arXiv:1101.5047v2 [gr-qc] 27 May 2011

One-loop divergences for gravity non-minimally coupled to a multiplet of scalar fields: calculation in the Jordan frame. I. The main results.

Christian F. Steinwachs Institut für Theoretische Physik, Universität zu Köln, Zülpicher Straße 77, 50937 Cologne, Germany

Alexander Yu. Kamenshchik Dipartimento di Fisica and INFN, Via Irnerio 46, 40126 Bologna, Italy L.D. Landau Institute for Theoretical Physics of the Russian Academy of Sciences, Kosygin str. 2, 119334 Moscow, Russia

Using the generalized Schwinger-DeWitt technique, we calculate the divergent part of the one-loop effective action for gravity non-minimally coupled to a multiplet of scalar fields. All the calculations are consistently done in the Jordan frame.

PACS numbers: 04.60.-m; 98.80.Qc; 11.10.Gh

I. INTRODUCTION

One of the main problems in quantum field theory is the appearance of ultraviolet divergences and the necessity of their renormalization (see e.g. [1–3]). However, the quantum field divergences are not only the cause of troubles, but can also be an important source of information. The requirement of renormalization invariance, i.e. the independence of the physically measurable quantities of the parametrization of the renormalization procedure, requires that the renormalization group equations [1, 4, 5] are fulfilled. Their solutions permit in turn to connect the values of the physical quantities under study at different energy scales. The theory of renormalization works very well for renormalizable theories, where all the divergences can be eliminated by means of introducing a finite number of counterterms to the Lagrangian. But its application becomes problematic in the case of non-renormalizable theories, where the number of divergent structures is unlimited. As it is well known, quantum gravity is a non-renormalizable theory [6–8]. Indeed, the gravitational coupling constant has mass dimension minus two. Thus, the Feynman diagrams, which contain a growing number of graviton loops, lead formally to an infinite set of different counterterms. As regards pure gravity theory, it was shown that at the one-loop level no physically relevant divergences remain on mass shell; all of them can be absorbed by a field redefinition [9]. However, at the two-loop level, pure gravity is non-renormalizable [11]. If gravity interacts with matter, namely with a scalar field, it becomes non-renormalizable already in the one-loop approximation [9]. For the situation of renormalizability in the presence of SUSY see e.g. [10].

Nevertheless, from the effective field theory point of view [3] it makes sense to work with the usual nonrenormalizable Einstein gravity and to apply such a useful tool as the renormalization group equations. Weinberg has suggested that concepts like asymptotic safety could be very fruitful in the application of the renormalization group to quantum gravity [7]. A theory is considered to be asymptotically safe if “essential coupling parameters” approach a non-trivial fixed point as the momentum scale goes to infinity. Asymptotic safety can be treated as a generalization of the notion of renormalizability, which fixes all but a finite number of coupling constants of a theory. Nowadays, the study of asymptotic safety and fixed points in quantum gravity has undergone an immense development [12–15].

It is also worth noticing that the standard formalism of the renormalization group can be generalized to the case of non-renormalizable theories [16]. This procedure looks especially natural in the framework of dimensional regularization [17].

The study of the interaction of gravity with matter is important from both the theoretical and phenomenological point of view. First of all, let us notice that considering the Einstein theory in the presence of a scalar field, it is natural not to limit ourselves by just introducing the metric into the kinetic term for the scalar field (the so-called minimal interaction), but to accept the modification of the Einstein-Hilbert curvature term by adding a term proportional to Rϕ^2, where R is the scalar curvature and ϕ is a scalar field. Indeed, such a structure arises in a natural way as a one-loop quantum correction to the Lagrangian of the scalar field in a curved spacetime, a fact that has stimulated the elaboration of the theory of induced gravity [18, 19]. Furthermore, it was noticed that cosmological models with non-minimal coupling between an inflaton scalar field and gravity have some advantages compared to inflationary models based on a minimally coupled inflaton scalar field [20–23]. The models with non-minimal coupling were considered also in the framework of one-loop quantum cosmology [24–26] to study the properties of the no-boundary [27, 28] and tunneling [29–32] wave functions of the universe.

While old cosmological models with a non-minimally coupled scalar field [20]-[26] have explicitly or implicitly associated such a field with Grand Unification Theories, recently the idea was put forward that the non-minimally coupled inflaton scalar field is the Standard Model Higgs boson [33]. In [34] it was shown that quantum effects are essential for the correct description of the inflationary dynamics in the model based on the non-minimally coupled Higgs field. In [35–39] the renormalization group formalism was used to establish a relation between the known values of the coupling constants of the Standard Model at the electroweak scale to their values at the inflationary scale in the presence of a strong non-minimal coupling between the Higgs field and gravity. In [40, 41] the same problem was considered with an additional singlet scalar field that can be responsible for the presence of dark matter. The fitting of the effective Higgs inflationary potential in the model with non-minimal coupling directly to WMAP5+BAO+SN data was undertaken in [42]. In [43] the non-minimal inflation scenario was combined with the seesaw mechanism, whereas in [44] the relation between non-minimal inflation and supergravity was studied.

The renormalization group calculations performed in [35–39] give qualitatively similar results, which suggests that the non-minimally coupled Higgs inflation model is compatible with observations. However, there are some quantitative differences between the results obtained in these papers. The roots of the discrepancies lie in the different treatment of the suppression mechanism for the contribution of gravitons and the Higgs scalar field mode to the quantum loops. Thus, the study of such subtle questions as the relation between Jordan and Einstein frames (see e.g. [45, 46]), the parametrization of the scalar field multiplets, and the conservation of the gauge invariance becomes urgent. Moreover, the fact that we do not consider a single scalar field, but a multiplet of scalar fields, causes the transformation from the Jordan frame to the Einstein frame and back to be more involved [47, 48].

In the present paper we shall calculate the one-loop divergences in the theory with an arbitrary non-minimal coupling between the multiplet of scalar fields and gravity in the Jordan frame. Here it is necessary to emphasize that working with the non-minimally coupled scalar fields, one often uses both frames simultaneously. In [49] the one-loop divergences for a singlet scalar field nonminimally coupled to gravity were calculated for a system of generalized potentials, and the formalism for the generalized renormalization group equations was developed. Starting from the action written in the Jordan frame, the authors of [49] have undertaken the transition to the Einstein frame by a conformal transformation of the metric and by a proper redefinition of the scalar field such that the interaction between the scalar field and gravity becomes minimal and the kinetic term for the scalar field acquires the standard form. Then the oneloop divergences were calculated by using the generalized Schwinger-DeWitt technique [50, 51] for the fields in the Einstein frame. Finally, the result was rewritten in terms of the original Jordan frame fields. The conformal transformation between the Jordan and Einstein frames is a legitimate operation at the classical level, but it becomes dangerous when the quantization of fields is involved.

For this reason, in the present paper we perform all calculations exclusively in the Jordan frame and present the divergent part of the one-loop corrections as our main result. In the subsequent paper [52], these results are used to compare them with the results obtained by the methods of [49] for the case of a multiplet of scalar fields. The third paper [53] of the series will be devoted to important applications within cosmological models based on a non-minimally coupled Higgs field that plays the role of the inflaton.

The structure of the paper is as follows: in Sec. II we briefly describe the algorithm of the calculations for the divergent part of the one-loop effective action. In Sec. III we give the complete expression for this divergent part. Sec. IV is devoted to cross-checks and comparison with known results. A major source for such a comparison are the results of Shapiro and Takata [54], who have made similar calculations for the case of a single scalar field. Sec. V contains concluding remarks and the announcement of the content of the subsequent papers.

II. ONE-LOOP DIVERGENCES IN THE JORDAN FRAME: THE ALGORITHM

We consider a model with the action S = ∫ M d^4x √ g ( U(φ)R − 1 2 g^{μν} G(φ)∇_μΦ^a∇_ν Φ_a − V (φ) ) , (1) where φ ≡ √ δ_{ab}Φ^aΦ^b, a = 1, · · · , N , (2)

that is, gravity interacts with a multiplet of real scalar fields. The generalized potentials U, G and V are invariant with respect to rotations in the N-dimensional space and are thus ultra-local functions of the modulus φ. It is convenient to consider a Euclidean manifold M. We use the following definition of the Riemann tensor: R^α_{μνβ} = ∂Γ^α_{μβ} ∂x^ν − ∂Γ^α_{μν} ∂x^β + Γ^λ_{μβ} Γ^α_{νλ} − Γ^γ_{μν} Γ^α_{βγ} . (3)

In what follows, we use the background field method and split the generalized field

ψ_A = ( g_{αβ} Φ_a ) (4) into a background part ψ̄_A and fluctuations δψ_A, where

ψ̄_A = ( ḡ_{αβ} Φ̄_a ) , (5) and δψ_A = ( δg_{αβ} δΦ_a ) ≡ ( h_{αβ} σ_a ) . (6)

The action (1) should be complemented by the gaugebreaking term

S_{GB} = − 1 2 ∫ M d^4x √ g χ_μχ^μ, (7) where the function χ_μ represents the generalization of the well-known background covariant DeWitt condition [50, 51]:

χ_μ = √ U ( ∇^αh_{αμ} − 1 2 ∇_μδh + f^a(φ)∇_μσ_a ) , (8)

where h ≡ g^{αβ} h_{αβ} . Here, f^a(φ) is an arbitrary function whose explicit form will be chosen later.

To calculate the one-loop divergent part of the effective action in the model with the action (1) using the background field formalism [50, 51], we need to know the second-order differential operator F_{AB} = δ^2(S + S_{GB}) δψ_Aδψ_B . (9)

We also have to take into account the contribution of the Faddeev-Popov ghost term, which is given by the determinant of the ghost operator Q^α_β defined as

Q^α_β = δ(χ_ξ )^α δξ^β , (10)

where ξ^β is a vector field realizing the general gauge transformation of the field variables by their Liedragging.

Let us now briefly remind the main steps of the generalized Schwinger-DeWitt algorithm for the calculation of the one-loop effective action [50, 51]. The one-loop effective action for gauge theories has the following form:

i W_{1−loop} = − 1 2 Tr ln δ^2S_{tot}[ψ] δψ^Aδψ^B + Tr ln Q^β_α . (11)

Here, ψ^A is the full set of fields, S_{tot}[ ψ ] is the total action of the theory including the gauge-breaking term and Tr is the functional trace. Generally, the secondorder operator (9) has the following form:

F_{AB} = C^{μν}_{AB} ∇_μ∇_ν + 2Γ^μ_{AB}∇_μ + W_{AB} , (12) where ∇_μ is a covariant derivative defined with respect to some general affine connection.

For the application of the Schwinger-DeWitt algorithm, the operator F_{AB} should have the so-called minimal form, i.e.

F^B_A = g^{μν} D_μD_ν δ^B_A + P^B_A − 1 6 R δ^B_A , (13)

where D_μ is a new covariant derivative defined with respect to a new connection and the term R/6 is subtracted for convenience. To arrive from (12) at the minimal form (13) one should satisfy the condition C^{μν}_{AB} = C̃_{AB} g^{μν} , (14) and absorb the term 2Γ^μ_{AB}∇_μ linear in the derivative by defining the new covariant derivative D_μ.

The proper choice of the gauge condition (8) guarantees that the condition (14) is satisfied. That means that the second-order derivatives in the operator F_{AB} are proportional to the d’Alembertian. We then multiply the operator F_{AB} by the inverse matrix C̃^{(−1)CA} to eliminate the dependence of the operator (13) on the matrix C̃_{AB} . Finally, in order to remove the term linear in the derivative we should redefine the affine connection by adding the term proportional to Γ^μ_{AB} to it .

Now we are ready to apply the Schwinger-DeWitt algorithm. The logarithmically divergent part of the one-loop effective action is

W^{div}_{1−loop} = 1 32π^2(2 − ω) ∫ d^4x √ g tr [(a_2)^B_A ] − 1 16π^2(2 − ω) ∫ d^4x √ g tr [(a_{2 Q})^ν_μ ] . (15)

Here, (a_2)^B_A is the second coefficient of the Schwinger- DeWitt expansion for the operator F^B_A , whereas (a_{2 Q})^ν_μ is the analogous coefficient for the ghost operator Q^ν_μ . The parameter ω is the half-dimensionality of spacetime.

The general formula for the (a_2)^B_A is [51]

(a_2)^B_A = 1 180 { R^2_{αβμν} − R^2_{μν} + □R } δ^B_A + 1 2 (P^2)^B_A + 1 12 (R^2_{μν} )^B_A + 1 6 (□P )^B_A . (16)

Here, □ denotes the d’Alembertian defined with respect to the standard covariant derivative, where the role of the affine connection is played by the Christoffel symbol. The terms including □ are proportional to a total divergence and can be discarded. The curvature tensor R^B_{μν A} is defined as follows:

(D_μD_ν − D_ν D_μ)ψ_A = R^B_{μν A}ψ_B . (17)

Now we would like to fix the function f^a(φ) for the gauge condition (8). The gravity part of (8), which coincides with the well-known de Donder gauge, implies the proportionality of the part being of second order in derivatives in the graviton-graviton block^{δ2 Stot}_{δhμν δhαβ} of the operator F_{AB} to the d’Alembertian [51]. It is easy to see that the second variation of the action with respect to the scalar fields is also proportional to the d’Alembertian, independently of the form of the function f^a(φ). The nondiagonal terms arise in the mixed functional derivatives and they have the form:

δS_{tot} δh_{αβ} δσ^b = U^′ n_b ∇^α∇^β + U f_b ∇^α∇^β + · · · , (18)

where a “prime” denotes the derivative with respect to φ and n_a ≡ Φ_a φ . (19)

It follows immediately from (18) that by choosing

f_a = − U^′ U n_a , (20)

we obtain the proportionality of the operator F_{AB} to the d’Alembertian.

