arXiv:1101.5103v1 [hep-th] 26 Jan 2011

Completeness in supergravity constructions

V. Cortés^1, T. Mohaupt^2 and H. Xu^1

1Department of Mathematics and Center for Mathematical Physics University of Hamburg Bundesstraße 55, D-20146 Hamburg, Germany cortes@math.uni-hamburg.de

2Theoretical Physics Division Department of Mathematical Sciences University of Liverpool Liverpool L69 3BX, UK Thomas.Mohaupt@liv.ac.uk

January 26, 2011

Abstract

We prove that the supergravity r- and c-maps preserve completeness. As a consequence, any component H of a hypersurface {h = 1} defined by a homogeneous cubic polynomial h such that −∂^2h is a complete Riemannian metric on H defines a complete projective special Kähler manifold and any complete projective special Kähler manifold defines a complete quaternionic Kähler manifold of negative scalar curvature. We classify all complete quaternionic Kähler manifolds of dimension less or equal to 12 which are obtained in this way and describe some complete examples in 16 dimensions.

Contents

1 Completeness of metrics on product manifolds and bundles 4

1.1 Generalisation to the case of bundles . . . . . . . . . . . . . . . . . . . . . 7

2 The generalized supergravity r-map preserves completeness 7

3 The supergravity c-map preserves completeness 10

4 Examples: Complete quaternionic Kähler manifolds associated to cubic polynomials 13 4.1 Classification of complete cubic curves and corresponding 12-dimensional quaternionic Kähler manifolds . . . . . . . . . . . . . . . . . . . . . . . . . 14 4.2 Examples of complete cubic surfaces and corresponding 16-dimensional quaternionic Kähler manifolds . . . . . . . . . . . . . . . . . . . . . . . . . 17

5 Globalisation of the Ferrara-Sabharwal metric 17 5.1 From Griffiths to Weil flags in special Kähler geometry . . . . . . . . . . . 20

Introduction

The supergravity r-map and the supergravity c-map are geometric constructions known to theoretical physicists working in supergravity and string theory. They can be obtained by dimensional reduction of the vector multiplet sector of supergravity theories with eight real supercharges from 5 to 4 and from 4 to 3 spacetime dimensions, respectively. The reduction from 4 to 3 dimensions was worked out by Ferrara and Sabharwal [FS], who used the resulting explicit local description of the c-map to prove that it maps a projective special Kähler manifold (see Definition 4) of real dimension 2n defined by a holomorphic prepotential F = F (z^0, . . . , z^n) homogeneous of degree two to a quaternionic Kähler manifold of dimension 4n + 4 of negative scalar curvature. Similarly, it was shown by de Wit and Van Proeyen [DV2] that the r-map maps projective special real manifolds (see Definition 1) of dimension n defined by a cubic polynomial h = h(x^1, . . . , x^n) to projective special Kähler manifolds of dimension 2n + 2.

Despite some recent advances in the geometric understanding of the r-map [AC2] and the c-map [H], as well as in finding new formulations of the c-map within the formalisms of supergravity [DDKV, DRV, DS, RVV], very little is know about global geometric properties of these constructions. In recent approaches to hypermultiplet moduli spaces, there have been efforts aiming at the computation of quantum corrections to the Ferrara- Sabharwal metric inspired by the work of Gaiotto, Moore and Neitzke on wall crossing [GMN]. To our present knowledge this has been successfull only in the limit in which gravity decouples, that is in the framework of hyper-Kähler geometry. The problem of completeness of quaternionic Kähler metrics obtained as deformations (e.g. by quantum corrections) of quaternionic Kähler metrics constructed by the c-map is an interesting subject for future investigation.

The main results of this paper are Theorem 4 and Theorem 5, which state that the supergravity r-map and the supergravity c-map preserve completeness. As a consequence, we obtain an effective method for the construction of complete projective special Kähler and quaternionic Kähler manifolds starting from certain real affine hypersurfaces defined by homogeneous cubic polynomials h. Any such hypersurface of dimension n defines a quaternionic Kähler manifold of dimension 4n + 8, that is a point defines an 8-fold, a curve defines a 12-fold, a surface defines a 16-fold etc. The study of the completeness of the quaternionic Kähler manifold is reduced to that of the completeness of the cubic hypersurface H ⊂ R^{n+1} with respect to the Riemannian metric −∂^2h|_H. We show how to obtain interesting complete examples and even classification results in low dimensions. In particular, we find two complete inhomogeneous examples, see Corollary 4 b) and Example 3. The homogeneous examples are automatically complete, as is any complete Riemannian manifold. Moreover, all known examples of homogeneous projective special Kähler manifolds with exception of the complex hyperbolic spaces are in the image of the r-map and all known examples of homogeneous quaternionic Kähler manifolds of negative scalar curvature with exception of the quaternionic hyperbolic spaces are in the image of the c-map, see [DV2] and references therein. The known examples include the homogeneous projective special Kähler manifolds of semisimple groups classified in [AC1] and the quaternionic Kähler manifolds admitting a simply transitive (completely) solvable group of isometries classified in [A, C1]. The first class contains only Hermitian symmetric spaces of noncompact type, whereas the second class contains all quaternionic Kähler symmetric spaces of noncompact type as well as all known nonsymmetric homogeneous quaternionic Kähler manifolds. We plan to work towards general completeness results for hypersurfaces in higher dimensions in the future.

One of the inhomogeneous complete examples is the ‘quantum STU model’ [AFT, AFGNT, KV, KKLMV]. This model, or actually family of models, can be constructed by compactification of the heterotic string on manifolds with holonomy contained in SU(2) and with instanton numbers (12, 12) or (13, 11) or (10, 4). The special real, special Kähler and special quaternionic manifold occur as moduli spaces of compactifications on K3×S^1, K3 × T^2 and K3 × T^3, respectively. The qualification ‘quantum’ refers to the quantum corrections to the cubic part of the underlying Hesse potential h = ST U → h = ST U + 1 3 U^3 ,

which makes the corresponding manifolds inhomogeneous. This deformation is captured by the triple intersection forms of dual models, which are compactifications on Calabi-Yau threefolds which are elliptic fibrations over the Hirzeburch surfaces F_0, F_1, F_2, respectively [KV, MV, W]. The choice of the base of the fibration corresponds to the choice of instanton numbers in the dual heterotic model. The heterotic compactifications on K3 × T^2 are dual to type-IIA compactifications on the corresponding Calabi-Yau threefolds, and the vector multiplet moduli spaces of these models are the complexified Kähler cones of the Calabi-Yau threefolds. The type-IIA model has an ‘M-theory lift’ to a compactification of eleven-dimensional M-theory on the same Calabi-Yau threefold, which is then dual to the heterotic compactification on K3 × S^1. The moduli spaces of five-dimensional vector multiplets correspond to a fixed volume slice of the (real) Kähler cones of the underlying Calabi-Yau threefolds. Some properties of the special Kähler and special real metrics occuring in the vector multiplet sectors of these models have been discussed in the physics literature [LSTY, ChEA, MM]. The geodesically complete spaces considered in this paper are the natural choices of scalar manifolds if these models are considered as supergravity models. The moduli spaces relevant for string theory are sub-domains of these manifolds, as discussed in [MV, W, LSTY, ChEA, MM].

In the last section we give a geometric interpretation of the complex (n + 1) × (n + 1)- matrix N = (N_{IJ} ), which defines the nontrivial part of the Ferrara-Sabharwal metric. We show that N defines a Weil flag which is precisely the image of the Griffiths flag associated with the variation of Hodge structure of weight 3 defined by the underlying affine special Kähler manifold under a natural Sp(R^{2n+2} )-equivariant map from Griffiths to Weil flags, see Corollary 5. Furthermore, N is canonically associated with a positive definite metric which differs from the (indefinite) affine special Kähler metric by a canonical sign switch, see Corollary 6. Using this geometric insight, we are able to extend the c-map and our completeness result to special Kähler manifolds which do not admit a global description by a single prepotential, see Theorem 10.

1 Completeness of metrics on product manifolds and bundles

Let us recall that a Riemannian manifold (M, g) is called complete if it is complete as a metric space, i.e. if every Cauchy sequence in M converges. The basic result in Riemannian geometry concerning completeness is the following theorem of Hopf and Rinow, cf. [O] Ch. 5, Thm. 21.

Theorem 1 (Hopf-Rinow) For a Riemannian manifold (M, g) the following conditions are equivalent:

(i) M is complete.

(ii) M is geodesically complete, i.e. every inextendible geodesic ray has infinite length.

(iii) Any closed and bounded subset of M is compact.

