arXiv:1102.0241v2 [gr-qc] 18 Mar 2011

Gauss-Bonnet lagrangian G ln G and cosmological exact solutions

Hans-Jürgen Schmidt

March 18, 2011

Institut für Mathematik, Universität Potsdam, Germany Am Neuen Palais 10, D-14469 Potsdam, hjschmi@rz.uni-potsdam.de

Abstract For the lagrangian L = G ln G where G is the Gauss-Bonnet curvature scalar we deduce the field equation and solve it in closed form for 3-flat Friedman models using a statefinder parametrization.

Further we show, that among all lagrangians F (G) this L is the only one not having the form G^r with a real constant r but possessing a scale-invariant field equation. This turns out to be one of its analogies to f(R)-theories in 2-dimensional space-time.

In the appendix, we systematically list several formulas for the decomposition of the Riemann tensor in arbitrary dimensions n, which are applied in the main deduction for n = 4.

1 Introduction

Fourth-order gravity has been a serious alternative to General Relativity since 1918 already: H. Weyl, see [1], was guided by the idea of the scale invariance of the action which requested for an R^2-term in its integrand instead of the Einstein-Hilbert action integrand R. In fact, the integral ∫ R^n √ −gd^kx in k-dimensional space-time is scale-invariant just in the case k = 2n, leading to n = 2 for the usual space-time dimension k = 4. For details see e.g. the reviews [2], [3], [4], and [5], and the books [6] and [7]. For a broader view to this topic, and also on the growth of (quantum) perturbations to the today’s observed large-scale structures by inflation, see the references cited there.

Since 1947 it became clearer, that the cosmological evolution can be better modeled if both R and R^2-terms belong to the action, see C. Gregory [8]. In the eighties, the inflationary cosmology has been related to fourth-order gravity by Starobinsky [9], and this paper initiated several follow-up papers, e.g. [10] and [11]; generalizations by inclusion of R^3-terms and later by a general f(R) have been worked out e.g. in [12] and [13].

In 1921, R. Bach [14], see [15] for details, initiated a detailed investigation of the conformally invariant field equations following from the lagrangian C_{ijkl}C^{ijkl}. In 1977 it was shown, that a theory with lagrangian of the form

Λ + R + αR^2 + βC_{ijkl}C^{ijkl} (1.1)

where units are chosen that light velocity equals 1 and Newton’s constant equals (16π)^{−1}, can be renormalized, see K. Stelle [16].

In this context it is often mentioned, that the addition of a multiple of the Gauss-Bonnet term, see also [17] and [18], G = R_{ijkl}R^{ijkl} − 4R_{ij} R^{ij} + R^2 (1.2) to a lagrangian like (1.1) does not alter the field equations, but it leads to a surface term which may become essential in the quantization. The relation to topology is as follows: the field equations come out by applying continuous deformations of the metric, but ∫ G √ −gd^4x is a topological invariant, see [19], [20], [21], and [22]. Lanczos deduced only the 4-dimensional case, whereas Lovelock generalized to arbitrary dimensions. His sequence L_n starts with L_1 = R, L_2 = G, and each L_n leads to a topological invariant in the 2n-dimensional space or space-time.

Recently, a lot of papers appeared which contain the Gauss-Bonnet term in the action. To circumvent the vanishing of its variational derivative, essentially three ways have been gone: Models in dimension larger than 4, see e.g. [23], [24], [25], [26], [27], and [28], models where G is multiplied by a scalar ϕ, see [29], [30], and models where F (G) instead of G is used in the lagrangian with a suitably chosen non-linear function F , see e.g. [31]. Applications of theories with Gauss-Bonnet term to cosmology can also be found in [32], [33], [34], [35], [36], [37], [38], [39], [40], [41], [42], [43], and [44].

2 Statefinder parametrization

The metric of a 3-flat Friedman model with synchronized time coordinate t reads ds^2 = dt^2 − a^2(t) ( dx^2 + dy^2 + dz^2 ) , a(t) > 0 . (2.1)

We assume that the Taylor development of a(t) exists, the dot denotes d/dt, and the Hubble parameter h is defined as usual via h(t) = ȧ a = α̇ , α = ln a . (2.2)

In what follows, we always exclude a constant function a(t) as it represents the trivial Minkowski space-time solution. So, we restrict to functions a(t) which have h(t) = 0 at isolated moments of time only; at those moments, our exact solutions to be deduced below, have to be matched together.

