arXiv:1102.0320v3 [astro-ph.CO] 8 Mar 2012

PACS: 04.20.-q, 98.80.-k

An Infrared Divergence in the cosmological measure theory and the anthropic reasoning

A.V. Yurov^1, V.A. Yurov^{1,2}, A.V. Astashyonok^1, A.A. Shpilevoi^1 1Baltic Federal University of I. Kant Department of Theoretical Physics, 236041 14, Nevsky st., Kaliningrad, Russia 2 Department of Mathematics, University of Missouri, Columbia Columbia, 65201, USA

An anthropic principle has made it possible to answer the difficult question of why the observable value of cosmological constant (Λ ∼ 10^{−47} GeV^4) is so disconcertingly tiny compared to predicted value of vacuum energy density ρSUSY ∼ 10^{12} GeV^4. Unfortunately, there is a darker side to this argument; being combined with the cosmic heat death scenario, it consequently leads to another absurd prediction: the probability of randomly selected observer observing Λ = 0 ends up being exactly equal to 1. We’ll call this controversy an infrared divergence problem. It is shown that the IRD prediction can be avoided with the help of a singular runaway measure coupled with the calculation of relative Bayesian probabilities by the means of the doomsday argument. Moreover, it is shown that while the IRD problem occurs for the prediction stage of value of Λ, it disappears at the explanatory stage when Λ has already been measured by the observer.

PACS numbers:

I. INTRODUCTION

Among the challenges the physics is facing nowadays, the problem of vacuum energy, a.k.a. the cosmological constant’s problem is probably most troublesome of all. It’s initial advent was heralded by an incomprehensibly huge discrepancy (by no less then 50 orders of magnitudes) between the predicted and observable value of cosmological constant. The furthest investigations has aggravated this already most grievous observation by adding to it a problem of fine tuning in early universe. To put it simply, the sheer magnitude of the currently observable value of ρ_{vac} implies that for some unknown reason the vacuum energy density in the early universe had to be equal to the characteristic value of ρ_{GUT} (the change in the vacuum energy induced by a phase transition of a GUT scale) and, what is worse, the equality had to hold with an unbelievable accuracy of up to 10^{−107} – unbelievable even more since we are talking about two distinct and (as far as we know) entirely unrelated quantities.

There were many attempts to amend the described situation, including the explanations, based on the alternative cosmological models, such as brane world models and the cosmologies with the variable speeds of light [1], [2]. In the case of classical cosmology, however, the honor of explanation is widely relegated to the anthropic principle. In the well-known article [3] it has been shown that the upper boundary for the effective cosmological constant is

Λ_{max} < 5000Λ_0,

where Λ_0 – is an observable value. The higher values effectively prevents the observable large-scale structure from formation, and, therefore, lead to cosmologies completely devoid of life as we know it. In view of this, the aforementioned fact of fine tuning in observable universe stops being mysterious at last.

The last important step in the development of the applicable anthropic reasoning was inclusion of selection rules such as a self-sampling assumption or mediocricity principle. It is important to note, that acceptance of any of those hypothesis, firmly grounded on statistical approach, explicitly implies the existence of a multiverse, that serves a role of a statistical ensemble. By accepting them, we are opening a road to estimating the probabilities of observing any given event j. Such a probability is factorizable as (cf. [4]):

P_j ∼ P̄_j f_j , (1.1)

where P̄_j is the concentration of j-type bubbles and f_j is the anthropic factor proportional to a total amount of observers residing inside the j-type bubble. Remark 1. It should be pointed out that although this factorization serves as a very good approximation for many choices of cosmological measure (e.g., for the causal patch measure), there are some measures that dictates certain changes to formula. For example, the geometric cutoff measure require not f_j , but f_j (t), with t denoting the time of the bubble nucleation.

Of course, in order for (1.1) to make sense we have to devise a way to count down the observers. In what follows we’ll use the idea that the existence of observers has to be equivalent to the generation of entropy production. This idea in turn follows from the fact that every observation should increase the entropy of the system and that in average the total amount of observations would be proportional to the amount of matter’s entropy produced in the volume under consideration. This idea has already been successfully approbated in [5] to calculate the expected average value of cosmological constant in the observable universe.

