arXiv:1101.4619v1 [hep-th] 24 Jan 2011

A Relativistic De Broglie Bohm Formalism Equivalent to the Dirac Equation.

Benjamin Koch and Nicolás Rojas Pontificia Universidad Católica de Chile. Av. Vicuña Mackenna 4860. Macul.

Santiago de Chile.^∗ (Dated: January 25, 2011)

Understanding spin one half is a crucial issue in the De Broglie Bohm framework. In this paper a concrete relativistic realization of spin one half in terms of angular coordinates is developed. A Lagrange formulation is found, equations of motion are derived, and Lorentz invariance is discussed.

I. INTRODUCTION

A. General Picture

The de Broglie Bohm interpretation of quantum mechanics (dBB) is an attempt to describe quantum phenomena in a deterministic way. It allows to assign physical reality to a system, even at the instances between two measurements. In this sense it goes beyond the Copenhagen interpretation of quantum mechanics. In such a framework the description of physics is given in terms of hidden variables, which are physical quantities that are not present in the usual interpretation of quantum mechanics. A general introduction to the approach and a discussion of most of the conceptual issues can be found in [1, 2]. This formulation has recently attracted some interest due to its potential connection to quantum gravity and unification schemes [3–9]. However, the description of spin one half within this framework proved to be hard and not unique [10–15]. This article contributes to this series, by deriving and discussing an alternative formulation of spin one half. It is based on the combination of an angular concept for spin one half, with a special formulation of the Dirac equation. Those two starting points are introduced in the subsections (I B and I C).

B. Angular representation of Pauli matrices

In [1, 16] a description of non-relativistic spin 1/2 in terms of the Euler-angles of a rigid rotator is given. The algebraic definitions of this formulation are the basis of this work and thus, they will be shortly defined in this section. In this formulation the role of two component spinors is taken by scalar functions with additional angular degrees of freedom. The key step is to introduce angular operators M̂^k, that act on those functions in such a way that they reproduce the algebra of the Pauli spin

∗Electronic address: bkoch@fis.puc.cl

matrices σ^k ψ_a(x) spinor with two components σ^k Pauli matrices ↔ ψ(x, α_i) scalar function with angular dependence 2M̂^k angular operator (1)

The angles α_i = α, β, γ are defined with respect to the external space axes and the operators M̂_k are

M̂_1 = i(cos β∂_α − sin β cot α∂_β + sin β / sin(α)∂_γ ) M̂_2 = i(− sin β∂_α − cos β cot α∂_β + cos β / sin(α)∂_γ ) M̂_3 = i∂_β (2) M̂ ′_1 = i(cos γ∂_α + sin β cosec α∂_β − sin γ cot(α)∂_γ ) M̂^′_2 = i(sin γ∂_α − cos γ cosec α∂_β + cos γ cot(α)∂_γ ) M̂ ′_3 = i∂_γ (3) Which reads in a matrix notation

M̂_k = iA_{kαi} ∂_{αi} . (4)

M̂^′_k = iA^′_{kαi} ∂_{αi} . (5)

Those operator-matrices obey the commutation relations [A_{lαa} ∂_{αa} , A_{mαb} ∂_{αb} ] = ϵ^{klm}A_{kαc} ∂_{αc} , (6) [A^′_{lαa} ∂_{αa} , A^′_{mαb} ∂_{αb} ] = −ϵ^{klm}A^′_{kαc} ∂_{αc} . (7) From those relations one sees that the operators M̂ follow the same commutation relations as σ_k/2

[M̂_i, M̂_j ] = iϵ^{ijk}M̂_k , (8)

while the operators M̂^′ follow anomalous commutation relations

[M̂^′_i , M̂^′_j ] = −iϵ^{ijk}M̂^′_k . (9)

At this point it is interesting to note that those operators do not fulfill the anti-commutation relations in general. This only happens when the operators are applied to functions with special properties. Holland finds the following complete set of eigenfunctions for the operator M̂ 2 with the eigenvalue s(s + 1) = 3/4

u_i(α_a) = u_+ =^1_{π2}^√_2 cos(α/2)e^{−i(γ+β)/2} u_− =^{−i}_{π2}^√_2 sin(α/2)e^{i(−γ+β)/2} v_+ =^{−i}_{π2}^√_2 sin(α/2)e^{i(γ−β)/2} v_− =^1_{π2}^√_2 cos(α/2)e^{i(γ+β)/2}

(10)

These functions differ by their eigenvalues ±1/2 with respect to both, M̂_3 and M̂^′_3. Now, when acting on this set of functions, the operators M̂ fulfill the Clifford algebra of the Pauli matrices σ_k/2 {A_{kαa} ∂_{αa} , A_{lαb} ∂_{αb} }u_i + 1 2 δ_{kl}u_i = 0 , (11)

{A^′_{kαa} ∂_{αa} , A^′_{lαb} ∂_{αb} }u_i + 1 2 δ_{kl}u_i = 0 . (12)

This technique is typically only applied to non-relativistic spinors with two components [1, 16]. But as it will be shown in the following sections it is also sufficient for a description of relativistic two component spinors.

