arXiv:1101.4579v2 [hep-th] 27 Jan 2011

A Review of Noncommutative Field Theories^1

Victor O. Rivelles

Instituto de Física, Universidade de São Paulo, Rua do Matão Travessa R 187, 05508-090 São Paulo, Brazil

E-mail: rivelles@fma.if.usp.br

Abstract. We present a brief review of selected topics in noncommutative field theories ranging from its revival in string theory, its influence on quantum field theories, its possible experimental signatures and ending with some applications in gravity and emergent gravity.

1. Introduction The uncertainty principle of quantum mechanics Δx^iΔp^j > δ^{ij} ℏ teach us that if we want to probe short distances we need high energies. Now general relativity teach us that if we keep increasing the energy to explore smaller regions a black hole will be formed as soon as we goes beyond the Schwarzschild radius. Since no information can scape from a black hole it seems that there is a lower bound for measuring lengths! This means that there must exist an uncertainty relations for the coordinates Δx^μΔx^ν > θ^{μν} , where θ^{μν} has dimensions of (lenght)^2, so that coordinates no longer commute. This simple argument was presented some years ago [1] but the idea of noncommutativity is much older. In the late 30s Heisenberg was struggling with the ultraviolet divergences of QED and thought that noncommuting coordinates could provide a cutoff to regulate them. He then wrote to Peierls, who told to Pauli, who told to Oppenheimer, who asked one of his students, Snyder, to think about it. Then in 1947 Snyder wrote a paper where he considered the following commutation relations [2]

[x^μ, x^ν ] = iℓ^2ℏ^{−1}(x^μp^ν − x^ν p^μ),

[x^μ, p_ν ] = iℏδ^μ_ν + iℓ^2ℏ^{−1}p^μp_ν , [p_μ, p_ν ] = 0, (1)

generalizing the usual ones and with a new constant ℓ. However the renormalization program for QED started to become successful so further studies in noncommutativity were discouraged.

Even so we can ask how we can do field theory with noncommutative coordinates satisfying a simpler set of commutation relations [q̂_i, p̂_j ] = iℏδ_{ij} , [q̂_i, q̂_j ] = iθ_{ij} , [p̂_i, p̂_j ] = 0,

1 Talk presented at the XIV Mexican School on Particles and Fields, Morelia, November 9-11, 2010

with θ_{ij} a constant antisymmetric matrix. We can make an association of fields ϕ(x) in the usual space with commutative coordinates x^i to operator valued objects Φ̂(q̂) as

Φ̂(q̂) = ∫ dp e^{ipq̂}ϕ̃(p), where ϕ̃(p) is the usual Fourier transform of ϕ(x), ϕ̃(p) = ∫ dx e^{−ipx}ϕ(x). After using the Hausdorff-Campbell formula for the product of noncommutative fields we get

Φ̂_1(q̂)Φ̂_2(q̂) = ∫ dp_1 dp_2 e^{i(p1+p2)q̂− 12 pμ1 pν2 θμν} ϕ_1(p_1)ϕ_2(p_2),

so that we can associate to this product a deformed product of commutative fields in ordinary space

Φ̂_1(q̂)Φ̂_2(q̂) ↔ (ϕ_1 ⋆ ϕ_2) (x),

know as the star or Moyal product

(ϕ_1 ⋆ ϕ_2) (x) ≡ [ e^{i 12 θμν ∂∂xμ ∂∂yν} ϕ_1(x)ϕ_2(y) ] y=x = ϕ_1(x)ϕ_2(x) + i 1 2 θ^{μν}∂_μϕ_1∂_ν ϕ_2 + . . . .

In this way we can work in the usual space with commutative coordinates and conventional fields but replacing the ordinary product of fields by the Moyal product. We can even consider the quantization of such field theories and one remarkable result is that the structure of ultraviolet divergences is not modified by the Moyal product [3]. This is quite surprising because when the Moyal product is expanded there is an infinite number of higher derivative terms which contribute to the interaction vertices in Feynman diagrams. We would expect that the ultraviolet structure would be spoiled but the Moyal structure works in such a way as to preserve it. At the end, Heisenberg’s dream of using noncommutativity to tame the divergences did not come true. But, as we shall see, other effects do appear and in fact are deadly for most field theories.