A time-inversion leads to a change of the sign of h, so we may assume in the following, that always h(t) > 0. Under these circumstances we define for any natural number n ≥ 2

z_n = a^{(n)} a^{n−1} ȧ^n , a^{(n)} = d^na dt^n . (2.3)

This expression is, up to a constant factor, uniquely determined by the conditions that it is proportional to the n-th time derivative of a with proportionality factor containing a and ȧ only, is time-reparametrization invariant, and is scale-invariant. By obvious reasons it proves useful to define also z_0 = z_1 = 1.

Another, but equivalent method to define the parameters z_n goes as follows: it is the only product of a^{(n)} with powers of a and ȧ which is dimensionless in both interpretations of metric (2.1). In the first interpretation of (2.1), a is a dimensionless quantity, dimensions are encoded in t, x, y and z. In the second interpretation of (2.1), x, y and z are dimensionless quantities, dimensions are encoded in t and a; t is being measured in seconds.

These parameters z_n are especially useful if one wants to solve a scaleinvariant field equation as we are going to do below. As usual, we define a field equation to be scale-invariant if for any of its solutions g_{ij} and any real constant c, also the homothetically related metric e^{2c} g_{ij} represents a solution.

Our parameters z_n are related to the more usual notation, see [45], [46], [47], [48], and [49], as follows:

z_2 = ä a ȧ^2

= −q , z_3 = j , z_4 = −k . (2.4)

Here, q is the deceleration parameter, j the jerk parameter, and k the kerk parameter. The notion statefinder parameter refers to the pair (j, s), where s is defined for q ≠ 1/2 via s = j − 1 3(q − 1/2)

. (2.5)

Next, we give some relations between the parameters z_n and the Hubble parameter h: Solving eq. (2.3) for a^{(n)} we get

a^{(n)} = z_n ȧ^n a^{n−1} . (2.6)

The temporal derivative of eq. (2.6) has the same l.h.s. as eq. (2.6) with n replaced by n + 1. Equating the related r.h.sides we get

z_{n+1} = ż_n/h + z_n (n z_2 + 1 − n) . (2.7)

From eqs. (2.2) and (2.4) we easily deduce z_2 in dependence of h:

z_2 = −q = 1 − d dt ( 1 h ) = 1 + ḣ/h^2 , (2.8)

and for n ≥ 3 we can iteratively deduce z_n in dependence of h with eq. (2.7), the next two terms being

z_3 = j = ż_2 h + z_2(2z_2 − 1) = 1 + 3ḣ/h^2 + ḧ/h^3 (2.9) and z_4 = −k = 1 + 6ḣ h^2 + 4ḧ h^3 + 3ḣ^2 h^4 + 1 h^4 d^3h dt^3 . So we get the relation to the other set of dimensionless constants, see eq. (3.12) of [2] ε_p = d^ph dt^p · h^{−p−1} . (2.10)

This leads to z_1 = ε_0 = 1, z_2 = 1 + ε_1, and z_3 = 1 + 3ε_1 + ε_2.

If we take the logarithmic cosmic scale factor α (see eq. (2.2)) as new time coordinate we can rewrite eq. (2.7) as

z_{n+1} = dz_n dα + z_n (n z_2 + 1 − n) . (2.11)

After some reformulation we also get as metric

ds^2 = dα^2 h(α)^2 − e^{2α} ( dx^2 + dy^2 + dz^2 ) (2.12)

with the scale invariant parameters being q = −1 − 1 h · dh dα , (2.13)

from eq. (2.8), and from eqs. (2.9.) and (2.10)

j = 2q^2 + q − dq dα (2.14) and k = 3jq + 2j − dj dα . (2.15)

We will apply these formulas in section 4.

3 Gauss-Bonnet lagrangian

For 2-dimensional space-times, lagrangians of the type f(R) have been discussed e.g. in [51], [52], [53], and [54]. In [51], the lagrangian

f(R) = R^{k+1} (3.1)

was shown to lead to non-trivial classical results even in the limit k → 0. In [53], this limit was shown to produce the same field equation as the lagrangian

f(R) = R · ln R . (3.2)

This property is related to the fact that ∫ R √ gd^2x is a topological invariant related to the genus of the space.

Similarly, in [54], the integrand R was kept constant, but instead, the dimension of space-time was formally defined as 2 + ϵ, and the limit ϵ → 0 was discussed.

