the factors (−1)^P , but we will not discuss this here. Using another method, based on this arguments, this signs can be easily taken into account.) The procedure can be repeated using the identities

[θ_a, AB} = [θ_a, A}B + (−1)^{PA} A[θ_a, B}; [y^∗_μ, AB]θ^4 = [y^∗_μ, A]θ^4B + A[y^∗_μ, B]θ^4 − 2i(−1)^{PA} (γ_μ)_b^a[θ̄_a, A}[θ^b, B}θ^4 + O(θ^3); θ^4[y^∗_μ, AB] = θ^4[y^∗_μ, A]B + Aθ^4[y^∗_μ, B] − 2i(−1)^{PA} (γ_μ)_b^aθ^4[θ^b, A}[θ̄_a, B} + O(θ^3); [θ^a[θ_a, AB}} = [θ^a[θ_a, A}}B + A[θ^a[θ_a, B}} + 2(−1)^{PA} [θ^a, A}[θ_a, B}. (29) It is easy to see that at the last step we can obtain no more than three subdiagrams.

Let us denote expressions for these subdiagrams by A, B, and C. They can be written as differential operators, constructed from the supersymmetric covariant derivatives D, D̄ and the usual derivatives ∂_μ. (It is important that they do not explicitly depend on θ.) Then according to Eq. (23) finally we obtain

−2 d d ln Λ Tr ( θ^4 ( (γ^μ)^{ab}[y^∗_μ, A][θ̄_b, B}[θ_a, C} + (γ_μ)^{ab}(−1)^{PA} [θ_a, B}[θ̄_b, C}[y^∗_μ, A] −4i[θ^a, [θ_a, A}}[θ̄^b, B}[θ̄_b, C} )) + cyclic perm. of A, B, C. (30)

In the Appendix we prove the identity

Tr ( θ^4 ( (γ^μ)^{ab}[y^∗_μ, A][θ̄_b, B}[θ_a, C} + (γ_μ)^{ab}(−1)^{PA} [θ_a, B}[θ̄_b, C}[y^∗_μ, A] −4i[θ^a, [θ_a, A}}[θ̄^b, B}[θ̄_b, C} )) + cyclic perm. of A, B, C = 1 3 Tr ( θ^4(γ^μ)^{ab} [ y^∗_μ, A[θ̄_b, B}[θ_a, C} + (−1)^{PA} [θ_a, B}[θ̄_b, C}A ]

+cyclic perm. of A, B, C. (31)

Thus, the sum of all remaining diagrams is given by an integral of a total derivative. However, this integral is not equal to 0, because singularities, proportional to δ-functions, can appear. Taking them into account, it is possible to obtain Eq. (22) [31].

5 Conclusion

In this paper we investigate a conjecture that in supersymmetric theories, regularized by higher covariant derivatives, all integrals, defining the β-fucntion, are integrals of total derivatives. This fact allows to calculate at least one of the integrals analytically, so that the factorization of integrands into total derivatives is in the close connection with the NSVZ exact β-function.

For N = 1 SQED, regularized by higher derivatives, we presented qualitative arguments, which demonstrate an origin of the factorization of the integrands into total derivatives. Although they are applicable in all orders, the proof, presented in this paper, was not made by a completely rigorous method. Also, we have not considered contributions of the Pauli–Villars fields. Nevertheless, this proof allows to understand, why the factorization of integrands into total derivatives takes place. (Another proof was given in Ref. [19].) The complete rigorous proof (for N = 1 SQED), which, in particular, includes calculation of Pauli–Villars fields contributions will be described in a future paper.

Acknowledgements.

This work was supported by RFBR grant No 08-01-00281a. I am very grateful to A.L.Kataev, A.A.Slavnov, and A.V.Smilga for valuable discussions.