C. Lagrangian Formulation for Relativistic Spin 1/2 In order to have a direct applicability of the concepts in the previous section we seek a quadratic and two component formulation of spin one half. Such a formulation was given in 1958 by Laurie Brown [17], who found a two component fermion theory with an Lagrangian which seemingly can not be found for the a single Feynman- Gell-Mann equation [18, 19]. One defines

p^+ = p_0 + ⃗σ⃗p ≡ σ̄^μp_μ , (13)

p^− = p_0 − ⃗σ⃗p ≡ σ^μp_μ . (14)

Due to the Clifford algebra of the Pauli matrices one has

σ̄_μσ_ν = g_{μν} + h_{μν} (15) σ_μσ̄_ν = g_{μν} + h^′_{μν}

with

h_{0i} = −h_{i0} = −h^′_{0i} = h^′_{i0} = σ_i (16) h_{ij} = h^′_{ij} = − 1 2 [σ_i, σ_j ] .

Further one finds from D_μ = ∂_μ − iA_μ

D^+D^− = D^μD_μ − i 2 h_{μν} F^{μν} (17) and D^−D^+ = D^μD_μ − i 2 h^′_{μν} F^{μν} . (18)

A Lagrangian is defined by introducing an auxiliary two component spinor Ω

L_{LB} = m^{−1}(D^+Ω)^†(D^−ψ) + mΩ^†ψ . (19)

By varying with respect to the bi-spinorfields one obtains two equations of motion which are the Feynman-Gell- Mann equation and an anomalous Feynman-Gell-Mann equation

m^2ψ = D^+D^−ψ = (D^μD_μ − i 2 h_{μν} F^{μν} )ψ (20)

m^2Ω = D^−D^+Ω = (D^μD_μ − i 2 h^′_{μν} F^{μν} )Ω . (21)

The equations are not independent since one can show [17] that

iD^+Ω = mψ, iD^−ψ = mΩ . (22)

Under the discrete symmetries C and P the equations (20) and (21) transform into each other (where C additionally has ⃗E → − ⃗E). Those are the properties of the left handed and right handed Weyl spinors. The two equations in (22) can be combined to a single equation for a four component spinor

(D_0 − α_iD_i − βm) ( Ω ψ ) = 0 , (23)

with

α_i = ( −σ_i 0 0 σ_i ) , β = ( 0 1 1 0 ) . (24)

By multiplying this with β from the left hand side one obtains (iγ^μD_μ − m) ( Ω ψ ) = 0 (25)

where γ_μ = (β, βα_i). Equation (25) is the Dirac equation in Weyl representation. This shows that at the level of equations of motion, the action (19) is equivalent to Dirac’s formulations of spin one half.

II. AN ACTION FOR ANGLES AND SPIN 1/2

In this section it will investigated whether the formulation that was given in subsection I B can be directly and uniquely adapted to the formulation of spin 1/2 that was given in subsection I C. As first approach we propose the following action S = ∫ d^4x ∫ d^3α_n ( L_0 + Λ^{1/2}_ψ + Λ^{1/2}_Ω ) , (26)

with the main part

L_0 = m^{−1}(D̂^+Ω)^†(D̂^−ψ) + mΩ^†ψ , (27)

the Lagrange multipliers

Λ^{1/2}_X = l_X X^†(M̂^2 − ℏ^2 3 2 )X , (28)

and the operators

D̂^± = D^±| [σk →2iA kα_i ∂α_i , σ0 =1 →1] . (29) This is a straight forward guess, motivated by the form of the spinor action (19). The two Lagrange multipliers ensure that the functions ψ and Ω are eigenfunctions of the total spin operator M̂^2 with the eigenvalue s(s+1) = 3/4. Having this constraint, the most general wave functions can be expressed as linear combinations of the M̂^2 eigenfunctions given in (10). With this representations of the functions ψ, Ω checks the following relations: ∫ dω u^∗_i u_j = δ_{ij} (30)

where dω = sin(α)dαdβdγ and the angular integrals are over [0 ≤ α ≤ π, 0 ≤ β ≤ 2π, 0 ≤ γ ≤ 4π]. One further finds two sets of Pauli matrices 2i ∫ dω u^∗_i A_{kαn} ∂_{αn} u_j = ( σ_k 0 0 σ_k ) ij , (31)

one for u_± and one for v_±. Integrating this relation by parts and using 2i ∫ dω u^∗_i (∂_{αn} A_{kαn} )u_j = 0 (32)

one finds that 2i ∫ dω (∂_{αn} u^∗_i )A_{kαn} u_j = − ( σ_k 0 0 σ_k ) ij . (33)