We give another equivalent formulation of completeness in terms of (smooth) curves γ : I → M, where I ⊂ R is a (nondegenerate) interval.

Lemma 1 A Riemannian manifold (M, g) is complete if and only if every curve γ : I → M which is not contained in any compact subset of M has infinite length.

Proof: “⇒” Let us assume that M is complete and that γ : I → M is not contained in any compact set. Then γ(I) ⊂ M is unbounded, since it is not contained in any ball. Here we use the fact that closed balls are compact in any complete Riemannian manifold, by Theorem 1 (iii). Clearly, an unbounded curve has infinite length. “⇐” If M is not complete, then there exists an inextendible geodesic ray γ : [0, L) → M of finite length L, by Theorem 1 (ii). The ray γ is not contained in any compact set K, because otherwise γ(t) would converge to a limit point in K for t → L and γ could then be extended to a geodesic ray γ̃ : [0, L̃) → M for some L̃ > L.

Let M = M_1 × M_2 be a product manifold and denote by π_i : M → M_i, i = 1, 2, the projections. We consider Riemannian metrics g of the form

g = g_1 + g_2, (1.1)

where g_1 is (the pullback of) a Riemannian metric on M_1 and g_2 ∈ Γ(π^∗_2 S^2T^∗M_2) is a family of Riemannian metrics on M_2 depending on a parameter p ∈ M_1. Notice that the tensors g_1 and g_2 take the form

g_1 = ∑ g^{(1)}_{ab} (x)dx^adx^b, g_2 = ∑ g^{(2)}_{αβ} (x, y)dy^αdy^β, with respect to local coordinates x = (x^a) on M_1 and y = (y^α) on M_2.

We will assume that the tensor field g_2 satisfies the following condition:

(C) For all compact subsets A ⊂ M_1 there exists a complete Riemannian metric g_A on M_2 such that g_2 ≥ π^∗_2 g_A on A × M_2 ⊂ M.

Lemma 2 Assume that (M_1, g_1) is complete and that g_2 satisfies the condition (C). Then (M, g) is complete.

Proof: Let γ = (γ_1, γ_2) : I → M = M_1 × M_2 be a curve which is not contained in any compact subset K ⊂ M. In view of Lemma 1, it suffices to show that any such curve γ has infinite length. From the assumption on γ it follows that

(i) γ_1 : I → M_1 is not contained in any compact subset K_1 ⊂ M_1 or

(ii) γ_2 : I → M_2 is not contained in any compact subset K_2 ⊂ M_2.

(Otherwise, γ would be contained in a compact set K = K_1 ×K_2.) In case (i), L(γ_1) = ∞, by the completeness of (M_1, g_1) and Lemma 1. Comparing lengths we obtain

L(γ) ≥ L(γ_1) = ∞

and, hence, L(γ) = ∞. If (i) is not satisfied, then γ_1(I) is contained in a compact set A = K_1 ⊂ M_1. By the completeness of (M_2, g_A) and property (ii), we now have that L_{gA} (γ_2) = ∞. Now it suffices to compare the lengths: L(γ) ≥ L_{gA} (γ_2) = ∞.

Theorem 2 Let (M_1, g_1) be a complete Riemannian manifold and (g_2(p))_p a smooth family of G-invariant Riemannian metrics on a homogeneous manifold M_2 = G/K, depending on a parameter p ∈ M_1. Then the Riemannian metric g = g_1+g_2 on M = M_1×M_2 is complete. Moreover, the action of G on M_2 induces an isometric action of G on (M, g).

Proof: The last assertion is obvious. For the completeness of (M, g), it suffices to check that g_2 satisfies the condition (C) of Lemma 2. We use the natural one-to-one correspondence between G-invariant Riemannian metrics on M_2 = G/K and K-invariant scalar products on the vector space T_oM_2 ∼= g/k, o = eK. Under this correspondence, the family (g_2(p))_p corresponds to a family (β(p))_p of scalar products. For every compact subset A ⊂ M_1 the family (β(p))_{p∈A} is uniformly bounded from below by a scalar product β_A: β(p) ≥ β_A, for all p ∈ A. This implies g_2(p) ≥ g_A, for all p ∈ A,

for the G-invariant Riemannian metric g_A associated with β_A. Now it suffices to remark that g_A is complete, as is any G-invariant Riemannian metric on G/K.

Corollary 1 Let g_U = ∑ g_{ab}dx^adx^b be a complete Riemannian metric on a domain U ⊂ R^n . Then the metric

g_M = 3 4 ∑ g_{ab}(x)(dx^adx^b + dy^ady^b) (1.2)

on M = U × R^n is complete. The action of R^n by translations in the y-coordinates is isometric and the projection M → U is a principal fiber bundle with structure group R^n . The submanifold U = U × {0} ⊂ U × R^n = M is totally geodesic.

(The factor^3_4 is introduced only in order to obtain the usual normalization of the projective special Kähler metric for the r-map defined in the next section.)

Proof: For the completeness it suffices to apply Theorem 2 to the case M_2 = G = R^n , g_2 = ∑ g_{ab}(x)dy^ady^b. U ⊂ M is totally geodesic as the fixed point set of the isometric involution (x, y) → (x, −y).

1.1 Generalisation to the case of bundles

More generally, for later applications we consider now a bundle π : M → M_1 with standard fiber M_2 over a Riemannian manifold (M_1, g_1). We suppose that the total space M is endowed with a Riemannian metric g such that for all p ∈ M_1 there exists a neighbourhood U ⊂ M_1 and a local trivialisation π^{−1}(U) ∼= U × M_2 with respect to which the metric takes the form g|_π−1_{(U)} = g_1|_U + g^U_2 , (1.3) where g^U_2 is a smooth family of Riemannian metrics on M_2 depending on a parameter in U. Such metrics g will be called bundle metrics. We will assume that g^U_2 satisfies the condition (C) for all compact subsets A ⊂ U. Lemma 2 and Theorem 2 have the following straightforward generalisations:

Lemma 3 Assume that (M_1, g_1) is complete and that the local fiber metrics g^U_2 in equation (1.3) satisfy the condition (C) for all compact subsets A ⊂ U. Then the bundle metric g is complete.

Theorem 3 Let g be a bundle metric on a bundle π : M → M_1 over a complete Riemannian manifold (M_1, g_1) and assume that the standard fiber is a homogeneous space M_2 = G/K and that the fiber metrics g^U_2 are G-invariant. Then (M, g) is complete.

2 The generalized supergravity r-map preserves completeness

Let U ⊂ R^n be a domain which is invariant under multiplication by positive numbers and let h : U → R^{>0} be a smooth function which is homogeneous of degree d ∈ R \ {0, 1}. Then H := {x ∈ U|h(x) = 1} ⊂ U is a smooth hypersurface and U = R^{>0} · H ∼= R^{>0} × H. We will assume that −^1_d ∂^2h is positive definite on T H. This easily implies that −^1_d ∂^2h is a Lorentzian (if d > 1) or Riemannian (if d < 1) metric on U which restricts to a Riemannian metric g_H on H.

Definition 1 The Riemannian manifold (H, g_H) is called a projective special real manifold if, in addition, h is a polynomial function of degree d = 3.

Example Let V = H^{1,1}(X, R) be the (1, 1)-cohomology of a compact Kähler manifold X of complex dimension d ≥ 2 and U ⊂ V the Kähler cone. We define a homogeneous polynomial h of degree d on V by h(a) = a^{∪d} = a ∪ · · · ∪ a, a ∈ V. The polynomial h defines a positive function on U and the metric g_H defined above is positive definite on the hypersurface H := {x ∈ U|h(x) = 1} ⊂ V ∼= R^n , n = h^{1,1}(X). This follows from the Hodge-Riemann bilinear relations, see [We] Chap. V, Sec. 6, which imply that g_H is positive definite on the primitive cohomology H^{1,1}_0 (X, R) = T_κH defined as the kernel of the cup product with κ^{d−1} : H^2(X, R) → H^{2d}(X, R), where κ ∈ U is a Kähler class. If d = 3 then (H, g_H) is a projective special real manifold.

We endow U with the Riemannian metric

g_U = − 1 d ∂^2 ln h (2.1)

and M = T U ∼= U × R^n with the metric (1.2).

Proposition 1 (U, g_U ) is isometric to the product (R × H, dr^2 + g_H).

Proof: This is a straightforward calculation using the diffeomorphism R × H → U, (r, x) → e^rx, and the formula (2.1).

Definition 2 The correspondence (H, g_H) → (M, g_M ) is called the generalized supergravity r-map. The restriction to polynomial functions h of degree d = 3 is called the supergravity r-map.

