arXiv:1101.4494v1 [hep-th] 24 Jan 2011

Geometrothermodynamics in Hořava–Lifshitz gravity

Hernando Quevedo^{1,2}, Alberto Sánchez^3, Safia Taj^{2,4}, and Alejandro Vázquez^{5∗} 1Instituto de Ciencias Nucleares, Universidad Nacional Autónoma de México, AP 70543, México, DF 04510, Mexico 2ICRANet, Dipartimento di Fisica, Università di Roma La Sapienza, I-00185 Roma, Italy 3Departamento de Posgrado, CIIDET, AP 752, Querétaro, QRO 76000, Mexico 4Center for Advanced Mathematics and Physics, National University of Sciences and Technology, H-12, Islamabad, Pakistan 5Facultad de Ciencias, Universidad Autónoma del Estado de Morelos, Cuernavaca, MO 62210, Mexico (Dated: January 25, 2011)

Abstract

We investigate the thermodynamic geometries of the most general static, spherically symmetric, topological black holes of the Hořava–Lifshitz gravity. In particular, we show that a Legendre invariant metric derived in the context of geometrothermodynamics for the equilibrium manifold reproduces correctly the phase transition structure of these black holes. Moreover, the limiting cases in which the mass, the entropy or the Hawking temperature vanish are also accompanied by curvature singularities which indicate the limit of applicability of the thermodynamics and the geometrothermodynamics of black holes. The Einstein limit and the case of a black hole with flat horizon are also investigated.

Keywords: Hořava-Lifshitz gravity, Black holes, Geometrothermodynamics, Phase transitions

PACS numbers: 04.70.Dy, 02.40.Ky

∗Electronic address: quevedo@nucleares.unam.mx, asanchez@nucleares.unam.mx, safiataaj@gmail.com, alec˙vf@nucleares.unam.mx

I. INTRODUCTION

General relativity and quantum mechanics are considered as the cornerstones of modern physics; however, all the attempts to formulate a unified theory of quantum gravity have been so far unsuccessful. Interesting technical results have been obtained in different approaches, but the physical problem remains open due, in part, to the fact that general relativity turned out to be non-renormalizable in the ultraviolet (UV) regime.

A field theoretical model which can be interpreted as a complete theory of gravity in the UV limit was recently proposed by Hořava [1]. The model is renormalizable [2] and non-relativistic in the UV regime. Moreover, it reduces to Einstein’s gravity theory with a cosmological constant in the infrared (IR) limit. Since space and time have different scalings at the UV fixed point, i. e., x^i → lx^i, t → l^zt where z is the scaling exponent, the model is usually named Hořava-Lifshitz (HL) theory in the literature [3]; in particular this theory is renormalizable if z = 3.

It was found that the Schwarzschild–anti de Sitter black hole solution is not recovered in the IR limit, although Einstein’s theory with cosmological model was obtained at the level of the action [4]. This difficulty was solved by introducing an additional parameter which modifies the IR behavior [5, 6].

The study of black holes and their thermodynamic properties in the HL theory has been the subject of intensive research in the last years. In particular, the geometry of the thermodynamics of black holes has been considered in several works [7–10] by using different approaches. A first approach consists in introducing in the space of equilibrium states the Weinhold [11] metric which is defined as the Hessian of the internal energy U of the system

g^W_{ij} = ∂_i∂_j U(S, N^r) , (1)

where S is the entropy and N^r represents the remaining extensive thermodynamic variables of the system. An alternative metric was proposed by Ruppeiner [12, 13] as minus the Hessian of the entropy g^R_{ij} = −∂_i∂_j S(U, N^r) , (2) and is related to the Weinhold metric through the line element relationship ds^2_W = T ds^2_R, where T denotes the temperature. Both metrics have been applied to study the geometry of the thermodynamics of ordinary systems [14–22]; however, several inconsistencies and contradictions have been found in particular in the study of black hole thermodynamics [23–31]. More recently, Liu, Lü, Luo and Shao [32] proposed to use the metric g^{LLLS}_{ij} = ∂_i∂_jŨ(N^k) , (3) where Ũ is any of the thermodynamic potentials that can be obtained from U by means of a Legendre transformation. In the special cases Ũ = U and Ũ = S, one obtains the Weinhold and Ruppeiner metrics, respectively.

The inconsistencies that appear from using the above metrics are explained in the framework of geometrothermodynamics (GTD) [33] as due to the fact that all those metrics are not invariant with respect to Legendre transformations. In this work, we will use a Legendre invariant metric in the context of GTD to formulate an invariant geometric representation of the thermodynamics of one of the most general black hole solutions known in the HL theory. We also compare our results with those obtained by using the Weinhold and Ruppeiner geometries.

This paper is organized as follows. In Sec. III we review the main thermodynamic properties of the topological black hole solutions of the HL gravity. In Sec. II, we review the formalism of GTD and discuss the non-invariance of some of the known thermodynamic metrics. Section IV contains the results of analyzing the thermodynamics of the topological black hole solution using the Weinhold and Ruppeiner geometries. In Sec. V, we investigate the geometrothermodynamics of the topological black hole and show that it agrees with the results following from the analysis of the corresponding thermodynamics. In this section we also analyze the thermodynamic properties in the Einstein limit of the HL gravity, and the special case of a black hole with flat horizon. Finally, in Sec. VI we present the conclusions of our work.

