arXiv:1101.4247v2 [hep-ph] 4 Sep 2011

SU(3) group structure of strange flavor hadrons

Soon-Tae Hong^∗ Department of Science Education and Research Institute for Basic Sciences, Ewha Womans University, Seoul 120-750 Korea (Dated: September 6, 2011)

We provide the isoscalar factors of the SU(3) Clebsch-Gordan series 8⊗35 which are extensions of the previous works of de Swart, McNamee and Chilton and play practical roles in the current ongoing strange flavor hadron physics researches. To this end, we pedagogically study the SU(3) Lie algebra, its spin symmetries and eigenvalues for the irreducible representations. We also evaluate the values of Wigner D functions related with the isoscalar factors, which are immediately applicable to strange flavor hadron phenomenology.

PACS numbers: 21.60.Fw, 02.20.-a, 02.20.Qs, 14.20.-c, 13.40.Gp Keywords: isoscalar factor, Wigner D functions, Clebsch-Gordan series, baryon, strange form factor, spin symmetries

I. INTRODUTION

Since Frisch and Stern [1] performed the first measurement of the magnetic moment of the proton and obtained the earliest experimental evidence for the internal structure of the nucleon, and Coleman and Glashow [2] predicted the magnetic moments of the baryon octet, there have been many interesting developments concerning the strange flavor structures in the nucleon and the hyperons. Recently, the experimental data of the proton strange form factors are available in the SAMPLE [3–5] and HAPPEX [6–10] Collaborations, and the predictions for the magnetic moments and strange form factors of the above experimental data and the other octet baryons have been hot issues in the both theoretical and experimental hadron phenomenology [11–31]. Additionally, the measurements of the baryon decuplet magnetic moments were reported for μ_Δ++ [32] and μ_Ω− [33] to yield understanding the hyperon structure. The (flavor) magnetic moments and decuplet-to-octet transition magnetic moments of the baryon decuplet have been also theoretically investigated in several models [34–50].

Exploiting the chiral bag model [51], we have predicted theoretical values. Especially, after constructing the magnetic moments of octet and decuplet baryons, we have formulated the sum rules among the magnetic moments, which produce the strange form factor predictions successively [11, 12, 22, 23, 36, 50]. In the chiral theory, we need practically the SU(3) flavor group analysis to construct the theoretical hadron physics formula. We note that the SU(3) group structure [52–57] is generic property shared by the chiral models which exploit the hedgehog ansatz solution corresponding to the little group SU(2)×Z_2 [39].

The SU(3) isoscalar factors have been given in the works [58, 59] which are beneficial to the strange flavor related physics. However, in order to perform the strange hadron physics researches involving the predictions of the ongoing experimental data, we have necessities to update information of the SU(3) isoscalar factors.

In this paper, we will list up the explicit values of the SU(3) isoscalar factors for the Clebsch-Gordan (CG) series 8⊗35, which are absent in the previous works [58, 59], and parts of which are necessary and useful in the current ongoing researches. As heuristic applications of the isoscalar factors for the series 8⊗35, we also evaluate and summarize the values of the Wigner D functions, parts of which can be directly applied to the strange flavor hadron physics of interest.

This paper is organized as follows. In Section II, we will introduce SU(3) Lie algebra and its spin symmetries. In Section III, we will explicitly yield isoscalar factors for 8⊗35, and also investigate the Wigner D functions associated with the hadron phenomenology. The summaries of our results will be given in Section IV.

II. SU(3) LIE ALGEBRA AND SPIN SYMMETRIES

In this section, we will start with the SU(3) group Lie algebra associated with eight generators λ_a (a = 1, 2, ..., 8). These generators are able to be expressed by Gell-Mann matrices satisfying tr(λ_aλ_b) = 2δ_{ab} and [λ_a, λ_b] = 2if_{abc}λ_c

∗Electronic address: soonhong@ewha.ac.kr

with f_{abc} =^1_{4i} tr([λ_a, λ_b]λ_c). In hadron physics, we have Î_i =^1_2 λ_i, (i = 1, 2, 3) and Ŷ =^{1√}_3 λ_8 which are isospin generators and hypercharge one, respectiely. In particular, combining the diagonal generators λ_3 and λ_8 one can construct the electromagnetic charge operator Q_{EM} given by the following Gell-Mann-Nishijima relation Q_{EM} = e ( Î_3 +^1_2 Ŷ ) =^e_2 ( λ_3 +^{1√}_3 λ_8 ) , where e (e > 0) is the magnitude of the electron charge. The other four generators λ_M (M = 4, 5, 6, 7) connect the isospins and hypercharge to yield the enlarged group SU(3) from SU(2)×U(1). The finite SU(3) transformation is given as, U = e^{−iρλ8 /√3}e^{−iαλ3 /2}e^{−iβλ2/2}e^{−iγλ3/2}e^{−i(δλ4 +δ′ λ5 +ϵλ6+ϵ′λ7 )}, (2.1) which can be also rewritten in the form [60, 61] U = e^{−iαλ3 /2}e^{−iβλ2/2}e^{−iγλ3 /2}e^{−iρλ8 /√3}e^{−iδλ4} e^{−iα′ λ3 /2}e^{−iβ′λ2 /2}e^{−iγ′λ3 /2}. (2.2) Here the angle variables δ^′, ϵ and ϵ^′ in (2.1) are reshuffled to yield the new angle variables α^′, β^′ and γ^′ in (2.2), and we have used the identity e^ABe^{−A} = B + [A, B] +^1_{2!} [A, [A, B]] + · · ·. The SU(3) group has two Casimir operators C_2 and C_3 which are given in terms of λ_a as follows