Besides the importance of Filks work in 1996 it did not call much attention since only a few people were interested in noncommutativity on those days. The revolution in noncommutativity had to wait a few years more for another important discovery, but this time in string theory. Dp-branes are extended objects in p space dimensions in which open strings can end. When a set of N D-branes are nearly coincident the string spectrum includes a U(N) gauge theory in the world-volume of the D-branes. It also includes a matrix model of N × N matrices for each transverse dimension of the brane. We can consider the situation when the NS-NS antisymmetric field B_{μν} is turned on in the presence of D3-branes. It was found that there is a low energy limit where the closed strings decouple and the effective theory living on the D3-brane is a noncommutative gauge theory [4]. The noncommutativity is induced by the Moyal product with θ_{μν} being related to the NS-NS field B_{μν} . Since these noncommutative theories arouse from a consistent truncation of string theory they must be consistent in some sense and this gave rise to an intense period of research in noncommutative field theories.

Since then the proposal of noncommutativity has been applied to many areas of physics and mathematics and would be impossible to review all advancements happened along these years. Instead I will concentrate on topics which I have been involved, mostly concerned with quantum field theory and gravity. A couple of older reviews are also useful as an introduction to the subject [5, 6].

2. Mixing of Divergences An important feature of quantum noncommutative field theories is the mixing of ultraviolet and infrared divergences usually known as the UV/IR mixing [7]. Consider the noncommutative scalar field theory S = ∫ d^4x ( 1 2 ∂_μϕ̂ ⋆ ∂^μϕ̂ − m^2 2 ϕ̂ ⋆ ϕ̂ − g^2 4! ϕ̂ ⋆ ϕ̂ ⋆ ϕ̂ ⋆ ϕ̂ ) , where the ordinary product among the fields was replaced by the Moyal product. It easy to show that ∫ dx (f ⋆g)(x) = ∫ dx f(x)g(x) so that the quadratic terms in the action are not affected by the Moyal product. This means that propagators are not modified in noncommutative theories. But the interaction vertex is modified ∫ d^4x ϕ̂ ⋆ ϕ̂ ⋆ ϕ̂ ⋆ ϕ̂ = − 1 3 ∫ dk_1dk_2dk_3dk_4 δ(k_1 + k_2 + k_3 + k_4) × [cos( 1 2 k_1 ∧ k_2) cos( 1 2 k_3 ∧ k_4)+

+ cos( 1 2 k_1 ∧ k_3) cos( 1 2 k_2 ∧ k_4) + cos( 1 2 k_1 ∧ k_4) cos( 1 2 k_2 ∧ k_3)] ϕ̂(k_1) ϕ̂(k_2) ϕ̂(k_3) ϕ̂(k_4),

where k ∧ p = θ_{μν} k^μp^ν . This interaction leads to the the usual UV divergence which requires a UV regulator Λ. But it also gives rise to contributions which are singular in the IR. Symbolically the effective regulator has the form

Λ_{eff} = 1 1 Λ^2 + (θp) 2 , mixing with the UV with the IR divergence. This mixing does not spoils renormalizability at one loop but it is fatal at higher orders [7]. Several proposals were made to overcome this trouble but all of them require non trivial modifications of the original theory [8, 9, 10, 11, 12]. The simplest solution, however, is the inclusion of supersymmetry which turns the noncommutative chiral multiplet renormalizable to all orders in perturbation theory [13]. Other troubles caused by the UV/IR mixing may also be healed by supersymmetry like spontaneous symmetry breaking [14] but other problems like the renormalizability of supersymmetric gauge theories [15, 16] are not.

The noncommutative abelian gauge theory is described by the action

S_A = − 1 4 ∫ d^4x F̂^{μν} ⋆ F̂_{μν} , with the field strength and gauge transformation modified by the addition of the Moyal commutator [ Â, B̂ ] ⋆ = Â ⋆ B̂ − B̂ ⋆ Â as F̂_{μν} = ∂_μÂ_ν − ∂_νÂ_μ − i[Â_μ, Â_ν ]_⋆,

δÂ_μ = D̂_μλ̂ = ∂_μλ̂ − i[Â_μ, λ̂]_⋆.