Now we write down the explicit expressions for the coefficients C̃_{AB} , Γ^μ_{AB} and W_{AB} in Eq. (12). We have

C̃_{AB} =

U G^{αβγδ} −^1_2 U^′ g^{αβ} n_b

−^1_2 U^′ n_a g^{γδ} G δ_{ab} +^{(U ′ )2}_U n_a n_b , (21) with the abbreviation G_{αβγδ} [50] given by G_{αβγδ} ≡g_{αγ} g_{βδ} + g_{αδ}g_{βγ} − g_{αβ} g_{γδ} . (22) The inverse is G^{αβγδ} = 1 4 ( g^{αγ} g^{βδ} + g^{αδ}g^{βγ} − g^{αβ} g^{γδ} ) , (23)

such that G^{αβλσ} G_{λσγδ} = δ^{αβ}_{γδ} ≡ δ^α_{(γ} δ^β_{δ)} = 1 2 ( δ^α_γ δ^β_δ + δ^α_δ δ^β_γ ) . (24)

Then,

Γ^ν_{AB} =

Γ^ν_{11} Γ^ν_{12}

Γ^ν_{21} Γ^ν_{22} , (25)

where the subscript 1 stands for the graviton perturbation h_{μν} , while the subscript 2 denotes the scalar field perturbation σ^a:

Γ^ν_{11} = U^′n_aΦ^a_{; μ} ( g^{μ(α}G^{β)νγδ} − g^{μ(γ} G^{δ)ναβ} + 1 2 g^{νμ}G^{αβγδ} ) , (26)

Γ^ν_{12} = G G^{αβμν} Φ_{a; μ} + 1 2 U_{ab} Φ^b_{; μ} ( g^{μ(α} g^{β)ν} − 3 2 g^{αβ} g^{μν} ) , (27)

Γ^ν_{21} = − G^{γδμν} ( G δ_{ab} + U_{ab} ) Φ^a_{; μ} , (28)

Γ^ν_{22} = 1 2 G^′ g^{μν} Φ^c_{; μ} n^d ( − δ_{bc}δ_{ad} + δ_{ac}δ_{bd} + δ_{ab}δ_{cd} )

+ 1 2 U^′ U ( U_{bc} n_a + U_{ac} n_b − (U^′)^2 U n_a n_b n_c ) g^{μν} Φ^c_{; μ} .

(29)

Analogously, we have for W_{AB} :

W_{11} = U K^{αβγδ} + G S^{αβγδ} + V G^{αβγδ} + T^{αβγδ}, (30) W_{12} = G^{αβμν} ( V^′ g_{μν} − 2 U^′ R_{μν} + G^′ Φ^c_{, μ} Φ_{c, ν} ) n_b + ( g^{μ(α}g^{β)ν} − g^{αβ} g^{μν} )( U_{bac} Φ^a_{; μ} Φ^c_{; ν} + U_{ba} Φ^a_{; νμ} ) , (31) W_{21} = n_a G^{γδμν} ( V^′ g_{μν} − 2 U^′ R_{μν} + G^′ Φ^c_{; μ} Φ_{c; ν} ) − 2 G^{γδμν} G^′ n_b Φ^b_{; ν} Φ_{a; μ} − 2 G^{γδμν} G Φ_{a; μν} , (32)

W_{22} = U_{ab} R − 1 2 G_{ab} Φ^c_{, μ}Φ^{, μ}_c − V_{ab} + G_{cb} Φ^c_{; μ} Φ^{; μ}_a

+ G^′ n_b(□ Φ_a) . (33)

with

K^{αβγδ} ≡ − G^{αβγδ} R − 1 2 g^{αβ} R^{γδ} − 1 2 g^{γδ}R^{αβ} + 1 2 g^{α(γ} R^{δ)β} + 1 2 g^{β(γ} R^{δ)α} + 1 2 R^{αγβδ} + 1 2 R^{αδβγ} , (34)

S^{αβγδ} ≡ 1 2 G^{αβγδ}Φ^a_{; μ}Φ^{; μ}_a + 1 4 g^{αβ}Φ^{a; γ} Φ^{; δ}_a + 1 4 g^{γδ}Φ^{a; α}Φ^{; β}_a − 1 2 g^{α(γ} Φ^{a; δ)}Φ^{; β}_a − 1 2 g^{β(γ} Φ^{a; δ)}Φ^{; α}_a , (35)

T^{αβγδ} ≡ 2 G^{αβγδ}□U + g^{αβ} U^{; γδ} + 1 2 g^{γδ}U^{; αβ} − g^{α(γ} U^{; δ)β} − g^{β(γ} U^{; δ)α} . (36)

The following formulae for a general function Z(φ) will be useful:

∇_μ Z = Z^′ n_a ∇_μ Φ^a , (37)

Z_{ab} ≡ ∂^2Z ∂Φ^a∂Φ^b = Z^{′′} n_an_b + Z^′ φ ( δ_{ab} − n_an_b ) , (38)

Z_{abc} ≡ ∂^3 Z ∂Φ^a∂Φ^b∂Φ^c = Z^{′′′}n_an_bn_c + 1 φ [ n_a ( Z^{′′}δ_{bc} − Z_{bc} )

+ n_b ( Z^{′′}δ_{ac} − Z_{ac} ) + n_c ( Z^{′′}δ_{ab} − Z_{ab} ) ] . (39)

The next step in the algorithm described above is the calculation of the inverse matrix C̃^{(−1)AB} . We obtain

(C̃^{−1})^{BC} = 1 U G_{λσγδ} +^{(1−G s)}_{3 U} g_{λσ} g_{γδ} −s^{U ′}_U g_{γδ} n^c −s^{U ′}_U n^b g_{λσ}^1_G ( δ^{bc} − n^b n^c ) + s n^b n^c , (40)

where the factor s is given by the formula s ≡ U GU + 3U^{′2} . (41)

It is exactly this factor that is responsible for the suppression of the contributions of quantum loop corrections, in particular for the suppression of the Higgs field propagators in models with a strong non-minimally coupled Higgs field [37–41].

We abstain from writing down the results of the multiplication of the operator F_{AB} by the inverse matrix C̃(−1)AB . By redefining the covariant derivative, we finally arrive at the minimal form (13) of the operator F^B_A . Now we also have to find the Faddeev-Popov operator. Applying the definition (10), we obtain

Q^β_α = δ^β_α □ + 2^{(Q)} Γ^{β μ}_α ∇_μ +^{(Q)} W^β_α , (42)

with (Q) Γ^{β μ}_α = − 1 2 U^′ U n_a Φ^a_{, α} g^{βμ} , (43) and (Q) W^β_α = R^β_α − U^′ U n_a ∇_α ∇^β Φ^a. (44)

The Faddeev-Popov ghost operator (42) also contains a term linear in the derivative. To absorb this term into the d’Alembertian we must again redefine the general affine connection for the ghost operator, just like it was done for the main operator F^B_A . As in the case of F^B_A we refrain from writing down the explicit formula for the final minimal form of the Faddeev-Popov operator. Now we are in a position to apply the formulae (15) and (16). Since a vast number of terms are generated during the algorithm, we used (21)-(44) as an input and have implemented the Schwinger-DeWitt algorithm in the Math- Tensor package [55] to calculate the final result for the divergent part of the one-loop effective action. This will be presented in the next section in a closed form. The result is rather lengthy, but we organize it in a “physical” way to facilitate its use. First of all, for practical purposes in a cosmological setup, the most important quantum corrections are V_{1-loop}, U_{1-loop} and G_{1-loop} and the result for those corrections is not very long. Then, we have arranged the result as a polynomial in the suppression function s(φ), which is approximately zero for sufficiently high energies (as it is the case during inflation). However, the remaining structures, which are partly very long, are nevertheless very important from a physical perspective. As mentioned in the introduction, we adopt the viewpoint of an effective field theory, which is valid up to a specific energy scale determined by a cutoff. The magnitude of this cutoff depends on the coefficients of the remaining structures, since they are supposed to be suppressed sufficiently by powers of this cutoff to guarantee the applicability of the model up to the corresponding energy scale.

III. ONE-LOOP DIVERGENCES IN THE JORDAN FRAME: THE RESULT

The divergent part of the one-loop effective action for a scalar multiplet non-minimally coupled to gravity in the Jordan frame can be written as the following sum of a minimal set of 21 independent structures:

W^{div}_{1-loop} = 1 32 π^2 (2 − ω) ∫ d^4 x √ g { α_1 + α_2 R + 1 2 α_3 Φ^a_{, μ}Φ^{, μ}_a + α_4 Φ^a_{, μ}n_aΦ^{b , μ}n_b + α_5 R^{μν} R_{μν} + α_6 R^2

+ α_7 R^{μν} Φ^a_{, μ}Φ_{a, ν} + α_8 R^{μν} Φ^a_{, μ}n_aΦ^b_{, ν} n_b + α_9 R (Φ^a_{, μ}Φ^{, μ}_a ) + α_{10} R (Φ^a_{, μ}n_aΦ^{b , μ}n_b) + α_{11} R (Φ^{c μ}_{; μ} n_c)

+ α_{12} (Φ^a_{, μ}Φ^{, μ}_a )^2 + α_{13} (Φ^a_{, μ}n_aΦ^{b , μ}n_b)^2 + α_{14} (Φ^a_{, μ}Φ^{, μ}_a ) (Φ^c_{, ν} n_cΦ^{d , ν} n_d) + α_{15} Φ^a_{, μ}Φ_{a , ν} Φ^{b , μ}Φ^{, ν}_b

+ α_{16} Φ^a_{,μ}n_aΦ^b_{,ν} n_bΦ^{c , μ}Φ^{, ν}_c + α_{17} Φ^{a μ}_{; μ} Φ^ν_{a; ν} + α_{18} (Φ^{c μ}_{; μ} n_c)^2 + α_{19}(Φ^a_{, μ}Φ^{, μ}_a )(Φ^{b ν}_{; ν} n_b)

+ α_{20} (Φ^a_{, μ}n_aΦ^{b , μ}n_b)(Φ^{c ν}_{; ν} n_c) + α_{21} Φ^{a μ}_{; μ} Φ^{, ν}_a Φ^b_{, ν} n_b } . (45)

The structures in (45) are ordered with respect to an increasing number of derivatives and furthermore sorted by pure curvature terms, mixed (curvature and gradient) terms and pure gradient terms. We have taken into account integration by parts and the Gauß-Bonnet identity to eleminate 8 dependent structures and to arrive at the minimal set of 21 independent structures (for the explicit formulae, see (A1)-(A8) in Appendix A).

To collect the contributions in each coefficient α_i in a systematical way, we have adopted the following sorting pattern: First of all, the contributions are ordered in terms of powers of the potential V and its derivatives V^′, V^{′′}, V^{′′′}. Then, we have further rewritten the coefficients as a polynomial in decreasing powers of s(φ). Expressed in this form one can deduce direct physical information for cosmological applications as e.g. in the context of the Higgs inflation scenario. The tree level values of U, G, V in this model have the concrete form of eq. (68), (69), (70). For inflationary energy scales, corresponding to field values φ ≫ M_P/ √ ξ, the “suppression function” s scales as s = 1/6ξ. Since the non-minimal coupling constant ξ is of order 10^4 − 10^5 in this kind of models, it follows s ≃ 0. Thus, in the inflationary context of a scalar multiplet non-minimally coupled to gravity most of the terms in the coefficients α_i are sufficiently suppressed and can be neglected.

All structures α_i which contain more than two derivatives are supposed to be suppressed by the appropriate power of some cutoff Λ, which determines the validity of the model. All such structures appearing in (45) can be denoted symbolically as RR Λ^2 , R ∂^2ΦΦ

Λ^2 , ∂^4ΦΦΦΦ Λ^2

, (46)

corresponding to pure curvature structures, mixed structures or pure scalar gradient structures. The structures α_i, i = 12, ..., 21 only contain four derivatives of the scalar fields and belong all to the pure gradient structures. In [38] it was shown that those structures are suppressed by an additional small factor, the slow roll parameter ϵ̂ ≪ 1, compared to the curvature structures, i.e. R Λ^2 ≃ λ 16π^2 compared to ∂ Λ ≃ √ λ 48π √ 2ϵ̂ , (47)

with the Higgs self-coupling λ ≃ 10^{−1}. Thus, the suppression mechanism for the gradient structures works even more efficiently. From an effective field theory point of view, these terms are less important and therefore shifted to the Appendix B. Below, we present only the result for the coefficients α_i, i = 1, ..., 11. The result is given in a closed form, beginning with the most important structures α_1, α_2 and α_3 corresponding to V_{1-loop}, U_{1-loop} and G_{1-loop}. The factor of 1/2 in front of G_{1-loop} is due to the form of the kinetic term^1_2 Φ^a_{; μ}Φ^{; μ}_a in the action (1).

The one-loop correction to the potential V (φ) :

α_1 = V^2 [ 2s^2 (U^′)^4 U^4 − 2s (U^′)^2 U^3 + 5 U^2 ] + V V^′ [ − 8s^2 (U^′)^3 U^3 + 4sU^′ U^2 ] + V V^{′′} 2s^2 (U^′)^2 U^2

+ (V^′)^2 [ 8s^2 (U^′)^2 U^2 − 2s U + (N − 1) 2G^2φ^2 ] − V^′V^{′′} 4s^2U^′ U + 1 2 (V^{′′})^2 s^2 (48)

The one-loop correction to the non-minimal coupling U(φ) :

α_2 = V [ s^2 ( 4 (U^′)^4 U^3 − 2 (U^′)^2 U^{′′} U^2 ) − 7s (U^′)^2 3U^2 − 13 3U ] + V^′ [ s^2 ( 4U^′U^{′′} U − 8 (U^′)^3

U^2 ) + 8sU^′ 3U − (N − 1)U^′ G^2φ^2 − (N − 1) 6Gφ ]

+ V^{′′} [ s^2 ( 2 (U^′)^2 U − U^{′′} ) − s 6 ] (49)

The one-loop correction to the kinetic term^1_2 G(φ) : 1 2 α_3 = V [ s^2 ( (U^′)^6 2GU^4φ^2 + 2G^′ (U^′)^2 U^2φ + G^{′′} (U^′)^2 U^2 − G^′ (U^′)^3

U^3 − (G^′)^2 (U^′)^2 2GU^2 + 6 (U^′)^5 U^4φ + (U^′)^4 6U^3φ^2 + 3 (U^′)^6 2U^5 )

+ s ( − (U^′)^4 3GU^3φ^2 − G^′ (U^′)^2 2GU^2φ + G^′U^′ 2U^2 − 9 (U^′)^3 2U^3φ − 19 (U^′)^2 18U^2φ^2 − 2 (U^′)^4 U^4 ) + 19 (U^′)^2 18GU^2φ^2 + G U^2 + 3U^′ U^2φ + (U^′)^2 2U^3 ]

+ V^′ [ s^2 ( − 3 (U^′)^5 GU^3φ^2 − 3G^′ (U^′)^3 GU^2φ − 5G^′U^′ Uφ − 2G^{′′}U^′ U + 2G^′ (U^′)^2 U^2 + (G^′)^2 U^′ GU − 12 (U^′)^4

U^3φ − (U^′)^3 U^2φ^2 − 3 (U^′)^5 U^4 )

+ s ( 5 (U^′)^4 4G^2U^2φ^3 + (U^′)^3 2GU^2φ^2 + 3G^′ (U^′)^2 2G^2Uφ^2 + 41 (U^′)^2 12GUφ^3 + 2G^′U^′ GUφ − G^′ 2U − (G^′)^2 4G^2φ − G^′ 2Gφ^2 + 25 (U^′)^2 4U^2φ + 11U^′ 6Uφ^2 + 5 (U^′)^3 2U^3 ) − 5 (U^′)^2 12G^2Uφ^3 − 11U^′ 6GUφ^2 − G^′ 2G^2φ^2 − 2 Uφ − U^′ 2U^2 + (N − 1)G^′ 2G^2φ^2 ]