However, despite the successes, the cosmologists has recently gotten strong indications that not everything is as simple and clear with anthropic reasoning as they believed it was. In an ironic twist, the anthropic reasoning, while solving the aforementioned problem, seems to create yet another one. In fact, it predicts the probability P_j to find oneself in a region with nonzero Λ to be exactly zero. This stunning result is based on a fact that the fraction of observations f_j made in universes with Λ ≠ 0 has a zero measure due to heat death befalling such universes and all their inhabitants [4]. In other words, the anthropic reasoning asserts that with 100% certainty we have to be in a universe with Λ = 0. [58] This discrepancy we’ll call an infrared catastrophe or infrared divergence of cosmological measure. Another surprise has revealed itself in the article [6], in which the probabilities P̄_j were proved to be equally zero for models with Λ > 0 and nonzero for the ones with Λ ≤ 0. These unforseen discoveries gave some authors the reasons to claim either limited applicability or even complete inadequacy of anthropic reasoning. The main purpose of this article is to provide the counterarguments to such a point of view. We will show that the zero probabilities doesn’t necessarily pose a threat to validity of anthropic reasonings, although they can certainly be of use for the task of determining the limitations of the method. Our proof will be based on analysis of prediction and explanation as two distinct types of anthropic reasoning, made in article of Garriga and Vilenkin [7]; we’ll show in particular that the arguments of Garriga and Vilenkin holds true even for those cases when the predicted probabilities turn to zero.

On the other hand, some might argue that the remedy is not much better then the illness itself, as the prospect of reduction befalling the status of the anthropic principle from being the one predicting things to a mere explanatory argument truly cannot be called very promising. We’ll show that this problem might actually be amended by utilizing a different rule for counting the probabilities, namely the one used in formulating the Doomsday argument [59]. The change in the rule might be attributed to indexical information pertaining to the observer and required for successful calculations regarding his/her own existence [7], [8].

Here is the main plan of the article. The second chapter will be devoted to reviewing the results leading to an infrared divergence of cosmological measure. In the next chapter these results will be shown to lead to no antimony, provided one use the anthropic reasoning to explain the obtained value of Λ instead of predicting it. In the fourth chapter we will show that incorporation of Doomsday argument into the calculations of Bayesian probabilities effectively disposes of the infrared divergence, leaving the objections against the anthropic reasoning ungrounded and thus rectifying the problem spotted by [4]. The a priori distribution used therein is an exponential runaway measure (singular weighting function) recently studied by Linde and Vanchurin in [9]. The final chapter contain the final remarks and the conclusion.

II. AN INFRARED DIVERGENCE: THE CORE OF A PROBLEM

An advent of infrared divergence was inevitable after it was realized (cf. [10]) that the regions with Λ = 0 are open FRW universes, with unbounded entropy and lifetime and thus containing a maximal – infinite, as a matter of fact, – amount of observers. Below we’ll list the most important numerical estimates made in [5], [11].

The probability P_Λ to find oneself in a universe with a given value of vacuum energy can be determined via

P_Λ ∼ N(Λ)P̄ (Λ), (2.1)

where P̄ (Λ) is an a priori probabilities distribution (the relative abundance of different values of Λ associated with the different types of bubbles in the multiverse), and N(Λ) is an anthropic factor proportional to the total number of observers in a given region of a Multiverse. The aforementioned number is evidently related to the star formation rate, which can in turn be estimated from the astrophysical data (cf. for example [12]), resulting in: N(Λ) ∼ ∫_{tc} 0 ṅ(t)V_c(t)dt, (2.2) where ṅ(t) is the star formation rate in a comoving volume V_c and t_c defines a time of collapse. Obviously, for those universes whose expansion has a de Sitter-type asymptote t_c = ∞.