It is possible to write down many different types of integrals, containing two derivative operators ∂_{αi} . A selection of such integrals is

(I^0_{kl})_{ij} = ∫ dω (A_{lαn} (∂_{αn} u_i))^∗A_{kαm} ∂_{αm} u_j (34)

(I^1_{kl})_{ij} = ∫ dω (A_{kαn} (∂_{αn} u_i))^∗(∂_{αm} A_{lαm} )u_j (I^2_{kl})_{ij} = ∫ dω (u_i)^∗(∂_{αn} A_{kαn} )(∂_{αm} A_{lαm} )u_j (I^3_{kl})_{ij} = ∫ dω (u_i)^∗A_{kαn} (∂_{αn} ∂_{αm} A_{lαm} )u_j (I^4_{kl})_{ij} = ∫ dω (u_i)^∗A_{kαn} A_{lαm} ∂_{αn} ∂_{αm} u_j (I^5_{kl})_{ij} = ∫ dω (u_i)^∗(∂_{αn} A_{kαn} )A_{lαm} ∂_{αm} u_j (I^6_{kl})_{ij} = ∫ dω (u_i)^∗A_{kαn} (∂_{αn} A_{lαm} )∂_{αm} u_j (I^7_{kl})_{ij} = ∫ dω (u_i)^∗(∂_{αm} A_{kαn} )(∂_{αn} A_{lαm} )u_j (I^8_{kl})_{ij} = ∫ dω (∂_{αn} u_i)^∗A_{kαn} A_{lαm} ∂_{αm} u_j .

The explicit results for those integrals are given in the appendix VI A. The remaining integrals can be obtained from (34) by complex conjugation or partial integration. For the spin one half eigenfunctions one finds the useful relations

4(I^8_{kl})_{ij} = −4 ( (I^4_{kl})_{ij} + (I^6_{kl})_{ij} ) = ( σ_k · σ_l 0 0 σ_k · σ_l ) ij , (35)

(I^5_{kl})_{ij} = ( (I^2_{kl})_{ij} + (I^7_{kl})_{ij} ) /2 + (I^3_{kl})_{ij} = 0 . (36)

When using partial integration one has to take care, since in many cases the boundary terms do not vanish. A general spin one half expansion in terms of M^2 eigenfunctions ψ_a(α) is given by

ψ(x, α) = 4∑ a=1 ψ_a(x)u_a(α) ≡ ψ_a(x)u^a(α) . (37)

For the case of spin half it is sufficient to stick to the eigenfunctions of u_+, u_−

ψ(x, α) = 2∑ a=1 ψ_a(x)u_a(α) . (38)

Having the relations (30-36) together with (8) and (11) allows to show that for the spin one half functions (38) ∫ dωL_0|_{s=1/2} = L_{LB} . (39)

This means that after integration over the angular coordinates, the Lagrangian (26) with the replacements (29) is exactly identical to the Lagrangian (19). After this integration the expansion coefficients ψ_a(x) from (38) become the spinor components in (19). The same result is obtained if the eigenfunctions v_+, v_− are used. Thus, with the action (26) an explicit Lagrange formulation of relativistic spin one half in terms of the angles α, β, and γ has been found. However, the identities (11 and 36) allow to write this angular Lagrangian in many different forms. Further ambiguities could in principle arise when doing the replacement σ^k → 2iA_{kαa} ∂_{αa} within the action. It was a priori not clear whether the derivative ∂_{αa} should act to the right, or to the left, or whether it should act on the functions ψ and Ω only, or whether derivatives of the kind ∂_{αa} A_{kαb} should also be allowed. A carefull analysis of the integrals (31-34) showed that defining the derivatives as ones that always act to the right gives the right result. When using other definitions, one has to take possible sign changes like in (31 and 33) into account.