C_2 = 1 4 8∑ a=1 λ^2_a,

C_3 = 1 4 λ_1({λ_4, λ_6} + {λ_5, λ_7}) + 1 4 λ_2(−{λ_4, λ_7} + {λ_5, λ_6}) + 1 4 λ_3(λ^2_4 + λ^2_5 − λ^2_6 − λ^2_7) + 1 √ 3 λ_8 ( 1 2 (λ^2_1 + λ^2 + λ^2_3) − 1 6 λ^2_8 − 1 − 1 4 (λ^2_4 + λ^2_5 + λ^2_6 + λ^2_7) ) . (2.3)

Next, we use (λ, μ) and (Y, I, I_3) to denote an irreducible representation (IR) and a state within the IR. For instance, {λ_1, λ_2, λ_3} are the basis states chosen such that

I^2 = 1 4 (λ^2_1 + λ^2 + λ^2_3), [I_i, I_j ] = ϵ_{ijk}I_k , (2.4)

then SU(3) has the isospin rotation group SU(2) as a subgroup, as expected. In SU(3) algebra, λ_3 and λ_8 are diagonal and satisfy ⟨Y II_3|e^{−iαλ3 /2}e^{−iβλ2/2}e^{−iγλ3 /2}|Y^′I^′I^′_3⟩ = D^I_{3I} ′_3 (α, β, γ)δ_{Y Y} ′ δ_{II} ′ (2.5) ⟨Y II_3|e^{−iρλ8 /√3}|Y^′I^′I^′_3⟩ = e^{−iρY ′} δ_{Y Y} ′ δ_{II} ′ δ_{I3 I} ′_3 . (2.6) Next, in order to discuss the I-, U- and V -spin symmetries of the SU(3) group, we introduce the root diagram approach to the construction of the Lie algebra of the SU(3) group which has eight generators. Since the rank of the SU(3) group is two, one can have the Cartan subalgebra [54–56], the set of two commuting generators H_i (i = 1, 2)

[H_1, H_2] = 0, (2.7)

and the other generators E_α (α = ±1, ±2, ±3) satisfying the commutator relations

[H_i, E_α] = e^α_i E_α, [E_α, E_β ] = c_{αβ} E_γ , [E_α, E_{−α}] = e^α_i H_i, (2.8)

where e^α_i (i = 1, 2) are the i-th component of the root vector ê^α in a two dimensional root space and c_{αβ} are normalization constants. Here H_i is the Hermitian operator H^†_i = H_i and E_{−α} is the Hermitian conjugate of E_α, namely E^†_α = E_{−α}.

Normalizing the root vectors such that ∑ α e^α_i e^α_j = δ_{ij} , one can choose the root vectors

ê^1 = −ê^{−1} = ( 1 √ 3 , 0 )

ê^2 = −ê^{−2} = ( 1 2 √ 3 , 1 2 )

ê^3 = −ê^{−3} = ( − 1 2 √ 3 , 1 2 ) (2.9)

I3

Y Δ^{++}

Δ^− Δ^0 Δ^+

Ξ_{∗0} Ξ^{∗−}

Σ^{∗+}

Σ^{∗0} Σ^{∗−}

Ω^−

1 2 −^1_2

−1

I+ I− V− U−

V+ U+

FIG. 1: I±, U± and V±-spin symmetry operations in the baryon decuplet.

and one has two simple roots ê^2 and ê^{−3} of the equal length separated by an angle^{2π}_3 so that one can obtain the Dynkin diagram [54–56] for the SU(3) Lie algebra given by the group theoretical symbol ∘−−∘. Next, c_{αβ} satisfy the identities c_{αβ} = −c_{βα} = −c_{−α,−β} = c_{β,−γ} = c_{−γ,α} and c_{αβ} c_{α+β,ρ} + c_{ρα}c_{α+ρ,β} + c_{βρ}c_{β+ρ,α}. Explicitly, we have c_{13} = c_{3,−2} = c_{−1,2} =^{1√}_6 [62]. Moreover, the matrix representations of the SU(3) generators H_i and E_α can be given in terms of the Gell-Mann matrices,

H_1 = 1 2 √ 3 λ_3, H_2 = 1 2 √ 3 λ_8, E_{±1} = 1 2 √ 3 (λ_1 ± iλ_2),

E_{±2} = 1 2 √ 3 (λ_4 ± iλ_5), E_{±3} = 1 2 √ 3 (λ_6 ± iλ_7). (2.10)

Substituting the root vectors normalized as in (2.9) into the relations (2.7) and (2.8) one can readily derive the commutator relations [58]

[H_1, H_2] = 0, [H_1, E_1] = 1 √ 3 E_1,

[H_1, E_2] = 1 2 √ 3 E_2, [H_1, E_3] = − 1 2 √ 3 E_3,

[H_2, E_1] = 0, [H_2, E_2] = 1 2 E_2,

[H_2, E_3] = 1 2 E_3, [E_1, E_{−1}] = 1 √ 3 H_1,

[E_2, E_{−2}] = 1 2 √ 3 H_1 + 1 2 H_2,

[E_3, E_{−3}] = − 1 2 √ 3 H_1 + 1 2 H_2, [E_1, E_3] = 1 √ 6 E_2,

[E_2, E_{−3}] = − 1 2 √ 3 H_1 + 1 2 H_2, [E_1, E_3] = 1 √ 6 E_2,

[E_2, E_{−3}] = 1 √ 6 E_1, [E_{−1}, E_2] = 1 √ 6 E_3.