II. REVIEW OF GEOMETROTHERMODYNAMICS

Geometrothermodynamics (GTD) is a theory that has been formulated recently [33] in order to introduce in a consistent manner the Legendre invariance in the geometric description of the space of thermodynamic equilibrium states. This theory has been applied to different thermodynamic systems like black holes, the ideal gas or the van der Waals gas [34–39]. In all the cases analyzed so far, GTD has delivered consistent results and allows us to describe geometrically the thermodynamic interaction and the phase transitions by meas of Legendre invariant metrics.

The main ingredient of GTD is a (2n + 1)–dimensional manifold T with coordinates Z^A = (Φ, E^a, I^a), where Φ is an arbitrary thermodynamic potential, E^a, a = 1, 2, ..., n, are the extensive variables, and I^a the intensive variables. It is also possible to introduce in a canonical manner the fundamental one–form Θ = dΦ − δ_{ab}I^adE^b, δ_{ab} = diag(+1, ..., +1), which satisfies the condition Θ ∧ (dΘ)^n ≠ 0, where n is the number of thermodynamic degrees of freedom of the system, and is invariant with respect to Legendre transformations (Φ, E^a, I^a) → (Φ̃, Ẽ^a, Ĩ^a) with Φ = Φ̃ − δ_{ab}Ẽ^aĨ^b, E^a = −Ĩ^a, and I^a = Ẽ^a. Moreover, we assume that on T there exists a metric G which is also invariant with respect to Legendre transformations. The triad (T , Θ, G) defines a Riemannian contact manifold which is called the thermodynamic phase space (phase manifold). The space of thermodynamic equilibrium states (equilibrium manifold) is an n−dimensional Riemannian submanifold E ⊂ T induced by a smooth map φ : E → T , i.e. φ : (E^a) → (Φ, E^a, I^a), with Φ = Φ(E^a) and I^a = I^a(E^a), such that φ^∗(Θ) = φ^∗(dΦ−δ_{ab}I^adE^b) = 0 holds, where φ^∗ is the pullback of φ. The manifold E is naturally equipped with the Riemannian metric g = φ^∗(G). The purpose of GTD is to demonstrate that the geometric properties of E are related to the thermodynamic properties of a system with fundamental thermodynamic equation Φ = Φ(E^a).

The nondegenerate Legendre invariant metric [40]

G = Θ^2 + (χ_{ab}E^aI^b)(η_{cd}dE^cdI^d), η_{ab} = diag(−1, 1, ..., 1) , (4)

where χ_{ab} is a diagonal constant tensor, has been used extensively to describe second order phase transitions, especially in the context of black hole thermodynamics. The arbitrariness contained in the choice of the constant tensor χ_{ab} has been used to simplify the final form of the metric g = φ^∗(G). For instance, if χ_{ab} = δ_{ab}, the term φ^∗(δ_{ab}E^aI^b) turns out to be proportional to the thermodynamic potential Φ(E^a), by virtue of the Euler identity [40]. However, it is also possible to choose χ_{ab} = η_{ab} without affecting the Legendre invariance. In this way, we found recently [41, 42] that a slightly generalized metric

G = Θ^2 + 1 2 [ (δ_{ab} − η_{ab})E^aI^b ] ( η_{cd}dE^cdI^d ) , (5)

can be used to handle in a geometric manner not only second order phase transitions, but also the thermodynamic limit T → 0. In this work, we consider the metric (5) that induces on E, by means of g = φ^∗(G), the thermodynamic metric g = 1 2 [ E^a ( ∂Φ ∂E^a − η_{ab}δ^{bc} ∂Φ ∂E^c )] ( η_{ab}δ^{bc} ∂^2Φ ∂E^c∂E^d dE^adE^d ) . (6)

Note that in the formalism of GTD the metric

g_0 =

∂^2Φ ∂E^a∂E^b dE^adE^b (7) is generated as g_0 = φ(G_0) = φ^∗(δ_{ab}dE^adI^b), where the metric G_0 is not Legendre invariant. This implies that the results obtained by using the metric g_0 can depend on the choice of thermodynamic potential and, consequently, can lead to contradictory results. In particular, for Φ = U (internal energy), we obtain that g_0 is equivalent to the Weinhold metric, and for Φ = S, g_0 is the Ruppeiner metric. If Φ is any thermodynamic potential that can be obtained from U by means of a Legendre transformation, g_0 turns out to be proportional to the metric g^{LLLS} given in Eq.(3).

III. TOPOLOGICAL BLACK HOLE SOLUTIONS IN HL GRAVITY

The HL gravity breaks general 4D covariance and splits it into 3D covariance plus reparametrization invariance of time. It is therefore convenient to formulate it in the (3+1)– ADM formalism, where an arbitrary metric can be written in the form

ds^2 = −N^2dt^2 + g_{ij}(dx^i + N^idt)(dx^j + N^j dt) , (8)

where N^2 is the lapse function and N^i represents the shift. Then, the HL action is written as [43], I_{HL} = ∫ L_{HL} dt d^3x , (9) where L_{HL} = √ gN [ 2 κ ( K_{ij} K^{ij} − λK^2 ) + κ^2μ^2(ΛR − 3Λ^2) 8(1 − 3λ) + κ^2μ^2(1 − 4Λ) 32(1 − 3λ)

R^2 −

− κ^2 2ω^4 ( C_{ij} − μω^2 2 R_{ij} )( C^{ij} − μω^2 2 R^{ij} )] . (10)

Here R_{ij} and R are the 3D Ricci tensor and curvature scalar, respectively. Moreover, the extrinsic curvature K_{ij} and the Cotton tensor C_{ij} are given by the expressions K_{ij} = 1 2N (ġ_{ij} − ∇_iN_j − ∇_jN_i) , C^{ij} = ϵ^{ikl}∇_k ( R^j_l − 1 4 R δ^j_l ) , (11) where a dot represents differentiation with respect to the time coordinate. Finally, κ^2, λ, μ, ω and Λ are constants parameters.