The noncommutative gauge field Â_μ can be mapped to the conventional abelian gauge field A_μ, with the conventional field strength and gauge transformation, through the Seiberg-Witten map, which to first order in θ is [4]

Â_μ = A_μ − 1 2 θ^{αβ}A_α(∂_β A_μ + F_{βμ}). The resulting abelian gauge theory is now an interacting theory with action

S_A = − 1 4 ∫ d^4x [ F^{μν} F_{μν} + 2θ^{μρ}F_ρ^ν ( F_μ^σF_{σν} + 1 4 η_{μν} F^{αβ} F_{αβ} )] . It gives rise to a nonrenormalizable theory due to the new interactions generated by the noncommutativity and also presents the UV/IR mixing. Its properties have been studied by several groups. Dualities among gauge theories usually do not survive after the Seiberg-Witten map [17, 18].

3. Signatures of noncommutativity The existence of a constant antisymmetric tensor θ_{μν} means that Lorentz symmetry is broken. However, it does not mean that Lorentz symmetry is not valid at a fundamental level. We can think of θ_{μν} as a field (as in string theory) which has a constant vacuum expectation value breaking Lorentz symmetry spontaneously. So one of the manifestations of noncommutativity is through small deviations from Lorentz symmetry. The noncommutative Maxwell equations for the conventional abelian field show that the photon has a modified dispersion relation [19]

k^2 − 2θ^{μα}F_α^ν k_μk_ν = 0.

This is similar to what happens to photons in an anisotropic medium with no Faraday rotation nor birefringence [20]. Many other studies of modifies dispersion relations have also been performed [21, 22, 23, 24].

There are several limits imposed on noncommutativity coming from many experiments. Observations of blazars give |θ| < (10^3T eV )^{−2} [25], atomic transitions in noncommutative quantum mechanics and Lamb shift in noncommutative QED give |θ| < (10T eV )^{−2} [26], spinstatistics violations in noncommutative QED from Gran Sasso and Super-Kamiokande give |θ| < (10^5T eV )^{−2} [27], noncommutative extensions of the standard model give |θ| < (10T eV )^{−2} [28] and noncommutative symplectic structure in classical mechanics and perihelium of Mercury give |θ| < (10^{13}T eV )^{−2} [29].

4. Emergent Gravity There is a surprising connection between translations and gauge transformations. Consider a rigid translation for a noncommutative scalar field δ_T ϕ̂ = ξ^μ∂_μϕ̂, and compare it with a noncommutative gauge transformation δϕ̂ = −i[ϕ̂, λ̂]_⋆ = −i(ϕ̂ ⋆ λ̂ − λ̂ ⋆ ϕ̂). We can write the derivative of the field in terms of the Moyal commutator as ∂_μϕ̂ = −iθ^{−1}_{μν} [x^ν , ϕ̂]_⋆ assuming that θ is invertible, so that a translation can be written as a gauge transformation δ_T ϕ̂ = δϕ̂, with gauge parameter λ̂ = −θ^{−1}_{μν} ξ^μx^ν . Therefore, translations in the noncommutative directions are equivalent to gauge transformations [30]. Of course, this has a flavor of general relativity!

Let us consider this proposal in more detail. The action for a noncommutative scalar field coupled to a noncommutative abelian gauge field is given by

S_φ = 1 2 ∫ d^4x D̂^μφ̂ ⋆ D̂_μφ̂. We can now use the Seiberg-Witten map to work with the conventional scalar field φ and the conventional abelian gauge field A_μ to get

S_φ = 1 2 ∫ d^4x [∂^μφ∂_μφ + 2θ^{μα}F_α^ν (−∂_μφ∂_ν φ + 1 4 η_{μν} ∂^ρφ∂_ρφ)]. Notice that the tensor inside the parenthesis is traceless. Now consider the coupling of the conventional scalar field to linearized gravity S_{g,φ} = 1 2 ∫ d^4x (∂^μφ∂_μφ − h^{μν} ∂_μφ∂_ν φ + h∂^ρφ∂_ρφ) , where h_{μν} is the traceless linearized metric and h its trace. Comparing both actions we can identify the linearized gravitational field as