The behaviour of ṅ(t) depends on the particular model of star formation [13],[14],[15]. However, interestingly enough, the difference is not essential, since all of them predicts ṅ(t) reaching a maximum after a couple of billions of years and then suffering a relatively fast decrease. Of course, the height and the width of the maximum depend on the cosmological constant.

If the universe has a zero curvature and the radiation is small enough, the Friedman equations become integrable and the scale factor appears to have a following time dependence:

a(t) = At^{2/3}_Λ sinh^{2/3}(3t/2t_Λ),

where t_Λ = √ 3/Λ, and A – a constant of integration. The vacuum energy’s influence dominates over the dynamics from t_Λ. For t > t_Λ the expansion rate can be correctly approximated as:

a(t) ∼ t^{2/3}_Λ exp(t/t_Λ).

For t ≪ t_Λ the scale factor changes according to a power law a(t) ∼ t^{2/3}. The next step will be the determination of a measure suitable for calculating the comoving volume V_c. In this chapter we’ll use as example the causal patch cut off: the measure that is defined as an ensemble of points lying inside of a light cone in the past of a point on the future boundary of spacetime, rather popular among the cosmologists and, most importantly, consistent with formula (1.1) (cf. Remark 1).

Such a choice for t > t_Λ will result with high accuracy in V_c(t) = 4π 3 (∫_∞ t dt a(t) )_3 ∼ t_Λ exp(−3t/t_Λ).

When Λ → 0 V_c(t) diverges. For t < t_Λ it is possible to write the expression for V_c with accuracy up to the linear terms of t: V_c(t) ∼ ( C − 3t^{1/3} )_3 , where C is a constant, appropriate choice of which should allow for continuity of V_c together with its first derivative at V_c. The integral, appearing in (2.2) can be broken into two integrals over the intervals 0 < t < t_Λ and t > t_Λ consequently. The second integral always converges as it contains an exponentially decreasing function V_c(t).

The anthropic factor is inversely related to the cosmological constant. The resulting P (Λ) will be determined by the previously chosen function P̄ (Λ). If the probability P̄ (Λ) increases proportionally to Λ (at least for those Λ that are anthropically acceptable) then at certain Λ_0 the probability to find oneself in the universe with a given value of vacuum energy would be maximal.

It is possible to convey similar analysis for negative Λ’s. The problem arises, however, when we include in our considerations the zero value of cosmological constant. In this case the casual patch volume V_c → ∞ regardless of t. As a result, the anthropic factor N(0) → ∞, and we have to conclude that our universe with necessity should have had Λ = 0! [60]

This problematic result can be aggravated further by noting that any universe with a positive cosmological constant eventually turns into a dS universe. When the temperature drops to T_{dS} ∼ Λ^{−1/2} the entropy production ceases to be and the universe enters into what was quite aptly called a cosmic heat death [4]. In other words, a dS universe can only contain a finite number of observers per unit volume, which is quite different from a universe with a zero cosmological constant. Since the functions f_j in (1.1) are nothing but relative fractions of all possible observations, performed in every nook and corner of the multiverse, it immediately follows that the anthropic factor attributed to a universes with Λ > 0 is f_j = 0.

Remark 2. The aforementioned reasoning is somewhat different from the one made in [4]. In fact, their arguments were based on the Copernican Time Principle [16], an assumption that all moments of time in the past, present, and future of our universe should enter our considerations on equal terms. The one adopting the Principle is immediately rewarded by applicability of a self-sampling assumption for all the four-dimensional volume [61]. Now, recalling that the dS universe is itself eternal while the time period in which it can sustain life is finite, it is natural to conclude that probability to find oneself in such a universe is equally zero.

The problem we have stumbled upon leads us to a following question.

It is a prediction of the eternal inflation model that there exist a cosmological multiverse, containing infinite number of copies of every possible observer. What can be said about probabilities of a event in such a multiverse?

Suppose we are conducting an experiment with two possible outcomes A and B. The probabilities for those outcomes are connected by formula P_A P_B = N_A N_B , where N_{A,B} is the amount of A and B outcomes in all the multiverse. The direct calculation of probabilities then becomes an insurmountable task as N_{A,B} → ∞.