As mentioned in Section I, the vacuum of this theory turns out to be the anti–de Sitter spacetime; however, it is possible to consider an additional term (μ^4R) in the original action to obtain a Minkowski vacuum in the IR limit. This generalization is known as the deformed HL model.

A comparison of the HL action with the Einstein-Hilbert action leads to the conclusion that the speed of light, Newton’s constant and the cosmological constant Λ̃ are given by c = κ^2μ 4 √ Λ 1 − 3λ , G = κ^2c 32π , Λ̃ = 3 2 Λ . (12)

Consider now the spherically symmetric line element

ds^2 = −Ñ^2(r)f(r)dt^2 + dr^2 f(r) + r^2dΩ^2_k , (13)

where dΩ^2_k is the line element of the 2–dimensional Einstein space with constant curvature 2k. Substituting the metric (13) into the action (9), we obtain [44], I_{HL} = κ^2μ^2Ω_k 8(1 − 3λ) ∫ Ñ [ (λ − 1) 2 F^{′2} − 2λ r F F^′ +

(2λ − 1) r^2

F^2 ] dt dr , (14) where a prime denotes the derivative with respect to r, and F is defined as,

F (r) = k − Λr^2 − f(r) . (15)

The variation of (14) leads to the following set of equations ( 2λ r F − (λ − 1)F^′ ) Ñ^′ + (λ − 1) ( 2 r^2 F − F^{′′} ) Ñ = 0 , (16)

(λ − 1)r^2F^{′2} − 4λrF F^′ + 2(2λ − 1)F^2 = 0 , (17)

whose solution is F (r) = αr^s , Ñ = γr^{1−2s} , (18) where α and γ are integration constants and s is given by s = 2λ − √ 2(3λ − 1) λ − 1 . (19)

This solution was obtained recently by Cai, Cao and Ohta (CCO) [45]. In general, the value of s with a positive sign in front of the square root is also a solution of the above equations.

However, in this case the asymptotic properties of the solution are not compatible with the properties of a black hole spacetime. In the allowed interval λ > 1/3, i. e. for s ∈ (−1, 2), the above solution is asymptotically anti–de Sitter and describes the gravitational field of a static black hole.

In order to obtain the thermodynamic variables of the CCO black hole, it is necessary to use the canonical Hamilton formulation for the corresponding thermodynamic ensemble [44]. According to this Hamiltonian approach, the mass of the black hole is

M = c^3γΩ_kl^{2−2s} 16πG ( 1 + s 2 − s ) [ k +^{r2+}_{l2} (^{r+}_l )^s ]2 , (20)

where l^2 = −1/Λ represents the radius of curvature. Moreover, the Hawking temperature is given by T = γ 4πr^{2s}_+ [ (2 − s) r^2_+ l^2 − ks ] . (21)

Finally, integrating the first law of thermodynamics, dM = T dS +μ_idQ^i, for constant values of the additional thermodynamic variables Q^i, the entropy associated with the black hole is obtained as S = c^3Ω_kl^2 4G ( 1 + s 2 − s ) ( r^2_+ l^2

+ k ln r^2_+ l^2 ) . (22)

The entropy S is defined up to an additive constant that can be chose arbitrarily in order to avoid zero or negative values. Here, r_+ represents the radius of the exterior horizon which is a function of M and l determined by the algebraic equation

r^s_+ − A M^12 l^2 r^2_+ − A k M^12

= 0 , A = κμγ^12 Ω^{12}_k 2^74 [3λ − 1]^14

. (23)

Using the expressions (20) and (21), we obtain the heat capacity

C = ( ∂M ∂r_+ )( ∂T ∂r_+ )_{−1} = c^3Ω_kl^2 4G ( 1 + s 2 − s ) ( k +^{r2+}_{l2} ) [ (2 − s)^{r2+}_{l2} − ks ] (s − 1)(s − 2)^{r2+}_{l2} + ks^2 . (24)

According to Davies [46], second order phase transitions take place at those points where the heat capacity diverges, i. e., for r^2_+ l^2 = ks^2 (s − 1)(2 − s)

. (25)

Then, we conclude that phase transitions can occur only for k = 1 and s ∈ (1, 2), and for k = −1 and s ∈ (−1, 1). For all the remaining values of k and s the corresponding black hole cannot undergo a phase transition. Notice, however, that the phase transition condition (25) must be considered together with the inequality r^2_+ l^2 > ks 2 − s (26)

that follows from the condition T > 0 from Eq.(21).

IV. WEINHOLD AND RUPPEINER GEOMETRIES

According to Eqs.(20)–(22), the mass of the CCO black hole is a function of the entropy S and the curvature radius l. Although the entropy is clearly a thermodynamic variable, the thermodynamic nature of the radius of curvature is not so obvious. Nevertheless, a detailed analysis [47] of the thermodynamic properties of AdS black holes reveals that indeed it is possible to consider the cosmological constant as a well-defined thermodynamic variable. Here, we follow this result and assume that the radius of curvature is a thermodynamic variable.