A Integrals, defining the three-loop β-function

Here we present expressions for the three-loop integrals. Actually, they were obtained in Ref. [18], but here we write them in a more beautiful form. The β-function is given by the following integrals:

β(α_0) α^2_0 = d d ln Λ ( d^{−1}(α_0, Λ/p) − α^{−1}_0 )| |_{p=0} = 16π(A1 + A2 + A3), (32)

where^5

A_1 = − 1 2 ∑ I c_I ∫ d^4q (2π)^4 1 q^2 d dq^2 d d ln Λ ( ln(q^2 + M^2_I ) +

M^2_I q^2 + M^2_I ) ; (33)

A_2 = −2e^2 ∫ d^4q (2π)^4 1 q^2 d dq^2 d d ln Λ ∫ d^4k (2π)^4 1 k^2R^2_k ( 1 (k + q)^2 − ∑ J c_J q^4 (q^2 + M^2_J )^2 × 1 ((k + q)^2 + M^2_J ) )[ R_k ( 1 + e^2 4π^2 ln Λ μ ) − ∫ d^4t (2π)^4

2e^2 t^2(k + t)^2 + ∑ I c_I ∫ d^4t (2π)^4

2e^2 (t^2 + M^2_I )((k + t)^2 + M^2_I ) ] ; (34)

A_3 = ∫ d^4q (2π)^4 1 q^2 d dq^2 d d ln Λ ∫ d^4k (2π)^4 d^4l (2π)^4

4e^4 k^2R_k l^2R_l { 1 (q + k)^2 [ − 1 2(q + l)^2 + 2k^2 (q + k + l)^2(q + l)^2 − 1 (q + k + l)^2 ] − ∑ I c_I q^4 (q^2 + M^2_I )^2 1 ((q + k)^2 + M^2_I ) ×

× [ − 1 2((q + l)^2 + M^2_I ) + 2k^2 ((q + k + l)^2 + M^2_I )((q + l)^2 + M^2_I ) − 1 ((q + k + l)^2 + M^2_I ) + 2M^2_I ((q + k)^2 + M^2_I )((q + k + l)^2 + M^2_I ) + 2M^2_I (q^2 + M^2_I )((q + l)^2 + M^2_I ) + 2M^2_I ((q + l)^2 + M^2_I )((q + k + l)^2 + M^2_I ) ]} . (35)

Here for simplicity we denote R_k ≡ R(k^2/Λ^2). A_1 is a one-loop result. A_2 is a sum of twoloop diagrams, three-loop diagrams with two loops of the matter superfields, and diagrams with insertions of counterterms, arising from renormalization of the coupling constant. A_3 is a sum of three-loop diagrams with a single loop of the matter superfields.

The two-point Green function of the matter superfield in the two-loop approximation is given by the following integrals:

ln G = − ∫ d^4k (2π)^4

2e^2_0 k^2R_k(k + q)^2 [ 1 − 1 R_k ∫ d^4t (2π)^4

2e^2_0 t^2(k + t)^2 + ∑ I c_I 1 R_k ∫ d^4t (2π)^4 × 2e^2_0 (t^2 + M^2_I )((k + t)^2 + M^2_I ) ] + ∫ d^4k (2π)^4 d^4l (2π)^4 e^4_0 k^2R_kl^2R_l ( − 2 (q + k)^2(q + l)^2 − 4 (q + k)^2(q + k + l)^2 + 8k^2 − 4q^2 (q + k)^2(q + k + l)^2(q + l)^2 ) . (36)

5This result was also presented in Ref. [32], but some sign in A3 were written incorrectly.

Therefore, taking into account one-loop renormalization of the coupling constant, we obtain

γ(α_0) = −2e^2 ∫ d^4k (2π)^4 d d ln Λ 1 k^4R^2_k [ R_k ( 1 + e^2 4π^2 ln Λ μ ) − ∫ d^4t (2π)^4

2e^2 t^2(k + t)^2 +

+ ∑ I c_I ∫ d^4t (2π)^4

2e^2 (t^2 + M^2_I )((k + t)^2 + M^2_I ) ] − ∫ d^4k (2π)^4 d^4l (2π)^4 d d ln Λ

4e^4k_μl_μ k^4R_k l^4R_l(k + l)^2 . (37)

This expression is finite both in the UV and IR regions. The UV finiteness is ensured by the regularization. The integral is IR finite due to the differentiation with respect to ln Λ, which should be performed before the integration.