III. THE EQUATIONS OF MOTION

The equations of motion for the spinors ψ and Ω were given in (20) and (21). Now we will turn to the angular dependent Lagrangian (26). Using the Clifford algebra (11) the main part of (26) can be written in the form

L_0 = m^{−1} ( (D_μΩ)^†D^μψ − 2i(D_μΩ)^†C^{μν}_k M̂^kD_ν ψ ) −mΩ^†ψ , (40)

where C^{μν}_k is defined as

C^k_{00} = 0, C^k_{0j} = −C^k_{j0} = iδ^k_j , C^k_{ij} = ϵ^k_{ij} . (41)

The Lagrangian contains explicit dependence on angular degrees of freedom but given the Lagrange constraints (28) the functions Ω and ψ can be expanded according to (37). The Lagrangian (40) further contains derivatives of order one in the angles. Note that this Lagrangian is only valid if the constraints (28) are applied, since only in this case the Clifford algebra (11) can be used. Using this, the equation of motion for the auxiliary field Ω(x, α) reads ∂L ∂Ω^† − D Dx^k ( ∂L ∂Ω^†_{,k} ) = 0 , (42)

where the total derivative as is given in the appendix (88) is defined as D Dx^k = ( ∂ ∂x^ρ + ∂ψ_a ∂x^ρ ∂ ∂ψ_a + ∂ψ_{a,σ} ∂x^ρ ∂ ∂ψ_{a,σ} (43) + ∂Ω_a ∂x^ρ ∂ ∂Ω_a + ∂Ω_{a,σ} ∂x^ρ ∂ ∂Ω_{a,σ} ) . For the case of (42) only the first line of (43) contributes, while the second line of (43) gives zero. First one evaluates derivatives of the Lagrangian: ∂L ∂Ω^† = m^{−1} ( −ieA_μD^μψ − 2ieA_μC^{μν}_k M̂^kD_ν ψ ) −mψ (44) ∂L ∂Ω^†_{,ρ} = m^{−1} ( D^ρψ − 2C^{ρν}_k M̂^kD_ν ψ ) . (45)

Expanding the fields according to (37), this can be rewritten giving ∂L ∂Ω^† = m^{−1} (−ieA_μD^μψ_a(x)u^a(α) − 2ieA_μC^{μν}_k M̂^ku^a(α)D_ν ψ_a(x) ) − mψ_a(x)u^a(α) , (46) ∂L ∂Ω^†,ρ = m^{−1} (D^ρψ_a(x)u^a(α)

− 2C^{ρν}_k M̂^ku^a(α)D_ν ψ_a(x) ) . (47)

Joining (42, 43, 46, and 47) one obtains the equation of motion for ψ, subject to the constraints (28)

D_ρD^ρψ_a(x)u^a(α) − eF_{μν} C^{μν}_k M̂^ku_a(α)ψ^a(x) (48) −m^2ψ_a(x)u^a(α) = 0 .

Similarly, the equation of motion for Ω can be obtained by varying the action (40) with respect to ψ. This calculation can be largely simplified by performing a partial integration with respect to all angular coordinates ∂_{αa} before evaluating the equations of motion. One finds that the equation of motion for Ω reads

D_ρD^ρΩ_a(x)u^a(α) − eF_{μν} C^{∗μν}_k M̂^ku_a(α)Ω^a(x) (49) −m^2Ω_a(x)u^a(α) = 0 ,

where C^{∗μν}_k is the complex conjugation of C^{μν}_k . One easily confirms that the equations (48, 49) are exactly what one would have obtained from the spinor equations of motion by the replacement σ^k → 2M̂^k.

IV. LORENTZ INVARIANCE

A. Lorentz group and its explicit form

A covering group of the orthochronus Lorentz group SL(2, C ) is defined by 2 × 2 matrices, with null trace y and determinant 1. This group is specified by six real valued parameters. As candidates to satisfy all this requirements, one may use: {L_k, K_k} ⇔ { 1 2 σ_k , − i 2 σ_k }

Which correspond to rotations (L_k) and boosts (K_k). They are the generators of Lorentz transformations in this space of representation of σ matrices. The above implies that an arbitrary element of SL(2, C ) can be written as Λ(α, β) = exp i 2 (α_k − iβ_k) σ_k . (50)

This corresponds to one representation of the Lorentz group SL(2, C ), namely (1/2, 0). If one conjugates the previous expression one obtains another representation, namely (0, 1/2), which can be expressed as

Λ^∗(α, β) = σ_2 [ exp i 2 (α_k + iβ_k) σ_k ] σ_2 . (51)

Individually, both act in a two component spinor space (or a Weyl spinor). In this way, a vector in the representation space (1/2, 0) ⊗ (0, 1/2), transforms:

Ψ^′_D = ( Λ(α, β) 0 0 σ_2Λ^∗(α, β)σ_2 ) Ψ_D (52)

Those are Dirac spinors. For our purposes the formulation in [17], is considering Weyl spinors, as it can be seen from (25). This means that by choosing a representation for ψ, for instance (1/2, 0), one immediately fixed the representation of Ω to be the other one ((0, 1/2)). With this, Lorentz invariance of the Lagrangian in subsection IV B preserved. Remember that Ω is obtained from ψ through the equation (22).