Next we need to recall the notion of a projective special Kähler manifold [ACD, DV1, F]. It is best explained starting from the notion of a conical special Kähler manifold, cf. [ACD, CM]. For the purpose of this paper, we shall restrict the signature of the metric by the condition (iv) in the following definition.

Definition 3 A conical special Kähler manifold (M, J, g, ∇, ξ) is a pseudo-Kähler manifold (M, J, g) endowed with a flat torsionfree connection ∇ and a vector field ξ such that

(i) ∇ω = 0, where ω = g(·, J·) is the Kähler form,

(ii) d^∇J = 0, where J is considered as a one-form with values in the tangent bundle,

(iii) ∇ξ = Dξ = Id, where D is the Levi-Civita connection,

(iv) g is positive definite on the plane D = span{ξ, Jξ} and negative definite on D^⊥.

It is shown in [ACD, CM] that the geometric data of a conical special Kähler manifold can be locally encoded in a holomorphic function F homogeneous of degree 2 defined in a domain M_F ⊂ C^n , see Theorem 2 and Proposition 6 [CM]. In fact, F is the generating function of a holomorphic Lagrangian immersion M_F → C^{2n} , which induces on M_F the structure of a conical special Kähler manifold. F is called the holomorphic prepotential in the supergravity literature [DV1]. Under the assumptions of Definition 3, the vector fields ξ and Jξ define a holomorphic action of a two-dimensional Abelian Lie algebra. We will assume that this infinitesimal action lifts to a principal C^∗ -action on M with the base manifold M̄ = M/C^∗ . Then the hypersurface S := {p ∈ M|g(ξ(p), ξ(p)) = 1} ⊂ M is an S^1-principal bundle over M̄. The principal action is isometric, since it is generated by the Killing vector field Jξ. Therefore, the Lorentzian metric g_S = −g|_S induces a Riemannian metric ḡ on M̄, which is easily seen to be Kählerian. In fact, the negative definite Kähler manifold (M̄, −ḡ) is precisely the Kähler reduction of (M, g) with respect to the above isometric Hamiltonian S^1-action for a positive level of the moment map, which is μ =^{g(ξ,ξ)}_2 .

Definition 4 The Kähler manifold (M̄, ḡ) is called a projective special Kähler manifold. The metric ḡ is called a projective special Kähler metric.

A standard example of a projective special Kähler metric is the Weil-Petersson metric on the space of complex structure deformations of a Calabi-Yau 3-fold, that is of a compact Kähler manifold with holonomy SU(3), see, for instance, [T, C2].

Theorem 4 The generalized supergravity r-map maps complete Riemannian manifolds (H, g_H) as above to complete Kähler manifolds (M, g_M ) with a free isometric action of the vector group R^n . The supergravity r-map maps complete projective special real manifolds to complete projective special Kähler manifolds.

Proof: The isometric action of R^n exists for general metrics as in Corollary 1. The Kähler property follows from the fact that the metrics g_U considered here are of Hessian type, cf. [AC2] Prop. 3. In fact, (H, g_H) is mapped to M = U ×R^n ∼= R^n +iU ⊂ C^n with the metric g_M defined by the Kähler potential − ln h(x), where (x, y) ∈ U × R^n = M is identified with ζ = y + ix ∈ R^n + iU ⊂ C^n . If h is a cubic polynomial then a simple calculation shows that the metric g_M can be also obtained from the Kähler potential K(1, ζ) defined by K(z) = − ln ( i n∑ I=0 ( z^IF̄_I − F_Iz̄^I ) ) , where F (z^0, . . . , z^n) = h(z^1, . . . , z^n)/z^0 (2.2)

is a holomorphic function homogeneous of degree 2 on the domain

M̃ := {z^0 · (1, ζ)|z^0 ∈ C^∗ , ζ ∈ R^n + iU} ⊂ C^{n+1} .

(It suffices to check that^i_{|z0|2} ∑ (z^IF̄_I − F_Iz̄^I ) = 8h(x).) This shows that (M, g_M ) is a projective special Kähler manifold with the holomorphic prepotential F . The corresponding conical special Kähler manifold is the C^∗ -bundle M̃ → M endowed with the affine special Kähler metric g~_M = 2 ∑_n I,J=0(ImFIJ )dz I dz̄^J , which has signature (2, 2n).

By Proposition 1 and Corollary 1, the completeness of (H, g_H) implies that of (U, g_U ) and the completeness of (U, g_U ) implies that of (M, g_M ).

Corollary 2 Any complete projective special real manifold (H, g_H) of dimension n−1 ≥ 0 admits a canonical realisation as a totally geodesic submanifold of a complete projective special Kähler manifold (M, g_M ) with a free isometric action of the group R^n . Each orbit of R^n is flat and and intersects the submanifold H ⊂ M orthogonally in exactly one point.

Proof: The orbits are flat since the metric is translation invariant. The hypersurface H ⊂ U ∼= R^{>0} × H is totally geodesic in virtue of Proposition 1 and U ⊂ M is totally geodesic in virtue of Corollary 1. Therefore H ⊂ M is totally geodesic.

Notice that the above proof shows that H ⊂ M = r(H) is totally geodesic also for the generalized r-map.

3 The supergravity c-map preserves completeness

A projective special Kähler manifold (M, g_M ) which is globally defined by a single holomorphic prepotential F is called a projective special Kähler domain. Notice that the manifolds in the image of the r-map are defined by the prepotential (2.2) and, hence, are examples of projective special Kähler domains. Recall [FS] that the supergravity cmap maps projective special Kähler domains (M, g_M ) of dimension 2n to quaternionic Kähler manifolds (N, g_N ) of dimension 4n + 4 and of negative scalar curvature. More generally, we may consider the situation when the projective special Kähler manifold (M, g_M ) is covered by a collection of charts U_α on which the special Kähler geometry is encoded by a prepotential F_α. The investigation of this case is postponed to section 5. For a projective special Kähler domain (M, g_M ), the quaternionic Kähler metric g_N on N = M × R^{2n+3} × R^{>0} ∼= M × R^{2n+4} is of the form

g_N = g_M + g_G, (3.1) g_G = 1 4ϕ^2 dϕ^2 + 1 4ϕ^2 (dϕ̃ + ∑ (ζ^I dζ̃_I − ζ̃_I dζ^I ))^2 + 1 2ϕ ∑ I_{IJ} (p)dζ^Idζ^J + 1 2ϕ ∑ I^{IJ} (p)(dζ̃_I + R_{IK} (p)dζ^K)(dζ̃_J + R_{JL}(p)dζ^L), (3.2)

where (ζ̃_I , ζ^I , ϕ̃, ϕ), I = 0, 1, . . . , n, are coordinates on R^{2n+4} ⊃ R^{2n+3} × R^{>0} and the metric is defined for ϕ > 0. The matrices (I_{IJ} (p)) and (R_{IJ} (p)) depend only on p ∈ M and (I_{IJ} (p)) is invertible with the inverse (I^{IJ} (p)). More precisely,

N_{IJ} := R_{IJ} + iI_{IJ} := F̄_{IJ} + i ∑ K N_{IK} z^K ∑ L N_{JL}z^L ∑ IJ N_{IJ} z^I z^J , N_{IJ} := 2ImF_{IJ} , (3.3)

where F is the holomorphic prepotential with respect to some system of special holomorphic coordinates z^I on the underlying conical special Kähler manifold M̃ → M. Notice that the expressions are homogeneous of degree zero and, hence, well defined local functions on M. Also note that our conventions are slightly different from those in [FS]. The prepotentials are related by F =^i_4 F^{[F S]}, while N = N^{[F S]}. Also note that I = −R^{[F S]}, and therefore I is positive definite.