+ V^{′′} [ s^2 ( 3G^′ (U^′)^2 2GUφ − G^′U^′ 2U + 3G^′ 2φ − (G^′)^2 4G + G^{′′} 2 + 3 (U^′)^3 U^2φ + 3 (U^′)^4 4U^3 ) + s ( − G^′ 2Gφ − U^′ Uφ − (U^′)^2 4U^2 ) ]

(50)

The coefficient α_4 in front of the structure Φ^a_{, μ}n_aΦ^{b , μ}n_b :

α_4 = V [ s^3 ( 99 (U^′)^8 2U^6 − 90U^{′′} (U^′)^6 U^5 − 9G^′ (U^′)^5 U^4 − 18 (U^{′′})^2 (U^′)^4 U^4 − 18G^′U^{′′} (U^′)^3 U^3 − 5 (G^′)^2 (U^′)^2 2U^2 )

+ s^2 ( − (U^′)^6 2Gφ^2U^4 − 54 (U^′)^6

U^5 − 6 (U^′)^5 φU^4 + 147U^{′′} (U^′)^4 2U^4 − (U^′)^4 6φ^2U^3 + 13G^′ (U^′)^3

2U^3 + (G^′)^2 (U^′)^2 2GU^2 + 9 (U^{′′})^2 (U^′)^2 U^3 − 2G^′ (U^′)^2 φU^2 + 5G^′U^{′′}U^′ 2U^2 ) + s ( (U^′)^4 3Gφ^2U^3 + 41 (U^′)^4 2U^4 + 9 (U^′)^3 2φU^3 + G^′ (U^′)^2 2GφU^2 − 17U^{′′} (U^′)^2 U^3 + 19 (U^′)^2 18φ^2U^2 − G^′U^′ U^2 )

− 19 (U^′)^2 18Gφ^2U^2 + 33 (U^′)^2

2U^3 − 3U^′ φU^2 + 3U^{′′} U^2 ]

+ V^′ [ s^3 ( − 99 (U^′)^7 U^5 + 180U^{′′} (U^′)^5 U^4 + 18G^′ (U^′)^4 U^3 + 36 (U^{′′})^2 (U^′)^3 U^3 + 36G^′U^{′′} (U^′)^2 U^2 + 5 (G^′)^2 U^′ U ) + s^2 ( 3 (U^′)^5 Gφ^2U^3 + 165 (U^′)^5 2U^4 + 12 (U^′)^4 φU^3 + 3G^′ (U^′)^3 GφU^2 − 195U^{′′} (U^′)^3 2U^3 + (U^′)^3 φ^2U^2 − 17G^′ (U^′)^2

2U^2 − (G^′)^2 U^′ GU − 15 (U^{′′})^2 U^′ U^2 + 5G^′U^′ φU − 5G^′U^{′′} 2U ) + s ( − 5 (U^′)^4 4G^2φ^3U^2 − (U^′)^3 2Gφ^2U^2 − 26 (U^′)^3

U^3 − 3G^′ (U^′)^2 2G^2φ^2U − 41 (U^′)^2 12Gφ^3U − 25 (U^′)^2 4φU^2 − 2G^′U^′ GφU + 14U^{′′}U^′ U^2 − 11U^′ 6φ^2U + (G^′)^2 4G^2φ + G^′ U + G^′ 2Gφ^2 ) + 5 (U^′)^2 12G^2φ^3U + G^′ 2G^2φ^2 + 11U^′ 6Gφ^2U − 5U^′ 2U^2 + 2 φU + (N − 1)G^′ 2G^2φ^2 + 3(N − 1) (G^′)^2 4G^3φ ]

+ V^{′′} [ s^3 ( 99 (U^′)^6 4U^4 − 45U^{′′} (U^′)^4 U^3 − 9G^′ (U^′)^3 2U^2 − 9 (U^{′′})^2 (U^′)^2 U^2 − 9G^′U^{′′}U^′ U − 5 (G^′)^2 4 ) + s^2 ( − 111 (U^′)^4

4U^3 − 3 (U^′)^3 φU^2 − 3G^′ (U^′)^2 2GφU + 12U^{′′} (U^′)^2 U^2 − G^′U^′ 2U + (G^′)^2 4G + 3 (U^{′′})^2 U − 3G^′ 2φ ) + s ( 45 (U^′)^2

4U^2 + U^′ φU + G^′ 2Gφ − U^{′′} U ) − 2 U − (N − 1)G^′ 2G^2φ ] + V^{′′′} [ s^2 ( 9 (U^′)^3 2U^2 + G^′ 2 ) − sU^′ U ] (51)

The coefficient α_5 in front of the structure R^{μν} R_{μν} :

α_5 =

2s (U^′)^2 U + 43 60 (52)

The coefficient α_6 in front of the structure R^2 :

α_6 = s^2 ( − 2 (U^′)^2 U^{′′} U + 2 (U^′)^4 U^2 + (U^{′′})^2 2 ) + s ( U^{′′} 6 − 4 (U^′)^2 3U ) + 1 40 + (N − 1) 72 + (N − 1)U^′ 6Gφ + (N − 1) (U^′)^2 2G^2φ^2

(53)

The coefficient α_7 in front of the structure R^{μν} Φ^a_{, μ}Φ_{a, ν} :

α_7 = s ( − 3 (U^′)^4 GU^2φ^2 + G^′ (U^′)^2 GUφ − G^′U^′ U + 5 (U^′)^3 U^2φ + (U^′)^2 Uφ^2 + 3 (U^′)^4 U^3 ) + (U^′)^2 GUφ^2 − 2U^′ Uφ − (U^′)^2 U^2

(54)

The coefficient α_8 in front of the structure R^{μν} Φ^a_{, μ}n_aΦ^b_{, ν} n_b :

α_8 = s^2 ( − G^′U^′U^{′′} U − 3G^′ (U^′)^3 U^2 − 15 (U^′)^4 U^{′′} U^3 − 6 (U^′)^2 (U^{′′})^2 U^2 + 9 (U^′)^6 U^4 ) + s ( 3 (U^′)^4 GU^2φ^2 − G^′ (U^′)^2 GUφ + 2G^′U^′ U − 5 (U^′)^3 U^2φ − (U^′)^2 Uφ^2 + 10 (U^′)^2 U^{′′} U^2 − 8 (U^′)^4 U^3 + 2 (U^{′′})^2 U ) − (U^′)^2 GUφ^2 + 2U^′ Uφ − 2U^{′′} U (55)

The coefficient α_9 in front of the structure R (Φ^a_{, μ}Φ^{, μ}_a ) :

α_9 = s^2 ( − 3G^′ (U^′)^2 U^{′′} 2GUφ − G^′U^{′′} φ + 3 (U^′)^6 2GU^3φ^2 + 3G^′ (U^′)^4 2GU^2φ + 3G^′ (U^′)^2 2Uφ + G^{′′} (U^′)^2 U + G^′U^′U^{′′} 2U + (G^′)^2 U^{′′} 4G − G^′ (U^′)^3 U^2 − (G^′)^2 (U^′)^2 2GU − G^{′′}U^{′′} 2 + 3 (U^′)^3 U^{′′} 2U^2φ − 3 (U^′)^5 U^3φ + (U^′)^4 2U^2φ^2 − 3 (U^′)^4 U^{′′} 4U^3 + 3 (U^′)^6 2U^4 ) + s ( G^′U^{′′} 2Gφ − 5 (U^′)^5 4G^2U^2φ^3 + (U^′)^4 12GU^2φ^2 − 3G^′ (U^′)^3 2G^2Uφ^2 − 41 (U^′)^3 12GUφ^3 − 2G^′ (U^′)^2 GUφ + (G^′)^2 U^′ 4G^2φ + G^′U^′ 2Gφ^2 + G^′U^′ 2U − G^′ 12φ + (G^′)^2 12G − G^{′′} 12 + (U^′)^3 2U^2φ − 83 (U^′)^2 36Uφ^2 + (U^′)^2 U^{′′} 4U^2 − 9 (U^′)^4 4U^3 ) + 5 (U^′)^3 12G^2Uφ^3 + 47 (U^′)^2 36GUφ^2 + G^′U^′ 2G^2φ^2 − G 3U + G^′ 6Gφ − 2U^′ Uφ + 7 (U^′)^2 12U^2 − (N − 1)G^′U^′ G^2φ^2 − (N − 1)G^′ 6Gφ (56)

The coefficient α_{10} in front of the structure R (Φ^a_{, μ}n_aΦ^{b , μ}n_b) :

α_{10} = s^3 ( − 9 (U^′)^8 2U^5 + 81U^{′′} (U^′)^6 4U^4 + 3G^′ (U^′)^5 U^3 − 27 (U^{′′})^2 (U^′)^4 U^3 − 15G^′U^{′′} (U^′)^3 2U^2 + 9 (U^{′′})^3 (U^′)^2 U^2 − (G^′)^2 (U^′)^2 2U + 3G^′ (U^{′′})^2 U^′ U + 1 4 (G^′)^2 U^{′′} ) + s^2 ( − 3 (U^′)^6 2Gφ^2U^3 + 3 (U^′)^6 8U^4 + 3 (U^′)^5 φU^3 − 3G^′ (U^′)^4 2GφU^2 − 45U^{′′} (U^′)^4 4U^3 − (U^′)^4 2φ^2U^2 + 9G^′ (U^′)^3

4U^2 − 3U^{′′} (U^′)^3 2φU^2 + (G^′)^2 (U^′)^2 2GU + 18 (U^{′′})^2 (U^′)^2 U^2 − 3G^′ (U^′)^2 2φU − G^{′′} (U^′)^2 U + 3G^′U^{′′} (U^′)^2 2GφU + G^′U^{′′}U^′ 2U − 3 (U^{′′})^3 U + (G^′)^2 24 − (G^′)^2 U^{′′} 4G + G^′U^{′′} φ + G^{′′}U^{′′} 2 ) + s ( 5 (U^′)^5 4G^2φ^3U^2 − (U^′)^4 12Gφ^2U^2 + 11 (U^′)^4 4U^3 + 3G^′ (U^′)^3 2G^2φ^2U

+ 41 (U^′)^3 12Gφ^3U − (U^′)^3 2φU^2 + 2G^′ (U^′)^2 GφU − 2U^{′′} (U^′)^2 U^2 + 83 (U^′)^2 36φ^2U − (G^′)^2 U^′ 4G^2φ − G^′U^′ U − G^′U^′ 2Gφ^2 − (G^′)^2 12G − (U^{′′})^2 U + G^′ 12φ + G^{′′} 12 − G^′U^{′′} 2Gφ ) − 5 (U^′)^3 12G^2φ^3U − 47 (U^′)^2 36Gφ^2U − 16 (U^′)^2

3U^2 − G^′ 6Gφ − G^′U^′ 2G^2φ^2 + 2U^′ φU − 2U^{′′} U + (N − 1)G^′ 12Gφ + (N − 1)G^′U^′ 2G^2φ^2 + (N − 1) (G^′)^2 24G^2 + (N − 1) (G^′)^2 U^′ 4G^3φ − (N − 1)G^{′′} 12G − (N − 1)U^′G^{′′} 2G^2φ

(57)

The coefficient α_{11} in front of the structure R (Φ^{c μ}_{; μ} n_c) :

α_{11} = s^2 ( G^′U^{′′} 2 − G^′ (U^′)^2 U + 9 (U^′)^3 U^{′′} 2U^2 − 9 (U^′)^5

U^3 ) + s ( G^′ 12 − U^′U^{′′} U + 19 (U^′)^3 4U^2 ) − 3U^′ U − (N − 1)G^′ 12G − (N − 1)G^′U^′ 2G^2φ

(58)

In this section we have presented the “off-shell” result for the most important terms of the divergent part of the one-loop effective action in a closed form. The remaining structures can be found in Appendix B.

We did not use the equations of motion yet. This will be done in an upcoming publication [52]. There, it will be of interest whether the results for the effective action calculated in the Jordan and Einstein frame coincide at least “on-shell”. Following [56] and also the unique effective action approach developed in [57], this should be the case.

We want to emphazise that the result presented here in its full length will serve as a starting point for further studies. The main consequences which follow from this result will be discussed in the upcoming publications [52, 53]. However, one can already get some physical information from the result presented here, since all terms are arranged with an eye towards cosmological applications. Therefore, the top priority was given to the most important one-loop structures V, U and G and, furthermore, the coefficients are ordered according to powers of the potential V and its derivatives and powers of the suppression function s(φ) to faciliate the use of the result for cosmological applications.

IV. CHECKS AND COMPARISON WITH KNOWN RESULTS

Since our result is rather cumbersome it makes sense to apply all kinds of consistency checks and tests that are possible. One can distinguish between internal consistency tests such as the correct dimensionality and the scaling behaviour of certain quantities and cross-checks by comparing our general result for some limiting cases with results present in the literature. Fortunately, these checks can isolate certain features of our general model and thus test complementary aspects such as the consequences due to the non-minimal coupling, or the influence due to the presence of the O(N) multiplet.

A. Test of Dimensional and Scaling Behaviour

1. Dimensional Tests

Writing the mass dimension of some object O as [O]_M , one obvious test of the 1-loop results is that for all terms

[α_i · Γ_i]_M = 4 (59) should hold (c = ℏ = 1). We have introduced the symbol Γ_i for the structure corresponding to the coefficient α_i, i.e.

Γ^{div}_{1-loop} = 1 32 π^2 (2 − ω) ∫ d^4x √ g ∑ i α_i Γ_i . (60)

For this check it is useful to take the convention that [φ]_M = 1, [g_{μν} ]_M = [g^{μν} ]_M = 0. Note that we have chosen to shift the dimensionality in the coordinates instead of the metric. This means that each space-time derivative [∂_μ]_M = 1 increases the mass dimension by one. For this convention it follows that [U(φ)]_M = 2, [G(φ)]_M = 0 and [V (φ)]_M = 4. Each derivative of U, V and G with respect to φ reduces the mass dimension by one and therefore [s(φ)]_M = 0. This check was done successfully for all structures.

2. Scaling Behaviour

Another test is the scaling behaviour of the α_i. The coefficients α_i are functions of U, G, V and their derivatives U^{(n)}, G^{(n)}, V^{(n)},

α_i(U^{(n)}, G^{(n)}, V^{(n)}), n = 0, ... , k . (61)

The structure of the Schwinger-DeWitt algorithm forces them to be homogeneous functions of degree zero in their arguments, i.e. they should behave as

α_i(λU^{(n)}, λG^{(n)}, λV^{(n)}) = α_i(U^{(n)}, G^{(n)}, V^{(n)}) (62)

under the scaling

U^{(n)}, G^{(n)}, V^{(n)} → λU^{(n)}, λG^{(n)}, λV^{(n)} (63)

for some constant λ. We have explicitly checked that all α_i share this property.