In order to obtain Eq. (12) it is necessary to use the identity ∫ d^4q (2π)^4 1 q^2 d dq^2 f(q^2) = 1 16π^2 ( f(q^2 = ∞) − f(q^2 = 0) ) . (38)

B Proof of identity (31)

Let us consider

X ≡ Tr { θ^4 ( (γ^μ)^{ab}[y^∗_μ, A][θ̄_b, B}[θ_a, C} + (γ^μ)^{ab}(−1)^{PA} [θ_a, B}[θ̄_b, C}[y^∗_μ, A] −4i[θ^a, [θ_a, A}}[θ̄^b, B}[θ̄_b, C} )} + cyclic perm. of A, B, C, (39)

where A, B, and C are differential operators, constructed from the supersymmetric covariant derivatives. It is important that they do not explicitly depend on θ. Certainly, we assume that

P_A + P_B + P_C = 0(mod 2). (40) Using the identities

Tr ( [y^∗_μ, A]B ) = −Tr ( A[y^∗_μ, B] ) ; (−1)^{PB} [[A, B}, C} + (−1)^{PA} [[C, A}, B} + (−1)^{PC} [[B, C}, A} = 0, (41) we obtain

X = (γ^μ)^{ab}Tr { θ^4 ([ y^∗_μ, A[θ̄_b, B}[θ_a, C} + (−1)^{PA} [θ_a, B}[θ̄_b, C}A ] − A[θ̄_b, [y^∗_μ, B]} ×[θ_a, C} − A[θ̄_b, B}[θ_a, [y^∗_μ, C]} − (−1)^{PA} [θ_a, [y^∗_μ, B]}[θ̄_b, C}A − (−1)^{PA} [θ_a, B} [θ̄_b, [y^∗_μ, C]}A )} − 4iTr ( θ^4[θ^a, [θ_a, A}}[θ̄^b, B}[θ̄_b, C} ) + cyclic perm. of A, B, C. (42)

The similar operation is repeated for θ-s in double commutators:

X = (γ^μ)^{ab}Tr { θ^4 ([ y^∗_μ, A[θ̄_b, B}[θ_a, C} + (−1)^{PA} [θ_a, B}[θ̄_b, C}A ] + (−1)^{PA} [θ̄_b, A} ×[y^∗_μ, B][θ_a, C} + (−1)^{PB} A[y^∗_μ, B][θ̄_b, [θ_a, C}} − (−1)^{PC} [θ_a, A}[θ̄_b, B}[y^∗_μ, C] −(−1)^{PB} A[θ_a, [θ̄_b, B}}[y^∗_μ, C] − [y^∗_μ, B][θ̄_b, C}[θ_a, A} + (−1)^{PC} [y^∗_μ, B][θ_a, [θ̄_b, C}}A −(−1)^{PC} [θ̄_b, [θ_a, B}}[y^∗_μ, C]A + (−1)^{PB} [θ_a, B}[y^∗_μ, C][θ̄_b, A} ))

−4iTr ( θ^4[θ^a, [θ_a, A}}[θ̄^b, B}[θ̄_b, C} } + cyclic perm. of A, B, C. (43)

Commutators with y^∗_μ are proportional to the first degree of θ:

[y^∗_μ, A] = −2i(γ^μ)^{ab}θ_a[θ̄_b, A} + O(θ^0). (44)

Thus, it is necessary to be careful, commuting θ^4 with A, B and C. For example, taking into account that all expressions, containing (θ)^n with n < 4, vanish, we obtain

(−1)^{PA} (γ^μ)^{ab}Tr ( θ^4[θ̄_b, A}[y^∗_μ, B][θ_a, C} ) = (−1)^{PB +1}(γ^μ)^{ab}Tr ( θ^4[θ_a, C}[θ̄_b, A}[y^∗_μ, B] −2θ̄^cθ̄_cθ^d[θ_d, [θ_a, C}}[θ̄_b, A}(−2i)(γ_μ)^{ef} θ_e[θ̄_f , B} )