(2.11)

Associating the root vectors H_i (i = 1, 2) and E_α (α = ±1, ±2, ±3) with the physical operators Y , I_3, I_±, U_± and V_± through the definitions

H_1 = 1 √ 3 I_3, H_2 = 1 2 Y, E_{±1} = 1 √ 6 I_±, E_{±2} = 1 √ 6 V_±, E_{±3} = 1 √ 6 U_±, (2.12)

we can use the commutator relations (2.11) to yield the explicit expressions for the eigenvalue equations of the spin operators in the SU(3) group [58]

I_+|Y, I, I_3⟩ = ((I − I_3)(I + I_3 + 1))^{12} |Y, I, I_3 + 1⟩,

8

I3

Y 10

I3

Y ¯10

I3

Y 27

I3

Y

28

I3

Y 35

I3

Y ¯35

I3

Y 64

I3

Y 81

I3

Y

FIG. 2: Eigenvalue diagrams for the lowest irreducible representations.

I_−|Y, I, I_3⟩ = ((I + I_3)(I − I_3 + 1))^{12} |Y, I, I_3 − 1⟩,

U_+|Y, I, I_3⟩ = (a_+(I − I_3 + 1))^{12} |Y + 1, I + 1 2 , I_3 − 1 2 ⟩ − (a_−(I + I_3))^{12} |Y + 1, I − 1 2 , I_3 − 1 2 ⟩, U_−|Y, I, I_3⟩ = −(b_+(I + I_3 + 1))^{12} |Y − 1, I + 1 2 , I_3 + 1 2 ⟩ + (b_−(I − I_3))^{12} |Y − 1, I − 1 2 , I_3 + 1 2 ⟩, V_+|Y, I, I_3⟩ = (a_+(I + I_3 + 1))^{12} |Y + 1, I + 1 2 , I_3 + 1 2 + (a_−(I − I_3))^{12} |Y + 1, I − 1 2 , I_3 + 1 2 ⟩, V_−|Y, I, I_3⟩ = (b_+(I − I_3 + 1))^{12} |Y − 1, I + 1 2 , I_3 − 1 2 ⟩ + (b_−(I + I_3))^{12} |Y − 1, I − 1 2 , I_3 − 1 2 ⟩. (2.13)

In Figure 1 is depicted the I_±, U_± and V_±-spin symmetry operation diagram in the case of the decuplet baryons. In (2.13), we have used the de Swart phase convention [58] and

a_+ =

(Y_+ + 1)(Y_+ + q + 2)(−Y_+ + p) 2(I + 1)(2I + 1) , a_− =

Y_−(Y_− + q + 1)(Y_− − p − 1) 2I(2I + 1) , b_+ =

(Y_− − 1)(Y_− + q)(Y_− − p − 2) 2(I + 1)(2I + 1) , b_− =

Y_+(Y_+ + q + 1)(−Y_+ + p + 1) 2I(2I + 1)

, (2.14)

with Y_± =^1_2 Y ± I +^1_3 (p − q). Here p and q are nonnegative coefficients needed to construct bases for the IR D(p, q) of SU(3) group. The dimension n of D(p, q), namely the number of the basis vectors, is then given by n = (p + 1)(q + 1)(p + q + 2) 2 , (2.15)

to yield the IRs 1 = D(0, 0), 3 = D(1, 0), ¯3 = D(0, 1), 8 = D(1, 1), 10 = D(3, 0), ¯10 = D(0, 3), ¯27 = D(2, 2), 35 = D(4, 1), ¯35 = D(1, 4), 28 = D(6, 0), 64 = D(3, 3), ¯81 = D(5, 2) and ¯81 = D(2, 5) [58, 59].

TABLE I: The isoscalar factors for 8⊗35. In the first row of each table, we have (Y, I) for μγ being given by the right hand

side of the Clebsch-Gordon series 8⊗35=81⊕64⊕35⊕35⊕28⊕27⊕10. In the following rows, two pairs for (Y1, I1) of 8 and

(Y2, I2) of 35 are given together with the corresponding SU(3) isoscalar factor values under the dimensions μγ .