Let us consider first the Weinhold metric Eq.(1). Since in the case of black holes the internal energy is represented by the mass M, the Weinhold metric becomes

g^W = M_{SS} dS^2 + 2M_{Sl}dSdl + M_{ll}dl^2 , (27)

where M_S = ∂M/∂S, etc. Since the expression for M as given in Eq.(20), does not contain S explicitly, it is necessary to use r_+ as a coordinate and its relation to S and l by means of Eqs.(21) and (22). Then, we obtain

g^W = M_{SS} S^2_{r+} dr^2_+ + 2 (M_{SS} S_l + M_{Sl}) S_{r+} dr_+dl + ( M_{SS} S^2_l + 2M_{Sl}S_l + M_{ll} ) dl^2 . (28)

Introducing the thermodynamic equations (20)–(22), we obtain the explicit metric components

g^W_{r+ r+} = c^3Ω_kγ 4πG ( 1 + s 2 − s ) l^{4−2s} (r_+ l )_{−2−2s} ( k + r^2_+ l^2 ) [ ks^2 + (s^2 − 3s + 2) r^2_+ l^2 ] , (29)

g_{lr+} = c^3Ω_kγ 4πGr_+ ( 1 + s 2 − s ) l^{−2s} (r_+ l )_{−1−2s} { k [ ks^2 + (s^2 − 3s + 2) r^2_+ l^2 ] ln r^2_+ l^2

+(s − 2) r^2_+ l^2 [ r^2_+ l^2 − k(s − 2) ] − k^2s^2 } , (30)

FIG. 1: Temperature, heat capacity, and Weinhold curvature of the topological black hole. We

choose k = 1, l = 1 and s = −1/2 so that T > 0 for r_+ > 0. Moreover, we take γ = 1 and

Ω_kc^3/(4G) = 1 for simplicity. The heat capacity is a smooth function in the entire region r_+ > 0

with a minimum located at r_+ ≈ 0.53. The curvature shows a singularity at r_+ ≈ 0.60.

g^W_{ll} = c^3Ω_kγ 8πG(k + r^2_+/l^2)r^{2s}_+ ( 1 + s 2 − s ) { 2k^2 [ ks^2 + (s^2 − 3s + 2) r^2_+ l^2 ] ln^2 r^2_+ l^2 +4k [ (s − 2) r^2_+ l^2 [ r^2_+ l^2 − k(s − 2) ] − k^2s^2 ] ln r^2_+ l^2 +3 r^6_+ l^6

+ k(11 − 4s) r^4_+ l^4

+ k^2(2s^2 − 10s + 13) r^2_+ l^2

+ k^3(1 + 2s^2) } . (31)

Moreover, the curvature scalar can be expressed as

R^W = N^W D^W , D^W = (s^2 − s − 2)r^6_+ + k(s^2 + 8s − 8)l^2r^4_+ + k^2(s^2 − 3s + 2)l^4r^2_+ + k^3s^2l^6 , (32)

where N^W is a function of r_+ and l which is finite at those points where the denominator vanishes. The singularities are determined by the roots of the equation D^W = 0. It is easy to see that the solutions of this equation do not coincide with the points where the heat capacity diverges. Figure 1 shows the concrete example of a stable black hole in which a curvature singularity exists at a point where the heat capacity is regular. We conclude that the Weinhold curvature fails to reproduce the phase transition structure of the CCO topological black hole.

We now consider the Ruppeiner metric

g^R = S_{MM} dM^2 + 2S_{Ml}dMdl + S_{ll}dl^2 , (33) which in terms of the coordinates r_+ and l becomes

g^R = S_{MM} M^2_{r+} dr^2_+ + 2 (S_{Ml} + S_{MM} M_l) M_{r+} dr_+dl + ( S_{MM} M^2_l + 2S_{Ml}M_l + S_{ll} ) dl^2 . (34)

Using the expressions for the thermodynamic variables (20) and (22), we obtain

g^R_{r+ r+} = − c^3Ω_k G ( 1 + s 2 − s ) l^2 r^2_+ ( k + r^2_+ l^2 ) [ s^2 ( k +^{r2+}_{l2} ) + (2 − 3s)^{r2+}_{l2} ] [ s ( k +^{r2+}_{l2} ) − 2^{r2+}_{l2}

] , (35)

g^R_{lr+} = − c^3Ω_k G ( 1 + s 2 − s ) l r_+ ( k + r^2_+ l^2 ) [ s^2k ( k −^{r2+}_{l2} ) − k(s − 2)^{r2+}_{l2} − (2s^2 − 7s + 6)^{r4+}_{l4} ] [ s ( k +^{r2+}_{l2} ) − 2^{r2+}_{l2}

]_2 , (36)

g^R_{ll} = c^3Ω_k 2G ( 1 + s 2 − s ) 1 [ s ( k +^{r2+}_{l2} ) − 2^{r2+}_{l2}

]_3 { 2ks r^2_+ l^2 [ (11s − 19) r^4_+ l^4

+ 7k(2s − 1) r^2_+ l^2

+ k^2 ]