h^{μν} = θ^{μα}F_α^ν + θ^{να}F_α^μ + 1 2 η^{μν} θ^{αβ}F_{αβ} , h = 0. Therefore, the effect of noncommutativity on the scalar field is similar to a field dependent gravitational field. The coupling of matter to the abelian gauge field in noncommutative theories has effects that mimic those of gravity. In this way gravity is an emergent phenomena in noncommutative theories [31]. Remarkably charged fields feel a gravitational field that is half of that felt by the uncharged field so that the gravity coupling is now charge dependent. We can also compute the geometry induced by noncommutativity: it is that of a plane wave, more precisely a pp-wave [31]. These linearized results can be extended to the full theory [32]. As remarked in the introduction matrix models also appear when we consider D-branes in string theory. Again the emergence of gravity does arise in noncommutative matrix models. The matrix-model for a noncommutative U(N) gauge theory actually describes SU(N) gauge theory coupled to gravity [33].

5. Noncommutative Gravity There are many attempts to formulate a noncommutative gravity theory leading to several extensions of general relativity. I will not try review all these proposals and will concentrate only in my attempt for such a formulation [34]. We tried to implement noncommutativity in curved spacetime in a manner which is as simple as possible. In flat spacetime θ_{μν} is a constant matrix. How could we consider it in curved spacetime? Before answering this question let us see what we know in flat spacetime. To this end let us assume that θ_{μν} is a tensor and perform an infinitesimal general coordinate transformation δθ^{μν} = ξ^λ∂_λθ^{μν} − ∂_λξ^μθ^{λν} + ∂_λξ^ν θ^{λμ}. Let us also assume that δθ^{μν} = 0. For a rigid translation ξ^μ is constant and we get that ∂_λθ^{μν} = 0, so that θ^{μν} is constant. Let us now consider a rigid Lorentz transformation ξ^μ = Λ^μ_ν x^ν . This time we get Λ^μ_λθ^{λν} − Λ^ν_λθ^{λμ} = 0. Let us choose just one non-vanishing component of θ_{μν} , say θ^{12} ≠ 0. Then Lorentz boosts in the 3-direction and rotations in the 1 − 2 plane are still preserved as well as translations in any direction. We might think that these are all the solutions of δθ^{μν} = 0 but there is still one more. It is ξ^μ = θ^{μν} ∂_ν ξ, where ξ is a scalar function. Notice that ∂_μξ^μ = 0. This means that this transformation forms a symplectic subgroup of volume preserving diffeomorphisms which also preserves θ^{μν} . This symmetry is not very useful in flat spacetime but will be very important in curved spacetime.

Let us now move to curved spacetime where the general coordinate transformation is δθ^{μν} = ξ^λD_λθ^{μν} − D_λξ^μθ^{λν} + D_λξ^ν θ^{λμ}. (2) Assume again that δθ^{μν} = 0 as in flat spacetime. A solution which generalizes the constancy of θ^{μν} in flat spacetime to curved spacetime is D_λθ^{μν} = 0.

This implies D_λξ^μθ^{λν} − D_λξ^ν θ^{λμ} = 0 and the solution is D_μξ^μ = 0. Hence there is a residual symmetry similar to what happens in flat spacetime. We are left with the symplectic subgroup of the volume preserving diffeomorphisms which also preserves a covariantly constant θ^{μν} . This is our extension of noncommutativity to curved spacetime. We assume that θ^{μν} is a covariantly constant tensor. We can then define all geometric objects like the Christoffel symbol, Riemann tensor and so on in the usual way.

We can now couple θ^{μν} to the Riemann tensor to build a noncommutative contribution to the usual Einstein-Hilbert action. If we go up to second order in θ^{μν} we find that the only independent combination is S_{NC} = 1 16π ∫ d^4x √ −g θ^{μν} θ^α_βR_{μνα}^β. The local symmetry is now reduced to volume preserving transformations. Gravity theories invariant under volume preserving transformations are well known and are called unimodular gravity [35]. Its main property is that the determinant of the metric is constant and can be chosen to be one, the raison d’tre of its name. Also the cosmological constant appears as an integration constant. Another interesting property is that the Einstein-Hilbert action has a finite polynomial form in the metric.