Y = 3 I =^5_2 81

1,^1_2 2,2 1

Y = 3 I =^3_2 64

1,^1_2 2, 2 −1

Y = 2 I = 3 81 28

1,^1_2 1,^5_2

√_1 2 − √_1 2 0, 1 2, 2

√_1 2 √_1 2

Y = 2 I = 2 81 64 35S 35A

1,^1_2 1,^5_2

√_1

200 −

√_8 25 √_{81} 180 √_{81} 360 1,^1_2 1,^5_2

√_{144} 200 √_2

25 −

√_4 180 √_{64} 360 0, 1 2, 2 −

√_{10} 200 −

√_5

25 −

√_{90} 180 √_{90} 360 0, 0 2, 2

√_{45} 200 −

√_{10}

25 −

√_5

180 −

√_{125} 360

Y = 2 I = 1 64 27

1,^1_2 1,^3_2 −

√_6 7 − √_1 7 0, 1 2, 2

√_1 7 − √_6 7

Y = 1 I =^7_2 81

0, 1 1,^5_2 1

Y = 1 I =^5_2 81 64 35S 35A 28

1,^1_2 0, 2

√_{280} 800 √_5 75 −

√_{120} 720 √_{120}

1440 −

√_{40} 120 0, 1 1,^5_2 −

√_9

800 −

√_{14} 75 −

√_{21} 720 √_{1029}

1440

√_7 120 0, 1 1,^3_2

√_{336} 800 √_6 75 √_{64} 720 √_{16}

1440

√_{48} 120 0, 0 1,^5_2

√_{105} 800 −

√_{30} 75 √_{245} 720 −

√_5

1440 −

√_{15} 120 −1,^1_2 2, 2

√_{70} 800 −

√_{20} 75 −

√_{270} 720 −

√_{270}

1440

√_{10} 120

Y = 1 I =^3_2 81 64 35S 35A 27 10

1,^1_2 0, 2

√_{15}

1400 −

√_{45} 175 √_{245} 720 √_{80}

360 −

√_{45} 560 √_5 56 1,^1_2 0, 1

√_{675}

1400

√_{25} 175 −

√_{25} 720 √_{100} 360 √_{25} 560 √_1 56 0, 1 1,^5_2 −

√_2

1400

√_6

175 −

√_{96} 720 −

√_6

360 −

√_{216} 560 √_{24} 56 0, 1 1,^3_2 −

√_{108}

1400 −

√_{49} 175 −

√_{289} 720 √_{49} 360 √_{49} 560 √_1 56 0, 0 1,^3_2

√_{540}

1400 −

√_{45} 175 −

√_{45} 720 −

√_{45}

360 −

√_{45} 560 −

√_5 56 −1,^1_2 2, 2 −

√_{60}

1400

√_5

175 −

√_{20} 720 √_{80}

360 −

√_{180} 560 −

√_{20} 56

Y = 1 I =^1_2 64 27

1,^1_2 0, 1 −

√_5 7 − √_2 7 0, 1 1,^3_2

√_2 7 − √_5 7

Y = 0 I = 3 81 64

0, 1 0, 2

√_4 5 √_1 5 −1,^1_2 1,^5_2

√_1 5 − √_4 5

Y = 0 I = 2 81 64 35S 35A 28 27

1,^1_2 −1,^3_2

√_{90} 400 √_{20} 175 −

√_{45} 180 √_{90}

720 −

√_{10} 50 √_{120}

1400

0, 1 0, 2 −

√_5

400 −

√_{40} 175 0

√_{405} 720 √_5 50 √_{135}

1400

0, 1 0, 1

√_{135} 400 √_{30} 175 −

√_{30} 180 √_{15} 720 √_{15}

50 −

√_5

1400

0, 0 0, 2

√_{90}

400 −

√_{45} 175 √_{20} 180 √_{10}

720 −

√_{10}

50 −

√_{270}

1400

−1,^1_2 1,^5_2 −

√_8 400 √_4 175 −

√_{36} 180 √_{72} 720 √_2

50 −

√_{864}

1400

−1,^1_2 1,^3_2

√_{72}

400 −

√_{36} 175 −

√_{49} 180 −

√_{128} 720 √_8 50 √_6

1400

Y = 0 I = 1 81 64 35S 35A 27 10

1,^1_2 −1,^3_2

√_{10}

560 −

√_{20} 105 √_{25} 108 √_{98}

432 −

√_8 56 √_8 42 1,^1_2 −1,^1_2

√_{160} 560 √_{20} 105 −

√_4 108 √_{128} 432 √_8 56 √_2 42 0, 1 0, 2 −

√_3 560 √_6

105 −

√_{30} 108 −

√_{15}

432 −

√_{15} 56 √_{15} 42 0, 1 0, 1 −

√_{45}

560 −

√_{40} 105 −

√_{32} 108 √_{25} 432 √_9 56 √_1 42 0, 0 0, 1

√_{270}

560 −

√_{15} 105 −

√_{12} 108 −

√_6

432 −

√_6

56 −

√_6 42 −1,^1_2 1,^3_2 −

√_{72} 560 √_4

105 −

√_5 108 √_{160}

432 −

√_{10}

56 −

√_{10} 42

Y = 0 I = 0 64 27

1,^1_2 −1,^1_2 −

√_4 7 − √_3 7 0, 1 0, 1

√_3 7 − √_4 7

Y = −1 I =^5_2 81 64

0, 1 −1,^3_2

√_3 5 √_2 5 −1,^1_2 0, 2

√_2 5 − √_3 5

Y = −1 I =^3_2 81 64 35S 35A 28 27

1,^1_2 −2, 1

√_{20} 160 √_5

35 −

√_{36} 144 √_{36}

288 −

√_4 40 √_{36} 140 0, 1 −1,^3_2 −

√_1

160 −

√_9 35 √_5 144 √_{125} 288 √_5 40 √_{20} 140 0, 1 −1,^1_2

√_{40} 160 √_{10} 35 √_{32} 144 √_8 288 √_8

40 −

√_2 140 0, 0 −1,^3_2

√_{45}

160 −

√_5 35 √_1 144 √_{25}

288 −

√_9

40 −

√_{36} 140 −1,^1_2 0, 2 −

√_9 160 √_1

35 −

√_{45} 144 √_{45} 288 √_5

40 −

√_{45} 140 −1,^1_2 0, 1

√_{45}

160 −

√_5

35 −

√_{25}

144 −

√_{49} 288 √_9 40 √_1 140

Y = −1 I =^1_2 81 64 35S 35A 27 10

1,^1_2 −2, 1

√_2 70 −

√_4 35 √_{18} 144 √_{18}

72 −

√_{18} 112 √_{18} 56 1,^1_2 −2, 0

√_9 70 √_8 35 −

√_4 144 √_{16} 72 √_{36} 112 √_4 56 0, 1 −1,^3_2 −

√_1 70 √_2 35 −