The first question in our discussion is whether the transformation behavior given in (50 and 51) goes through to the angular formulation. In order to see this one may use the expectation values of the M̂ spin operators in the basis of eigenfunctions of M_3, M^′_3 and M^2. This can be done since both Ω (living in (0, 1/2)) and ψ (living in (1/2, 0)) are expressed with the same basis functions u_a(α). One has to show that the relation ⟨ e^{i(α−iβ)kM̂ k} ⟩ = e^{i2 (α−iβ)k σk} (53) holds for those expectation values. This proof involves excessive use of the Baker Campbell Hausdorff relation. It will be given separately for pure rotations and pure boosts. First, we consider β_k = 0: ⟨ e^{iαkM̂ k} ⟩ ab = ⟨ 11 + 1 1! ( iα_kM̂^k ) + 1 2! ( iα_kM̂^k )_2

+ 1 3! ( iα_kM̂^k )_3 + . . . ⟩ ab ⇐⇒ ⟨11⟩_{ab} = δ_{ab} (54) ⟨ iα_kM̂^k ⟩ ab = 1 2 iαα̃_k(σ^k )_{ab} (55) ⟨( iα_kM̂^k )_2⟩ ab = − ( 1 2 )_2

α_kα^kδ_{ab} (56) ⟨( iα_kM̂^k )_3⟩ ab = −i 1 2 ⟨ α_kα_lα_mM̂^k{M̂^l, M̂^m} ⟩ ab Applying the base of eigenfunctions one can replace the anti-commutator by a Kronecker delta (see 11). This gives ⟨( iα_kM̂^k )_3⟩ ab = −i ( 1 2 )_3

α^3α̃^k(σ)_{ab} . (57)

The remaining terms can be solved in the same way, with the same tricks. So, by induction, one can also finish the entire table of expectation values of powers of M̂_k operators. Finally: ⟨ e^{iαkM̂ k} ⟩ = δ_{ab} ( 1 − 1 2! (α 2 )_2 + . . . )

+ iα̃_kσ^k ( α − 1 3! α^3 + . . . )

= δ_{ab} cos ( α 2 ) + iα̃_kσ^k sin (α 2 )

= e^{i2 αk σk} . (58)

Using an identical procedure pure boosts one finds ⟨ e^{βkM̂ k} ⟩ = δ_{ab} cosh ( α 2 ) + β̃_kσ^k sinh (α 2 )

= e^{12 βk σk} . (59)

Thus, we have shown that (53) holds for rotations and boosts and that the Lorentz transformations of Weyl spinors can be translated directly to the scalar functions with angular dependence.

B. Lorentz invariance of the angular Lagrangian

As additional check it will be shown explicitly that the Lagrangian (26) is Lorentz invariant. The easiest starting point is the mass term mΩ^†ψ. Performing a Lorentz transform to the fields gives

ψ^′ = Nψ , (60)

Ω^′ = ÑΩ . (61)

And in the Lagrangian it reads:

L^′_{MASS} = mΩ^{′†}ψ^′ = mΩ^†Ñ^†Nψ . (62)

For this Lagrangian term to be Lorentz invariant one has to check Ñ^†N = 11 [22], which can be seen from an infinitesimal expansion: N = e^{−i2 (α−iβ)k σk} ≈ 1 − i 2 α_kσ^k − 1 2 β_kσ^k , (63)

Ñ = e^{−i}2^{(α+iβ)}k^{σk} ≈ 1 − i 2 α_kσ^k + 1 2 β_kσ^k , (64)

Those relations may be interpreted as follows: If one chooses that the ψ field transforms in the (1/2, 0) representation of Lorentz group, immediately Ω transforms in (0, 1/2), in agreement with equations (50 and 51). Now one has to check whether the relation Ñ^†N = 11 holds for the angular representation. This can be seen directly when doing the following expansions: N = e^{−i(α−iβ)kM̂ k} ≈ 1 − iα_kM̂^k − β_kM̂^k , (65) Ñ = e^{−i(α+iβ)}k^{M̂ k} ≈ 1 − iα_kM̂^k + β_kM̂^k , (66)

Ñ^†N = 1 + O(α^2, β^2) . (67)

Thus, the mass term keeps Lorentz invariance on the angular formulation. The next check will be on the kinetic term of Lagrangian (26): L_{KIN} = ( D^+Ω )_† D^−ψ . (68)