We now want to transfer this idea to the set of 4-dimensional space-times. To this end we consider a general function F (G) with G from eq. (1.2) as integrand of the action. The full field equations are given e.g. in eq. (5) of [35] using the notation F_G = dF (G)/dG, 0 = 1 2 g^{ij}F (G) − 2F_GRR^{ij} + 4F_GR^i_kR^{kj} − 2F_GR^{iklm}R^j_{klm} −4F_GR^{iklj}R_{kl} + 2RF^{;ij}_G − 2g^{ij}R□F_G − 4R^{ik}F^{;j}_{G;k} −4R^{jk}F^{;i}_{G;k} + 4R^{ij} □F_G + 4g^{ij}R^{kl}F_{G;kl} − 4R^{ikjl}F_{G;kl} . (3.3) The integral I_G = ∫ G √ −gd^4x is a topological invariant related to the Euler characteristic. Therefore, the function F (G) = G leads to the field equation reading 0 = 0 trivially fulfilled by all metrics g_{ij}, i.e., every space-time represents a stationary point of the action I_G.

Next, we consider the action I = ∫ F (G) √ −gd^4x (3.4)

and ask for its properties if a scale transformation is applied to the metric. More exactly: What happens with I eq. (3.4) if we replace g_{ij} by its homothetically equivalent metric e^{2γ} g_{ij} where γ is an arbitrary constant? If I does not change at all by this transformation, then we call I scale-invariant. G goes over to e^{−4γ} G by this transformation, and so, obviously, only F (G) = c_2 · G with a constant c_2 leads to a scale-invariant action I.

A less trivial question is the following one: Under which conditions, the action I eq. (3.4) is almost scale-invariant, i.e., scale-invariant up to adding a multiple of I_G? In other words: Which functions F (G) have the property that replacing g_{ij} by e^{2γ} g_{ij} in eq. (3.4) leads to the action I + k_γ · I_G with constant k_γ ? The answer is: Besides the case already discussed above,

F (G) = c_1 · G · ln G + c_2 · G (3.5)

with constants c_1 ≠ 0 and c_2 is the complete set of solutions.^1 A word to dimensions: the argument of the logarithm should be dimensionless, so, instead of ln G we should have written ln(G/G_0). However, a change of the value G_0 can be compensated by a redefinition of the constant c_2. As the term with c_2 does not contribute to the field equation, we may put it to

1For negative values of G, the term ln G should be replaced by ln |G|. The singularity at G → 0 is a mild one and in the models of our interest, |G| is positive anyhow.

zero classically. Dividing everything by c_1 we finally get the only interesting remaining almost scale-invariant case to be

F (G) = G · ln G . (3.6)

If we insert eq. (3.6) into eq. (3.3), the following simpler field equation appears: 0 = 1 2 g^{ij}G · ln G − 2(RR^{ij} − 2R^i_kR^{kj} + R^{iklm}R^j_{klm} +2R^{iklj}R_{kl}) · (1 + ln G) + 2R(ln G)^{;ij} − 2g^{ij}R□(ln G) − 4R^{ik}(ln G)^{;j}_{;k} −4R^{jk}(ln G)^{;i}_{;k} + 4R^{ij} □(ln G) + 4g^{ij}R^{kl}(ln G)_{;kl} − 4R^{ikjl}(ln G)_{;kl} . (3.7)

Due to its importance it seems justified to deduce this case by another way: Take a small positive parameter ϵ and define

F_ϵ(G) = 1 ϵ · ( G^{1+ϵ} − G ) (3.8)

which leads to the same vacuum equation as the lagrangian G^{1+ϵ}. Then the limit ϵ → 0 in eq. (3.8) exactly leads to (3.6). Sketch of the proof: Put G = e^x, then G^ϵ = e^{ϵx} ≈ 1 + ϵx = 1 + ϵ ln G .

4 Exact Friedman models

We apply the notation of section 2, especially metric (2.1) with Hubble parameter (2.2) etc. If we start with a(t) = t^n with positive values n and t, we get h = n/t, α = n ln t, q = (1 − n)/n, j = (n − 1)(n − 2)/n^2, k = −(n − 1)(n − 2)(n − 3)/n^3, t = e^{α/n}, and h(α) = n · e^{−α/n}. The metric can then also be written as

ds^2 = dα^2 n^2 e^{2α/n} − e^{2α} ( dx^2 + dy^2 + dz^2 ) . (4.1)

This leads to the de Sitter space-time as n → ∞ where q = −1, j = 1, k = −1, and s = 0. Within Einstein’s theory and with pressureless matter of density ρ, the deceleration q is related to the critical density ρ_c necessary to close the universe via 2q = ρ/ρ_c.

Using eqs. (6) and (7) of [35], or using eq. (3) of [38] we get

R = 6 ( ḣ + 2h^2 ) , G = 24 ( ḣh^2 + h^4 ) (4.2) and the vacuum equation following from the action (3.4) as

0 = G · F_G − F (G) − 24Ġ · h^3 · F_{GG} , (4.3)

where F_G = dF/dG and F_{GG} = dF_G/dG. In comparison with the full field equation (3.3), this is a surprisingly simple equation. We test the previously discussed property as follows: adding c_2 · G to this F , the set of solutions to eq. (4.3) will not change. For non-vanishing F_{GG}, i.e., a non-linear function F (G), eq. (4.3) is of third order in the metric, as it represents the constraint equation to the full fourth-order field equation.