Let (M, g_M ) be a special Kähler domain and N = M × G the corresponding quaternionic Kähler manifold with the Ferrara-Sabharwal metric g_N = g_M + g_G. We will show that, for fixed p ∈ M, g_G(p) can be considered as a left-invariant Riemannian metric on a certain Lie group diffeomorphic to R^{2n+4} . We define the Lie group G by putting the following group multiplication on R^{2n+4} :

(ζ̃, ζ, ϕ̃, ϕ) · (ζ̃^′, ζ^′, ϕ̃^′, ϕ^′) := (ζ̃ + e^{ϕ/2}ζ̃^′, ζ + e^{ϕ/2}ζ^′, ϕ̃ + e^ϕϕ̃^′ + e^{ϕ/2}(ζ̃^tζ^′ − ζ^{′t}ζ̃), ϕ + ϕ^′),

where ζ^t = (ζ^0, . . . , ζ^n) is the transposed of the column vector ζ. We remark that G is isomorphic to the solvable Iwasawa subgroup of SU(1, n+2), which acts simply transitively on the complex hyperbolic space of complex dimension n + 2. G is a rank one solvable extension of the (2n + 3)-dimensional Heisenberg group. We can realise it as a group of affine transformations of R^{2n+4} by associating to an element (ṽ, v, α, λ) ∈ G = R^{2n+4} the affine transformation (ζ̃, ζ, ϕ̃, ϕ) → (e^{λ/2}ζ̃ + ṽ, e^{λ/2}ζ + v, e^{λ/2}(ṽ^tζ − v^tζ̃) + e^λϕ̃ + α, e^λϕ). (3.4) In virtue of this action, we can identify G with the orbit of the point (0, 0, 1, 0), which is L = R^{2n+3} × R^{>0} ⊂ R^{2n+4} . This identification is simply G ∋ (ṽ, v, α, λ) → (ṽ, v, α, e^λ) ∈ L. One can easily check that the following pointwise linearly independent one-forms are invariant under the transformations (3.4) and, hence, define a left-invariant coframe on G ∼= L: η^I := √ 2 ϕ dζ^I , ξ_I := √ 2 ϕ ( dζ̃_I + ∑ R_{IK} (p)dζ^K ) , (3.5)

ξ_{n+1} := dϕ ϕ , η^{n+1} := 1 ϕ ( dϕ̃ + ∑ (ζ^I dζ̃_I − ζ̃_I dζ^I) ) . This shows, in particular, that the metric g_G(p) is left-invariant for all p ∈ M.

Theorem 5 The supergravity c-map maps any complete projective special Kähler domain (M, g_M ) to a complete quaternionic Kähler manifold (N, g_N ) of negative scalar curvature, which admits the free isometric action (3.4) of the group G.

Proof: The above description of the c-map, starting from (3.1), shows that the quaternionic Kähler manifold (N, g_N ) is of the form N = M × G, g_N = g_M + g_G, where g_G is a smooth family of left-invariant metrics on the group G depending on a parameter p ∈ M. Therefore, Theorem 2 shows that (N, g_N ) is complete if (M, g_M ) is complete.

Corollary 3 Any complete projective special Kähler domain (M, g_M ) admits a canonical realisation as a totally geodesic Kähler submanifold of a complete quaternionic Kähler manifold (N, g_N ) with a free isometric action of the group G. Each orbit of G is isometric to a complex hyperbolic space of holomorphic sectional curvature −4 and intersects the submanifold M ⊂ N orthogonally in exactly one point.

Proof: The submanifold M = M ×{e} ⊂ M ×G = N of the quaternionic Kähler manifold N defined by the supergravity c-map is the fixed point set of the isometric involution (ζ̃_I , ζ^I , ϕ̃, ϕ) → (−ζ̃_I , −ζ^I , −ϕ̃, ϕ^{−1}). This implies that M is totally geodesic. Next we compare g_G(p) with the standard leftinvariant Kähler metric of constant holomorphic sectional curvature −1 on G, which originates from the simply transitive action of G on the complex hyperbolic space. By a linear change of the coordinates ζ^I we may assume that the positive definite symmetric matrix I_{IJ} (p) = δ_{IJ} . Then

g_G(p) = 1 4 n+1∑ i=0 (ξ^2_i + (η^i)^2),

where the left-invariant coframe (3.6) has the following differentials

dξ_{n+1} = 0, dη^{n+1} = − n+1∑ I=0 ξ_I ∧ η^I , dξ_I = − 1 2 ξ_{n+1} ∧ ξ_I , dη^I = − 1 2 ξ_{n+1} ∧ η^I .

This shows that, up to multiplication with the factor 1/2, the above coframe is dual to the standard orthonormal basis of the elementary Kählerian Lie algebra g and, hence, that g_G(p) is a Kähler metric of constant holomorphic sectional curvature −4.

4 Examples: Complete quaternionic Kähler manifolds associated to cubic polynomials

As an immediate corollary of Theorem 4 and Theorem 5 we have:

Theorem 6 To any complete projective special real manifold (H, g_H) the composition of the r-map with the c-map associates a complete quaternionic Kähler manifold (N, g_N ) of negative scalar curvature.

Example We can consider the point H = {1} ⊂ {x^3 = 1} ⊂ R as an example of a projective special real manifold. The corresponding complete quaternionic Kähler eightfold obtained by the above construction is the symmetric space G^∗_2/SO(4) of noncompact type.

A homogeneous cubic polynomial h ∈ S^3(R^n )^∗ will be called hyperbolic (respectively, elliptic) if there exists a point p ∈ {h = 1} := {x ∈ R^n |h(x) = 1} such that ∂^2h is negative (respectively, positive) definite on the tangent space of the hypersurface {h = 1} at p. Such points will be called hyperbolic (respectively, elliptic). Let us denote by H = H(h) ⊂ {h = 1} the open subset of hyperbolic points. It is a projective special real manifold with the metric g_H given by the restriction of −^1_3 ∂^2h.

The classification of complete projective special real manifolds reduces to the following two problems:

Problem 1 Classify all hyperbolic homogeneous cubic polynomials up to linear transformations. In other words, describe the orbit space S^3(R^n )^∗_{hyp}/GL(n), where S^3(R^n )^∗_{hyp} ⊂ S^3(R^n )^∗ stands for the open subset of hyperbolic polynomials.

Problem 2 For each hyperbolic homogeneous cubic polynomial h, determine the components of the hypersurface H(h) which are complete and classify them up to linear transformations.

We will solve these problems in the simplest case, that is for n = 2. This gives the classification of complete projective special real curves. The classification of complete projective special real surfaces is open, but we will give some examples of such surfaces.

4.1 Classification of complete cubic curves and corresponding 12-dimensional quaternionic Kähler manifolds

Theorem 7 The orbit space S^3(R^2 )^∗_{hyp}/GL(2) consists of three points, which are represented by the polynomials

x^2y, x(x^2 − y^2) and x(x^2 + y^2).

Proof: Let h ∈ S^3(R^2 )^∗_{hyp}. Interchanging the variables x and y, if necessary, we can assume that deg_x h, the degree of h = h(x, y) in the variable x, is 2 or 3. Since the Hessian of h is nondegenerate we also have deg_y h ≥ 1.

Case 1) If deg_x h = 3, then the polynomial f(x) := h(x, 1) has degree 3. Any polynomial f(x) of degree 3 can be brough to one of the following forms by an affine transformation in the variable x:

x^3, cx^2(x − 1), c(x + a)x(x − 1), cx(x^2 + 1), c(x + a)(x^2 + 1),

where c ≠ 0 and a > 0 are real constants. The first form is excluded, since deg_y h ≥ 1. This implies that h can be brought to one of the following forms by a linear transformation:

x^2(x − y), (x + ay)x(x − y), x(x^2 + y^2), (x + ay)(x^2 + y^2), a > 0.

The first polynomial is linearly equivalent to x^2y. The zero set of the second polynomial in the real projective line consists of the points −a, 0, 1 ∈ R ⊂ RP^1 = P (R^2 ). Since any three pairwise distinct points in the projective line are related by an element of GL(2), we can assume that a = 1. Finally, the last polynomial can be brought to the form x(x^2 + y^2) by a linear conformal transformation. Therefore, we are left with the following 3 normal forms:

x^2y, x(x^2 − y^2) and x(x^2 + y^2). (4.1) Case 2) If deg_x h = 2, then the quadratic polynomial f(x) = h(x, 1) can be brought to one of the following forms by an affine transformation: ±x^2, cx(x − 1), c(x^2 + 1), c ≠ 0.

Therefore h can be brought to one of the following forms by a linear transformation: x^2y, xy(x − y), (x^2 + y^2)y. The last two polynomials are equivalent to the polynomials x(x^2 ∓ y^2) already included in our list (4.1).

It remains to check that all 3 polynomials are indeed hyperbolic. For dimensional reasons (n = 2), this is equivalent to the existence of a point p = (x, y) ∈ R^2 such that h(p) > 0 and D(p) := det ∂^2h(p) < 0.

a) For h = x^2y we have D = −4x^2. Therefore all points of the curve {h = 1} are hyperbolic.

b) The same is true for h = x(x^2 − y^2), since D = −4(3x^2 + y^2).

c) For h = x(x^2 + y^2) we find D = 4(3x^2 − y^2). The point^1_3√_5 (1, 2) ∈ {h = 1} is hyperbolic, whereas^1_3√_2 (1, 1) ∈ {h = 1} is elliptic.