Getting over this difficulty requires a procedure for elimination of infinities, i.e. a suitable measure. Some possible candidates have been proposed so far [17]-[27].

For the purpose of illustration let us consider a toy landscape with two types of universes differing by their cosmological constant.

The total number of events has a form: N_{A,B} = N_1 ∫_{tmax} 0 ρ^{(1)}(t)_{A,B} V_{c1}(t)dt+ +N_2 ∫_{tmax} 0 ρ^{(2)}(t)_{A,B} V_{c2}(t)dt,

(2.3)

where ρ^{(1,2)}(t)_{A,B} is the number of A (B) events per fourdimensional unit volume of universe 1 (2). Ratio P_{1,2} = N_{1,2}/(N_1 +N_2) defines the relative abundance of universe 1 or universe 2 in the theory landscape.

In case of a universe with Λ ≠ 0 the comoving volume V_c converges to a finite value thus getting rid of infinities. The integrals in (2.3) ends up being finite and P_A P_B = P_1n^{(1)}_A + P_2n^{(2)}_A

P_1n^{(1)}_B + P_2n^{(2)}_A ,

where n^{1,2}_{A,B} is the number of events in the single vacuum (single universe). From here it becomes obvious that in case of Λ = 0 (the therminal vacuum) these numbers all go to infinity dealing a crushing blow to our calculational endeavour.

In the arguments above we have introduced an a priori probability distribution P̄_Λ, a fraction of universes with a particular value of a cosmological constant. However, a somewhat different approach has been put forward in [7]. According to it, one has instead to utilize an a priori probability distribution P_{Vc} (Λ), characterizing a fraction of (comoving) volume occupied by regions with a given value of Λ. The merit of this approach is that it entirely waives the difficulties with zero cosmological problem. The equivalence of two approaches for Λ ≠ 0 is indisputable and requires no additional comments. As for the case Λ = 0, a simple assumption P̄ (Λ) ≠ 0 makes sure that a fraction of comoving volume, occupied by universes with zero Λ is equal to 1, since a comoving volume for even one such universe is infinitely large. Vice versa, if 0 < P_{Vc} (0) < 1, then P̄ (0) = 0. It is interesting to note, that the case P̄ (Λ) ∼ Λ considered in [11] leads to similar results.

It was an infrared divergence resulting in f = 0 that we have been discussing so far. However, the recent work of Ellis and Smolin [6] provides us with arguments that the positive values of Λ might as well correspond to a zero value of a first multiple in (1.1).

To make it clear, one need to take into account that the landscape consists of an infinite set of discrete vacua, which are nothing but different possible (metastable) ground states of string theory. It was shown in [28] that these vacua include N_+ ∼ 10^{500} flux compactifications which appear compatible with (3 + 1) noncompact dimensions and a positive cosmological constant. On the other hand, estimation of the number of allowed vacua with a negative cosmological constant anthropically results in N_− = ∞ [29], [30]. Using the weak anthropic principle, one get rather a discouraging outcome: the relative probability for an observer to find him/herself in a universe filled with a positive cosmological constant is zero. More precisely, for a given anthropic limit Λ_+ > 0 and for any positive ϵ ≪ Λ_+ we have the probability P (Λ > ϵ) = 0 [6]. This is true because there should be infinitely more universes with negative Λ than universes with strictly positive cosmological terms.

However, it should be remembered that a unverse with negative Λ inevitably reaches a contraction phase that ends up in a final singularity. The total amount of possible observations in such a universe is necessarily bounded and as such can’t compare with the numbers, reached in the unverse with nonexistent (zero) cosmological constant. After the dust settled we are still one-on-one with the infrared divergence problem.

III. EXPLANATION VS. PREDICTION

The challenge of the infrared divergence did not not remain unanswered. The possible solutions, provided by different authors, can be arranged into the following groups:

(1) There exists a physical principle, unknown as yet, imposing the bounds on the function P̄_Λ, so that P̄ = 0 when Λ = 0. For example, it might be that the vacua of nonpositive energy density simply doesn’t exist.