Now we insert the example F (G) = G ln G of eq. (3.6) into eq. (4.3) and get via F_G = 1 + ln G and F_{GG} = 1/G and after multiplication with G = −24h^4 · q 0 = G^2 − 24Ġ · h^3 . (4.4)

The singular case G = 0 needs an extra consideration: Looking at eq. (4.2) this leads to ḣ = −h^2, as the case h = 0 was already excluded earlier. This behaviour can be written in the original form (2.1) by a(t) = t, i.e. the deceleration vanishes identically: q = 0.

Now we look for the remaining solutions of eq. (4.4), i.e., those with G ≠ 0. To this end we insert eqs. (2.8) and (4.2) into eq. (4.4). The result is the second order equation for h ( ḣh^2 + h^4

)_2

= h^3 · d dt ( ḣh^2 + h^4 ) (4.5)

reducing via^{q̇}_h =^{dq}_{dα} , see eq. (2.2), to the following first-order equation for the deceleration parameter q dq dα = 4q + 3q^2 . (4.6)

The fact, that eq. (4.6) does not contain the Hubble parameter is a consequence of the scale-invariance of the field equation. By the way, eqs. (2.14) and (4.6) can be combined to q^2 + 3q + j = 0 characterizing this field equation.

The other solution with constant value q is q = −4/3. Using eq. (2.8) we get 3ḣ = h^2, i.e. h = −3/t and finally a(t) = 1/t^3. These two solutions with constant q, i.e. a(t) = t and a(t) = 1/t^3, represent themselves self-similar space-times: Multiplying the metric of space-time with a constant factor can be compensated by a time-translation.

Let us finally come to the case on non-constant q in eq. (4.6). Considering solutions as same, if they are related by a scale-transformation, exactly three solutions remain, characterized by q(α) = − 4 3 + 3 · e^{−4α} , − 4 3 < q < 0 (4.7) and q(α) = − 4 3 − 3 · e^{−4α} , (4.8)

where α may take all real values in eq. (4.7), but eq. (4.8) is not defined for α = 0 and represents one solution for α > 0, i.e. q < −4/3 and another one for α < 0, i.e. q > 0. Coming back to a relation for the scale factor, we get q(a) = − ä a ȧ^2 = − 4 3 ± 3/a^4

. (4.9)

One of the two remaining quadratures can still be done in explicit form via eq. (2.13), i.e.^{d(ln h)}_{dα} = −1 − q, leading to h(a) = c a · |a^4 ± 1|^{−1/3} (4.10)

with a positive constant c. The final step to get the function a(t) is then via the integral ∫_{a(t)}

a(0)

|a^4 ± 1|^{−1/3}da = c · t . (4.11)

5 Conclusion

For the lagrangian L = G ln G where G, see eq. (1.2), is the Gauss-Bonnet curvature scalar we deduced the field equation and solved it completely up to one final quadrature eq. (4.11) in closed form for 3-flat Friedman models using a statefinder parametrization. Further we have shown, that among all lagrangians F (G) this L is the only one not having the form G^r with a real constant r but possessing a scale-invariant field equation. This turns out to be one of its analogies to f(R)-theories in 2-dimensional space-time.

Recently, several other modifications of Einstein gravity have been discussed, see e.g. [55] for a non-local one, here we propose with the arguments given above, as gravitational lagrangian

L_g = Λ + R + αR^2 + βC_{ijkl}C^{ijkl} + γG ln G (5.1)

being worth considered in more details than done up to now.

6 Appendix

Here we present some decompositions of the Riemann tensor from the geometric point of view which are implicitly used in the text above, and which may have some interest in themselves and have other applications, too.

In four dimensions, the Riemann tensor R_{ijkl} possesses 4^4 = 256 real components. By use of the known symmetries, this figure reduces to 20, but this twenty-dimensional space is even harder to imagine. Example: To work with the field equation (3.3) it is necessary to know, that in four dimensions, C^{iklm}C_{jklm} = 1 4 δ^i_j C^{gklm}C_{gklm} and how this can be used for evaluating analogous terms with the Riemann tensor.

Below, we will present four different possibilities how to arrange this set of components to get a better understandable system.