3. O(N) Symmetry and Single Field Limit

A third test can be made due to the O(N) symmetry. The space-time derivatives of the normal vector n_a generate powers of φ in the denominator of the α_i. In addition we have structures which are proportional to (N −1) due to the projector (δ_{ab} − n_an_b).

In the single field limit we have Φ^a → φ and δ_{ab} = n_a = N → 1. This leads to a degeneracy of certain structures Γ_i, listed in the table below, which collapse into the same structures appearing in the effective action of [54].

O(N) multiplet single field Γ1 Γ1 Γ2 Γ2 Γ3, Γ4 Γ3 Γ5 Γ5 Γ6 Γ6 Γ7, Γ8 Γ7 Γ9, Γ10 Γ9 Γ11 Γ11 Γ12, Γ13, Γ14, Γ15, Γ16 Γ12 Γ17, Γ18 Γ17 Γ19, Γ20,Γ21 Γ19

TABLE I: Degenerated structures in the single field limit

One can now regard the single field case as an additional check. All terms involving φ in the denominator should either vanish due to an accompanying factor of (N − 1) or should cancel exactly with other contributions coming from the degenerated structures. Indeed, in the single field limit there is no explicit dependence on φ at all. Still one may be worried about the terms with powers of φ in the denominator in the multiplet case, since there is no reason why φ = 0 should be a special value and U(0), V (0), G(0) should be perfectly regular at φ = 0. However, one can show that these inverse powers of φ are just an artefact of our notation. Instead of considering the O(N)-invariant quantity φ^2, we focus on the field φ = √ Φ_aΦ^a, since it corresponds to the inflaton in the cosmological application of the Higgs inflation and it faciliates the comparison with single field results. Due to the O(N) symmetry all “well-behaved” potentials U, V, G should effectively depend on φ^2. Defining Ż ≡ ∂Z(φ^2) ∂φ^2 , (64)

one can express the coefficients α_i in terms of the “dot” derivatives. The expression s remains unchanged, but all derivatives Z^′, Z^{′′}, Z^{′′′} are replaced by Ż, Z̈, ... Z. The conversion formulae between the derivatives are given by

Z^′ = 2 φ Ż , (65)

Z^{′′} = 4 φ^2 Z̈ + 2 Ż , (66)

Z^{′′′} = 8 φ^3 ... Z + 12 φ Z̈ . (67)

In that way, φ’s are generated in the numerator which then can cancel the φ in the denominator. Moreover, the inverse powers of φ arising from the n_a =^{Φa}_φ contained in some strutures Γ_i must also at least be compensated by powers of φ in the numerator of α_i. Ultimatively, there can only remain even powers of φ in the numerator.

B. Comparsion with Known Results

1. Single Field & Einstein Frame

The comparison with [49] corresponds to the Einstein frame result of the quantum corrections in the single field case. This means that in addition to the single field limit described above we set U = G = 1. Our result obtained in this limit coincides with that obtained in [49] up to a different coefficient in V^2 – a misprint in [49] which was already discovered and mentioned in [26].

From the coincidence with this result, the coincidence with the well-known result of [9] for the case V = 0 follows automatically.

2. Multiplet in a Cosmological Setup

In the context of the RG improved Higgs inflation scenario [37] the beta-functions for the non-minimal coupling ξ and the Higgs self-coupling λ were derived by explicit calculations of U_{1-loop} and V_{1-loop}. The tree level values of the couplings in this model are given by

U_{tree}(φ) = 1 2 (M^2_P + ξφ^2) , (68)

G_{tree}(φ) =1 , (69)

V_{tree}(φ) = 1 4 λ(φ^2 − ν^2)^2 . (70)

Here M_P is the reduced Planck mass, and ν is a symmetry breaking scale. In the calculations of [37] a multiplet Φ^a with a constant background ∇_μΦ̄^a = 0 (leading to vanishing R̂_{μν} ) was assumed. Furthermore, the contribution of graviton loops was neglected (corresponding to considering only the scalar-scalar sector of P̂ ). Finally, an expansion in ξ^{−1} was made, which is justified by the assumption of a strong non-minimal coupling ξ ≃ 10^4 −10^5. Applying all these approximations to our general result reproduces exactly the result derived in the Appendix of [37].

3. Single Field & Jordan Frame

Another important source for a cross-check is the result of Shapiro and Takata [54]. They did similar calculations for a single scalar field. To confront our general result in the limiting case of a single field with the result of [54] we have to bring our result into a form that is suitable for comparison. We list the following relations in order to convert between our formalism and the one used in [54] ϕ ↔ φ , (71) A ↔ − 1 2 G, B ↔ U, C ↔ −V , (72) A_1 ↔ − 1 2 G^′, A_2 ↔ − 1 2 G^{′′}, etc. (73)

X ≡ 2AB − 3B^2_1 ↔ −(GU + 3U^{′2}) = − U s . (74)

In addition, the authors of [54] have chosen to express the R^2 and R^{μν} R_{μν} contributions in terms of the Weyl tensor. Using the definition of the Weyl tensor C_{αβγδ} = R_{αβγδ} − (g_{α[γ} R_{δ]β} − g_{β[γ} R_{δ]α}) + 1 3 g_{α[γ} g_{δ]β} R (75)

and the Gauß-Bonnet identity in four dimensions, we obtain for a general function F (ϕ) F C^{αβγδ}C_{αβγδ} = F ( 1 3 R^2 − 2R^{αβ}R_{αβ} + R^{αβγδ}R_{αβγδ} )

= − 2 3 F R^2 + 2 F R^{αβ}R_{αβ} . (76)

In the single field limit the number of different structures which do arise in the effective action reduces to eleven (see TABLE I). Comparing our one-loop result in the single field limit with the one calculated in [54], we find coincidence for the coefficients

c_{12} ↔ α_1 , (77) c_7 ↔ α_2 , (78)

c_{11} ↔ 1 2 α_3 , (79)

2c_w ↔ α_5 , (80) c_r − 2 3 c_w ↔ α_6 , (81)

c_{10} ↔ α_{18} . (82)

Differences remain for all other coefficients. To trace back the origin of these discrepancies, we first have reduced our input of the MathTensor code (the second variation) to the single field case and compared it with the input used in [54]. The authors of [54] have used the convention

ω^A ≡ δΨ^A = h̄_{μν} h σ , (83)

with δg_{μν} ≡ h_{μν} , δϕ ≡ σ, h̄_{μν} = h_{μν} −^1_4 g^{μν} h_{μν} and h = g^{μν} h_{μν} . We did not split h_{μν} in the traceless part h̄_{μν} and its trace h. To compare their operator F_{AB} (3×3 matrix) with ours (2 × 2 matrix) it is useful to expand the quadratic forms of the composing parts ω^AC̃_{AB} □ ω^B, ω^AΓ^μ_{AB}∇_μω^B , ω^AW_{AB} ω^B and compare the resulting scalars. Both expressions coincide up to a factor of 1 4 h A_1 (∇ϕ)^2 σ (84)

present in [54]. Direct recalculations starting with the action of [54] confirmed our result that this factor should indeed be absent. The origin of this is a cancellation due to contributions coming from partial integration. This can be seen easily by calculating the mixed variations and concentrating on the trace part of the metric perturbations.

Since our input and the one of [54] coincide up to the term (84), we can check if the differences in the final one-loop results all vanish when setting A_1 to zero. This is not the case, although the differences vanish e.g. for the c_6 ↔ α_7 coefficient in this case. We have programmed a new MathTensor algorithm to calculate the single scalar field case directly with MathTensor. We obtained the same result as in the single field limit of our general O(N) result. To further investigate the remaining differences (independent of A_1) we considered the coefficient with the biggest deviation c_8. To faciliate the calculations by hand, we limited ourselves to the special case U = B = 1 and focused on the G^{′′} = −^1_2 A_2 contributions in c_8. In our calculations (also repeated with MathTensor) these contributions are absent, but in [54] there remains a contribution G^{′′}.

To summarize, our results are in agreement with those from paper [54] for the most important structures such as V_{1-loop}, U_{1-loop}, G_{1-loop}. As far as concerned other structures, we have found one source of discrepancies: it is connected with the presence of the factor (84) in the input of [54] while this term is absent in our input. There still remain some discrepancies, which cannot be reduced to this difference in the input. Here, our belief in the correctness of our results is based on some additional cross-checks, including the calculations made by hands for some limiting cases.

V. CONCLUSION AND OUTLOOK

By applying the generalized Schwinger-DeWitt technique [50, 51] and using the MathTensor package for Mathematica [55], we have calculated the divergent part of the one-loop effective action for a multiplet of scalar fields non-minimally coupled to gravity in a closed form. All the calculations were done in the Jordan frame. In the next paper [52] we will compare our Jordan frame results with those by first performing a transformation to the Einstein frame at the classical level, then calculating the effective action in the Einstein frame, and finally performing the inverse transformation back to the Jordan frame. To that end we will present the transformation rules for the transition between Jordan and Einstein frame for the more general case of an O(N) multiplet of scalar fields. We will see that the results obtained by calculating quantum corrections in the two different frames are different. This suggests that for the correct calculation of the quantum corrections to physical quantities one should always use the same frame. Of course, this does not yet answer the question which of the both frames is the physical one and should be used. We will investigate this problem in [52]. The third paper of the series [53] will be devoted to several cosmological applications of the results obtained in the present paper. Basically, it will concern the effect of suppression of the contributions of the Higgs propagators to the quantum corrections, which is caused by the non-minimal coupling between scalar fields and gravity, and the question of the limits of the applicability of the perturbative expansion in cosmology.

Acknowledgments

We are grateful to A. O. Barvinsky and C. Kiefer for numerous fruitful discussions. We also want to thank I. L. Shapiro for a friendly and helpful correspondence and an anonymous referee for useful advice. A. K. acknowledges support by the grant 436 RUS 17/3/07 of the German Science Foundation (DFG) and by the University of Cologne for his visits to the Cologne Institute for Theoretical Physics. He was also partially supported by the RFBR grant 11-02-00643. The work of C. F. S. was supported by the Villigst Foundation.

Appendix A: Transfer Equations

Not all structures appearing in the calculations are independent. Neglecting surface terms and making use of the Bianchi identities, one can convert certain structures into others via integration by parts. In such a way one can reduce the number of different structures in (45) to a minimum. The “transfer equations” below describe explicitly how the contributions of the dependent structures are distributed among the minimal set of independent structures:

F Φ^{a μ}_{; μ} n_a → −F^′ Γ_4 − F φ (Γ_3 − Γ_4) (A1)

F Φ^a_{; μν} Φ^{; μν}_a → F^′ Γ_{21} − F (Γ_7 − Γ_{17}) + F^′ φ Γ_{15} − 1 2 ( F ′ φ − F^{′′} ) Γ_{14} + 1 2 F^′ Γ_{19} − 1 2 F^′ φ Γ_{12} (A2)

F Φ^a_{; μν} n_aΦ^{b; μν} n_b → ( 4 F φ^2 − 5 2 F^′ φ + 1 2 F^{′′} ) Γ_{13} + ( 2 F^′ φ − 4 F φ^2 ) Γ_{16} + (3 2 F^′ − 3 F φ ) Γ_{20} + (1 2 F^′ φ − F φ^2 ) Γ_{14} + 2 F φ Γ_{21} − F Γ_8 + F φ Γ_{19} + F Γ_{18} + F φ^2

Γ_{15} (A3)

F Φ^a_{; μν} n_a Φ^{b, μ} Φ^{, ν}_b → − 1 2 ( F φ − F^′ ) Γ_{14} + ( F φ − F^′ ) Γ_{16} − F Γ_{21} + 1 2 F Γ_{19} + 1 2 F φ Γ_{12} − F φ Γ_{15} (A4)

F Φ^a_{; μν} Φ^{, μ}_a Φ^{, ν}_b n^b → 1 2 (F φ − F^′ ) Γ_{14} − F 2 Γ_{19} − 1 2 F φ Γ_{12} (A5)

F Φ^a_{; μν} n_a Φ^{, μ}_b n^b Φ^{, ν}_c n^c → 1 2 ( 3 F φ − F^′ ) Γ_{13} − F φ Γ_{16} − 1 2 F Γ_{20} − 1 2 F φ Γ_{14} (A6)

F R^{μν} Φ^a_{; μν} n_a → ( F φ − F^′ ) Γ_8 − 1 2 (F φ − F^′ ) Γ_{10} − F φ Γ_7 + 1 2 F Γ_{11} + 1 2 F φ Γ_9 (A7)

F R^{μνρσ} R_{μνρσ} → 4 F Γ_5 − F Γ_6 . (A8)

The last equation is a topological invariant, the Gauß -Bonnet identity. In the single field limit (see TABLE I) the other seven transfer equations reduce to the three reduction formulae given in [54]. In principle, even more scalar invariants composed of different scalar contractions between derivatives ∇_μ and field variables (g_{μν} , Φ^a) (containing up to four derivatives) can appear at the one-loop level, but they do not occur in our calculations using the Schwinger-DeWitt algorithm.

Appendix B: Gradient Structures

As already explained in the main text, the coefficients α_i, i = 12, ..., 21, all corresponding to the symbolical structure ∂^4ΦΦΦΦ, are additionally suppressed compared to (48)-(58) and thus less important. However, for the sake of completeness we also want to list the remaining coefficients in a closed form.