Performing a Lorentz transform yields L^′_{KIN} = ( D^{′+}Ω^′ )_† D^{′−}ψ^′ = D^{∗μ}Ω^†(Λ^μ_ρ Ñ^†σ^ρ)(σ̄^σ NΛ^ν_σ)D_ν ψ

= D^{∗μ}Ω^†(Λ^μ_ρ Ñ^†σ^ρÑ)(N^†σ̄^σ NΛ^ν_σ)D_ν ψ. (69)

Here, Ñ^{−1} = N^† was used. . Asking the Lagrangian to be invariant, one has to prove that [22]:

Λ^μ_ρ Ñ^†σ^ρÑ = σ^μ , (70) and Λ^ν_σ N^†σ̄^σ N = σ̄^ν . (71)

The proof of one of those relations is analogue to the other, so proving one of them is enough. By using (63 and 64) one can expand the relation (71) in its infinitesimal form. Further expanding Λ^ρ_σ ≈ δ^ρ_σ + ω^ρ_σ gives

− ω^ν_μσ̄_ν = ( i 2 α_kσ^k − 1 2 β_kσ^k ) σ̄_ν + σ̄_ν ( − i 2 α_kσ^k − 1 2 β_kσ^k )

= α_k(0, −ϵ^{kl}_mσ^m) − β_k(σ^k , δ^{kl}) . (72)

The ω^ν_μ matrix is the infinitesimal rotation and boost matrix, which is generally parameterized by

ω^ν_μ =

0 β_x β_y β_z β_x 0 α_z −α_x β_y −α_z 0 α_x β_z α_y −α_x 0

. (73)

With this expression for ω^ν_μ, equation (72) is an identity, and this completes the first part of the proof. In the second part of the proof con checks whether equation (72) holds for the angular representation. To do this, one promotes σ_k → 2M̂_k:

Λ^μ_ν Ñ^{−1}σ̄_μN = σ̄_ν → Λ^μ_ν Ñ^{−1}M̂_μNΦ = M̂_ν Φ (74)

Where Φ is a spin eigenfunction of M_3, M^′_2 and M^2. Now one can expand the equation (74) in the same way as it was done with (65 and 66). This gives

− ω^ν_μM̂_ν Φ = ( iα_kM̂^k − β_kM̂^k ) M̂^μ +

+ M̂^μ ( −iα_kM̂^k − β_kM̂^k ) Φ = α_k(0, −2ϵ^{kl}_mM̂^m) − β_k(2M̂^k, δ^{kl})Φ(75)

Which is the replacement σ_k → 2M̂_k applied to the equation (72). Note that with the same explicit form of (73), for ω^ν_μ, the last equation becomes an identity. Thus, two things have been shown:

(i) In the context of Lorentz transformations, the Pauli matrices and the angular operators can be treated analogously.

(ii)The Lagrangian (19) is Lorentz invariant, in both formulations.

V. CONCLUSIONS

In this paper a new formulation of the Dirac equation in the de Broglie Bohm picture was constructed. The corresponding Lagrangian has three additional angular coordinates in terms of the Euler angles (α, β, and γ). In the construction scalar functions with angular dependence play the role of spinors and angular operators play the role of Pauli matrices.

It is shown that, after integrating out the angular degrees for freedom, the bi-spinorial action of Brown is obtained (39). Since this bi-spinor action is known to be equivalent to the Dirac equation (25), the main objective of finding a new de Broglie Bohm formulation of the Dirac equation is achieved. Further, the equations of motion (48, 49) for the extended space (containing space-time and angular degrees of freedom) are derived. Those equations of motion should allow to calculate the Bohmian trajectories in the extended configuration space. When doing this in the typical Bohm procedure one would redefine ψ_a = √ ρ_a exp(iS_a). Finally, Lorentz invariance is shown and it is demonstrated how boosts and rotations act on the scalar functions ψ(x^μ, α_i) and Ω(x^μ, α_i).

Future investigation will be on explicit solutions of the equations of motion (48, 49) and on the applicability of the method to systems with spin ≠ 1/2.

Many thanks to M.A. Diaz, P. Holland, C. Valenzuela, and the HEP-PUC group for valuable hints and discussions. The work of B. K. was supported by CONICYT project PBCTNRO PSD-73. The work of N. R. was supported by CONICYT scholarship.