√_{64}

144 −

√_4

72 −

√_{16} 112 √_{16} 56 0, 1 −1,^1_2 −

√_4 70 −

√_{18} 35 −

√_{25} 144 √_1 72 √_{25} 112 √_1 56 0, 0 −1,^1_2

√_{36} 70 −

√_2 35 −

√_{25} 144 √_1

72 −

√_9 112 −

√_9 56 −1,^1_2 0, 1 −

√_{18} 70 √_1 35 −

√_8 144 √_{32}

72 −

√_8 112 −

√_8 56

Y = −2 I = 2 81 64

0, 1 −2, 1

√_2 5 √_3 5 −1,^1_2 −1,^3_2

√_3 5 − √_2 5

Y = −2 I = 1 81 64 35S 35A 28 27

1,^1_2 −3,^1_2

√_1 20 √_{16}

105 −

√_6 36 √_3

36 −

√_1 30 √_{72} 140 0, 1 −2, 1 0 −

√_{25} 105 √_6 36 √_{12} 36 √_4 30 √_{18} 140 0, 1 −2, 0

√_3 20 √_{48} 105 √_8 36 √_1 36 √_3

30 −

√_6 140 0, 0 −2, 1

√_6

20 −

√_6

105 −

√_1 36 √_8

36 −

√_6

30 −

√_{27} 140 −1,^1_2 −1,^3_2 −

√_2 20 √_2

105 −

√_{12} 36 √_6 36 √_8

30 −

√_{16} 140 −1,^1_2 −1,^1_2

√_8

20 −

√_8

105 −

√_3

36 −

√_6 36 √_8 30 √_1 140

Y = −2 I = 0 81 35S 35A 10

1,^1_2 −3,^1_2

√_3 56 √_1 36 √_{25} 72 √_8 14 0, 1 −2, 1 −

√_2 56 −

√_{24}

36 −

√_6 72 √_3 14 0, 0 −2, 0

√_{27} 56 −

√_9 36 √_9 72 −

√_2 14 −1,^1_2 −1,^1_2 −

√_{24} 56 −

√_2 36 √_{32} 72 −

√_1 14

Y = −3 I =^3_2 81 64

0, 1 −3,^1_2

√_1 5 √_4 5 −1,^1_2 −2, 1

√_4 5 − √_1 5

Y = −3 I =^1_2 81 35S 35A 28

0, 1 −3,^1_2

√_1 32 √_{81} 144 √_{81} 288 √_1 8 0, 0 −3,^1_2

√_9

32 −

√_{25} 144 √_{121}

288 −

√_1 8 −1,^1_2 −2, 1 −

√_4

32 −

√_{36} 144 √_{36} 288 √_4 8 −1,^1_2 −2, 0

√_{18}

32 −

√_2

144 −

√_{50} 288 √_2 8

Y = −4 I = 1 81

−1,^1_2 −3,^1_2 1

Y = −4 I = 0 28

−1,^1_2 −3,^1_2 1

III. ISOSCALAR FACTORS FOR 8⊗35 AND WIGNER D FUNCTIONS

In this section, we first investigate the isoscalar factors for 8⊗35. To this end we consider Figure 2 in which are

depicted the eigenvalue diagrams for the lowest IRs. For the dimension n = D(p, q), we have the highest eigenvalue

e_H and its corresponding integer hypercharge Y_H defined as [58]

e_H = ( p + q 2 , p − q 2 √ 3 ) , Y_H = p − q 3 , (3.1)

in the (I_3, Y ) coordinates. For instances, e_H are denoted by the solid disks at (1, 0) and

(_3

2 ,^{√3}_2 ) in the diagrams in

Figure 2 for the 8 and 10, respectively.

Starting from the solid disk e_H for a given dimension, and applying to the solid disk the spin operators U_± and

V_± and the relations (2.13), we construct effectively the IRs (I_3, Y ) denoted by the points along the lines indicated

in Figure 2. Similarly, we act the spin operator I_± on the solid disks and points and use the relations (2.13) to yield

the remnant IRs (I_3, Y ) denoted by the points in Figure 2, so that we can derive the isoscalar factors of the SU(3) group for the CG series as shown in Table 1. The CG coefficients of SU(3) group are given by [58] ( μ_1 μ_2 μ_γ ν_1 ν_2 ν ) = C^{I1z I2z Iz} I_1 I_2 I ( μ_1 μ_2 Y_1I_1 Y_2I_2 | | | μ_γ Y I ) , (3.2)

where the first part of the right hand side is the CG coefficient of SU(2) group and the second one is the isoscalar factor of the SU(3) group. In order to evaluate uniquely the SU(3) CG coefficients, it suffices to give the SU(3) isoscalar factors, since the SU(2) CG coefficients are well known. In Table 1, we list the isoscalar factors of the SU(3) group for the CG series 8⊗35 with μ_1 = 8 and μ_2 = 35. In the first row of each table in Table 1, we have (Y, I) for μ_γ being given by the right hand side of the CG series 8⊗35=81⊕64⊕35⊕35⊕28⊕27⊕10. In the following rows, we have two pairs for (Y_1, I_1) of 8 and (Y_2, I_2) of 35, and the corresponding SU(3) isoscalar factor values under the dimensions μ_γ . The global signs in Table 1 are fixed to be consistent with those in the previous works [58, 59], by checking the fact that each submatrix is unitary.