The coefficient α_{12} in front of the structure (Φ^a_{, μ}Φ^{, μ}_a )^2 :

α_{12} = s^2 ( 25 (U^′)^8 48G^2φ^4U^4 + 3 (U^′)^8 16U^6 − (U^′)^7 4Gφ^3U^4 − 3 (U^′)^7 8φU^5 + 5G^′ (U^′)^6 4G^2φ^3U^3 − 11 (U^′)^6 72Gφ^4U^3 − 9 (U^′)^6 8φ^2U^4 − 13G^′ (U^′)^5 12Gφ^2U^3 − G^′ (U^′)^5

2U^4 − 3U^{′′} (U^′)^5 4Gφ^3U^3 + 35 (U^′)^5 12φ^3U^3 + 13 (G^′)^2 (U^′)^4 24G^2φ^2U^2 − G^′ (U^′)^4 Gφ^3U^2 + 15G^′ (U^′)^4 8φU^3 + 3G^{′′} (U^′)^4 8U^3 − 695 (U^′)^4 432φ^4U^2 + (G^′)^2 (U^′)^3 8GφU^2 − 47G^′ (U^′)^3 18φ^2U^2 − 3G^{′′} (U^′)^3 4φU^2 + 3G^′U^{′′} (U^′)^3 4Gφ^2U^2 − U^{′′} (U^′)^3 4φ^3U^2 − (G^′)^3 (U^′)^2 4G^2φU + 139 (G^′)^2 (U^′)^2 72Gφ^2U + (G^′)^2 (U^′)^2 8U^2 + 19G^′ (U^′)^2 36φ^3U + 3G^′G^{′′} (U^′)^2 4GφU + (G^′)^3 U^′ 6GU − (G^′)^2 U^′ 12φU − G^′G^{′′}U^′ 4U + G^′U^{′′}U^′ 4φ^2U + (G^′)^4 48G^2 − 7 (G^′)^3 24Gφ + 11 (G^′)^2 24φ^2 + (G^{′′})^2 8 − (G^′)^2 G^{′′} 8G + G^′G^{′′} 2φ ) + s ( − 25 (U^′)^6 72G^2φ^4U^3 − (U^′)^6 8U^5 + (U^′)^5 6Gφ^3U^3 − 37 (U^′)^5 8φU^4 + 5G^′ (U^′)^4 12G^2φ^3U^2 − 43 (U^′)^4 216Gφ^4U^2 + 21 (U^′)^4 4φ^2U^3 + 13G^′ (U^′)^3 36Gφ^2U^2 + 11G^′ (U^′)^3

12U^3 + U^{′′} (U^′)^3 2Gφ^3U^2 + 3U^{′′} (U^′)^3

2φU^3 − 107 (U^′)^3 36φ^3U^2 + 77 (G^′)^2 (U^′)^2 72G^2φ^2U + 15G^′ (U^′)^2 4Gφ^3U − 15G^′ (U^′)^2 8φU^2 − G^{′′} (U^′)^2

8U^2 − 3U^{′′} (U^′)^2

φ^2U^2 − (U^′)^2 12φ^4U + 5 (G^′)^2 U^′ 6GφU + 13G^′U^′ 6φ^2U − G^′U^{′′}U^′ 4Gφ^2U + U^{′′}U^′ 12φ^3U − (G^′)^3 6G^2φ − 13 (G^′)^2 12Gφ^2 − G^′G^{′′} 4Gφ + G^′U^{′′} 2φU )

+ 25 (U^′)^4 432G^2φ^4U^2 + (U^′)^4 48U^4 + 59 (U^′)^3 36Gφ^3U^2 + 19 (U^′)^3 12φU^3 − G^′ (U^′)^2 9G^2φ^3U + 5 (U^′)^2 12Gφ^4U + 17 (U^′)^2 3φ^2U^2 − 4G^′U^′ 3Gφ^2U − G^′U^′ 4U^2 − 5U^{′′}U^′ 12Gφ^3U − U^{′′}U^′ 2φU^2 − 5U^′ 3φ^3U + 13GU^′ 6φU^2 + (N − 1) (G^′)^2 2G^2φ^2 − 5 (G^′)^2 12G^2φ^2 − 7G^′ 6φU + 5U^{′′} 3φ^2U − G^2 4U^2

(B1)

The coefficient α_{13} in front of the structure (Φ^a_{, μ}n_aΦ^{b , μ}n_b)^2 :

α_{13} = s^4 ( 81 (U^′)^{12}

32U^8 − 81U^{′′} (U^′)^{10} 4U^7 − 27G^′ (U^′)^9 8U^6 + 243 (U^{′′})^2 (U^′)^8 4U^6 + 81G^′U^{′′} (U^′)^7 4U^5 − 81 (U^{′′})^3 (U^′)^6

U^5 + 27 (G^′)^2 (U^′)^6 16U^4 − 81G^′ (U^{′′})^2 (U^′)^5 2U^4 + 81 (U^{′′})^4 (U^′)^4 2U^4 − 27 (G^′)^2 U^{′′} (U^′)^4

4U^3 − 3 (G^′)^3 (U^′)^3 8U^2 + 27G^′ (U^{′′})^3 (U^′)^3 U^3 + 27 (G^′)^2 (U^{′′})^2 (U^′)^2 4U^2 + 3 (G^′)^3 U^{′′}U^′ 4U + (G^′)^4 32 ) + s^3 ( − 3 (U^′)^{10} 2Gφ^2U^6 + 45 (U^′)^{10}

8U^7 − 81 (U^′)^9 8φU^6 − 9G^′ (U^′)^8 4GφU^5

+ 19U^{′′} (U^′)^8 4Gφ^2U^5 + 27U^{′′} (U^′)^8 8U^6 + 25 (U^′)^8 4φ^2U^5 + G^′ (U^′)^7 Gφ^2U^4 − 15G^′ (U^′)^7 4U^5 + 81U^{′′} (U^′)^7

2φU^5 + 5 (G^′)^2 (U^′)^6 8GU^4 + 155 (U^{′′})^2 (U^′)^6 8Gφ^2U^4 − 351 (U^{′′})^2 (U^′)^6

4U^5 + 39G^′ (U^′)^6

8φU^4 + 9G^{′′} (U^′)^6

8U^4 + 3G^′U^{′′} (U^′)^6 GφU^4 − 305U^{′′} (U^′)^6

12φ^2U^4 + 3 (G^′)^2 (U^′)^5 2GφU^3 − 81 (U^{′′})^2 (U^′)^5 2φU^4 − 25G^′ (U^′)^5

6φ^2U^3 + 15G^′U^{′′} (U^′)^5 4Gφ^2U^3 − 39G^′U^{′′} (U^′)^5 4U^4 + 261 (U^{′′})^3 (U^′)^4 2U^4 + 29 (G^′)^2 (U^′)^4 24U^3 + 93G^′ (U^{′′})^2 (U^′)^4 4GφU^3 + 803 (U^{′′})^2 (U^′)^4

24φ^2U^3 + (G^′)^2 U^{′′} (U^′)^4 GU^3 − 8G^′U^{′′} (U^′)^4 φU^3 − 9G^{′′}U^{′′} (U^′)^4 2U^3 + (G^′)^2 (U^′)^3 8φU^2 + 39G^′ (U^{′′})^2 (U^′)^3 U^3 − 3G^′G^{′′} (U^′)^3

4U^2 + 9 (G^′)^2 U^{′′} (U^′)^3 GφU^2 + 41G^′U^{′′} (U^′)^3 4φ^2U^2 − 27 (U^{′′})^4 (U^′)^2 U^3 + 3 (G^′)^3 (U^′)^2 4GφU + 3 (G^′)^2 (U^′)^2

4φ^2U − 31 (G^′)^2 (U^{′′})^2 (U^′)^2 8GU^2 + 13G^′ (U^{′′})^2 (U^′)^2 4φU^2 + 9G^{′′} (U^{′′})^2 (U^′)^2 2U^2 + 41 (G^′)^2 U^{′′} (U^′)^2 24U^2 − (G^′)^3 U^′ 4U − 9G^′ (U^{′′})^3 U^′ U^2 − 3 (G^′)^3 U^{′′}U^′ 2GU + 3 (G^′)^2 U^{′′}U^′ 2φU + 3G^′G^{′′}U^{′′}U^′ 2U − (G^′)^4 8G + (G^′)^3 8φ − 13 (G^′)^2 (U^{′′})^2 24U + 1 8 (G^′)^2 G^{′′} )

+ s^2 ( 25 (U^′)^8 16G^2φ^4U^4 − 19 (U^′)^8 6Gφ^2U^5 − 189 (U^′)^8

16U^6 − 5 (U^′)^7 4Gφ^3U^4 − 123 (U^′)^7

8φU^5 + 15G^′ (U^′)^6 4G^2φ^3U^3 + G^′ (U^′)^6 4GφU^4 − U^{′′} (U^′)^6 6Gφ^2U^4 + 273U^{′′} (U^′)^6

8U^5 + 133 (U^′)^6 24Gφ^4U^3 − 223 (U^′)^6 72φ^2U^4 − 25G^′ (U^′)^5 24Gφ^2U^3 + 85G^′ (U^′)^5 8U^4 − 5G^{′′} (U^′)^5 4GφU^3 − 15G^′U^{′′} (U^′)^5 4G^2φ^2U^3 − 33U^{′′} (U^′)^5 4Gφ^3U^3 + 87U^{′′} (U^′)^5

4φU^4 + 3U^{′′′} (U^′)^5 4Gφ^2U^3 − 3U^{′′′} (U^′)^5

2U^4 − 113 (U^′)^5 12φ^3U^3 + (G^′)^2 (U^′)^4 G^2φ^2U^2 − 4 (G^′)^2 (U^′)^4 3GU^3 − 55 (U^{′′})^2 (U^′)^4

6Gφ^2U^3 − 81 (U^{′′})^2 (U^′)^4

8U^4 + 5G^′ (U^′)^4 2Gφ^3U^2 + 167G^′ (U^′)^4 24φU^3 − 7G^{′′} (U^′)^4

8U^3 + 45G^′U^{′′} (U^′)^4 4GφU^3 + 881U^{′′} (U^′)^4 36φ^2U^3 + 889 (U^′)^4 144φ^4U^2 − 7 (G^′)^2 (U^′)^3 8GφU^2 + 9 (U^{′′})^2 (U^′)^3 2φU^3 + 325G^′ (U^′)^3

72φ^2U^2 − 8G^{′′} (U^′)^3

3φU^2 − 9 (G^′)^2 U^{′′} (U^′)^3 2G^2φU^2 − 31G^′U^{′′} (U^′)^3 2Gφ^2U^2 − 25G^′U^{′′} (U^′)^3 U^3 − 13G^{′′}U^{′′} (U^′)^3 4GφU^2 − 11U^{′′} (U^′)^3

4φ^3U^2 − 3G^′U^{′′′} (U^′)^3 4GφU^2 − 6U^{′′}U^{′′′} (U^′)^3 U^3 + U^{′′′} (U^′)^3 4φ^2U^2 − 3 (G^′)^3 (U^′)^2 2G^2φU − 39 (U^{′′})^3 (U^′)^2 2U^3 − 8 (G^′)^2 (U^′)^2 3Gφ^2U − 19 (G^′)^2 (U^′)^2 8U^2 − 43G^′ (U^{′′})^2 (U^′)^2 4GφU^2 − 713 (U^{′′})^2 (U^′)^2 72φ^2U^2 − 31G^′ (U^′)^2 12φ^3U − 125 (G^′)^2 U^{′′} (U^′)^2 24GU^2 − 2G^′U^{′′} (U^′)^2

3φU^2 + 7G^{′′}U^{′′} (U^′)^2 4U^2 − G^′U^{′′′} (U^′)^2

2U^2 − (G^′)^3 U^′ 8GU − 23 (G^′)^2 U^′ 12φU + 17G^′ (U^{′′})^2 U^′ 2U^2 − G^′G^{′′}U^′ 4U + 3 (G^′)^3 U^{′′}U^′

4G^2U − 4G^′U^{′′}U^′ 3φ^2U + 3G^′G^{′′}U^{′′}U^′ 2GU + 23G^{′′}U^{′′}U^′ 12φU − G^′U^{′′′}U^′ 4φU + 3 (G^′)^4 16G^2 + 9 (U^{′′})^4

2U^2 + (G^′)^3 8Gφ + 5 (G^′)^2 8φ^2 + (G^{′′})^2 8 + 13 (G^′)^2 (U^{′′})^2 24GU − 5G^′ (U^{′′})^2 2φU − 3G^{′′} (U^{′′})^2 2U + (G^′)^2 G^{′′} 8G + 3G^′G^{′′} 4φ + (G^′)^2 U^{′′} 2U )

+ s ( − 25 (U^′)^6 24G^2φ^4U^3 − 35 (U^′)^6 9Gφ^2U^4 + 61 (U^′)^6

8U^5 + 7G^′ (U^′)^5 8G^2φ^2U^3 − 37 (U^′)^5 6Gφ^3U^3 + 189 (U^′)^5

8φU^4 + 5 (G^′)^2 (U^′)^4 8G^3φ^2U^2 − 3G^′ (U^′)^4 8G^2φ^3U^2 − 11G^′ (U^′)^4 12GφU^3 − 5G^{′′} (U^′)^4 8G^2φ^2U^2 + 16U^{′′} (U^′)^4 9Gφ^2U^3 − 227U^{′′} (U^′)^4 8U^4 − 79 (U^′)^4 72Gφ^4U^2 + 521 (U^′)^4 27φ^2U^3 − 5 (G^′)^2 (U^′)^3

2G^2φU^2 − 56G^′ (U^′)^3 9Gφ^2U^2 − 13G^′ (U^′)^3

2U^3 − 19G^{′′} (U^′)^3 12GφU^2 + G^′U^{′′} (U^′)^3 G^2φ^2U^2 + 3U^{′′} (U^′)^3 2Gφ^3U^2 − 95U^{′′} (U^′)^3 2φU^3 − U^{′′′} (U^′)^3 2Gφ^2U^2 + 3U^{′′′} (U^′)^3

U^3 + 101 (U^′)^3 36φ^3U^2 + 3 (G^′)^3 (U^′)^2 4G^3φU + 17 (G^′)^2 (U^′)^2 8G^2φ^2U + (G^′)^2 (U^′)^2

4GU^2 + 101 (U^{′′})^2 (U^′)^2 72Gφ^2U^2 + 53 (U^{′′})^2 (U^′)^2 2U^3 + 11G^′ (U^′)^2 8Gφ^3U − 433G^′ (U^′)^2

36φU^2 − 41G^{′′} (U^′)^2 24Gφ^2U + G^{′′} (U^′)^2

U^2 − 17G^′U^{′′} (U^′)^2 6GφU^2 − 21U^{′′} (U^′)^2

4φ^2U^2 + 3U^{′′′} (U^′)^2 φU^2 + (U^′)^2 4φ^4U + 3 (G^′)^3 U^′

8G^2U + 17 (G^′)^2 U^′ 12GφU

+ 3 (U^{′′})^2 U^′

2φU^2 − 17G^′U^′ 12φ^2U + G^′G^{′′}U^′ 4GU − G^{′′}U^′ 2φU + 3 (G^′)^2 U^{′′}U^′ 2G^2φU + 17G^′U^{′′}U^′ 4Gφ^2U + 27G^′U^{′′}U^′ 2U^2 + 13G^{′′}U^{′′}U^′ 12GφU − 5U^{′′}U^′ 12φ^3U + G^′U^{′′′}U^′ 4GφU − U^{′′}U^{′′′}U^′ U^2 − U^{′′′}U^′ 12φ^2U − (G^′)^4 8G^3 − (G^′)^3 8G^2φ − (U^{′′})^3 2U^2 + 23 (G^′)^2 24U − (G^′)^2 4Gφ^2 − (G^{′′})^2 4G + G^′ (U^{′′})^2 GφU + (U^{′′})^2 6φ^2U − (G^′)^2 G^{′′}

8G^2 − G^′G^{′′} 2Gφ + (G^′)^2 U^{′′} 2GU + 25G^′U^{′′} 12φU − G^′U^{′′′} U )