The Riemann tensor R_{ijkl} of a space-time of dimension n ≥ 3 can be decomposed according to several different criteria:

1. The usual one into the Weyl tensor C_{ijkl} plus a term containing the Ricci tensor R_{ij} plus a term containing the Riemann curvature scalar R. 2. Two trace-less parts plus the trace. 3. The Weyl tensor plus only one additional term. 4. Two divergence-free parts plus the trace.

We use the following two properties of the Riemann tensor R_{ijkl} = −R_{ijlk} , R_{ijkl} = R_{klij} . (6.1) The Ricci tensor is the trace of the Riemann tensor: R_{ij} = g^{kl}R_{ikjl}, where g_{kl} denotes the metric of the space-time, and the Riemann curvature scalar is the trace of the Ricci tensor R = g^{kl}R_{kl}. The sign conventions are defined such that in Euclidean signature, the curvature scalar of the standard sphere is positive.

For any symmetric tensor H_{ij} we define another tensor H^∗_{ijkl} via H^∗_{ijkl} = H_{ik}g_{jl} + H_{jl}g_{ik} − H_{il}g_{jk} − H_{jk}g_{il} . (6.2) Then the tensor H^∗_{ijkl} automatically fulfils the identities eq. (6.1). For the special case H_{ij} = g_{ij} we get the simplified form g^∗_{ijkl} = 2g_{ik}g_{jl} − 2g_{il}g_{jk} . (6.3)

6.1 The usual decomposition

The Weyl tensor C_{ijkl} is the trace-less part of the Riemann tensor, i.e. g^{ik} C_{ijkl} = 0. It vanishes identically for n = 3. Using the notation of eqs. (6.2) and (6.3) we make the ansatz R_{ijkl} = C_{ijkl} + αR^∗_{ijkl} + βR g^∗_{ijkl} . (6.4) Then the coefficients α and β have to be specified such that the trace-lessness condition for the Weyl tensor becomes an identity. This condition determines the coefficients α and β uniquely, and the result is: α = 1 n − 2 and β = −1 2(n − 1)(n − 2)

. (6.5)

Thus, we get the usual formula R_{ijkl} = C_{ijkl} + 1 n − 2 (R_{ik}g_{jl} + R_{jl}g_{ik} − R_{il}g_{jk} − R_{jk}g_{il}) − 1 (n − 1)(n − 2) R (g_{ik}g_{jl} − g_{il}g_{jk}) . 6.2 The decomposition using trace-less parts

In distinction to the previous subsection, we now perform a more consequent decomposition into trace and trace-less parts. To this end we define S_{ij} as the trace-less part of the Ricci tensor, i.e. g^{ij}S_{ij} = 0 with S_{ij} = R_{ij} + κRg_{ij} possessing the unique solution κ = −1/n, i.e., S_{ij} = R_{ij} − R g_{ij} /n. Then the analogous equation to eq. (6.4) is R_{ijkl} = C_{ijkl} + γS^∗_{ijkl} + δR g^∗_{ijkl} . (6.6) This becomes a correct identity if and only if γ = 1 n − 2 and δ = 1 2n(n − 1) . (6.7)

So we get R_{ijkl} = C_{ijkl} + 1 n − 2 (S_{ik}g_{jl} + S_{jl}g_{ik} − S_{il}g_{jk} − S_{jk}g_{il}) + 1 n(n − 1) R (g_{ik}g_{jl} − g_{il}g_{jk}) .

6.3 Decomposition into two parts

Let us define a tensor L_{ij} = R_{ij} +ζR g_{ij} such that a parameter ε exists which makes R_{ijkl} = C_{ijkl} + εL^∗_{ijkl} (6.8) becoming a true identity. It turns out that this is possible if and only if ζ = −1 2(n − 1) and ε = 1 n − 2 . (6.9)

Thus, we can write L_{ij} = R_{ij} −^1_{2(n−1)} R g_{ij} and R_{ijkl} = C_{ijkl} + 1 n − 2 (L_{ik}g_{jl} + L_{jl}g_{ik} − L_{il}g_{jk} − L_{jk}g_{il}) . (6.10) 6.4 Decomposition into divergence-free parts

Now, besides the identities from eq. (6.1), we also use identities involving the covariant derivatives, denoted by a semicolon, of the Riemann tensor. The Bianchi identity reads R_{ijkl;m} + R_{ijlm;k} + R_{ijmk;l} = 0 . Its trace can be obtained by transvection with g^{ik} and reads

R_{jl;m} + R^i_{jlm;i} − R_{jm;l} = 0 . (6.11)

It should be mentioned, that the transvection with respect to other pairs of indices does not lead to further identities. The Einstein E_{ij} tensor is defined as E_{ij} = R_{ij} +λ R g_{ij}, where λ has to be chosen such that the Einstein tensor is divergence-free, i.e., E^i_{j;i} = 0. Using the trace of eq. (6.11) (again, there is essentially only one such trace), namely 2R^i_{l;i} − R_{;l} = 0, we uniquely get λ = −1/2, i.e. the Einstein tensor is E_{ij} = R_{ij} −^1_2 R g_{ij} .