VI. APPENDIX

A. List of angular integrals

This part of the appendix contains the explicit results for the integrals (34): ( I^1_{kl} ) ij = 0, (76) ( I^2_{11} ) ij = − δ_{ij} 2 lim_{ϵ→0}(cos(ϵ) + log(tan( ϵ 2 ))), (77) ( I^2_{22} ) ij = ( I^2_{11} ) ij , ( I^2rest ) ij = 0, ( I^3_{11} ) ij = ( I^3_{22} ) ij = 1 2 δ_{ij} , ( I^3rest ) ij = 0, (78) ( I^4_{kk} ) ij = − 1 4 δ_{ij} , ( I^4_{12} ) ij = ( I^4_{21} ) ij = 0 (79) ( I^4_{13} ) ij = ( I^4_{31} ) ij = 1 4 ( σ_3σ_1 0 0 σ_3σ_1 ) , ( I^4_{23} ) ij = ( I^4_{32} ) ij = 1 4 ( σ_3σ_2 0 0 σ_3σ_2 ) , ( I^5_{kl} ) ij = 0, (80) ( I^6_{kk} ) ij = ( I^6_{23} ) ij = ( I^6_{13} ) ij = 0, (81) ( I^6_{21} ) ij = − ( I^6_{12} ) ij = I 4 ( σ_3 0 0 σ_3 ) , ( I^6_{32} ) ij = − 1 2 ( σ_3σ_2 0

0 σ_3σ_2 ) , ( I^6_{31} ) ij = − 1 2 ( σ_3σ_1 0

0 σ_3σ_1 ) , ( I^7_{11} ) ij = − δ_{ij} 2 lim_{ϵ→0}(cos(ϵ) + log(cot( ϵ 2 ))), (82) ( I^7_{22} ) ij = ( I^7_{11} ) ij , ( I^7rest ) ij = 0, ( I^8_{kl} ) ij = 1 4 ( σ_k σ_l 0 0 σ_k σ_l ) . (83)

The integrals ( I^2_{11} ) ij and ( I^7_{11} ) ij do not converge at the boundaries of α. Therefore the asymptotic result for ∫_{π−ϵ} 0+ϵ dα . . . was given.

B. Equations of motion from a Lagrangian with Explicit Coordinate Dependence

In this appendix the equations of motion for a physical system that is defined in a region R and whose coordinates are x_k (k = 1..n) is discussed. The fields are functions of these variables and they are labeled as ψ^α, where α, runs over all fields defined in the system. The discussion follows basically [20]. The Lagrange density depends explicitly on x_k , ψ^α, and ∂_kψ^α. The action is defined as: A = ∫ d(x)L [x_k , ψ^α (x) , ∂_kψ^α (x)] . (84)

When performin a variation one has to take into account the region R and the coordinates x_k → x_k + δx_k . Thus, in general a field if varied according to

ψ^{′α}(x^′) := ψ^α(x + δx) + δψ^α = = ψ^α(x) + ∂_kψ^α(x)δx^k + δψ^α ⇒

⇒ δψ^α(x) := ψ^{′ α}(x^′) − ψ^α(x) = = ∂_kψ^α(x)δx^k + δψ^α (85) ⇒ δ∂_kψ^α(x) = ∂_l∂_kψ^α(x)δx^l + δ∂_kψ^α . (86)

Performing the total variation in the action, one gets δA = ∫ d(x + δx)L [x_k + δx_k , ψ^α(x) + δψ^α(x), ∂_k ψ^α(x) + δ∂_kψ^α(x)] − − ∫ d(x)L [x_k, ψ^α (x) , ∂_kψ^α (x)] ⇒

δA = ∫ d(x) (87) ( D Dx_k [ Lδx_k + ∂L ∂ψ^α_{,k} (δψ^α(x) − ψ^α_{,k}(x)δx^k ) ]

+ ( ∂L ∂ψ^α − D Dx_k ∂L ∂ψ^α_{,k} ) (δψ^α(x) − ψ^α_{,k}(x)δx^k ) ) .

Here, the derivative^D_{Dxk} means the total derivative respect to the coordinates D Dx_k = ∂ ∂x_k + ψ^α_{,k} ∂ ∂ψ^α + ψ^α_{,kl} ∂ ∂ψ^α_l . (88)

The first total derivative in (88) is a boundary term, which can be neglected. If one demands that the region R is left invariant one can set δx_k = 0. The remaining variation of the action is then δA = ∫ d(x) (( ∂L ∂ψ^α − D Dx_k ∂L ∂ψ^α_{,k} ) δψ^α(x) ) .(89)

Hamilton’s principle requires that the above expression must vanish for every choice of the region of integration and for every choice of the variational functions δψ^α(x). Thus the resulting equations of motion are ∂L ∂ψ^α − D Dx_k ∂L ∂ψ^α_{,k} = 0 . (90)

The total derivative (88) was defined in such a way that the equations of motion have a form that is similar to the one that is normally used in physics. The equations here are, however, more general since they include explicit coordinate dependence.