+ k ln (r2_+ l^2 )[ (s^3 − 6s^2 + 12s − 8) r^6_+ l^6

+ ks(3s^2 − 12s + 12) r^4_+ l^4

+ 3k^2s^2(s − 2) r^2_+ l^2

+ k^3s^3 ] + + k [ (20 − 3s^3) r^6_+ l^6

− k(20 + 9s^2) r^4_+ l^4

+ k^2(4 − 9s^3) r^2_+ l^2

+ k^3s^2(2 − 3s) ] + (6s^2 − 22s + 20) r^8_+ l^8 } . From these expressions for the metric functions it is then straightforward to find the scalar curvature

R^R = N^R D^R , D^R = (s + 1)l^{10} [ A ln (r2_+ l^2 ) − B ]_2( k + r^2_+ l^2

)_2[ s ( k + r^2_+ l^2 ) − 2 r^2_+ l^2

]_3

, (37)

with A = kl^6 [r4_+ l^4

(s^3 − 5s^2 + 8s − 4) + r^2_+ l^2

(2s^2 − 5s + 2)ks + k^2s^3 ] , (38) B = kl^6 [r4_+ l^4

(3s^3 − 13s^2 + 16s − 4) + r^2_+ l^2

(6s^2 − 15s + 6)ks + 3k^2s^3 ] + r^6_+ (2s^2 − 8s + 8) . (39)

The curvature singularities are determined by the roots of the equation D^R = 0 which do not coincide with the points where the heat capacity (24) shows second order phase transitions. To illustrate the behavior of the curvature we analyze the particular case with k = 1, l = 1, and s = −1/2 for which the temperature is always positive and the heat capacity is a smooth positive function which corresponds to a stable black hole configuration. The numerical analysis of this case is depicted in Fig.2.

FIG. 2: Thermodynamic curvature of the Ruppeiner metric. This case corresponds to the choice: k = 1, l = 1, s = −1/2, γ = 1, and Ω_kc^3/(4G) = 1. A singularity exists at r_+ ≈ 1.18 which does not correspond to a phase transition.

V. GEOMETROTHERMODYNAMICS OF THE CCO BLACK HOLES

The formalism of GTD is invariant and, consequently, we can choose any arbitrary thermodynamic potential Φ in any arbitrary representation to describe the thermodynamics of a black hole. Take, for instance, Φ = M for the CCO topological black holes presented in Sec. III. The coordinates of the 5-dimensional phase manifold can be chosen as Z^A = (M, S, l, T, L), where T is the temperature dual to S and L is the dual of the curvature radius l. The fundamental one-form is then Θ = dM −T dS −ldL and the Legendre invariant metric (5) is written as G = Θ^2 + ST (−dSdT + dldL) . (40) The smooth map φ : E → T or in coordinates φ : (S, l) → [M(S, l), S, l, T (S, l), L(S, l)] determines the equilibrium manifold E with metric g^{GT D} = φ^∗(G) = SM_S ( −M_{SS} dS^2 + M_{ll}dl^2 ) , (41)

on which the first law of thermodynamics dM = T dS + ldL and the equilibrium conditions T = ∂M ∂S ≡ M_S , L = ∂M ∂l ≡ M_l (42) hold. As mentioned above, the fundamental equation M = M(S, l) cannot be written explicitly and so we use r_+ instead of S as a coordinate. Then, g^{GT D} = SM_S [ −M_{SS} S^2_{r+} dr^2_+ − 2M_{SS} S_{r+} S_ldldr_+ + (M_{ll} − M_{SS} S^2_l )dl^2 ] . (43)

Using the expressions for the mass and the entropy, we obtain g^{GT D} = − c^6Ω^2_kγ^2l^6r^{4s}_+ 8πG ( s + 1 2 − s ) [ (s − 2) r^2_+ l^2 + ks ] S(r_+, l) × { [ (s − 1)(s − 2) r^2_+ l^2

+ ks^2 ] [ dr^2_+ +

2r_+ l (k + r^2_+/l^2) dldr_+ ] + C(r_+, l)dl^2 } ,(44)

where

C(r_+, l) =

16k^{2 r3+}_{l3} ( ln^{r2+}_{l2} − 1

)_2 [ (s − 1)(s − 2)^{r2+}_{l2} + ks^2 ] − ( k^2 + 3^{r4+}_{l4} ) ( k +^{r2+}_{l2} ) 16l^2 ( k +^{r2+}_{l2}

) (45)

The curvature scalar corresponding to the metric (43) is found to be R^{GT D} = N^{GT D} D^{GT D} , D^{GT D} = ( k^2 + 3 r^4_+ l^4

)_2 ( k + r^2_+ l^2

)_{13} ( r^2_+ l^2

+ k ln r^2_+ l^2

)_3

× [ (2 − s) r^2_+ l^2 − ks ]_4 [

(s − 1) (s − 2) r^2_+ l^2

+ ks^2

]_2

(46)

where N^{GT D} is a function of r_+ and l that is finite at those points where the denominator vanishes. There are several curvature singularities in this case. The first one occurs if k + r^2_+/l^2 = 0 and corresponds to the limit M → 0, as follows from Eq.(20). A second singularity is located at the roots of the equation r^2_+ + k ln r^2_+ = 0 and can be interpreted from Eq.(22) as the limit S → 0. Moreover, according to Eq.(21), the singularity situated at r^2_+/l^2 = ks/(2 − s) corresponds the limit T → 0. Finally, if (s − 1)(s − 2)r^2_+/l^2 + ks^2 = 0 a singularity occurs that, according to Eq.(24), coincides with the limit C → ∞, i. e., with the points where second order phase transitions take place. Clearly, the singularities at which the mass, the entropy or the temperature vanish must be considered as unphysical and indicate the limit of applicability of the thermodynamics of black holes. The thermodynamic curvature in GTD for the case k = 1, l = 1 and s = −1/2 shows a singularity at the value r^2_+ +ln r^2_+ = 0, i. e., for r_+ ≈ 0.75, which corresponds to the limit S → 0. Figure 3 illustrates the behavior of the curvature S^3R^{GT D} to avoid the unphysical singularity as S → 0. We see that in the analyzed interval no curvature singularities appear. This is in accordance with