Finally, exploiting the isoscalar factors obtained in Table 1, we evaluate in Table 2 the explicit expectation values of Wigner D functions such as

D^8_{33} = ⟨010|D^8|010⟩, D^8_{38} = ⟨010|D^8|000⟩, D^8_3 = ⟨000|D^8|010⟩, D^8_8 = ⟨000|D^8|000⟩,

D^{10}_{33} = ⟨010|D^{10}|010⟩, D^{¯10}_{33} = ⟨010|D^{¯10}|010⟩, D^{27}_{33} = ⟨010|D^{27}|010⟩, D^{27}_{83} = ⟨000|D^{27}|010⟩. (3.3)

In the SU(3) strange hadron physics, the expectation value of D_{ab} in the transition B_1 → B_2 is given by

⟨λ_2B_2|D_{ab}|λ_1B_1⟩ = ∫ dA Φ^{λ2 ∗}_{B2} D_{ab}(A)Φ^{λ1}_{B1} , (3.4)

where D_{ab}(A) = 1 3 tr (A^†λ_aAλ_b). (3.5)

Here one notes that the wavefunction Φ^λ_B for the baryon B with quantum numbers (α) = (Y, I, I_3) and (β) = (Y_R, S, −S_3) are given in IRs λ by

Φ^λ_{(α)(β)}(A) = √ λ⟨Y, I, I_3|D^λ(A)|Y_R, S, −S_3⟩, (3.6) where Y , I and S are the hypercharge, isospin and spin of the hyperon B, and the right hypercharge Y_R is given given by Y_R =^1_3 N_c due to the Wess-Zumino constraint to yield Y_R = 1 for the N_c = 3 case. Next, we have ∫ dA Φ^{λ2 ∗}_{(α2 )(β2)}(A)⟨α|D^λ(A)|β⟩Φ^{λ1}_{(α1 )(β1)}(A) = √ λ_1 λ_2 ∑ γ ( λ_1 λ λ_{2γ} α_1 α α_2 ) ( λ_1 λ λ_{2γ} β_1 β β_2 ) , (3.7)

where the summation runs over the independent IRs in the process λ_1 ⊗ λ → λ_2.

Since the coefficients in the sum rules for the baryon magnetic moments and form factors are solely given by the SU(3) group structure of the chiral models, these Wigner D functions can be practically referred in the strange flavor hadron phenomenology researches using the hedgehog ansatz solution corresponding to the little group SU(2)×Z_2. In this kind of task, it is also powerful to use the mathematical theorem that the tensor product of the Wigner D functions can be decomposed into sum of the single D functions [58],

D^{μ1}_{ν1λ1} D^{μ2}_{ν2λ2} = ∑ μνλγ ( μ_1 μ_2 μ_γ ν_1 ν_2 ν ) ( μ_1 μ_2 μ_γ λ_1 λ_2 λ ) D^μ_{νλ}. (3.8)

Moreover, for given operators, we can evaluate the matrix elements of the form factors or the transition for the diagonal or off-diagonal case, respectively. For instance, in the SU(3) chiral models, the magnetic moment operators are of the form

μ̂^i = μ̂^{i(3)} + 1 √ 3 μ̂^{i(8)}. (3.9)

TABLE II: The Wigner D functions.

D^λ_{ab} p n Λ Σ^+ Σ^0 Σ^− Ξ^0 Ξ^− Δ^{++} Δ^+ Δ^0 Δ^− Σ^{∗+} Σ^{∗0} Σ^{∗−} Ξ^{∗0} Ξ^{∗−} Ω^− D^8_{33} −^7_{30}^7_{30} 0 −^1_6 0^1_6^1_{15} −^1_{15} −^3_8 −^1_8^1_8^3_8 −^1_4 0^1_4 −^1_8^1_8 0 D^8_{38}^{√3}_{30} −^{√3}_{30} 0^{√3}_6 0 −^{√3}_6^{2√3}_{15} −^{2√3}_{15}^{√3}_8^{√3}_{24} −^{√3}_{24} −^{√3}_8^{√3}_{12} 0 −^{√3}_{12}^{√3}_{24} −^{√3}_{24} 0 D^8_3 −^{√3}_{30} −^{√3}_{30}^{√3}_{10} −^{√3}_{10} −^{√3}_{10} −^{√3}_{10}^{2√3}_{15}^{2√3}_{15} −^{√3}_8 −^{√3}_8 −^{√3}_8 −^{√3}_8 0 0 0^{√3}_8^{√3}_8^{√3}_4 D^8_8^3_{10}^3_{10}^1_{10} −^1_{10} −^1_{10} −^1_{10} −^1_5 −^1_5^1_8^1_8^1_8^1_8 0 0 0 −^1_8 −^1_8 −^1_4 D^{10}_{33} −^1_{15}^1_{15} 0^1_{15} 0 −^1_{15} −^1_{15}^1_{15} 0 0 0 0 0 0 0 0 0 0 D^{¯10}_{33} −^1_{15}^1_{15} 0^1_{15} 0 −^1_{15} −^1_{15}^1_{15} 0 0 0 0 0 0 0 0 0 0 D^{27}_{33} −^4_{135}^4_{135} 0 0 0 0^4_{135} −^4_{135} −^1_{21} −^1_{63}^1_{63}^1_{21}^1_{21} 0 −^1_{21}^4_{63} −^4_{63} 0 D^{27}_{83} −^{2√3}_{135} −^{2√3}_{135}^{6√3}_{135}^{2√3}_{405}^{2√3}_{405}^{2√3}_{405} −^{2√3}_{135} −^{2√3}_{135} −^{√3}_{63} −^{√3}_{63} −^{√3}_{63} −^{√3}_{63}^{5√3}_{189}^{5√3}_{189}^{5√3}_{189}^{√3}_{63}^{√3}_{63} −^{√3}_{21}