With the ansatz R_{ijkl} = W_{ijkl} + ηE^∗_{ijkl} + θR g^∗_{ijkl} (6.12) it holds: The coefficients η and θ are uniquely determined by the requirements that eq. (6.12) is an identity, and the divergence of the tensor W_{ijkl} vanishes:

W^i_{jkl;i} = 0. We get uniquely the following values of the constants: η = 1 and θ =^1_4 . Then R_{ijkl} = W_{ijkl} + E_{ik}g_{jl} + E_{jl}g_{ik} − E_{il}g_{jk} − E_{jk}g_{il} + 1 2 R (g_{ik}g_{jl} − g_{il}g_{jk}) (6.13) defines a decomposition of the Riemann curvature tensor into the divergencefree tensors W_{ijkl}, E_{ij} , g_{ij} and the scalar R.

It should be mentioned, that for every n > 2, the four tensors R_{ij} , S_{ij} , L_{ij} , and E_{ij} represent four different tensors. And it is a remarkable fact, that the coefficients in E_{ij} and in eq. (6.13) do not depend on the dimension n.

References

[1] H. Weyl, Gravitation und Elektrizität, Sitzungsber. Preuss. Akad. d.

Wiss. 1 (1918) 465.

[2] H.-J. Schmidt, Fourth order gravity: equations, history, and application to cosmology, Int. J. Geom. Meth. Mod. Phys. 4 (2007) 209; arXiv:gr-qc/0602017. H.-J. Schmidt, Perihelion precession for modified Newtonian gravity, Phys. Rev. D 78 (2008) 023512; arXiv:0803.0920v2 [gr-qc].

[3] T. Sotiriou and V. Faraoni, f(R) Theories of Gravity, Rev. Mod. Phys.

82 (2010) 451; arXiv:0805.1726 [gr-qc].

[4] A. Mazumdar and J. Rocher, Particle physics models of inflation and curvaton scenarios, arXiv:1001.0993 [hep-ph]; Phys. Rept. 497 (2011) 85. [5] H. Motohashi, A. Starobinsky, and J. Yokoyama, f(R) Gravity and its Cosmological Implications, Proc. 2. Int. Workshop Dark Matter, Dark Energy and Matter-Antimatter Asymmetry; (2011) arXiv:1101.0716v1 [astro-ph.CO].

[6] L. Amendola and S. Tsujikawa: Dark energy. Theory and observations, Cambridge University Press (2010).

[7] S. Capozziello and V. Faraoni: Beyond Einstein gravity. A survey of gravitational theories for cosmology and astrophysics, New York, Springer (2011).

[8] C. Gregory, Non-linear invariants and the problem of motion, Phys.

Rev. 72 (1947) 72.

[9] A. Starobinsky, A new type of isotropic cosmological model without singularity, Phys. Lett. B 91 (1980) 99.

[10] V. Müller and H.-J. Schmidt, On Bianchi type I vacuum solutions in R + R^2 theories of gravitation I. The isotropic case, Gen. Relat. Grav. 17 (1985) 769.

[11] A. Starobinsky and H.-J. Schmidt, On a general vacuum solution of fourth order gravity, Class. Quant. Grav. 4 (1987) 695.

[12] H.-J. Schmidt, Comparing selfinteracting scalar fields and R + R^3 cosmological models, arXiv:gr-qc/0106035; Astron. Nachr. 308 (1987) 183.

[13] V. Müller, H.-J. Schmidt, and A. Starobinsky, The stability of the de Sitter space-time in fourth order gravity, Phys. Lett. B 202 (1988) 198.

[14] R. Bach, Zur Weylschen Relativitätstheorie und der Weylschen Erweiterung des Krümmungstensorbegriffs, Math. Zeitschr. 9 (1921) 110.

[15] V. Dzhunushaliev and H.-J. Schmidt, New classes of vacuum solutions in conformal Weyl gravity, J. Math. Phys. 41 (2000) 3007; arXiv:grqc/9908049.

[16] K. Stelle, Renormalization of higher-derivative quantum gravity, Phys.

Rev. D 16 (1977) 953. K. Stelle, Classical gravity with higher derivatives, Gen. Relat. Grav. 9 (1978) 353.