= Tr ( (−1)^{PB +1}θ^4(γ^μ)^{ab}[θ_a, C}[θ̄_b, A}[y^∗_μ, B] + 4iθ^4[θ^a, [θ_a, C}}[θ̄^b, A}[θ̄_b, B} ) . (45)

Similarly one can derive the following identities:

(−1)^{PB} (γ^μ)^{ab}Tr ( θ^4[θ_a, B}[y^∗_μ, C][θ̄_b, A} ) (46)

= Tr ( − θ^4(γ^μ)^{ab}[y^∗_μ, C][θ̄_b, A}[θ_a, B} + 4iθ^4[θ^a, [θ_a, B}}[θ̄^b, C}[θ̄_b, A} ) ; (−1)^{PB +1}(γ^μ)^{ab}Tr ( θ^4A[θ_a, [θ̄_b, B}}[y^∗_μ, C] ) (47)

= Tr ( (−1)^{PC +1}θ^4(γ^μ)^{ab}[θ_a, [θ̄_b, B}}[y^∗_μ, C]A − 4i(−1)^{PA} θ^4[θ^a, A}[θ_a, [θ̄^b, B}}[θ̄_b, C} ) ; (−1)^{PB} (γ^μ)^{ab}Tr ( θ^4A[y^∗_μ, B][θ̄_b, [θ_a, C}} ) (48)

= (−1)^{PC} Tr ( θ^4(γ^μ)^{ab}[y^∗_μ, B][θ̄_b, [θ_a, C}}A + 4iθ^4[θ^a, A}[θ̄_b, B}[θ̄^b, [θ_a, C}} ) . Using these equations, after some algebra X can be rewritten as

X = Tr { θ^4(γ^μ)^{ab} ([ y^∗_μ, A[θ̄_b, B}[θ_a, C} + (−1)^{PA} [θ_a, B}[θ̄_b, C}A ] − 2[y^∗_μ, A][θ̄_b, B} ×[θ_a, C} − 2(−1)^{PA} [θ_a, B}[θ̄_b, C}[y^∗_μ, A] ) + 8iθ^4[θ^a, [θ_a, A}}[θ̄^b, B}[θ̄_b, C} } +cyclic perm. of A, B, C. (49)

Comparing this expression with the definition of X, we obtain

X = −2X + ( Tr ( θ^4(γ_μ)^{ab} [ y^∗_μ, A[θ̄_b, B}[θ_a, C} + (−1)^{PA} [θ_a, B}[θ̄_b, C}A ])

+cyclic perm. of A, B, C ) . (50)

Therefore,

X = 1 3 Tr ( θ^4(γ_μ)^{ab} [ y^∗_μ, A[θ̄_b, B}[θ_a, C} + (−1)^{PA} [θ_a, B}[θ̄_b, C}A ] +cyclic perm. of A, B, C. (51) This completes the proof.

References

[1] L.V.Avdeev, O.V.Tarasov, Phys.Lett. 112 B, (1982), 356; L.F.Abbott, M.T.Grisary, D.Zanon, Nucl.Phys. B244, (1984), 454; A.Parkes, P.West, Phys.Lett. 138B, (1983), 99; I.Jack, D.R.T.Jones, C.G.North, Nucl.Phys. B473, (1996), 308; Phys.Lett B386, (1996), 138; Nucl.Phys. B486, (1997), 479; I.Jack, D.R.T.Jones, A.Pickering, Phys.Lett. B435, (1998), 61.

[2] W.Siegel, Phys.Lett. 84 B, (1979), 193. [3] G.t’Hooft, M.Veltman, Nucl.Phys. B44, (1972), 189. [4] W.Siegel, Phys.Lett. 94B, (1980), 37.