D^λ_{ab} ΛΣ^0 pΔ^+ nΔ^0 ΛΣ^{∗0} Σ^+Σ^{∗+} Σ^0Σ^{∗0} Σ^−Σ^{∗−} Ξ^0Ξ^{∗0} Ξ^−Ξ^{∗−} D^8_{33} −^{√3}_{10}^{2√5}_{15}^{2√5}_{15}^{√15}_{15} −^{√5}_{15} 0^{√5}_{15} −^{√5}_{15}^{√5}_{15} D^8_{38} −^1_{10} 0 0 0 0 0 0 0 0 D^8_3 0 0 0 0 −^{√15}_{15} −^{√15}_{15} −^{√15}_{15} −^{√15}_{15} −^{√15}_{15} D^8_8 0 0 0 0 0 0 0 0 0 D^{10}_{33}^{√3}_{15} 0 0 0 0 0 0 0 0 D^{¯10}_{33} −^{√3}_{15}^{√5}_{15}^{√5}_{15} 0^{√5}_{15} 0 −^{√5}_{15}^{√5}_{15} −^{√5}_{15} D^{27}_{33}^{4√3}_{135}^{√5}_{270}^{√5}_{270} −^{√15}_{135} −^{√5}_{90} 0^{√5}_{90}^{√5}_{135} −^{√5}_{135} D^{27}_{83} 0 0 0 0 −^{2√15}_{405} −^{2√15}_{405} −^{2√15}_{405}^{√15}_{135}^{√15}_{135}

Here μ̂^{i(a)} (a = 1, 2, · · · , 8) are given by

μ̂^{i(a)} = N_c 2 MD^8_{a8}Ĵ_i − N D^8_{ai} + · · · (3.10)

where Ĵ_i = −T̂^R_i are the SU(2) spin operators and T̂^R_i are the right SU(3) isospin operators along the isospin direction, and the inertia parameters M and N depend on the properties of the given SU(3) chiral model. Here, the ellipsis stands for other contributions to the baryon magnetic moments μ_B of the baryon B, for instance, in addition to the chiral symmetric limit [22]. In the Yabu-Ando scheme [63], we need also some additional terms in μ_B . Exploiting the Wigner D functions in the above operators (3.10), one can evaluate their matrix elements or expectation elements of the form factors or the transition as in (3.4).

IV. CONCLUSIONS

In summary, we have used some group theoretical formulas to pedagogically produce the isoscalar factors of the SU(3) Clebsch-Gordan series 8⊗35 which play central role in the ongoing strange flavor hadron phenomenology researches. It is an extension of the works of de Swart [58], McNamee and Chilton [59], where the isoscalar factors of the SU(3) Clebsch-Gordan series 8⊗8, 8⊗10, 8⊗27, 10⊗10 and 10⊗ ¯10 are listed. Moreover, we have computed the values of Wigner D functions which are related with these isoscalar factors and are directly usable in the soliton model calculations. We have also described the details of how to obtain the isoscalar factors by exploiting the eigenvalue diagrams for the lowest IRs in the SU(3) group theory.

Acknowledgments

The author is grateful to R.D. McKeown for the hospitality of the Kellogg Radiation Laboratory at Caltech where a part of this work has been done.

[1] R. Frisch and O. Stern, Z. Physik 85, 4 (1933). [2] S. Coleman and S.L. Glashow, Phys. Rev. Lett. 6, 423 (1961). [3] D.T. Spayde et al., [SAMPLE Collaboration], Phys. Rev. Lett 84, 1106 (2000). [4] R. Hasty et al., [SAMPLE Collaboration], Science 290, 2117 (2000). [5] D.T. Spayde et al., [SAMPLE Collaboration], Phys. Lett. B 583, 79 (2004). [6] K.A. Aniol et al., [HAPPEX Collaboration], Phys. Lett. B 509, 211 (2001). [7] K.A. Aniol et al., [HAPPEX Collaboration], Phys. Rev. C 69, 065501 (2004). [8] K.A. Aniol et al., [HAPPEX Collaboration], Phys. Rev. Lett. 96, 022003 (2006). [9] K.A. Aniol et al., [HAPPEX Collaboration],Phys. Lett. B 635, 275 (2006). [10] A. Acha et al. [HAPPEX Collaboration], Phys. Rev. Lett. 98, 032301 (2007). [11] S.T. Hong and B.Y. Park, Nucl. Phys. A 561, 525 (1993). [12] S.T. Hong and G.E. Brown, Nucl. Phys. A 564, 491 (1993).