Next we investigate the components of H(h).

Theorem 8

a) The curve {x^2y = 1} consists of hyperbolic points and has two equivalent components. They are homogeneous and, hence, complete projective special real curves.

b) The curve {x(x^2 − y^2) = 1} consists of hyperbolic points and has three equivalent components, which are inhomogeneous complete projective special real curves.

c) Let h = x(x^2 + y^2). The curve H(h) = {p ∈ R^2 |h(p) = 1, D(p) < 0}, which consists of the hyperbolic points of {h = 1} has two equivalent components. They are incomplete. The curve {p ∈ R^2 |h(p) = 1, D(p) > 0} which consists of the elliptic points of {h = 1} is connected and incomplete.

Proof: a) h = x^2y. The reflection x → −x interchanges the two components of the curve {h = 1} and the subgroup {diag(λ, λ^{−2})|λ > 0} ⊂ GL(2) acts transitively on each component.

b) h = x(x^2 − y^2). The transformation ( −1/2 1/2 −3/2 −1/2 ) ∈ SL(2) generates a cyclic group of order three, which interchanges the three components of the curve {h = 1}. Let us consider the component C := {p ∈ R^2 |h(p) = 1, x > 0}. It is symmetric with respect to the x-axis, intersects the x-axis at x = 1 and approaches the asymptotic lines y = ±x when x → ∞. To prove the completeness of C, it suffices to show that the length of the upper half C_+ = C ∩ {y > 0} of the curve is infinite. A straighforward calculation shows that the metric ds^2 = g = −^1_3 ∂^2h|_C is given by the formula 3 2 g = −3xdx^2 + xdy^2 + 2ydxdy = 3(4x^3 − 1) 4x^2(x^3 − 1) dx^2. This yields the following asymptotics g dx^2 = 2 x^2 + O ( 1 x^5 )

ds dx = √ 2 x + O ( 1 x^4 ) , which implies that the arc length ∫_x 1 ds = √ 2 ln x + O(^1_{x3} ) grows logarithmically with x.

This shows that C_+ has infinite length with respect to g. A simple calculation shows that the automorphism group of C is trivial.

c) h = x(x^2 + y^2). The two components of H(h) = {h = 1, x <^1_3√_4 } are interchanged by the reflection y → −y. They are incomplete due to the points of inflections at the boundary points (^1_3√_4 , ±^{√3}_3√_4 ). The same is true for the curve {p ∈ R^2 |h(p) = 1, D(p) > 0} = {h = 1, x >^1_3√_4 }.

Corollary 4 There exists precisely two complete projective special real curves, up to linear equivalence:

a) {(x, y) ∈ R^2 |x^2y = 1, x > 0} and

b) {(x, y) ∈ R^2 |x(x^2 − y^2) = 1, x > 0}.

Under the composition of the r- and c-map both give rise to complete quaternionic Kähler manifolds of dimension 12. In the first case we obtain the symmetric quaternionic Kähler manifold SO_0(4, 3) SO(4) × SO(3) . The second example gives rise to a new complete quaternionic Kähler manifold.

4.2 Examples of complete cubic surfaces and corresponding 16- dimensional quaternionic Kähler manifolds

Example 1 (STU model) The surface H = {xyz = 1, x > 0, y > 0} ⊂ R^3 is a homogeneous projective special real manifold. In fact, the group R^{>0} × R^{>0} acts simply transitively on H by unimodular diagonal matrices. The corresponding quaternionic Kähler manifold is the symmetric space SO_0(4, 4) SO(4) × SO(4) . Example 2 The surface H = {x(xy − z^2) = 1, x > 0} ⊂ R^3 is another homogeneous projective special real manifold. It admits the following simply transitive solvable group of linear automorphisms: (x, y, z) → (λ^{−2}x, λ^4(μx + y + 2μz), λ(μx + z)), λ > 0, μ ∈ R. The corresponding quaternionic Kähler manifold is the nonsymmetric homogeneous manifold T(1) described in [C1].

Example 3 (quantum STU model) The surface H = {x(yz + x^2) = 1, x < 0, y > 0} is an inhomogeneous complete projective special real manifold. Its automorphism group is one-dimensional. The maximal connected subgroup is given by: (x, y, z) → (x, λy, λ^{−1}z), λ > 0. Under the r-map, the surface H gives rise to a new complete projective special Kähler manifold, which is mapped to a new complete quaternionic Kähler manifold of dimension 16 under the c-map. Let us check the completeness of H. A straightforward calculation shows that: −∂^2h|_H = 2(1 − x^3) ( dx^2 x^2 + dy^2 y^2 ) + 2(1 + 2x^3) dxdy xy ≥ 2 ( 1 − x^3 −

|1 + 2x^3| 2 ) ( dx^2 x^2 + dy^2 y^2 )

≥ dx^2 x^2 + dy^2 y^2 . So the projective special real metric g = −^1_3 ∂^2h|_H is bounded from below by the product metric dx^2 3x^2 + dy^2 3y^2 on R^{<0} × R^{>0} , which is complete. In fact,^{dx2}_{3x2} +^{dy2}_{3y2} = dx̃^2 + dỹ^2 under the change of variables x̃ =^{1√}_3 ln(−x), ỹ =^{1√}_3 ln y, which maps R^{<0} × R^{>0} to R^2 .

5 Globalisation of the Ferrara-Sabharwal metric

In this section we will investigate the problem of gluing Ferrara-Sabharwal manifolds (N_α = M_α × G, g_α = g_{Mα} + g^α_G) obtained from projective special Kähler domains M_α ⊂ M in a projective special Kähler manifold (M, g_M ) to a global quaternionic Kähler manifold (N, g_N ). Here g_{Mα} = g_M |_{Mα} . Recall that G = R^{2n+4} with the group structure defined in section 3. Denote by M̃_α = π^{−1}_M (M_α) ⊂ M̃ the corresponding special coordinate domain in the underlying conical special Kähler manifold π_M : M̃ → M. The affine special coordinates on M̃_α will be denoted by q^a, or, more precisely, by q^a_α. The holomorphic special coordinates will be z^I or z^I_α. Let (M_α)_α be a covering of M by projective special Kähler domains. Then we define the quotient N = ⋃ α N_α/ ∼ by the equivalence relation N_α ∋ (m, v) ∼ (m^′, v^′) ∈ N_β :⇐⇒ m = m^′ and v = Ã_{αβ} v^′, where A_{αβ} is the linear symplectic transformation such that q_α = A_{αβ} q_β and Ã = diag((A^T )^{−1}, 1_2).

Theorem 9 The natural projection π : N → M is a symplectic vector bundle and at the same time a bundle of Lie groups. Each fiber is isomorphic to the solvable Lie group G. There exists a unique quaternionic Kähler structure (Q, g_N ) on N such that g_N |_{Nα} = g_α. Up to an isomorphism of quaternionic Kähler manifolds consistent with the bundle structures, the quaternionic Kähler manifold (N, Q, g_N ) does neither depend on the covering (M_α)_α of M nor on the choice of special coordinates on the domains M_α.

Proof: The transition functions (Ã_{αβ}) can be considered as a Čech 1-cocycle with values in the group Sp(2n + 2, R) → Sp(2n + 4, R), which defines the structure of a symplectic vector bundle on N. The above linear action of Sp(2n + 2, R) on G = R^{2n+4} is by automorphisms of the solvable Lie group G, which means that the gluing preserves the group structure of the fibers. In order to prove that the local metrics g_α can be glued to a global Riemannian metric g_N it suffices to check that g^β_G = Ã^∗g^α_G, since we know already that g_{Mα} = g_{Mβ} on M_α ∩ M_β. It is useful to rewrite g_G = g^α_G in the following way:

g_G = 1 4ϕ^2 dϕ^2 + 1 4ϕ^2 (dϕ̃ + ∑ p_aΩ^{ab}dp_b)^2 + 1 2ϕ ∑ Ĥ^{ab}dp_adp_b . (5.1)

Here (p_a) = (ζ̃_I , ζ^J ),

Ω^{−1} = (Ω^{ab}) := ( 0 −1_{n+1} 1_{n+1} 0 ) , (5.2)

Ĥ^{−1} = (Ĥ^{ab}) := ( I^{−1} I^{−1}R RI^{−1} I + RI^{−1}R) ) , that is Ĥ = (Ĥ_{ab}) = ( I + RI^{−1}R −RI^{−1}

−I^{−1}R I^{−1} ) . (5.3)

We observe that 2Ω is the matrix representing the Kähler form ω = 2 ∑ dx^I ∧ dy_I of the conical special Kähler domain M̃_α in the affine special coordinates q^a = (x^I , y_J ). The first two terms of (5.1) are manifestly invariant under symplectic transformations A ∈ Sp(2n + 2, R) since the 1-form ∑ p_aΩ^{ab}dp_b is invariant. The invariance of the last term is stated in the next lemma establishing the existence of the metric g_N . The proof of the lemma will be given in the next section together with a geometric interpretation.