FIG. 3: Thermodynamic curvature of the GTD metric. This case corresponds to the choice: k = 1, l = 1, s = −1/2, γ = 1, and Ω_kc^3/(4G) = 1. The expression S^3R^{GT D} is plotted to avoid the unphysical singularity at S = 0.

the behavior of the heat capacity which in the same interval is free of phase transitions (see Fig.1). A curvature singularity can be observed for r_+ → 0 which indicates the break down of the black hole configuration and, consequently, of its thermodynamics.

We conclude that the curvature obtained within the formalism of GTD correctly describes the thermodynamic behavior of topological black hoes in HL gravity.

A. The Einstein limit of the CCO black holes

Einstein’s theory of gravity with cosmological constant is obtained from the HL gravity in the limit λ → 1. The CCO topological black holes reduce in this case to a single black hole configuration with s = 1/2, whereas the corresponding thermodynamic variables are written as M = c^3Ω_kl 16πG l r_+ ( k + r^2_+ l^2

)_2 , (47)

S = c^3Ω_kl^2 4G ( r^2_+ l^2

+ k ln r^2_+ l^2 ) , (48)

T = 1 8πr_+ ( 3 r^2_+ l^2 − k ) , (49) and C = ( ∂M ∂r_+ )( ∂T ∂r_+ )_{−1} = c^3Ω_kl^2 2G ( k +^{r2+}_{l2} )( 3^{r2+}_{l2} − k ) ( k + 3^{r2+}_{l2}

) . (50)

It follows that the second order phase transitions take place at the points where the condition 3r^2_+/l^2 + k = 0 is satisfied.

Introducing the expressions (47) and (48) into the metric (43), we obtain g^{GT D} = 1 32 ( c^3Ω_kγ 4G )_2 ( r^2_+ l^2

+ k ln r^2_+ l^2 ) ( k − 3 r^2_+ l^2 ) l^2 r^2_+ ( A_1dr^2_+ + 2A_2dldr_+ + A_3dl^2 ) , (51)

with A_1 = l^2 r^2_+ ( k + r^2_+ l^2 ) ( k + 3 r^2_+ l^2 ) , (52)

A_2 = k l r_+ ( ln r^2_+ l^2 − 1 ) ( k + 3 r^2_+ l^2 ) , (53)

A_3 = 1 k +^{r2+}_{l2} [ k^2 ( k + 3 r^2_+ l^2 ) ( ln r^2_+ l^2 − 2 ) ln r^2_+ l^2 + 6 r^4_+ l^4 ( k + r^2_+ l^2 ) + k^2 ( k − r^2_+ l^2 )] . (54)

The corresponding scalar curvature can be expressed as R^{GT D} = N^{GT D} D^{GT D} , (55)

D^{GT D} = ( k + r^2 l^2

)_4 ( r^2 l^2

+ k ln r^2 l^2

)_3 ( 3 r^2 l^2 − k )_3 ( 3 r^4 l^4

+ k^2

)_2 ( 3 r^2 l^2 + k )_2 , (56)

where the numerator function N^{GT D} is finite at all the points where the denominator vanishes. From this expression we can see that the roots of the equation 3r^2_+/l^2+k = 0 determine curvature singularities which coincide with the points where second order phase transitions occur (C → ∞). Additional singularities occur if r^2_+/l^2 + k = 0, r^2_+/l^2 + k ln(r^2_+/l^2) = 0, or 3r^2_+/l^2 − k = 0 which correspond to the limits M → 0, S → 0 or T → 0, respectively.

B. The limiting black hole with flat horizon

According to [44], the thermodynamics of a CCO black hole with a flat horizon (k = 0) is described the following variables M = c^3γΩ_kl^{2−2s} 16πG ( 1 + s 2 − s ) (r_+ l )_{2(2−s)} , (57)

S = c^3Ω_kl^2 4G ( 1 + s 2 − s ) (r_+ l )_2

, (58) T = γl^{−2s} 4π (2 − s) (r_+ l )_{2−2s} , (59) and C = ( ∂M ∂r_+ )( ∂T ∂r_+ )_{−1} = c^3Ω_k 4G ( 1 + s 2 − s ) r^2_+ s − 1 = S s − 1 . (60)

From the expression for the heat capacity we see that this black hole is free of phase transitions.

Using the relations (57) and (58), the thermodynamic metric (43) is written as g^{GT D} = sr^6_+ 8 ( c^3γΩ_k 4πG )_2( 1 + s s − 2 )_2( r_+ l )_{−4s} [ 2(s − 1)(s − 2)l^{−4(s+1)}dr^2_+ − 3l^{−2(3+2s)}r^2_+dl^2 ] , (61) for which we find that the curvature R = 0, indicating no phase transition structure exists. This is in accordance with the result obtained above from the study of the heat capacity.