[13] E. Jenkins, M. Luke, A.V. Manohar and M. Savage, Phys. Lett. B 302, 482 (1993). [14] S.T. Hong, B.Y. Park and D.P. Min, Phys. Lett. B 414, 229 (1997). [15] M.J. Musolf, H.W. Hammer and D. Drechsel, Phys. Rev. D 55, 2741 (1997). [16] H.W. Hammer and M.J. Ramsey-Musolf, Phys. Lett. B 416,5 (1998). [17] S.J. Dong, K.F. Liu and A.G. Williams, Phys. Rev. D 58, 074504 (1998). [18] A.G. Williams, Nucl. Phys. Proc. Suppl. 73, 306 (1999).

[19] L. Hannelius, D.O. Riska and L.Y. Glozman, Nucl. Phys. A 665, 353 (2000). [20] D.H. Beck and R.D. McKeown, Ann. Rev. Nucl. Part. Sci. 51, 189 (2001). [21] S.J. Puglia, M.J. Ramsey-Musolf and S.L. Zhu, Phys. Rev. D 63, 034014 (2001). [22] S.T. Hong and Y.J. Park, Phys. Rept. 358, 143 (2002) and references therein. [23] S.T. Hong, Nucl. Phys. A 721, 421 (2003). [24] S.T. Hong, Phys. Lett. B 585, 122 (2004). [25] B. Gerasimov, Phys. Part. Nucl. 35, S102 (2004).

[26] X.S. Chen, R.G.E. Timmermans, W.M. Sun, H.S. Zong and F.Wang, Phys. Rev. C 70, 015201 (2004). [27] A. Silva, H.C. Kim and K. Goeke, Eur. Phys. J. A 22, 481 (2004). [28] B.S. Zou and D.O. Riska, Phys. Rev. Lett. 95, 072001 (2005). [29] C.S. An, D.O. Riska and B.S. Zou, Phys. Rev. C 73, 035207 (2006). [30] Z.T. Xia and W. Zuo, Phys. Rev. C 78, 015209 (2008).

[31] P. Wang, D.B. Leinweber, A.W. Thomas and R.D. Young, Phys. Rev. C 79, 065202 (2009). [32] A. Bosshard et al., Phys. Rev. D 44, 1962 (1991). [33] H.T. Diehl et al., Phys. Rev. Lett. 67, 804 (1991).

[34] D.B. Leinweber, T. Draper and R.M. Woloshyn, Phys. Rev. D 46, 3067 (1992). [35] F. Schlumpf, Phys. Rev. D 48, 4478 (1993). [36] S.T. Hong and G.E. Brown, Nucl. Phys. A 580, 408 (1994). [37] M.N. Butler, M.J. Savage and R.P. Springer, Phys. Rev. D 49, 3459 (1994). [38] E. Jenkins and A.V. Manohar, Phys. Lett. B 335, 452 (1994). [39] R. Dashen, E. Jenkins and A.V. Manohar, Phys. Rev. D 49, 4713 (1994). [40] R.F. Dashen, E. Jenkins and A.V. Manohar, Phys. Rev. D 51, 3697 (1995). [41] J. Dai, R.F. Dashen, E. Jenkins and A.V. Manohar, Phys. Rev. D 53, 273 (1996). [42] J. Linde and H. Snellman, Phys. Rev. D 53, 2337 (1996). [43] F.X. Lee, Phys. Lett. B 419, 14 (1998).

[44] J. Linde, T. Ohlsson and H. Snellman, Phys. Rev. D 57, 5916 (1998). [45] T.M. Aliev and A. Ozpineci and M. Savci, Phys. Rev. D 62, 053012 (2000). [46] E. Jenkins, X. Ji and A.V. Manohar, Phys. Rev. Lett. 89, 242001 (2002). [47] G.S. Yang, H.C. Kim, M. Praszalowicz and K. Goeke, Phys. Rev. D 70, 114002 (2004). [48] R.F. Lebed and D.R. Martin, Phys. Rev. D 70, 016008 (2004).

[49] H.C. Kim, M. Polyakov, M. Praszalowicz, G.S. Yang and K. Goeke, Phys. Rev. D 71, 094023 (2005). [50] S.T. Hong, Phys. Rev. D 76, 094029 (2007). [51] G.E. Brown and M. Rho, Phys. Lett. B 82, 177 (1979).

[52] M. Hamermesh, Group Theory and Its Application to Physical Problems (Dover, 1962). [53] R. Gilmore, Lie Groups, Lie Algebras, and Some of Their Applications (Dover, 1974). [54] B.G. Wybourne, Classical Groups for Physicists (John Wiley & Sons, 1974). [55] H. Georgi, Lie Algebras in Particle Physics (Benjamin/Cummings, 1982).

[56] H. Georgi, Lie Algebras in Particle Physics: From Isospin to Unified Theories (Westview Press, 1999). [57] R. Gilmore, Lie Groups, Physics and Geometry (Cambridge Univ. Press, 2008). [58] J.J. de Swart, Rev. Mod. Phys. 35, 916 (1963).

[59] P.S.J. McNamee and F. Chilton, Rev. Mod. Phys. 36, 1005 (1964). [60] T.J. Nelson, J. Math. Phys. 8, 857 (1967). [61] D.F. Holland, J. Math. Phys. 10, 531 (1969).

[62] R.E. Behrends, J. Dreitlein, C. Fronsdal and W. Lee, Rev. Mod. Phys. 34, 1 (1962). [63] H. Yabu and K. Ando, Nucl. Phys. B 301, 601 (1988).