Lemma 4 The tensors Ĥ^{−1}_α and Ĥ^{−1}_β defined on M_α and M_β are related by

Ĥ^{−1}_α = A_{αβ}Ĥ^{−1}_β A^T_{αβ}

on overlaps M_α ∩ M_β.

The metric g_N is locally a quaternionic Kähler metric. To see that the local quaternionic structures are consistent, we observe that the coordinate transformations N_β → N_α are orientation preserving isometries and that an orientation preserving isometry between two quaternionic Kähler manifolds of nonzero scalar curvature automatically maps the quaternionic structures to each other. This follows from the fact that the restricted holonomy group of a quaternionic Kähler manifold of nonzero scalar curvature together with the orientation uniquely determines the quaternionic structure. (Notice that the orientation is needed, since the symmetric quaternionic Kähler manifold

SO_0(4, n) SO(4) × SO(n)

admits precisely two parallel skew-symmetric quaternionic structures, which, however, induce opposite orientations.)

The correspondence (M, g_M ) → (N, g_N ) established in Theorem 9 is a global version of the c-map of Ferrara and Sabharwal. We will still call it the supergravity c-map.

Theorem 10 The supergravity c-map maps (isomorphism classes of) complete projective special Kähler manifolds (M, g_M ) of dimension 2n to (isomorphism classes of) complete quaternionic Kähler manifolds (N, g_N ) of dimension 4n + 4 of negative scalar curvature such that N is a vector bundle over M with totally geodesic zero section isometric to M.

Proof: This follows from Theorem 9 and Theorem 3.

5.1 From Griffiths to Weil flags in special Kähler geometry

Let us consider the complex vector space V = C^{2n+2} = R^{2n+2} ⊗ C with its standard symplectic structure Ω = ∑ dz^I ∧ dw_I and pseudo-Hermitian sesquilinear metric γ(u, v) = √ −1Ω(u, v̄), u, v ∈ V, of split signature. We denote by Gr^{k,l}_0 (V ) the Grassmannian of complex Lagrangian subspaces of signature (k, l), where k + l = n + 1. For k ≥ 1, let F^{k,l}_0 (V ) denote the complex manifold of flags (ℓ, L), where L ∈ Gr^{k,l}_0 (V ) and ℓ ⊂ L is a positive definite line. Notice that we have a canonical holomorphic projection

F^{k,l}_0 (V ) =

Sp(R^{2n+2} ) U(1) × U(k − 1, l) −→ Gr^{k,l}_0 (V ) = Sp(R^{2n+2} ) U(k, l) , (ℓ, L) → L, which is Sp(R^{2n+2} )-equivariant.

Proposition 2 There exists a canonical Sp(R^{2n+2} )-equivariant diffeomorphism ψ : F^{k,l}_0 (V ) −→ F^{l+1,k−1}_0 (V ).

Proof: For (ℓ, L) ∈ F^{k,l}_0 (V ) we put E := {v ∈ L|v ⊥ ℓ} and define ψ(ℓ, L) := (ℓ, L^′) where L^′ := ℓ + Ē.

In particular, we obtain an equivariant diffeomorphism from the manifold of Griffiths flags to the manifold of Weil flags: ψ : F^{1,n}_0 (V ) −→ F^{n+1,0}_0 (V ).

Remark: In order to motivate the terminology we observe that given L ∈ F^{1,n}_0 (V ) and a lattice Γ ⊂ R^{2n+2} the quotient of W = V/L by (the image of) Γ is a complex torus which is analogous to the Griffiths intermediate Jacobian H^3(X, C ) H^{3,0}(X, C ) + H^{2,1}(X, C ) + H^3(X, Z) whereas the quotient of W^′ = V/L^′ by Γ is analogous to the Weil intermediate Jacobian H^3(X, C ) H^{3,0}(X, C ) + H^{1,2}(X, C ) + H^3(X, Z) associated to the Hodge structure of a Calabi-Yau 3-fold X. It is known that the bundle of Griffiths intermediate Jacobians over the (conical special Kähler) deformation space M_X = {(J, ν)} of complex structures J of X gauged by a J-holomorphic volume form ν carries a hyper-Kähler metric obtained from the affine version of the c-map [C2]. Similarly, a certain bundle of Weil intermediate Jacobians is quaternionic Kähler by the supergravity c-map [H, V].

Recall that there is a totally geodesic Sp(R^{2n+2} )-equivariant embedding

ι : Gr^{k,l}_0 (V ) =

Sp(R^{2n+2} ) U(k, l) −→ Sym^1_{2k,2l}(R^{2n+2} ) =

SL(2n + 2, R) SO(2k, 2l)

(5.4)

into the space Sym^1_{2k,2l}(R^{2n+2} ) of symmetric unimodular matrices of signature (2k, 2l). The embedding ι is described geometrically in [CS]. In the next lemma we give an explicit description of ι in terms of coordinates. Local holomorphic coordinates near a point L_0 ∈ Gr^{k,l}_0 (V ) can be described as follows. Since Gr^{k,l}_0 (V ) is a homogeneous space we can assume that

L_0 = span { ∂ ∂z^0 + i ∂ ∂w_0 , . . . , ∂ ∂z^{k−1} + i ∂ ∂w_{k−1} , ∂ ∂z^k − i ∂ ∂w_k , . . . , ∂ ∂z^n − i ∂ ∂w_n } . An open neighbourhood U of L_0 is given by

U := {L ∈ Gr^{k,l}_0 (V )|L ∩ (C^{n+1} )^∗ = 0},

where (C^{n+1} )^∗ = {(z, w) ∈ V |z = 0} ⊂ V = T^∗C^{n+1} = C^{n+1} ⊕ (C^{n+1} )^∗.

We will now explain that any point L ∈ U is described by a complex symmetric matrix S = (S_{IJ} ) such that the real matrix ImS_{IJ} has signature (k, l). Let us denote by Sym_{k,l}(C^{n+1} ) the complex vector space of all such matrices. Any S ∈ Sym_{k,l}(C^{n+1} ) defines a Lagrangian subspace L = L(S) = {(z, w) ∈ V |w_I = ∑ S_{IJ} z^J } ⊂ V and one can easily check that the map S → L(S) is a biholomorphism Sym_{k,l}(C^{n+1} ) → U ⊂ Gr^{k,l}_0 (V ). Notice that L_0 = L(S_0), S_0 = iI_{k,l} = idiag(1_k, −1_l). It is well know that the matrix S transforms as

S → S^′ = (C + DS)(A + BS)^{−1} (5.5)

under a symplectic transformation O = ( A B C D ) . (5.6)

Lemma 5 The restriction of the map (5.4) to the the open subset U ⊂ Gr^{k,l}_0 (V ) is given by ι|_U : U ∼= Sym_{k,l}(C^{n+1} ) → Sym^1_{2k,2l}(R^{2n+2} ),

S = R + iI → ι(L(S)) = g^S = (g^S_{ab}) := ( I + RI^{−1}R −RI^{−1} −I^{−1}R I^{−1} ) .(5.7)

Proof: The above formula shows that g^{S0} = diag(I_{k,l}, I_{k,l}). To prove that g^S = ι(L(S)) for all S ∈ U it suffices to check that

g^{S′} = O^{T,−1}g^SO^{−1}

for S^′ defined in (5.5). This follows from Lemma 6 which is stated and proved below.

The relation between the manifolds of Griffiths and Weil flags, the associated Grassmannians, and spaces of symmetric matrices is summarized in the following diagram.