According to GTD, a flat equilibrium manifold is a consequence of the lack of thermodynamic interaction. This can be understood in the following way. For this special case, Eq.(58) indicates that the horizon radius is

r_+ = [ 4G Ω_kc^3 ( 2 − s 1 + s ) S ] 1_2

, (62)

so that Eq.(57) generates the explicit fundamental equation M = γ 4π ( 4G Ω_kc^3 )_{1−s}( 2 − s 1 + s )_{1−s} S^{2−s} l^2

. (63)

which, in turn, can be rewritten as

(2 − s) ln S = ln M + ln l^2 + ln S_0 , S_0 = 4π γ ( c^3Ω_0 4G 1 + s 2 − s )_{1−s} . (64)

So we see that the entropy function can be separated in the extensive variables M and l. On the other hand, all thermodynamic potentials that possess the property of being separable have been shown [36] to correspond to systems with no thermodynamic interaction and zero thermodynamic curvature. This is an indication that the statistical internal structure of a CCO black hole with flat horizon is equivalent to that of an ideal gas which is the main example of a system with no intrinsic thermodynamic interaction. We note that in this limiting case Weinhold and Ruppeiner geometries are flat too, indicating also that there exists a statistical analogy between a black hole with flat horizon and an ideal gas.

VI. CONCLUSIONS

In this work, we applied the formalism of geometrothermodynamics (GTD) to describe the thermodynamics of the Cai-Cao-Ohta (CCO) topological black holes in the Hořava- Lifshitz model of quantum gravity. In the thermodynamic phase manifold we introduce a particular Riemannian metric whose main property is its invariance with respect to Legendre transformations, i. e., its geometric characteristics are independent of the choice of thermodynamic potential. This is a property which holds in ordinary thermodynamics and we assume as valid in GTD too. The Legendre invariant metric induces in a canonical manner a thermodynamic metric in the equilibrium manifold which is defined as a submanifold of the thermodynamic phase manifold.

We used the expressions of the main thermodynamic variables of the CCO black holes in order to compute the explicit form of the thermodynamic metric of the equilibrium manifold. The corresponding thermodynamic curvature turned out to be nonzero in general, indicating the presence of thermodynamic interaction. Moreover, it was shown that the phase transitions which are characterized by divergencies of the heat capacity are described in GTD by curvature singularities in the equilibrium manifold. We also studied the thermodynamics of the CCO black holes by using Weinhold and Ruppeiner geometries and found that they fail to describe the corresponding phase transition structure. These results are in agreement with a recent work by Janke, Johnston and Kenna [9] in which the GTD of the Kehagias-Sfetsos [48] black hole is investigated.

It was found that the geometrothermodynamic equilibrium manifold of the COO black holes present additional curvature singularities which correspond to the vanishing of the mass, entropy and Hawking temperature. We interpret in general the vanishing of these thermodynamic variables as an indication of the limit of applicability of black hole thermodynamics. So we conclude that the formalism of GTD breaks down, with curvature singularities, exactly at those points where black hole thermodynamics fails.

In the context of the GTD of the CCO black holes, we also analyzed the limit of Einstein gravity and of a black holes with flat horizons. In both cases we obtained results which are consistent with the thermodynamics of the respective black hole configurations. It turned out that the equilibrium manifold of black holes with flat horizons is flat. The flatness of the equilibrium manifold is interpreted as a consequence of the lack of intrinsic thermodynamic interaction. This property resembles the statistical behavior of an ideal gas.

Acknowledgments

Two of us (HQ and ST) would like to thank ICRANet for support and hospitality, and Prof. Asghar Qadir for interesting comments, encouragement and support. One of us (ST) gratefully acknowledges a research grant from the Higher Education Commission of Pakistan under Project No: 20-638. This work was supported in part by DGAPA-UNAM, grant No. IN106110.

[1] P. Hořava, Phys. Rev. D 79, 084008 (2009), arXiv:0902.3657 [hep-th]. [2] D. Orlando and S. Reffert, arXiv: 0905.0301 [hep-th].

[3] C. G. Boehmer, F. S. N. Lobo, arXiv: 0909.3986 [gr-qc], D. Blas, O. Pujolas, S. Sibiryakov, arXiv: 0909.3525 [hep-th].

[4] M. I. Park, JHEP 0909:123, (2009).

[5] H. Lu, J. Mei, and C. N. Pope, Phys. Rev. D 89, 084008, (2009); H. Nastase, arXiv: 0904.3604. [6] R. G. Cai and N. Ohta, arXiv: 09010.2307 [hep-th].

[7] R. Biswas and S. Chakraborty, Geometry of thermodynamics of the black holes in Hořava- Lifshitz gravity, Gen. Rel. Grav. 43 41 (2011).

[8] S. W. Wei, Y. X. Liu, Y. Q. Wang, and H. Guo, Thermodynamic geometry in the deformed Hořava-Lifshitz gravity, arXiv:1002.1550.

[9] W. Janke, D. A. Johnston, and R. Kenna, Geometrothermodynamics of the Kehagias-Sfetsos black hole, arXiv:1005.3392.

[10] Q. J. Cao, Y.X. Chen, and K.N. Shao, Black hole phase transitions in Hořava-Lifshitz gravity, arXiv:1010.5044.