Unfortunately, it can’t be true: as follows from the analysis of Dyson, Kleban, and Susskind [31], the real landscape has to contain vacua with nonpositive cosmological constant. The price for alternative would be a violation of both unitarity and ergodicity. Indeed, the string theory landscape is expected to contain valleys with negative cosmological constant as well as supersymmetric regions with vanishing vacuum energy [32]. The last ones are the seeds of an infrared divergence.

(2) It is possible that the finite lifespan of metastable phases, once included into consideration, might significantly alter our conclusions.

However, the estimates for a typical lifespan τ of metastable vacua, made within a framework of the string theory [32], [33], agree on τ ∼ e^{0.5×10123} years. And even though some models allow to lower this number to e^{1019} or even e^{109} years (the later is predicted by the model containing the KPV instantons [34]), this can hardly be called a satisfactory solution. (2.2) requires from a vacuum with Λ = 0 to be abnormally shortlived compared to all other vacua. However, it has been shown in [33] that de Sitter minima are never stable. After a series of tunneling events they eventually end in a terminal vacua with exactly zero or negative cosmological constant.

(3) The arguments based on the anthropic reasoning might be deficient, requiring some additional assumptions. This possibility will be explored in the next chapter.

In this chapter, however, we will show that the problems uncovered above doesn’t necessarily lead to drastic changes in the anthropic reasoning or the visions of cosmological multiverse. In fact, it appears that in trying to interpret the zero probability for the observable universe most of the cosmologists are making two mistakes at once.

The first mistake is the wrong interpretation of zero probabilities. Suppose a certain event A has a zero probability: p(A) = 0. Does it mean that A cannot happen? The answer is: not necessarily. Those events that cannot happen are called impossible. The probability of an impossible event is zero ad definition, but the opposite is simply not true. The probability to hit a direct center of a target is zero, but is not impossible. The probability to guess number 42 out of all possible real numbers is also zero, but it can happen nevertheless. And, finally, the probability to find ourselves at one particular point in infinitely large universe is also zero, yet we are here!

Getting back to our discussion, we have seen that, according to Ellis and Smolin, an application of the anthropic reasoning to a randomly chosen observer results in a zero probability to find one in the universe with a positive vacuum energy. However, such event cannot be branded as impossible, and as such, the difference between the Ellis and Smolin prediction and the observational, as big as they are, by no means are paradoxical.

Of course, this answer immediately rises another question: isn’t it true then that positiveness of the cosmological constant in observable universe is an assured proof of our atypicality? Because if the answer is yes, we have neither right no any reason to use the anthropic reasoning for any estimates we have used it for!

Fortunately for us, the answer to this question is no. Our seeming atypicality is but an offspring of a second mistake that is sadly characteristic of many articles on the usage of anthropic principle in cosmology. The one very clear and concise explanation of the mistake together with the way to avoid it has been presented in the article by Vilenkin and Garriga [7], which has also provided for a solution of a Hartle an Hawking “human vs. jupiterian” paradox [35]. The goal of this chapter is to show that the reasonings of Vilenkin and Garriga remain applicable even for the outcome whose probability is exactly zero. It is actually easy to prove that the calculations of [7] are still valid for infinite amount of “jupiterians” and, as a consequence, the Vilenkin-Garriga method effectively disposes of the infrared divergence problem. However, such an approach ends up being extremely cumbersome to manage. Instead, we will consider an Ellis and Smolin problem, different from the one of Hartle and Srednicki, and will show that the method of Vilenkin-Garriga does good here as well.