F^{1,n}_0 (V )^ψ // fflffl F^{n+1,0} 0 (V ) fflffl Gr^{1,n}_0 (V )¨˙ ι fflffl Gr^{n+1,0}_0 (V )¨˙ ι fflffl Sym^1_{2,2n}(R^{2n+2} ) Sym^1_{2n+2,0}(R^{2n+2} )

(5.8)

Lemma 6 Let N = R + iI be a complex symmetric (n + 1) × (n + 1) matrix with invertible imaginary part. Using the decomposition into real and imaginary part, define the real symmetric (2n + 2) × (2n + 2) matrix

Ĥ = (Ĥ_{ab}) = ( I + RI^{−1}R −RI^{−1} −I^{−1}R I^{−1} ) . Then Ĥ is invertible with inverse matrix

Ĥ^{−1} = (Ĥ^{ab}) = ( I^{−1} I^{−1}R RI^{−1} I + RI^{−1}R ) . (5.9)

Moreover, N transforms fractionally linearly under symplectic transformations (5.6),

N → (C + DN)(A + BN)^{−1}

if and only if Ĥ, and, hence Ĥ^{−1} transform as tensors:

Ĥ → O^{T,−1}ĤO^{−1} , Ĥ^{−1} → OĤ^{−1}O^T .

Remarks: This lemma relates the transformation properties of vector multiplet couplings in special holomorphic and special real coordinates. While we need the lemma to establish the well-definiteness of the local c-map, it applies to the rigid c-map as well. In the rigid case the role of N is played by two times the matrix of second derivatives of the holomorphic prepotential, 2(F_{IJ} ), while the role of Ĥ is played by the Hessian metric ∂^2H, where H is the Legendre transform of two times the imaginary part of the holomorphic prepotential. When passing to supergravity, 2(F_{IJ} ) is replaced by N̄, while the Hessian metric is replaced by Ĥ. When using the superconformal calculus to construct vector multiplet couplings these replacements are induced by eliminating certain auxiliary fields. From a geometrical perspective these replacements can be understood as follows. The kinetic terms of both scalar fields and vector fields must be positive definite in a physically acceptable theory. In a theory of rigid supermultiplets, the relevant coupling matrix for both types of fields is the metric 2ImF_{IJ} of the affine special Kähler manifold, which therefore must be positive definite. In the locally supersymmetric theory scalar and vector fields have different couplings matrices. The coupling matrix for the scalars is the metric ḡ of the projective special Kähler manifold, while the coupling matrix for the vector fields is N, with the kinetic terms given by the imaginary part I. Therefore ḡ and I must be positive definite, which is equivalent to imposing that the corresponding conical affine special Kähler metric has complex Lorentz signature.

Proof: We now prove Lemma 6. It is trivial to verify that (5.9) is the inverse matrix of Ĥ. Note that I is invertible by assumption. The relation between the transformation properties of N and Ĥ can be verified by direct calculation. Such calculations have occured in the supergravity literature, see for example [DDKV], so that we only need to indicate the main steps. Let N^′ = R^′ + iI^′ be the matrix obtained by fractionally linear action of the symplectic matrix O on N. This is equivalent to Ĥ transforming as a tensor if and only if the following three relations hold

(I + RI^{−1}R)^′ = D(I + RI^{−1}R)D^T + DRI^{−1}C^T + CI^{−1}RD^T + CI^{−1}C^T , (5.10) (RI^{−1})^′ = D(I + RI^{−1}R)B^T + DRI^{−1}A^T + CI^{−1}RB^T + CI^{−1}A^T , (5.11) (I^{−1})^′ = B(I + RI^{−1}R)B^T + BRI^{−1}A^T + AI^{−1}RB^T + AI^{−1}B^T . (5.12)

The matrices A, B, C, D are block sub-matrices of the symplectic matrix O, which satisfies

O^T ΩO = Ω , where Ω = ( 0 1_{n+1} −1_{n+1} 0 ) . Therefore they satisfy

A^T C = C^T A , B^T D = D^T B , A^T D − C^T B = 1 .

This can be used to verify the following the useful identities

U^T (C + DN) = (C + DN)^T U , U^T (C + DN̄) = (C + DN)^T Ū − 2iI , (5.13) where U = U(N) := A+BN. Two further identities are obtained by complex conjugation. By repeated use of these identities, we can show that 2iI = N − N̄ = U^T (C + DN)U^{−1}Ū − U^T (C + DN̄) . (5.14) The imaginary part I of N transforms under symplectic transformations into I^′ = − i 2 [(C + DN)U^{−1} − (C + DN̄)Ū^{−1}] .

Using identity (5.14) this can be rewritten as I^′ = U^{−1,T} IŪ^{−1} = Ū^{−1,T} IU^{−1} , where the second equation holds because I is real. Since I is invertible by assumption, we conclude (I^{−1})^′ = ŪI^{−1}U^T = UI^{−1}Ū^T . (5.15) Writing out U = A + BN and N = R + iI we obtain (5.12). Next, we note that the real part R of N transforms into R^′ = 1 2 [(C + DN)U^{−1} + (C + DN̄)Ū^{−1}] .

Combining this with (5.15) we obtain (RI^{−1})^′ = 1 2 [(C + DN)I^{−1}Ū^T + (C + DN̄)^{−1}U^T ] .

Expressing U, N in terms of A, B, C, D and R, I, we obtain (5.11). Finally, we multiply (RI^{−1})^′ by R^′ from the right and add I^′. After repeated use of the identities (5.13) we finally obtain (5.12).

Let L ⊂ V = C^{2n+2} be a Lagrangian subspace defined by S ∈ Sym_{1,n}(C^{n+1} ) and ℓ = C (z, w)^T ⊂ L. Then w = Sz, (ℓ, L) ∈ F^{1,n}_0 (V ) and (ℓ, L^′) = ψ(ℓ, L) ∈ F^{n+1,0}_0 (V ), cf. (5.8).

Lemma 7 The positive definite Lagrangian subspace L^′ ⊂ V corresponds to the following matrix S^′ ∈ Sym_{n+1,0}(C^{n+1} ):

S^′_{IJ} := S̄_{IJ} + i ∑ K N_{IK} z^K ∑ L N_{JL}z^L ∑ IJ N_{IJ} z^I z^J , N_{IJ} := 2Im S_{IJ} . (5.16)

Proof: The following calculation shows that ℓ = C (z, w)^T is contained in the Lagrangian subspace L(S^′) defined by S^′: S^′z = S̄z + 2i(Im S)z = Sz. Next we consider the orthogonal complement E of the line ℓ in L. A vector (u, Su)^T ∈ L belongs to E if and only if ∑ N_{IJ} z^Iū^J = 0. In that case we obtain S^′ū = S̄ū = Su, which proves that Ē is contained in L(S^′). Therefore, L(S^′) = L^′.

Corollary 5

(i) The complex matrix S^′ = N ∈ Sym_{n+1,0}(C^{n+1} ) occurring in the definition of the Ferrara-Sabharwal metric, see (3.3), is related to the matrix S = F_{IJ} ∈ Sym_{1,n}(C^{n+1} ) by the correspondence S → S^′ of the previous lemma, which is induced by the map ψ from Griffiths flags to Weil flags, cf. (5.17).

(ii) The real matrix (5.3) occurring in the formula (5.1) for the Ferrara-Sabharwal metric is given by Ĥ = g^{S′} = g^N, where the map S → g^S is defined in (5.7).

The following diagram gives an overview of the relations between the Lagrangian subspaces L = L(S), L^′ = L(S^′) and the corresponding real matrices g^S = (g_{ab}) and g^{S′} = Ĥ_{ab}: (ℓ, L) ∈ F^{1,n}_0 (V )^ψ // fflffl F^{n+1,0} 0 (V ) ∋ (ℓ, L^′) fflffl L ∈ Gr^{1,n}_0 (V ) ¨˙ ι fflffl Gr^{n+1,0}_0 (V ) ∋ L^′ ¨˙ ι fflffl g^S ∈ Sym^1_{2,2n}(R^{2n+2} ) Sym^1_{2n+2,0}(R^{2n+2} ) ∋ g^{S′} ,

(5.17)

where the line ℓ is generated by the vector (z, Sz) = (z, S^′z).

Corollary 6 The (indefinite) affine special Kähler metric g = 2 ∑ g_{ab}dq^adq^b is related to the positive definite metric g^′ = 2 ∑^ H_{ab}dq^adq^b by g^′|_D = g|_D, g^′|_D⊥ = −g|_D⊥ ,

where D is defined in Definition 3 (iv).

Proof: This follows from the geometric description of the map ι : L = L(S) → g^S [CS]. Recall that in the affine special coordinates q^a = (x^I = Re z^I , y_J = Re w_J ) the Kähler form is given by ω = 2 ∑ dx^i ∧ dy_i. The matrix g = g^S represents the scalar product Re γ|_L in the Darboux coordinates √ 2q^a restricted to L. We can compare the restrictions of γ to L and L^′ by the following isomorphism of real vector spaces Ψ : L → L^′:

Ψ|_ℓ := Id, Ψ(v) := v̄ for all v ∈ E.