We can derive the linearized equations of motion in the noncommutative case 1 G [□h_{μν} + ∂_μ∂_ν h_ρ^ρ − ∂^ρ∂_μh_{νρ} − ∂^ρ∂_ν h_{μρ} − η_{μν} (□h_ρ^ρ − ∂^ρ∂^σ h_{ρσ})] +θ^{αβ}θ_{μγ} (∂_ν ∂_αh_β^γ − ∂^γ ∂_αh_{βν} ) + θ^{αβ}θ_{νγ} (∂_μ∂_αh_β^γ − ∂^γ ∂_αh_{βμ}) + 2η_{μν} θ^{αβ}θ^ρ_σ∂_ρ∂_αh_β^σ = 0,

to find out that

g_{00} =1 + ( 1 + 3G⃗θ^2 − G(⃗n · ⃗θ)^2 ) h, g_{0i} =0, g_{ij} = − δ^{ij} + [ n^in^j + Gδ^{ij} ( ⃗θ^2 − (⃗n · ⃗θ)^2 ) + G ( θ^in^j + θ^jn^i ) ⃗n · ⃗θ ] h, where h = −2GM/r. We can find the correction to the Newtonian potential felt by a test particle

d^2x^i dt^2 = − 1 2 ∂_i [ h + G ( 3⃗θ^2 − (⃗n · ⃗θ)^2 ) h ] . The Newtonian potential has a contribution proportional to ⃗θ^2 which can be regarded as giving rise to an effective Newton constant G(1 +^3_2 G⃗θ^2). The angular dependent piece (⃗n · ⃗θ)^2 also contributes to the potential but the potential still goes as 1/r. The force on a test particle is given by m d^2x^i dt^2 = m [ n^i + 3G ( ⃗θ^2 − (⃗n · ⃗θ)^2 ) n^i + 2G(⃗n · ⃗θ)θ^i ] h 2r , so it is not purely radial. The radial component is modified by 3G(⃗θ^2 − (⃗n · ⃗θ)^2. The term proportional to ⃗θ produces, in general, a force off the plane of the orbit. It is also periodic for closed orbits. If ⃗θ is perpendicular to the plane of the orbit then no periodic effect due to noncommutativity is seen.

Noncommutativity can be incorporated into gravity in alternative ways [36] and also in cosmological models and there is a huge literature on the subject [37, 38, 39].

6. Conclusions Noncommutative theories is still a broad area of research in physics and mathematics with applications ranging from condensed matter physics to particle physics and cosmology. We presented a short review on some topics of noncommutativity in field theory and gravity. Noncommutative field theories can be easily written by replacing the ordinary product among fields by the Moyal product. Other more complicated recipes also do exist. The main consequence of the Moyal product is the appearance of the UV/IR divergence which usually spoils renormalizability. Many proposal to overcome this problem were presented and several are still under study. Noncommutative gravity is a very broad area of research. Many proposals for it are available and we discussed just one of them. Also, gravity as an emergent phenomena can be realized in the noncommutative context, at the field theory level and also at the matrix model level. Many other application of noncommutativity were not mentioned here and are still an active area of research.

Acknowledgments I would like to thank the organizers of the XIV Mexican School on Particles and Fields for the kind invitation to deliver this talk and specially to David Vergara for hospitality. The work of V.O.R. is supported by CNPq grant No. 304495/2007-7 and FAPESP grant No. 2008/05343-5.

References

[1] Doplicher S, Fredenhagen K and Roberts J E 1995 Commun.Math.Phys. 172 187–220 (Preprint

hep-th/0303037)

[2] Snyder H S 1947 Phys.Rev. 71 38–14 [3] Filk T 1996 Phys. Lett. B376 53–58 [4] Seiberg N and Witten E 1999 JHEP 9909 032 (Preprint hep-th/9908142) [5] Douglas M R and Nekrasov N A 2001 Rev.Mod.Phys. 73 977–1029 (Preprint hep-th/0106048) [6] Szabo R J 2003 Phys.Rept. 378 207–299 (Preprint hep-th/0109162) [7] Minwalla S, Van Raamsdonk M and Seiberg N 2000 JHEP 0002 020 (Preprint hep-th/9912072) [8] Langmann E and Szabo R J 2002 Phys.Lett. B533 168–177 (Preprint hep-th/0202039) [9] Grosse H and Wulkenhaar R 2005 Commun.Math.Phys. 256 305–374 (Preprint hep-th/0401128) [10] Rivasseau V, Vignes-Tourneret F and Wulkenhaar R 2006 Commun.Math.Phys. 262 565–594 (Preprint

hep-th/0501036)