[1] Peter Holland The Quantum Theory of Motion. Cambridge University Press. (1994) [2] H. Nikolic, Found. Phys. 37, 1563 (2007) [arXiv:quant-ph/0609163].

[3] E. Santamato, J. Math. Phys. 25, 2477 (1984); E. Santamato, Phys. Rev. D 32, 2615 (1985).

[4] F. Shojai and A. Shojai, Int. J. Mod. Phys. A 15, 1859 (2000) [arXiv:gr-qc/0010012]; A. Shojai, Int. J. Mod. Phys. A 15, 1757 (2000) [arXiv:gr-qc/0010013]; F. Shojai and A. Shojai, Pramana 58, 13 (2002) [arXiv:gr-qc/0109052]; F. Shojai and A. Shojai, arXiv:gr-qc/0404102; A. Shojai, F. Shojai and N. Dadhich, Int. J. Mod. Phys. A 20, 2773 (2005) [arXiv:gr-qc/0504137]; F. Shojai and A. Shirinifard, Int. J. Mod. Phys. D 14, 1333 (2005) [arXiv:gr-qc/0504138].

[5] R. Carroll, arXiv:gr-qc/0406004; R. Carroll, arXiv:quant-ph/0406203; R. Carroll, arXiv:math-ph/0701007; R. Carroll, arXiv:0705.3921 [gr-qc].

[6] B. Koch, arXiv:0801.4635 [quant-ph]; B. Koch, arXiv:0810.2786 [hep-th]; B. Koch, arXiv:0901.4106 [grqc]; B. Koch, arXiv:1004.2879 [hep-th].

[7] J. M. Isidro, J. L. G. Santander and P. F. de Cordoba, arXiv:0808.2351 [hep-th]; S. Abraham, P. F. de Cordoba, J. M. Isidro and J. L. G. Santander, arXiv:0810.2236 [hep-th]; S. Abraham, P. F. de Cordoba, J. M. Isidro and J. L. G. Santander, arXiv:0810.2356 [hep-th]; J. M. Isidro, J. L. G. Santander and P. F. de Cordoba, J. Phys. Conf. Ser. 174, 012033 (2009) [arXiv:0902.0143 [hep-th]]; J. M. Isidro, J. L. G. Santander and P. F. de Cordoba, arXiv:0912.1535 [hep-th]; J. M. Isidro, P. F. de Cordoba, J. M. Rivera-Rebolledo and J. L. G. Santander, arXiv:1007.4929 [hep-th].

[8] B. Koch, AIP Conf. Proc. 1232, 313 (2010) [arXiv:1004.2879 [hep-th]]; B. Koch, AIP Conf. Proc. 1196, 161 (2009) [arXiv:1004.3240 [gr-qc]].

[9] F. T. Falciano, M. Novello and J. M. Salim, Found. Phys.

40, 1885 (2010).

[10] N. Cufaro Petroni, P. Gueret, J. P. Vigier, Nuovo Cim.

B81, 243-259 (1984).

[11] N. Cufaro Petroni, P. Gueret, J. P. Vigier, Phys. Rev.

D30, 495-497 (1984).

[12] P. R. Holland, Phys. Lett. A 128, 9 (1988); [13] H. Nikolic, Found. Phys. Lett. 18, 123 (2005) [arXiv:quant-ph/0302152]; H. Nikolic, Found. Phys. Lett. 18, 549 (2005) [arXiv:quant-ph/0406173].

[14] H. Nikolic, Found. Phys. 39, 1109-1138 (2009).

[hep-th/0702060 [HEP-TH]].

[15] C. Wetterich, Annals Phys. 325, 2750 (2010) [arXiv:1006.4254 [hep-th]].

[16] P. Holland, J. Phys. A 42, 075307 (2009) [arXiv:0807.4482 [quant-ph]].

[17] L. M. Brown, Phys. Rev. 111, 957 (1958). [18] R.P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958);

[19] N. Cufaro Petroni, P. Gueret, J. P. Vigier et al., Phys.

Rev. D31, 3157-3161 (1985).

[20] E. L. Hill, Rev. Mod. Phys. 23(3), 253 (1951). [21] P. Holland, Found. Phys. 36, 369-384 (2006). [22] See, by example: F. Schwabl. Advanced Quantum Mechanics. Third Edition. Springer. (2000). M. A. Naimark Representations of Lorentz Group. Pergamon Press (1964). J. D. Bjorken and S. Drell. Relativistic Quantum Fields. McGraw-Hill Book Company. (1965).