[11] F. Weinhold, J. Chem. Phys. 63, 2479 (1975); 63, 2484 (1975); 63, 2488 (1975); 63, 2496 (1975); 65, 558 (1976).

[12] G. Ruppeiner, Phys. Rev. A 20, 1608 (1979).

[13] G. Ruppeiner, Rev. Mod. Phys. 67, 605 (1995); 68, 313 (1996). [14] H. Janyszek, Rep. Math. Phys. 24, 1 (1986).

[15] H. Janyszek and R. Mrugala, Phys. Rev. A 39, 6515 (1989).

[16] E. J. Brody, Phys. Rev. Lett. 58, 179 (1987); D. Brody and N. Rivier, Phys. Rev. E 51 1006 (1995); D. Brody and A. Ritz, Nucl. Phys. B. 522, 588 (1998); D. Brody and L. Hughston, Proc. Roy. Soc. London A 455, 1683 (1999).

[17] B. P. Dolan, Proc. Roy. Soc. London A 454, 2655 (1998). [18] B. P. Dolan, D. A. Johnston, and R. Kenna, J. Phys. A 35, 9025 (2002). [19] W. Janke, D. A. Johnston and R. Malmini, Phys. Rev. E 66, 056119 (2002). [20] W. Janke, D. A. Johnston, and R. Kenna, Phys. Rev. E 67, 046106 (2003). [21] D. A. Johnston, W. Janke, and R. Kenna, Acta Phys. Polon. B 34, 4923 (2003). [22] W. Janke, D. A. Johnston, and R. Kenna, Physica A 336, 181 (2004). [23] J. E. Åman, I. Bengtsson, and N. Pidokrajt, Gen. Rel. Grav. 35, 1733 (2003). [24] J. E. Åman and N. Pidokrajt, Phys. Rev. D 73, 024017 (2006). [25] J. E. Åman and N. Pidokrajt, Gen. Rel. Grav.38, 1305 (2006). [26] J. Shen, R. G. Cai, B. Wang, and R. K. Su, [gr-qc/0512035]. [27] R. G. Cai and J. H.Cho, Phys. Rev. D 60, 067502 (1999).

[28] T. Sarkar, G. Sengupta, and B. N. Tiwari, J. High Energy Phys. 0611 015 (2006). [29] A. J. M. Medved, Mod. Phys. Lett. A 23, 2149 (2008). [30] B. Mirza and M. Zamaninasab, JHEP 06, 059 (2007). [31] H. Quevedo, Gen. Rel. Grav. 40, 971 (2008).

[32] H. Liu, H. Lü, M. Luo, and K.N. Shao, Thermodynamical Metrics and Black Hole Phase Transitions, arXiv:1008.4482.

[33] H. Quevedo, Geometrothermodynamics, J. Math. Phys. 48, 013506 (2007). [34] J.L. Álvarez, H. Quevedo, and A. Sánchez Unified geometric description of black hole thermodinamics, arXiv:0801.2279v1 [gr–qc],(2008).

[35] H. Quevedo and A. Sánchez Geometrothermodynamics of asymptotically anti-de Sitter black holes, JHEP 09, 034 (2008).

[36] A, Vázquez, H. Quevedo, and A. Sánchez, Thermodynamic systems as extremal hypersurfaces, J. Geom. Phys. xxx (2010).

[37] H. Quevedo, A. Sánchez, and A. Vázquez Invariant geometry of the ideal gas, arXiv:0811.0222v1 [math-ph] (2008), [38] H. Quevedo, and A. Sánchez Geometric description of BTZ black holes thermodinamics, Phys.

Rev. D 79, 024012 (2009).

[39] H. Quevedo, and A. Sánchez Geometrothermodinamics of black holes in two dimensions, Phys.

Rev. D 79, 087504 (2009).

[40] H. Quevedo, A. Sánchez, S. Taj, and A. Vázquez, Phase transitions in geometrothermodynamics, Gen. Rel. Grav. xxx (2010).

[41] M. Akbar, H. Quevedo, K. Saifullah, A. Sánchez, and S. Taj, Thermodynamic Geometry Of Charged Rotating BTZ Black Holes, arXiv:1101.2722 [42] S. Taj and H. Quevedo, Geometrothermodynamics of five dimensional black holes in Einstein– Gauss–Bonnet theory, in preparation (2011).

[43] H. Lu, J. Mei and C.N. Pope, Solutions to Hořava Gravity, arXiv:0904.1595v4 [44] R. G. Cai, L. M. Cao, and N. Ohta, Thermodynamics of black holes in Hořava-Lifshitz gravity, arXiv:0905.0751v3.

[45] R. G. Cai, L. M. Cao, and N. Ohta, Topological Black Holes in Hořava-Lifshitz Gravity, arXiv:0904.3670v3 [hep-th] (2009).

[46] P. C. W. Davies, Proc. Roy. Soc. Lond. A 353, 499 (1977); P. C. W. Davies, Rep. Prog. Phys.

41, 1313(1977); P. C. W. Davies, Class. Quant. Grav. 6, 1909 (1989).

[47] M. M. Caldarelli, G. Cognola, and D. Klemm, Thermodynamics of Kerr-Newman-AdS black holes and conformal field theories, Class. Quantum Grav. 17 399 (2000).

[48] A. Kehagias and K. Sfetsos, Phys. Lett. B 678, 123 (2009).