[17] J. Flachsmeyer, D. Cieslik, H.-J. Schmidt, and L. Wenzel, Gaußens Einfluß auf die Entwicklung der Topologie, Wiss. Beiträge E.-M.-Arndt- Univ. Greifswald (1980) 33.

[18] J. Dieudonné, review to [17] in Math. Rev. 83c:01026.

[19] C. Lanczos, A remarkable property of the Riemann-Christoffel tensor in four dimensions, Ann. Math. 39 (1938) 842. Of course, in those days, the majority of papers on differential geometry in mathematical journals restricted attention to the positive definite signature of the metric, and only later it became clear, which of the results can more or less easily be rewritten for the Lorentzian signature. For the cases discussed here, this can always be done.

[20] D. Lovelock, Intrinsic expressions for curvatures of even order of hypersurfaces in an Euclidean space, Tensor, New Ser. 22 (1971) 274. D. Lovelock, The Einstein tensor and its generalizations, J. Math. Phys. 12 (1971) 498. Lovelock explicitly refers to Gauss’s theorema egregium from 1827. But comparing notions from the middle of the 19th century mathematics (Gauss died in 1855) with today’s physics contains several sources of possible misunderstandings: The word topology (in German: Topologie) was already in use, but without a strict definition, a Riemannian space was only considered as a certain subset of a higherdimensional Euclidean space, whereas today, a (Pseudo)-Riemannian space has its own intrinsic definition, and only as curiosity or help to simplify equations, e.g. in the search for exact solutions, it will be noted what the embedding class of it may be.

[21] M. Farhoudi, Lovelock Tensor as Generalized Einstein Tensor, Gen.

Relat. Grav. 41 (2009) 117; arXiv:gr-qc/9510060v4.

[22] Q. Exirifard, Generalized Lovelock gravity, Preprint IPM/P-2009/047;

arXiv:0911.2872v2 [gr-qc].

[23] V. D. Ivashchuk, On cosmological type solutions in multidimensional model with Gauss-Bonnet term, arXiv:0910.3426v1 [hep-th]; Int. J. Geom. Methods Mod. Physics 7 (2010) 797.

[24] F. Canfora, A. Giacomini, and S. Willison, Some exact solutions with torsion in 5-D Einstein-Gauss-Bonnet gravity, Phys. Rev. D 76 (2007) 044021; arXiv:0706.2891v2 [gr-qc].

[25] E. Gravanis, Shock waves and Birkhoff’s theorem in Lovelock gravity, arXiv:1008.3583v1 [gr-qc]; Phys. Rev. D 82 (2010) 104024.

[26] I. Kirnos, S. Pavluchenko, and A. Toporensky, New features of a flat (4+1)-dimensional cosmological model with a perfect fluid in Gauss- Bonnet gravity, Grav. Cosmol. 16 (2010) 274.

[27] T. Takahashi and J. Soda, Catastrophic instability of small Lovelock black holes, Prog. Theor. Phys. 124 (2010) 711.

[28] A. Baykal and I. Delice, A Unified Approach to Variational Derivatives of Modified Gravitational Actions, Class. Quant. Grav. 28 (2011) 015014; arXiv:1012.4246v1 [gr-qc].

[29] C. Garraffo and G. Giribet, The Lovelock Black Holes, Mod. Phys.

Lett. A 23 (2008) 1801; arXiv:0805.3575v4 [gr-qc].

[30] D. Rodrigues, F. de Salles, I. Shapiro, and A. Starobinsky, Auxiliary fields representation for modified gravity models, arXiv:1101.5028v1 [gr-qc] (2011).

[31] I. Saltas and M. Hindmarsh, The dynamical equivalence of modified gravity revisited, arXiv:1002.1710v3 [gr-qc]; Class. Quant. Grav. 28 (2011) 035002.

[32] R. Biswas and S. Chakraborty, The geometry of the higher-dimensional black hole thermodynamics in Einstein-Gauss-Bonnet gravity, Gen. Relat. Grav. 42 (2010) 1311.

[33] I. Brevik and J. Quiroga, Vanishing cosmological constant in modified Gauss-Bonnet gravity with conformal anomaly, Int. J. Mod. Phys. D 16 (2007) 817.

[34] A. de Felice, J.-M. Gerard, and T. Suyama, Cosmological perturbation in f(R, G) theories with a perfect fluid, arXiv:1005.1958v1 [astroph.CO]; Phys. Rev. D 82 (2010) 063526.

[35] E. Elizalde, R. Myrzakulov, V. Obukhov, and D. Saez-Gomez, ΛCDM epoch reconstruction from F (R, G) and modified Gauss-Bonnet gravities, Class. Quant. Grav. 27 (2010) 095007.