[5] D.Stöckinger, JHEP 0503, (2005), 076; W.Hollik, D.Stöcknger, hep-ph/0509298;

A.Signer, D.Stöcknger, Phys.Lett. B 626, (2005), 127. [6] J.Mas, M.Perez-Victoria, C.Seijas, JHEP, 0203, (2002), 049. [7] D.Z.Freedman, K.Johnson, J.I.Latorre, Nucl.Phys. B371, (1992), 353. [8] A.A.Slavnov, Nucl.Phys., B31, (1971), 301; Theor.Math.Phys. 13, (1972), 1064. [9] V.K.Krivoshchekov, Theor.Math.Phys. 36, (1978), 745. [10] P.West, Nucl.Phys. B 268, (1986), 113.

[11] C.Martin, F.Ruiz Ruiz, Nucl.Phys. B 436, (1995), 645.

[12] M.Asorey, F.Falceto, Phys.Rev D 54, (1996), 5290; T.Bakeyev, A.Slavnov, Mod.Phys.Lett. A11, (1996), 1539.

[13] D.J.Gross, F.Wilczek, Phys.Rev.Lett. 30, (1973), 1343; H.D.Politzer, Phys.Rev.Lett. 30, (1973), 1346.

[14] P.Pronin, K.Stepanyantz, Phys.Lett. B414, (1997), 117.

[15] S. Arnone, T. R. Morris, O. J. Rosten, JHEP 0510, (2005), 115; T. R. Morris, O. J. Rosten, J.Phys. A39, (2006), 11657; O. J. Rosten, JHEP 1003, (2010), 004.

[16] S. Arnone, A. Gatti, T. R. Morris, O. J. Rosten, Phys.Rev. D69, (2004), 065009;

T. R. Morris, O. J. Rosten, Phys.Rev. D73, (2006), 065003;

[17] S.Arnone, Y.A.Kubyshin, T.R.Morris, J.F.Tighe, Int.J.Mod.Phys. A17, (2002), 2283. [18] A.A.Soloshenko, K.V.Stepanyantz, Three-loop β-function for N = 1 supersymmetric electrodynamics, regularized by higher derivatives, hep-th/0304083.

[19] A.Smilga, A.Vainstein, Nucl.Phys. B704, (2005), 445. [20] M.T.Grisaru, D.Zanon, Nucl.Phys. B252, (1985), 578.

[21] V.Novikov, M.Shifman, A.Vainstein, V.Zakharov, Nucl.Phys. B 229, (1983), 381;

Phys.Lett. 166B, (1985), 329; Shifman M.A., Vainshtein A.I., Nucl.Phys. B 277, (1986), 456.

[22] A.B.Pimenov, E.S.Shevtsova, K.V.Stepanyantz, Phys.Lett. B 686, (2010), 293. [23] K.V.Stepanyantz, Theor.Math.Phys. 142, (2005), 29. [24] A.Pimenov, K.Stepanyantz, Theor.Math.Phys., 147, (2006), 687.

[25] L.D.Faddeev, A.A.Slavnov, Gauge fields, introduction to quantum theory, second edition, Benjamin, Reading, 1990.

[26] N.Arkani-Hamed, H.Murayama, JHEP 0006, (2000), 030.

[27] P.West, Introduction to supersymmetry and supergravity, World Scientific, 1986. [28] I.L.Buchbinder, S.M.Kuzenko, Ideas and methods of supersymmetry and supergravuty, Bristol and Philadelphia, Institute of Physics Publishing, 1998.

[29] H.G. Fargnoli, B. Hiller, A.P.Baeta Scarpelli, Marcos Sampaio, M.C. Nemes, Infrared independence of two loop N = 1 super Yang-Mills beta function, arXiv:1009.2976 [hepth].

[30] K.Stepanyantz, Theor.Math.Phys. 146, (2006), 321. [31] K.V.Stepanyantz, in preparation.

[32] A.B.Pimenov, E.S.Shevtsova, A.A.Soloshenko, K.V.Stepanyantz, Higher derivative regularization and quantum corrections in N = 1 supersymmetric theories, arXiv:0712.1721 [hep-th].