+ 25 (U^′)^4 144G^2φ^4U^2 + 46 (U^′)^4 27Gφ^2U^3 + 85 (U^′)^4 8U^4 − (G^′)^3 4G^3φ − 7G^′ (U^′)^3 24G^2φ^2U^2 + 133 (U^′)^3 36Gφ^3U^2 + 3 (U^′)^3 4φU^3 − 23 (G^′)^2 24GU − (G^′)^2 2G^2φ^2 − 5 (G^′)^2 (U^′)^2 24G^3φ^2U − 7G^′ (U^′)^2 24G^2φ^3U − 89G^′ (U^′)^2 36GφU^2 − (U^′)^2 4Gφ^4U + 3 (U^′)^2 2φ^2U^2 − (U^{′′})^2 6Gφ^2U + 9 (U^{′′})^2

2U^2 − (G^′)^2 U^′ 2G^2φU − 19G^′U^′ 12Gφ^2U + 5 (U^′)^2 G^{′′} 24G^2φ^2U + U^′G^{′′} 2GφU − 9 (U^′)^2 U^{′′} 4Gφ^2U^2 − 3 (U^′)^2 U^{′′} 4U^3 + 11G^′U^{′′} 12GφU + G^′U^′U^{′′} 12G^2φ^2U + 5U^′U^{′′} 12Gφ^3U − 6U^′U^{′′} φU^2 + U^′U^{′′′} 12Gφ^2U − U^′U^{′′′} U^2 + (N − 1) (G^′)^2 8G^2φ^2 + (N − 1) (G^′)^3 8G^3φ + (N − 1) (G^′)^4 32G^4 − (N − 1)G^′G^{′′} 4G^2φ − (N − 1) (G^′)^2 G^{′′} 8G^3 + (N − 1) (G^{′′})^2 8G^2 (B2)

The coefficient α_{14} in front of the structure (Φ^a_{, μ}Φ^{, μ}_a ) (Φ^c_{, ν} n_cΦ^{d , ν} n_d) :

α_{14} = s^3 ( (U^′)^{10} 2Gφ^2U^6 − 9 (U^′)^{10}

8U^7 + 9 (U^′)^9 8φU^6 + 3G^′ (U^′)^8 4GφU^5 − 19U^{′′} (U^′)^8 12Gφ^2U^5 + 9U^{′′} (U^′)^8 2U^6 + 29 (U^′)^8 12φ^2U^5 − G^′ (U^′)^7 3Gφ^2U^4 + 9G^′ (U^′)^7

4U^5 − 9U^{′′} (U^′)^7

2φU^5 − 5 (G^′)^2 (U^′)^6 24GU^4 − 155 (U^{′′})^2 (U^′)^6 24Gφ^2U^4 − 9 (U^{′′})^2 (U^′)^6 2U^5 − 19G^′ (U^′)^6

8φU^4 − 9G^{′′} (U^′)^6 8U^4 − G^′U^{′′} (U^′)^6 GφU^4 − 343U^{′′} (U^′)^6

36φ^2U^4 − (G^′)^2 (U^′)^5 2GφU^3 + 9 (U^{′′})^2 (U^′)^5 2φU^4 − 29G^′ (U^′)^5 18φ^2U^3 − 5G^′U^{′′} (U^′)^5 4Gφ^2U^3 − 15G^′U^{′′} (U^′)^5

2U^4 − 95 (G^′)^2 (U^′)^4 72U^3 − 31G^′ (U^{′′})^2 (U^′)^4 4GφU^3 + 493 (U^{′′})^2 (U^′)^4 72φ^2U^3 − (G^′)^2 U^{′′} (U^′)^4 3GU^3 + 26G^′U^{′′} (U^′)^4 3φU^3 + 9G^{′′}U^{′′} (U^′)^4 2U^3 + 29 (G^′)^2 (U^′)^3 24φU^2 + 6G^′ (U^{′′})^2 (U^′)^3

U^3 + 3G^′G^{′′} (U^′)^3 4U^2 − 3 (G^′)^2 U^{′′} (U^′)^3 GφU^2 + 31G^′U^{′′} (U^′)^3 12φ^2U^2 − (G^′)^3 (U^′)^2 4GφU + (G^′)^2 (U^′)^2 4φ^2U + 31 (G^′)^2 (U^{′′})^2 (U^′)^2 24GU^2 − 121G^′ (U^{′′})^2 (U^′)^2 12φU^2 − 9G^{′′} (U^{′′})^2 (U^′)^2 2U^2 + 43 (G^′)^2 U^{′′} (U^′)^2 18U^2 + (G^′)^3 U^′ 4U + (G^′)^3 U^{′′}U^′ 2GU − 7 (G^′)^2 U^{′′}U^′ 2φU − 3G^′G^{′′}U^{′′}U^′ 2U + (G^′)^4 24G − 7 (G^′)^3 24φ − 5 (G^′)^2 (U^{′′})^2 72U − 1 8 (G^′)^2 G^{′′} )

+ s^2 ( − 25 (U^′)^8 24G^2φ^4U^4 − 13 (U^′)^8 9Gφ^2U^5 − 15 (U^′)^8 2U^6 + (U^′)^7 2Gφ^3U^4 + 39 (U^′)^7 4φU^5 − 5G^′ (U^′)^6 2G^2φ^3U^3 + 7G^′ (U^′)^6 12GφU^4 − 7U^{′′} (U^′)^6 9Gφ^2U^4 + 141U^{′′} (U^′)^6

8U^5 + 11 (U^′)^6 36Gφ^4U^3 − 185 (U^′)^6 54φ^2U^4 + 127G^′ (U^′)^5 72Gφ^2U^3 + 11G^′ (U^′)^5 8U^4 − 5G^{′′} (U^′)^5 12GφU^3 + 5G^′U^{′′} (U^′)^5 4G^2φ^2U^3 + 3U^{′′} (U^′)^5 2Gφ^3U^3 − 111U^{′′} (U^′)^5

4φU^4 − 3U^{′′′} (U^′)^5 4Gφ^2U^3 − 35 (U^′)^5 6φ^3U^3 − 7 (G^′)^2 (U^′)^4 8G^2φ^2U^2 + 17 (G^′)^2 (U^′)^4 18GU^3 + 55 (U^{′′})^2 (U^′)^4 18Gφ^2U^3 − 27 (U^{′′})^2 (U^′)^4 4U^4 + 2G^′ (U^′)^4 Gφ^3U^2 − 47G^′ (U^′)^4 9φU^3 + G^{′′} (U^′)^4 U^3 − 131G^′U^{′′} (U^′)^4 12GφU^3 + 1249U^{′′} (U^′)^4 108φ^2U^3 + 695 (U^′)^4 216φ^4U^2 − (G^′)^2 (U^′)^3 4GφU^2 + 39 (U^{′′})^2 (U^′)^3

2φU^3 + 1307G^′ (U^′)^3 216φ^2U^2 + 31G^{′′} (U^′)^3

36φU^2 + 3 (G^′)^2 U^{′′} (U^′)^3 2G^2φU^2 − 11G^′U^{′′} (U^′)^3 12Gφ^2U^2 + 29G^′U^{′′} (U^′)^3 4U^3 − 13G^{′′}U^{′′} (U^′)^3 12GφU^2 + U^{′′} (U^′)^3 2φ^3U^2 + 3G^′U^{′′′} (U^′)^3 4GφU^2 − U^{′′′} (U^′)^3 4φ^2U^2 + 3 (G^′)^3 (U^′)^2 4G^2φU − 97 (G^′)^2 (U^′)^2 24Gφ^2U + 2 (G^′)^2 (U^′)^2 3U^2 + 25G^′ (U^{′′})^2 (U^′)^2 4GφU^2 − 583 (U^{′′})^2 (U^′)^2 216φ^2U^2 − 19G^′ (U^′)^2

18φ^3U − 7G^′G^{′′} (U^′)^2 4GφU + 143 (G^′)^2 U^{′′} (U^′)^2 72GU^2 − 6G^′U^{′′} (U^′)^2 φU^2

− 17G^{′′}U^{′′} (U^′)^2 4U^2 − 11 (G^′)^3 U^′ 24GU − 2 (G^′)^2 U^′ 9φU − 13G^′ (U^{′′})^2 U^′ 2U^2 + G^′G^{′′}U^′ 2U − (G^′)^3 U^{′′}U^′ 4G^2U + 2 (G^′)^2 U^{′′}U^′ GφU + 5G^′U^{′′}U^′ 12φ^2U + G^′G^{′′}U^{′′}U^′ 2GU + 23G^{′′}U^{′′}U^′ 36φU + G^′U^{′′′}U^′ 4φU − (G^′)^4 12G^2 + 5 (G^′)^3 6Gφ − 3 (G^′)^2 4φ^2 − (G^{′′})^2 4 − 49 (G^′)^2 (U^{′′})^2 72GU + 49G^′ (U^{′′})^2 18φU + 3G^{′′} (U^{′′})^2 2U + (G^′)^2 G^{′′} 3G − 11G^′G^{′′} 12φ − 2 (G^′)^2 U^{′′} 3U )

+ s ( 25 (U^′)^6 36G^2φ^4U^3 + 43 (U^′)^6 54Gφ^2U^4 + 12 (U^′)^6 U^5 + 5G^′ (U^′)^5 24G^2φ^2U^3 − (U^′)^5 3Gφ^3U^3 − 7 (U^′)^5 φU^4 − 5 (G^′)^2 (U^′)^4 24G^3φ^2U^2 − 5G^′ (U^′)^4 24G^2φ^3U^2 − 47G^′ (U^′)^4 36GφU^3 + 5G^{′′} (U^′)^4 8G^2φ^2U^2 + 79U^{′′} (U^′)^4 54Gφ^2U^3 − 157U^{′′} (U^′)^4 8U^4 + 43 (U^′)^4 108Gφ^4U^2 − 3281 (U^′)^4 324φ^2U^3 − (G^′)^2 (U^′)^3 G^2φU^2 + 137G^′ (U^′)^3 108Gφ^2U^2 − 4G^′ (U^′)^3

3U^3 + 41G^{′′} (U^′)^3 36GφU^2 − 5G^′U^{′′} (U^′)^3 6G^2φ^2U^2 − U^{′′} (U^′)^3 Gφ^3U^2 + 23U^{′′} (U^′)^3 φU^3 + U^{′′′} (U^′)^3 2Gφ^2U^2 + 3U^{′′′} (U^′)^3 2U^3 + 107 (U^′)^3 18φ^3U^2 − (G^′)^3 (U^′)^2 4G^3φU − 25 (G^′)^2 (U^′)^2 9G^2φ^2U − 11 (G^′)^2 (U^′)^2 12GU^2 − 65 (U^{′′})^2 (U^′)^2 216Gφ^2U^2 + 15 (U^{′′})^2 (U^′)^2 4U^3 − 139G^′ (U^′)^2 24Gφ^3U + 1231G^′ (U^′)^2 216φU^2 + G^′G^{′′} (U^′)^2 2G^2φU + 41G^{′′} (U^′)^2 24Gφ^2U − G^{′′} (U^′)^2 24U^2 + 35G^′U^{′′} (U^′)^2 6GφU^2 + 145U^{′′} (U^′)^2 108φ^2U^2 − 3U^{′′′} (U^′)^2 φU^2 + (U^′)^2 6φ^4U − (G^′)^3 U^′ 8G^2U − 79 (G^′)^2 U^′ 36GφU − 11 (U^{′′})^2 U^′ 2φU^2 − 41G^′U^′ 12φ^2U + G^′G^{′′}U^′ 4GU + 7G^{′′}U^′ 6φU − (G^′)^2 U^{′′}U^′ 2G^2φU + 4G^′U^{′′}U^′ 9Gφ^2U − 2G^′U^{′′}U^′ U^2 + 13G^{′′}U^{′′}U^′ 36GφU − U^{′′}U^′ 6φ^3U − G^′U^{′′′}U^′ 4GφU + U^{′′′}U^′ 12φ^2U + (G^′)^4 24G^3 + 11 (G^′)^3 24G^2φ − 19 (G^′)^2 72U + 3 (G^′)^2 2Gφ^2 − (G^{′′})^2 12G − 11G^′ (U^{′′})^2 9GφU − (G^′)^2 G^{′′}

24G^2 − G^′G^{′′} 12Gφ − (G^′)^2 U^{′′} 2GU + 7G^′U^{′′} 36φU + 2G^{′′}U^{′′} 3U + G^′U^{′′′} 2U )

− 25 (U^′)^4 216G^2φ^4U^2 − 10 (U^′)^4 81Gφ^2U^3 − 25 (U^′)^4

8U^4 − 5G^′ (U^′)^3 72G^2φ^2U^2 − 53 (U^′)^3 18Gφ^3U^2 − 6 (U^′)^3 φU^3 + 5 (G^′)^2 (U^′)^2 72G^3φ^2U + 25G^′ (U^′)^2 72G^2φ^3U + 55G^′ (U^′)^2 108GφU^2 − 5G^{′′} (U^′)^2 24G^2φ^2U + 125U^{′′} (U^′)^2 108Gφ^2U^2 + 53U^{′′} (U^′)^2

12U^3 − (U^′)^2 6Gφ^4U − 27 (U^′)^2 2φ^2U^2 − 3G (U^′)^2

U^3 + (G^′)^2 U^′ 2G^2φU + 35G^′U^′ 12Gφ^2U + 15G^′U^′ 4U^2 − G^{′′}U^′ 2GφU + 5G^′U^{′′}U^′ 36G^2φ^2U + U^{′′}U^′ 6Gφ^3U + 83U^{′′}U^′ 6φU^2 − U^{′′′}U^′ 12Gφ^2U − U^{′′′}U^′ 2U^2 − 2GU^′ φU^2 + (G^′)^3 12G^3φ + 55 (G^′)^2 72GU + 3 (G^′)^2 4G^2φ^2 − (U^{′′})^2 3U^2 + G^′ φU − G^′G^{′′} 6G^2φ − G^{′′} U − 37G^′U^{′′} 36GφU + 2GU^{′′} U^2 − (N − 1) (G^′)^2 2G^2φ^2 − (N − 1) (G^′)^3 4G^3φ + (N − 1)G^′G^{′′} 2G^2φ

(B3)

The coefficient α_{15} in front of the structure Φ^a_{, μ}Φ_{a , ν} Φ^{b , μ}Φ^{, ν}_b :

α_{15} = s^2 ( 25 (U^′)^8 24G^2φ^4U^4 + 3 (U^′)^8 8U^6 − 3 (U^′)^7 φU^5 + 5G^′ (U^′)^6 2G^2φ^3U^3 + 205 (U^′)^6 36Gφ^4U^3 + 9 (U^′)^6 φ^2U^4 + 5G^′ (U^′)^5 6Gφ^2U^3 + G^′ (U^′)^5