We can easily see that Ψ is an isometry on ℓ = L ∩ L^′ and an antiisometry E → Ē on E. In fact, γ(v̄, v̄) = −γ(v, v) for all v ∈ V . This shows that the metric Ψ^∗Re γ|_L′ is related to g = Re γ|_L by changing the sign on the orthogonal complement of ℓ. Finally, the Gram matrix g^{S′} = (Ĥ_{ab}) of Re γ|_L′ in the coordinates √ 2q^a|_L′ is the same as that of Ψ^∗Re γ|_L′ in the coordinates √ 2q^a|_L, since q^a ∘ Ψ = q^a.

We now finally prove Lemma 4 and thus complete the proof of Theorem 9. Proof: Let us denote by F^α the holomorphic prepotential of the special Kähler domain M_α and put S^α := F^α_{IJ} . We know that the complex matrices S_α and S_β are related by a fractional linear transformation associated with a symplectic transformation O = A_{αβ} ∈ Sp(R^{2n+2} ), which relates the Gram matrices g^{Sα} and g^{Sβ} of the corresponding affine special Kähler metrics g~_{Mα} and g~_{Mβ} in affine Darboux coordinates. Since all the maps in the diagram (5.17) are Sp(R^{2n+2} )-equivariant, this implies that the matrices N_α and N_β are related by the same fractional linear transformation and that g^{S′α} and g^{S′β} are related by the symplectic transformation O. This shows that Ĥ_α transforms as claimed in Lemma 4.

Acknowledgements

This work was supported by the German Science Foundation (DFG) under the Collaborative Research Center (SFB) 676. The work of T.M. was supported in part by STFC grant ST/G00062X/1.

References

[A] D.V. Alekseevskiĭ, Classification of quaternionic spaces with transitive solvable group of motions, Izv. Akad. Nauk SSSR Ser. Mat. 39 (1975), no. 2, 315-362.

[AC1] D.V. Alekseevsky and V. Cortés, Classification of stationary compact homogeneous special pseudo Kähler manifolds of semisimple groups, Proc. London Math. Soc. (3) 81 (2000), 211-230.

[AC2] D.V. Alekseevsky and V. Cortés, Geometric construction of the r-map: from affine special real to special Kähler manifolds, Comm. Math. Phys. 291 (2009), no. 2, 579-590.

[ACD] D.V. Alekseevsky, V. Cortés and C. Devchand, Special complex manifolds, J.

Geom. Phys. 42 (2002), 85-105.

[AFGNT] I. Antoniadis, S. Ferrara, E. Gava, K. Narain and T. Taylor, Perturbative prepotential and monodromies in N = 2 heterotic superstring, Nucl. Phys. B447 (1995) 35-61.

[AFT] I. Antoniadis, S. Ferrara and T. Taylor, N = 2 heterotic superstring and its dual theory in five dimensions, Nucl. Phys. B 460 (1996) 489.

[ChEA] A. Chou, R. Kallosh, J. Rahmfeld, S.-J. Rey, M. Shmakova and W. K. Wong, Critical points and phase transitions in 5d compactifications of M-theory, Nucl. Phys. B508 (1997) 147-180.

[CFG] S. Cecotti, S. Ferrara and L. Girardello, Geometry of type II superstrings and the moduli of superconformal field theories, Int. J. Mod. Phys. A4 (1989) 2475.

[C1] V. Cortés, Alekseevskian spaces, J. Diff. Geom. Appl. 6 (1996), no. 2, 129-168.

[C2] V. Cortés, On hyper Kähler manifolds associated to Lagrangian Kähler submanifolds of T^∗C^n , Trans. Amer. Math. Soc. 350 (1998), no. 8, 3193-3205.

[C3] V. Cortés, A holomorphic representation formula for parabolic hypersphere, Proceedings of the international conference “PDEs, Submanifolds and Affine Differential Geometry” (Warsaw 2000), eds. B. Opozda, U. Simon and M. Wiehe, Banach Center Publications (Polish Academy of Sciences, Institute of Mathematics), Vol. 54, pp. 11 - 16, available as math.DG/0107037.

[CM] V. Cortés and T. Mohaupt, Special Geometry of Euclidean Supersymmetry III:

the local r-map, instantons and black holes, J. High Energy Phys. 07 (2009) 066, 64 pp.

[CMMS2] V. Cortés, C. Mayer, T. Mohaupt and F. Saueressig, Special geometry of Euclidean supersymmetry II: hypermultiplets and the c-map JHEP 06 (2006) 025.

[CS] V. Cortés and L. Schäfer, Topological-antitopological fusion equations, pluriharmonic maps and special Kähler manifolds, Complex, Contact and Symmetric Manifolds, 59-74, O. Kowalski, E. Musso and D. Perrone (eds.), Progress in Mathematics 234, Birkhäuser, 2005.

[Cetal] E. Cremmer et al, Vector multiplets, coupled to N = 2 supergravity: SuperHiggs effect, flat potentials and geometric structure, Nucl. Phys. B250 (1985) 385.

[DDKV] J. De Jaehger, B. de Wit, B. Kleijn and S. Vandoren, Special geometry in hypermultiplets, Nucl. Phys. B514 (1998) 553-582.

[D] B. de Wit, N = 2 electric-magnetic duality in a chiral background, Fortsch.

Phys. 44 (1996) 44.

[DRV] B. de Wit, M. Rocek and S. Vandoren, Hypermultiplets, hyperkähler cones and quaternion-Kähler geometry, JHEP 02 (2001) 039.

[DS] B. de Wit and F. Saueressig, Off-shell N = 2 tensor supermultiplets, JHEP 09 (2006) 062.

[DV1] B. de Wit and A. Van Proeyen, Potentials and symmetries of general gauged N=2 supergravity-Yang-Mills models, Nucl. Phys. B245 (1984), 89-117.

[DV2] B. de Wit and A. Van Proeyen, Special geometry, cubic polynomials and homogeneous quaternionic spaces, Commun. Math. Phys. 149 (1992), 307-333.

[FS] S. Ferrara and S. Sabharwal, Quaternionic manifolds for type II superstring vacua of Calabi-Yau spaces, Nucl. Phys. B332 (1990), 317-332.

[F] D. Freed, Special Kähler manifolds, Commun. Math. Phys. 203 (1999), no. 1, 31-52.

[GMN] D. Gaiotto, G. W. Moore, A. Neitzke, Four-dimensional wall-crossing via threedimensional field theory, Comm. Math. Phys. 299 (2010), no. 1, 163-224.

[H] N. Hitchin, Quaternionic Kähler moduli spaces, Riemannian Topology and Geometric Structures on Manifolds, 49-61, K. Galicki, S. Simanca (eds.), Progress in Mathematics 271, Birkhäuser, 2009.

[KKLMV] S. Kachru, A. Klemm, W. Lerche, P. Mayr and C. Vafa, Nonperturbative results on the point particle limit of N = 2 heterotic string compactifications, Nucl. Phys. B459 (1996) 537-558.

[KV] S. Kachru and C. Vafa, Exact results for N = 2 compactifications of heterotic strings, Nucl. Phys. B450 (1995) 69-89.

[LSTY] J. Louis, J. Sonnenschein, S. Theisen and S. Yankielowicz, Non-perturbative properties of heterotic string vacua compactifications, Nucl. Phys. B480 (1996) 185-212.

[MM] C. Mayer and T. Mohaupt, The Kähler cone as cosmic censor, Class. Quant.

Grav. 21 (2004) 1879-1896.

[MV] D. R. Morrison and C. Vafa, Compactifications of F-theory on Calabi-Yau threefolds Nucl. Phys. B473 (1996) 74-92.

[O] B. O’Neill, Semi-Riemannian geometry. With applications to relativity, Pure and Applied Mathematics, 103, Academic Press, NY, 1983.

[RVV] M. Rocek, C. Vafa and S. Vandoren, Hypermultiplets and topological strings, JHEP 02 (2005) 062.

[T] G. Tian, Smoothness of the universal deformation space of compact Calabi-Yau manifolds and its Petersson-Weil metric, in Mathematical aspects of string theory, World Sci. Publishing, Singapore, 1987, Adv. Ser. Math. Phys., vol. 1, 629-646.

[V] T. A. F. van der Aalst, A geometric interpretation of the c-map, Master Thesis, Utrecht 2008.

[We] R. O. Wells, Differential analysis on complex manifolds, Graduate Texts in Mathematics 65, Springer, New York, 2008.

[W] E. Witten, Phase transitions in M-theory and F-theory, Nucl. Phys. B471 (1996) 195-216.