[36] I. Kirnos, A. Makarenko, S. Pavluchenko, and A. Toporensky, The nature of singularity in multidimensional anisotropic Gauss-Bonnet cosmology with a perfect fluid, Gen. Relat. Grav. 42 (2010) 2633.

[37] H. Maeda, Gauss-Bonnet black holes with non-constant curvature horizons, Phys. Rev. D 81 (2010) 124007.

[38] S. Nojiri, S. Odintsov, A. Toporensky, and P. Tretyakov, Reconstruction and deceleration-acceleration transitions in modified gravity, Gen. Relat. Grav. 42 (2010) 1997.

[39] J. Oliva and S. Ray, A new cubic theory of gravity in five dimensions:

black hole, Birkhoff’s theorem and C-function, arXiv:1003.4773 [gr-qc]; Class. Quant. Grav. 27 (2010) 225002.

[40] V. Rosa and P. Letelier, Circular Orbits in Einstein-Gauss-Bonnet Gravity, arXiv:0810.1177v1 [gr-qc], Phys. Rev. D 78 (2008) 084038.

[41] K. Uddin, J. Lidsey, and R. Tavakol, Cosmological scaling solutions in generalised Gauss-Bonnet gravity theories, Gen. Relat. Grav. 41 (2009) 2725.

[42] A. de Felice and T. Tanaka, Inevitable ghost and the degree of freedom in f(R, G) gravity, Progr. Theor. Phys. 124 (2010) 503.

[43] R. Myrzakulov, D. Saez-Gomez, and A. Tureanu, On the ΛCDM universe in f(G) gravity, arXiv:1009.0902v2 [gr-qc], to appear in Gen. Relat. Grav.

[44] O. Gorbunova and L. Sebastiani, Viscous fluids and Gauss-Bonnet modified gravity, Gen. Relat. Grav. 42 (2010) 2873.

[45] U. Alam, V. Sahni, T. Saini, and A. Starobinsky, Exploring the Expanding Universe and Dark Energy using the Statefinder Diagnostic, arXiv:astro-ph/0303009v4; Mon. Not. Roy. Astron. Soc. 344 (2003) 1057. V. Sahni, T. Saini, A. Starobinsky, and U. Alam, Statefinder - a new geometrical diagnostic of dark energy, arXiv:astro-ph/0201498v2; JETP Lett. 77 (2003) 201; Pisma Zh. Eksp. Teor. Fiz. 77 (2003) 249.

[46] H. Farajollahi and A. Salehi, Attractors, Statefinders and Observational Measurement for Chameleonic Brans-Dicke Cosmology, J. Cosmol. Astropart. Phys. JCAP 11 (2010) 006; arXiv:1010.3589v3 [gr-qc].

[47] M. Dabrowski and J. Garecki, Statefinders and observational measurement of superenergy, arXiv:0905.4534v1 [gr-qc]; Phys. Lett. B 686 (2010) 6.

[48] M. Jamil, Variable G correction to statefinder parameters of dark energy, arXiv:1010.0158 [astro-ph.CO]; Int. J. Theor. Phys. 49 (2010) 2829.

[49] S. Capozziello and L. Izzo, A cosmological independent calibration of the Ep,i-Eiso correlation for GRB, arXiv:1003.5319v1 [astro-ph.CO]; Astron. Astrophys. 519 (2010) A73.

[50] M. Arabsalmani and V. Sahni, The Statefinder hierarchy: An extended null diagnostic for concordance cosmology, arXiv:1101.3436v1 [astroph.CO]; Phys. Rev. D 83 (2011) 043501.

[51] H.-J. Schmidt, Scale-invariant gravity in two dimensions, J. Math.

Phys. 32 (1991) 1562.

[52] V. Frolov, Two-dimensional black hole physics, Phys. Rev. D 46 (1992) 5383.

[53] S. Mignemi and H.-J. Schmidt, Two-dimensional higher-derivative gravity and conformal transformations, Class. Quant. Grav. 12 (1995) 849; arXiv:gr-qc/9501024.

[54] D. Grumiller and R. Jackiw, Liouville gravity from Einstein gravity arXiv:0712.3775v1 [gr-qc]; in: Recent developments in theoretical physics, eds.: S. Ghosh et al., WSPC Singapore (2010) 331.

[55] T. Biswas, T. Koivisto, and A. Mazumdar, Towards a Resolution of the Cosmological Singularity in Non-local Higher Derivative Theories of Gravity, arXiv:1005.0590v1 [hep-th]; J. Cosmol. Astropart. Phys. JCAP 11 (2010) 008.