2U^4 − 12 (U^′)^5 φ^3U^3 + 13 (G^′)^2 (U^′)^4 12G^2φ^2U^2 + 6G^′ (U^′)^4 Gφ^3U^2 − 3G^′ (U^′)^4 φU^3 + 1681 (U^′)^4 216φ^4U^2 + (G^′)^2 (U^′)^3 GφU^2 + 113G^′ (U^′)^3 18φ^2U^2 − (G^′)^3 (U^′)^2 2G^2φU − 77 (G^′)^2 (U^′)^2 36Gφ^2U + (G^′)^2 (U^′)^2 4U^2 − 41G^′ (U^′)^2

18φ^3U − (G^′)^3 U^′ 6GU − 2 (G^′)^2 U^′ 3φU + (G^′)^4 24G^2 + (G^′)^3 6Gφ + (G^′)^2 6φ^2 )

+ s ( − 25 (U^′)^6 36G^2φ^4U^3 + 2 (U^′)^6

U^5 − 5 (U^′)^5 2Gφ^3U^3 + (U^′)^5 2φU^4 − 5G^′ (U^′)^4 3G^2φ^3U^2 − 205 (U^′)^4 108Gφ^4U^2 + 7 (U^′)^4 φ^2U^3 − 16G^′ (U^′)^3 9Gφ^2U^2 − G^′ (U^′)^3

6U^3 + 19 (U^′)^3 6φ^3U^2 − 31 (G^′)^2 (U^′)^2 36G^2φ^2U − 2G^′ (U^′)^2 Gφ^3U − 5G^′ (U^′)^2 2φU^2 − (G^′)^2 U^′ 3GφU − 11G^′U^′ 6φ^2U + (G^′)^3 6G^2φ + (G^′)^2 4U + (G^′)^2 3Gφ^2 )

+ 25 (U^′)^4 216G^2φ^4U^2 − 17 (U^′)^4 24U^4 + 2 (U^′)^3 3Gφ^3U^2 + (U^′)^3 6φU^3 + G^′ (U^′)^2 9G^2φ^3U − (U^′)^2 3Gφ^4U − 5 (U^′)^2 3φ^2U^2 + G (U^′)^2

4U^3 + G^′U^′ 2Gφ^2U + U^{′′}U^′ 3Gφ^3U + 5U^′ 3φ^3U − GU^′ 6φU^2 + (G^′)^2 6G^2φ^2 + 7G^′ 6φU − 5U^{′′} 3φ^2U + 3G^2 2U^2

(B4)

The coefficient α_{16} in front of the structure Φ^a_{,μ}n_aΦ^b_{,ν} n_bΦ^{c , μ}Φ^{, ν}_c :

α_{16} = s^3 ( (U^′)^{10} Gφ^2U^6 − 9 (U^′)^{10} 4U^7 + 9 (U^′)^9 φU^6 + 3G^′ (U^′)^8 2GφU^5 − 19U^{′′} (U^′)^8 6Gφ^2U^5 + 9U^{′′} (U^′)^8 U^6 − 26 (U^′)^8 3φ^2U^5 − 2G^′ (U^′)^7 3Gφ^2U^4 − 36U^{′′} (U^′)^7 φU^5 − 5 (G^′)^2 (U^′)^6

12GU^4 − 155 (U^{′′})^2 (U^′)^6 12Gφ^2U^4 − 9 (U^{′′})^2 (U^′)^6 U^5 − 5G^′ (U^′)^6

2φU^4 − 2G^′U^{′′} (U^′)^6 GφU^4 + 629U^{′′} (U^′)^6

18φ^2U^4 − (G^′)^2 (U^′)^5 GφU^3 + 36 (U^{′′})^2 (U^′)^5 φU^4 + 52G^′ (U^′)^5

9φ^2U^3 − 5G^′U^{′′} (U^′)^5

2Gφ^2U^3 + 3G^′U^{′′} (U^′)^5 U^4 + 13 (G^′)^2 (U^′)^4 36U^3 − 31G^′ (U^{′′})^2 (U^′)^4 2GφU^3 − 1451 (U^{′′})^2 (U^′)^4 36φ^2U^3 − 2 (G^′)^2 U^{′′} (U^′)^4 3GU^3 − 2G^′U^{′′} (U^′)^4 3φU^3 − 4 (G^′)^2 (U^′)^3 3φU^2 − 6G^′ (U^{′′})^2 (U^′)^3 U^3 − 6 (G^′)^2 U^{′′} (U^′)^3 GφU^2 − 77G^′U^{′′} (U^′)^3

6φ^2U^2 − (G^′)^3 (U^′)^2 2GφU − (G^′)^2 (U^′)^2

φ^2U + 31 (G^′)^2 (U^{′′})^2 (U^′)^2 12GU^2 + 41G^′ (U^{′′})^2 (U^′)^2 6φU^2 − 11 (G^′)^2 U^{′′} (U^′)^2 9U^2 + (G^′)^3 U^{′′}U^′ GU + 2 (G^′)^2 U^{′′}U^′ φU + (G^′)^4 12G + (G^′)^3 6φ − 5 (G^′)^2 (U^{′′})^2 36U )

+ s^2 ( − 25 (U^′)^8 12G^2φ^4U^4 + 83 (U^′)^8 18Gφ^2U^5 + 15 (U^′)^8

2U^6 + (U^′)^7 Gφ^3U^4 + 9 (U^′)^7 φU^5 − 5G^′ (U^′)^6 G^2φ^3U^3 − 5G^′ (U^′)^6 6GφU^4 + 17U^{′′} (U^′)^6 18Gφ^2U^4 − 33U^{′′} (U^′)^6

2U^5 − 205 (U^′)^6 18Gφ^4U^3 − 73 (U^′)^6 54φ^2U^4 − 17G^′ (U^′)^5 36Gφ^2U^3 − 19G^′ (U^′)^5 4U^4 + 5G^{′′} (U^′)^5 3GφU^3 + 5G^′U^{′′} (U^′)^5 2G^2φ^2U^3 + 15U^{′′} (U^′)^5 2Gφ^3U^3 + 6U^{′′} (U^′)^5 φU^4 + 73 (U^′)^5 3φ^3U^3 − 7 (G^′)^2 (U^′)^4 4G^2φ^2U^2 + 7 (G^′)^2 (U^′)^4 18GU^3 + 55 (U^{′′})^2 (U^′)^4 9Gφ^2U^3 − 19G^′ (U^′)^4 2Gφ^3U^2 − 11G^′ (U^′)^4

18φU^3 − G^{′′} (U^′)^4

U^3 − G^′U^{′′} (U^′)^4 3GφU^3 − 973U^{′′} (U^′)^4 27φ^2U^3 − 1681 (U^′)^4 108φ^4U^2 − 24 (U^{′′})^2 (U^′)^3 φU^3 − 1537G^′ (U^′)^3 108φ^2U^2 + 23G^{′′} (U^′)^3

9φU^2 + 3 (G^′)^2 U^{′′} (U^′)^3 G^2φU^2 + 47G^′U^{′′} (U^′)^3 3Gφ^2U^2 + G^′U^{′′} (U^′)^3

U^3 + 13G^{′′}U^{′′} (U^′)^3 3GφU^2 + 5U^{′′} (U^′)^3 2φ^3U^2 + 3 (G^′)^3 (U^′)^2 2G^2φU + 83 (G^′)^2 (U^′)^2

12Gφ^2U + (G^′)^2 (U^′)^2

3U^2 + 9G^′ (U^{′′})^2 (U^′)^2 2GφU^2 + 1361 (U^{′′})^2 (U^′)^2 108φ^2U^2 + 97G^′ (U^′)^2

18φ^3U + G^′G^{′′} (U^′)^2 GφU + 29 (G^′)^2 U^{′′} (U^′)^2 9GU^2 + 20G^′U^{′′} (U^′)^2 3φU^2 + 2G^{′′}U^{′′} (U^′)^2 U^2 + 7 (G^′)^3 U^′ 12GU + 26 (G^′)^2 U^′ 9φU + 2G^′ (U^{′′})^2 U^′

U^2 − (G^′)^3 U^{′′}U^′ 2G^2U − 2 (G^′)^2 U^{′′}U^′ GφU + 2G^′U^{′′}U^′ 3φ^2U − 2G^′G^{′′}U^{′′}U^′ GU − 23G^{′′}U^{′′}U^′ 9φU − (G^′)^4 6G^2 − 5 (G^′)^3 6Gφ − (G^′)^2 2φ^2 + 5 (G^′)^2 (U^{′′})^2 36GU − 2G^′ (U^{′′})^2 9φU − (G^′)^2 G^{′′} 3G − G^′G^{′′} 3φ + 2 (G^′)^2 U^{′′} 3U )

+ s ( 25 (U^′)^6 18G^2φ^4U^3 + 167 (U^′)^6 54Gφ^2U^4 − 9 (U^′)^6

U^5 − 13G^′ (U^′)^5 12G^2φ^2U^3 + 53 (U^′)^5 6Gφ^3U^3 − 25 (U^′)^5 2φU^4 − 5 (G^′)^2 (U^′)^4 12G^3φ^2U^2 + 11G^′ (U^′)^4 6G^2φ^3U^2 + 20G^′ (U^′)^4 9GφU^3 − 175U^{′′} (U^′)^4 54Gφ^2U^3 + 13U^{′′} (U^′)^4 2U^4 + 151 (U^′)^4 54Gφ^4U^2 − 1735 (U^′)^4 81φ^2U^3 + 7 (G^′)^2 (U^′)^3 2G^2φU^2 + 172G^′ (U^′)^3 27Gφ^2U^2 + 17G^′ (U^′)^3 6U^3 + 4G^{′′} (U^′)^3 9GφU^2 − G^′U^{′′} (U^′)^3 6G^2φ^2U^2 − U^{′′} (U^′)^3 Gφ^3U^2 + 23U^{′′} (U^′)^3 φU^3 − 161 (U^′)^3 18φ^3U^2 − (G^′)^3 (U^′)^2 2G^3φU + 4 (G^′)^2 (U^′)^2

9G^2φ^2U + 2 (G^′)^2 (U^′)^2 3GU^2 − 119 (U^{′′})^2 (U^′)^2 108Gφ^2U^2 + 3 (U^{′′})^2 (U^′)^2 U^3 + 8G^′ (U^′)^2 3Gφ^3U + 289G^′ (U^′)^2 27φU^2 − G^′G^{′′} (U^′)^2 2G^2φU − G^{′′} (U^′)^2 3U^2 − 3G^′U^{′′} (U^′)^2 GφU^2

+ 373U^{′′} (U^′)^2 54φ^2U^2 − (U^′)^2 3φ^4U − (G^′)^3 U^′ 4G^2U + 5 (G^′)^2 U^′ 18GφU + 4 (U^{′′})^2 U^′ φU^2 + 9G^′U^′ 2φ^2U − G^′G^{′′}U^′ 2GU − 2G^{′′}U^′ 3φU − (G^′)^2 U^{′′}U^′ G^2φU − 40G^′U^{′′}U^′ 9Gφ^2U − 9G^′U^{′′}U^′ 2U^2 − 13G^{′′}U^{′′}U^′ 9GφU + U^{′′}U^′ 2φ^3U + (G^′)^4 12G^3 − (G^′)^3 3G^2φ − 25 (G^′)^2 36U − (G^′)^2 2Gφ^2 + (G^{′′})^2 3G + 2G^′ (U^{′′})^2 9GφU − (U^{′′})^2 6φ^2U + (G^′)^2 G^{′′} 6G^2 + 5G^′G^{′′} 6Gφ − 25G^′U^{′′} 9φU − 2G^{′′}U^{′′} 3U )

− 25 (U^′)^4 108G^2φ^4U^2 − 128 (U^′)^4 81Gφ^2U^3 + 9 (U^′)^4 4U^4 + 13G^′ (U^′)^3 36G^2φ^2U^2 − 55 (U^′)^3 18Gφ^3U^2 + 7 (U^′)^3 2φU^3 + 5 (G^′)^2 (U^′)^2 36G^3φ^2U − G^′ (U^′)^2 18G^2φ^3U + 53G^′ (U^′)^2 27GφU^2 + 59U^{′′} (U^′)^2 54Gφ^2U^2 − 2U^{′′} (U^′)^2 3U^3 + (U^′)^2 3Gφ^4U + 8 (U^′)^2 φ^2U^2 + 19G (U^′)^2 2U^3 − G^′U^′ 2Gφ^2U − 13G^′U^′ 2U^2 − 2G^′U^{′′}U^′ 9G^2φ^2U − U^{′′}U^′ 2Gφ^3U − 22U^{′′}U^′ 3φU^2 + (G^′)^3 6G^3φ + 7 (G^′)^2 36GU + (U^{′′})^2 6Gφ^2U − 2 (U^{′′})^2 3U^2 − G^′ φU + G^′G^{′′} 6G^2φ + G^{′′} U + G^′U^{′′} 9GφU (B5)

The coefficient α_{17} in front of the structure Φ^{a μ}_{; μ} Φ^ν_{a; ν} :

α_{17} = s ( − (U^′)^4 4GU^2φ^2 − G^′U^′ 2U + (G^′)^2 4G − (U^′)^2 12Uφ^2 − 3 (U^′)^4 4U^3 ) + (U^′)^2 12GUφ^2 − U^′ Uφ + (U^′)^2 4U^2

(B6)

The coefficient α_{18} in front of the structure (Φ^{c μ}_{; μ} n_c)^2 :

α_{18} = s^2 ( 9G^′ (U^′)^3 4U^2 + (G^′)^2 8 + 81 (U^′)^6 8U^4 ) + s ( (U^′)^4 4GU^2φ^2 − (G^′)^2 4G + (U^′)^2 12Uφ^2 − 27 (U^′)^4 4U^3 ) − (U^′)^2 12GUφ^2 + U^′ Uφ + 13 (U^′)^2 2U^2 − U^{′′} U + (N − 1) (G^′)^2 8G^2

(B7)

The coefficient α_{19} in front of the structure (Φ^a_{, μ}Φ^{, μ}_a )(Φ^{b ν}_{; ν} n_b) :

α_{19} = s^2 ( − (U^′)^7 4Gφ^2U^4 − 27 (U^′)^7 8U^5 + 27 (U^′)^6 4φU^4 − 3G^′ (U^′)^5 4GφU^3 − 3U^{′′} (U^′)^5 4Gφ^2U^3 − (U^′)^5 12φ^2U^3 + 15G^′ (U^′)^4 8U^3 + 3 (G^′)^2 (U^′)^3 8GU^2 − 7G^′ (U^′)^3

4φU^2 − 9G^{′′} (U^′)^3 4U^2 + 3G^′U^{′′} (U^′)^3 4GφU^2 − U^{′′} (U^′)^3 4φ^2U^2 − 3 (G^′)^2 (U^′)^2 4GφU + G^′U^{′′}U^′ 4φU + (G^′)^3 8G − (G^′)^2 2φ − G^′G^{′′} 4 )