[11] Disertori M, Gurau R, Magnen J and Rivasseau V 2007 Phys.Lett. B649 95–102 (Preprint hep-th/0612251) [12] Langmann E, Szabo R and Zarembo K 2004 JHEP 0401 017 (Preprint hep-th/0308043) [13] Girotti H, Gomes M, Rivelles V O and da Silva A 2000 Nucl.Phys. B587 299–310 (Preprint hep-th/0005272) [14] Girotti H, Gomes M, Petrov A, Rivelles V O and da Silva A 2003 Phys.Rev. D67 125003 (Preprint

hep-th/0207220)

[15] Ferrari A, Girotti H, Gomes M, Petrov A, Ribeiro A et al. 2004 Phys.Rev. D70 085012 (Preprint

hep-th/0407040)

[16] Ferrari A, Girotti H, Gomes M, Petrov A, Ribeiro A et al. 2004 Phys.Rev. D69 025008 (Preprint

hep-th/0309154)

[17] Harikumar E and Rivelles V O 2005 Phys.Lett. B625 156–164 (Preprint hep-th/0506078) [18] Ajith K, Harikumar E, Rivelles V O and Sivakumar M 2008 Phys.Rev. D77 085010 (Preprint 0801.2040) [19] Guralnik Z, Jackiw R, Pi S and Polychronakos A 2001 Phys.Lett. B517 450–456 (Preprint hep-th/0106044) [20] Mariz T, Nascimento J and Rivelles V O 2007 Phys.Rev. D75 025020 (Preprint hep-th/0609132) [21] Agostini A, Amelino-Camelia G and D’Andrea F 2004 Int.J.Mod.Phys. A19 5187–5220 (Preprint

hep-th/0306013)

[22] Helling R C and You J 2008 JHEP 0806 067 (Preprint 0707.1885) [23] Bietenholz W 2010 (Preprint 1008.3886) [24] Bietenholz W, Nishimura J, Susaki Y and Volkholz J 2006 JHEP 0610 042 (Preprint hep-th/0608072) [25] Amelino-Camelia G 2004 New J.Phys. 6 188 (Preprint gr-qc/0212002) [26] Chaichian M, Sheikh-Jabbari M and Tureanu A 2001 Phys.Rev.Lett. 86 2716 (Preprint hep-th/0010175) [27] Balachandran A, Mangano G, Pinzul A and Vaidya S 2006 Int.J.Mod.Phys. A21 3111–3126 (Preprint

hep-th/0508002)

[28] Carroll S M, Harvey J A, Kostelecky V, Lane C D and Okamoto T 2001 Phys.Rev.Lett. 87 141601 (Preprint

hep-th/0105082)

[29] Romero J M and Vergara J 2003 Mod.Phys.Lett. A18 1673–1680 (Preprint hep-th/0303064) [30] Gross D J and Nekrasov N A 2000 JHEP 0010 021 (Preprint hep-th/0007204) [31] Rivelles V O 2003 Phys.Lett. B558 191–196 (Preprint hep-th/0212262) [32] Banerjee R and Yang H S 2005 Nucl.Phys. B708 434–450 (Preprint hep-th/0404064) [33] Steinacker H 2007 JHEP 0712 049 (Preprint 0708.2426) [34] Harikumar E and Rivelles V O 2006 Class.Quant.Grav. 23 7551–7560 (Preprint hep-th/0607115) [35] Alvarez E 2005 JHEP 03 002 (Preprint hep-th/0501146) [36] Nicolini P 2009 Int.J.Mod.Phys. A24 1229–1308 (Preprint 0807.1939) [37] Garcia-Compean H, Obregon O and Ramirez C 2002 Phys.Rev.Lett. 88 161301 (Preprint hep-th/0107250) [38] Barbosa G and Pinto-Neto N 2004 Phys.Rev. D70 103512 (Preprint hep-th/0407111) [39] Bastos C, Bertolami O, Dias N and Prata J 2009 J.Phys.Conf.Ser. 174 012053 (Preprint 0812.3488)