+ s ( (U^′)^5 6Gφ^2U^3 + 15 (U^′)^5 8U^4 + 5G^′ (U^′)^4 8G^2φ^2U^2 − 2 (U^′)^4 φU^3 + 3G^′ (U^′)^3 4GφU^2 + U^{′′} (U^′)^3 2Gφ^2U^2 + 3U^{′′} (U^′)^3

2U^3 + 37 (U^′)^3 36φ^2U^2 + 3 (G^′)^2 (U^′)^2 4G^2φU + 41G^′ (U^′)^2 24Gφ^2U − 3G^′ (U^′)^2 2U^2 − 3U^{′′} (U^′)^2 φU^2 + (G^′)^2 U^′ 4GU + G^′U^′ φU + G^{′′}U^′ 2U − G^′U^{′′}U^′ 4GφU + U^{′′}U^′ 12φ^2U − (G^′)^3 8G^2 + G^′U^{′′} 2U )

+ 53 (U^′)^3 36Gφ^2U^2 − (U^′)^3 4U^3 − 5G^′ (U^′)^2 24G^2φ^2U + 14 (U^′)^2 φU^2 − G^′U^′ 2GφU − U^{′′}U^′ 12Gφ^2U − U^{′′}U^′ 2U^2 + U^′ φ^2U + 2GU^′ U^2 − (G^′)^2 4G^2φ − G^′ 2U − U^{′′} φU + (N − 1) (G^′)^2 2G^2φ

(B8)

The coefficient α_{20} in front of the structure (Φ^a_{, μ}n_aΦ^{b , μ}n_b)(Φ^{c ν}_{; ν} n_c) :

α_{20} = s^3 ( 81 (U^′)^9 8U^6 − 81U^{′′} (U^′)^7 2U^5 − 45G^′ (U^′)^6 8U^4 + 81 (U^{′′})^2 (U^′)^5 2U^4 + 9G^′U^{′′} (U^′)^4 U^3 + 3 (G^′)^2 (U^′)^3 8U^2 + 9G^′ (U^{′′})^2 (U^′)^2 2U^2 + 3 (G^′)^2 U^{′′}U^′ 2U + (G^′)^3 8 ) + s^2 ( 3 (U^′)^7 4Gφ^2U^4 − 45 (U^′)^7

8U^5 − 45 (U^′)^6 4φU^4 − G^′ (U^′)^5 2GφU^3 + 9U^{′′} (U^′)^5 2Gφ^2U^3 + 135U^{′′} (U^′)^5

4U^4 + (U^′)^5 4φ^2U^3 + 5G^′ (U^′)^4 4Gφ^2U^2 − 21G^′ (U^′)^4 8U^3 + 9U^{′′} (U^′)^4 φU^3 − 3 (G^′)^2 (U^′)^3 8GU^2 − 63 (U^{′′})^2 (U^′)^3 2U^3 + 4G^′ (U^′)^3

3φU^2 + 9G^{′′} (U^′)^3 4U^2 − 13G^′U^{′′} (U^′)^3 4GφU^2 + 3U^{′′} (U^′)^3 2φ^2U^2 + 5G^′ (U^′)^2 12φ^2U − 15G^′U^{′′} (U^′)^2 4U^2 − (G^′)^2 U^′ 2U + 3 (G^′)^2 U^{′′}U^′ 2GU + 23G^′U^{′′}U^′ 12φU + (G^′)^3 8G + 3 (G^′)^2 4φ − 3G^′ (U^{′′})^2 2U + G^′G^{′′} 4 ) + s ( 7 (U^′)^5 4Gφ^2U^3 + 15 (U^′)^5

8U^4 − 11G^′ (U^′)^4 8G^2φ^2U^2 − (U^′)^4 Gφ^3U^2 + 3 (U^′)^4 φU^3 − 25G^′ (U^′)^3 12GφU^2 − U^{′′} (U^′)^3 Gφ^2U^2 − 12U^{′′} (U^′)^3 U^3 − 7 (U^′)^3 3φ^2U^2 − 19G^′ (U^′)^2 8Gφ^2U + 3G^′ (U^′)^2

U^2 − 3U^{′′} (U^′)^2 φU^2 − (U^′)^2 3φ^3U + (G^′)^2 U^′ 2GU + 15 (U^{′′})^2 U^′ 2U^2 − G^′U^′ 4φU + 13G^′U^{′′}U^′ 12GφU + U^{′′}U^′ 6φ^2U − (G^′)^3 8G^2 − (G^′)^2 2Gφ − G^′G^{′′} 2G ) − 13 (U^′)^3 6Gφ^2U^2 − 29 (U^′)^3

4U^3 + 11G^′ (U^′)^2 24G^2φ^2U + (U^′)^2 3Gφ^3U − 33 (U^′)^2 2φU^2 + G^′U^′ 4GφU − 3U^′ φ^2U − U^′U^{′′} 6Gφ^2U + 33U^′U^{′′} 2U^2 + 3U^{′′} φU − U^{′′′} U − (N − 1) (G^′)^2 4G^2φ − (N − 1) (G^′)^3 8G^3 + (N − 1)G^′G^{′′} 4G^2

(B9)

The coefficient α_{21} in front of the structure Φ^{a μ}_{; μ} Φ^{, ν}_a Φ^b_{, ν} n_b :

α_{21} = s^2 ( − (U^′)^7 2Gφ^2U^4 − 9 (U^′)^7 4U^5 + 9 (U^′)^6 2φU^4 + 5G^′ (U^′)^5 4GφU^3 − 15U^{′′} (U^′)^5 4Gφ^2U^3 + 9U^{′′} (U^′)^5 2U^4 − (U^′)^5 6φ^2U^3 − 5G^′ (U^′)^4 4Gφ^2U^2 − 3G^′ (U^′)^4 4U^3 − 9U^{′′} (U^′)^4 φU^3 + 5G^′ (U^′)^3 12φU^2 + 5G^′U^{′′} (U^′)^3 2GφU^2 − 5U^{′′} (U^′)^3

4φ^2U^2 + 3 (G^′)^2 (U^′)^2 4GφU − 5G^′ (U^′)^2 12φ^2U + 3G^′U^{′′} (U^′)^2 U^2 + (G^′)^2 U^′ 4U − 3 (G^′)^2 U^{′′}U^′ 2GU − 13G^′U^{′′}U^′ 6φU − (G^′)^3 4G − (G^′)^2 4φ )

+ s ( − 23 (U^′)^5 12Gφ^2U^3 + 3 (U^′)^5 4U^4 + 3G^′ (U^′)^4 4G^2φ^2U^2 + (U^′)^4 Gφ^3U^2 − (U^′)^4 φU^3 + 4G^′ (U^′)^3 3GφU^2 + U^{′′} (U^′)^3 2Gφ^2U^2 + 3U^{′′} (U^′)^3 2U^3 + 47 (U^′)^3 36φ^2U^2 − 3 (G^′)^2 (U^′)^2 4G^2φU + 2G^′ (U^′)^2 3Gφ^2U − G^′ (U^′)^2

2U^2 + 6U^{′′} (U^′)^2 φU^2 + (U^′)^2 3φ^3U − 3 (G^′)^2 U^′ 4GU − 3G^′U^′ 4φU − G^{′′}U^′ 2U − 5G^′U^{′′}U^′ 6GφU − U^{′′}U^′ 4φ^2U + (G^′)^3 4G^2 + (G^′)^2 2Gφ + G^′G^{′′} 2G ) + 25 (U^′)^3 36Gφ^2U^2 − G^′ (U^′)^2 4G^2φ^2U − (U^′)^2 3Gφ^3U + 5 (U^′)^2 2φU^2 + G^′U^′ 4GφU + U^{′′}U^′ 4Gφ^2U − U^{′′}U^′ U^2 + 2U^′ φ^2U − 13GU^′ 2U^2 + (G^′)^2 4G^2φ + G^′ U − 2U^{′′} φU (B10)

[1] N. N. Bogoljubov and D. V. Shirkov, Introduction to the Theory of Quantized Fields, 3rd ed. (Wiley Interscience, New York, 1980).

[2] C. Itzykson and J.-B. Zuber, Quantum field theory, (Mc- Graw Hill Book, New York, 1985).

[3] S. Weinberg, The quantum theory of fields, (Cambridge University press, Cambridge, V.I 1995, V.II 1996).

[4] E. C. G. Stueckelberg and A. Petermann, Helv. Phys.

Acta 26, 499 (1953).

[5] M. Gell-Mann and F. E. Low, Phys. Rev. 95, 1300 (1954). [6] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge University Press, Cambridge, England, 1982).

[7] S. Weinberg, in General Relativity, edited by S. W. Hawking and W. Israel (Cambridge University Press, Cambridge, England, 1979), p. 790.

[8] C. Kiefer, Quantum Gravity, second edition, (Oxford University Press, Oxford, 2007).

[9] G. ’t Hooft and M. Veltman, Ann. Inst. Henri Poincarè XX, 69 (1974).

[10] Z. Bern, J. J. M. Carrasco, L. J. Dixon, H. Johansson, and R. Roiban, Phys. Rev. Lett. 103, 081301 (2009).

[11] M. H. Goroff and A. Sagnotti, Nucl. Phys. B 266, 709 (1986).

[12] S. Weinberg, PoS CD 09, 001 (2009).

[13] R. Percacci and D. Perini, Phys. Rev. D 68, 044018 (2003).

[14] D. F. Litim, Phys. Rev. Lett. 92, 201301 (2004). [15] M. Reuter and F. Saueressig, arXiv:0708.1317 [hep-th]. [16] D. I. Kazakov, Theor. Math. Phys. 75, 440 (1988) [Teor.

Mat. Fiz. 75, 157 (1988)].

[17] G. ’t Hooft and M. J. G. Veltman, Nucl. Phys. B 44, 189 (1972).

[18] A. D. Sakharov, Sov. Phys. Dokl. 12, 1040 (1968) [Dokl.

Akad. Nauk Ser. Fiz. 177, 70 (1967)]. [19] S. L. Adler, Rev. Mod. Phys. 54, 729 (1982). [20] B. L. Spokoiny, Phys. Lett. B 147, 39 (1984). [21] R. Fakir and W. G. Unruh, Phys. Rev. D 41, 1783 (1990)..

[22] D. S. Salopek, J. R. Bond and J. M. Bardeen, Phys. Rev.

D 40, 1753 (1989).

[23] E. Komatsu and T. Futamase, Phys. Rev. D 59, 064029 (1999).

[24] A. O. Barvinsky and A. Y. Kamenshchik, Class. Quant.

Grav. 7, L181 (1990).

[25] A. O. Barvinsky and A. Y. Kamenshchik, Phys. Lett. B 332, 270 (1994).

[26] A. O. Barvinsky and A. Y. Kamenshchik, Nucl. Phys. B 532, 339 (1998).

[27] J. B. Hartle and S. W. Hawking, Phys. Rev. D 28, 2960 (1983).

[28] S. W. Hawking, Nucl. Phys. B 239, 257 (1984). [29] A. D. Linde, Lett. Nuovo Cim. 39, 401 (1984). [30] V. A. Rubakov, JETP Lett. 39, 107 (1984) [Pisma Zh.

Eksp. Teor. Fiz. 39, 89 (1984)].

[31] Y. B. Zeldovich and A. A. Starobinsky, Sov. Astron. Lett.

10, 135 (1984).

[32] A. Vilenkin, Phys. Rev. D 30, 509 (1984). [33] F. L. Bezrukov and M. Shaposhnikov, Phys. Lett. B 659, 703 (2008).

[34] A. O. Barvinsky, A. Y. Kamenshchik and A. A. Starobinsky, J. Cosmol. Astropart. Phys. 11 (2008) 021.

[35] F. L. Bezrukov, A. Magnin and M. Shaposhnikov, Phys.

Lett. B 675, 88 (2009).

[36] F. Bezrukov and M. Shaposhnikov, J. High Energy Phys.

07 (2009) 089.

[37] A. O. Barvinsky, A. Y. Kamenshchik, C. Kiefer, A. A. Starobinsky and C. Steinwachs, J. Cosmol. Astropart. Phys. 12 (2009) 003.

[38] A. O. Barvinsky, A. Y. Kamenshchik, C. Kiefer, A. A. Starobinsky and C. F. Steinwachs, arXiv:0910.1041 [hep-ph].

[39] A. De Simone, M. P. Hertzberg and F. Wilczek, Phys.

Lett. B 678, 1 (2009).

[40] T. E. Clark, B. Liu, S. T. Love and T. ter Veldhuis, Phys.

Rev. D 80, 075019 (2009).

[41] R. N. Lerner and J. McDonald, Phys. Rev. D 80, 123507 (2009).

[42] L. A. Popa, arXiv:0910.5312 [astro-ph.CO]. [43] N. Okada, M. U. Rehman and Q. Shafi, arXiv:0911.5073 [hep-ph].

[44] M. B. Einhorn and D. R. T. Jones, J. High Energy Phys.

03 (2010) 026.

[45] R. N. Lerner and J. McDonald, J. Cosmol. Astropart.

Phys. 04 (2010) 015.

[46] F. Bezrukov, A. Magnin, M. Shaposhnikov and S. Sibiryakov, J. High Energy Phys. 01 (2011) 016.

[47] M. P. Hertzberg, J. High Energy Phys. 11 (2010) 023. [48] D. I. Kaiser, Phys. Rev. D 81 (2010) 084044. [49] A. O. Barvinsky, A. Y. Kamenshchik and I. P. Karmazin, Phys. Rev. D 48, 3677 (1993).

[50] B. S. DeWitt, Dynamical theory of groups and fields, (Gordon and Breach, New York, 1965).

[51] A. O. Barvinsky and G. A. Vilkovisky, Phys. Rept. 119, 1 (1985).

[52] C. F. Steinwachs and A. Yu. Kamenshchik, One-loop divergences for gravity non-minimally coupled to a multiplet of scalar fields: calculation in the Jordan frame. II. Comparison with the Einstein frame results, in preparation.

[53] A. O. Barvinsky, A. Yu. Kamenshchik, C. Kiefer, A. A. Starobinsky and C. F. Steinwachs One-loop divergences for gravity non-minimally coupled to a multiplet of scalar fields: calculation in the Jordan frame. III. Cosmological applications, work in progress.

[54] I. L. Shapiro, H. Takata, Phys. Rev. D 52 , 2162 (1995). [55] L. Parker and S. M. Christensen, MathTensor: A System for Doing Tensor Analysis by Computer, (Addison- Wesley, Redwood City, CA, 1994).

[56] I. V. Tyutin, Yad. Fiz. 35, 222 (1982) [Sov. J. Nucl. Phys.

35, 125 (1982)] [57] G. A. Vilkovisky, Nucl. Phys. B 234 , 125 (1984).