To put it simply, the multiverse allows for two types of conditional probabilities’ calculations. The first one is called the prediction, the second one – explanation. The difference between the probability distribution ascribed to these different types of reasoning stems from the subtle difference existing between the observers employing them. According to Vilenkin and Garriga, only the observers with similar informational content can be assigned to the same equivalence class. Suppose we don’t known the sign and value of Λ and are about to conduct an experiment that will discern them for us. We should understand that there is an infinite number of observers living in the multiverse, who, while not being similar to us, are in the same boat nevertheless and are about to embark on the same astronomical endeavor without knowing what it would yield. Assuming other factors to be insignificant for our intents (we trace over all information not correlated with the outcome of the experiment) we conclude that altogether we belong to class C(Λ =?). For the sake of simplicity, we’ll divide all possible values of Λ into small intervals ΔΛ_i and assume that the universe with Λ ∼ ΔΛ_i contains N_i observers. This implies that the probability of observing ΔΛ_i is proportional to N_i. Next, suppose there exist such a J that N_J ≫ N_i for all i ≠ J. Then the majority of observers would discover that Λ ∼ ΔΛ_J . But claiming that they are the only type of observers possible would just be absurd. After all, for every Λ ∼ ΔΛ_i there is someone observing it!

Next, suppose the same multiversal cosmologists of class C(Λ =?) has calculated a probability to find oneself in a universe with Λ ∼ ΔΛ_0 and it happen to be zero. Since this is not an impossible observation, somebody in a multiverse shall make it. What should be their conclusion then? Should they deduce that the anthropic reasonings and the very idea of the multiverse are plain wrong? No. In order to interpret the observational results via the Bayes theorem the observers would have to take these very results into account, thus, they would have to explain, not predict.

Suppose all members of class C(Λ =?) ponder the two mutually exclusive theories. The first one is the multiverse theory T (M), and it is its prediction that there exist a multitude of universes with various values of vacuum energy Λ. Theory T (S), on the contrary, insists on existence of just one universe having a certain defined Λ_0, with neither sign nor value of Λ_0 known to the observers yet. Every member of the group utilizes his or her information (the lack of it, to be certain) about Λ_0 for calculation of the likelihood measure of T (M) and T (S) by the Bayes formula. Of course, being the members of same group, they will come to exactly similar probabilities: P rob(M) = P r(M) и P rob(S) = P r(S). Let us also assume they all are also aware of the problem of Ellis and Smolin (or their multiversal analogues). Each one of them reasons that validity of theory T (M) implies them existing in a universe with negative Λ with 100% certainty, because, after all, these are the universes predominating the multiverse (compare N_− = ∞ with N_+ < ∞!). Now let us consider one particular astronomer A. The Bayesian probabilities of theories T (M) and T (S) as calculated by A under condition of her existence are P (T (S)|A) = P r(S) 1 + N_− + N_+

, (3.1)

P (T (M)|A) = P r(M)(N_− + N_+) 1 + N_− + N_+

. (3.2)

Taking the limit N_− = ∞ A gets P (T (S)|A) = 0 and P (T (M)|A) = P r(M), which also means that P r(M) ∼ 1. In other words, it seems as if the theory T (M) is a priory correct, no proof required. This, of course, is wrong. The validity has to be checked through the experiment. In order to do it A has to extract the predictions from both theories and compare the results with observations. The predictions regarding the vacuum energy density are also made by the Bayesian formulas:

P (A see Λ > 0|T (M)) =

N_+ N_− + N_+ → 0 at N_− → ∞, (3.3)

P (A see Λ < 0|T (M)) = N_− N_− + N_+ → 1 at N_− → ∞, . (3.4) Thus, it indeed looks like the probability to observe the negative cosmological constant in framework of T (M) theory should be equal to 1. So, it is very easy to understand the embarrassment of A when the test (performed by the multiversal analogues of COBE and

WMAP) shows a seemingly impossible: that Λ = Λ_0 > 0 (cf. (3.3), (3.4)). It would be hard for A to shake a feeling that this result is nothing short of a stab in the back of an anthropic reasoning and theory T (M) – just what Ellis and Smolin claims it to be. Indeed, taking the limit N_− → ∞, A arrives to formulas

P (A see Λ_0 > 0|T (M)) = (N_− + N_+)^{−1} → 0,

P (A see Λ_0 > 0|T (S)) = 1,

(3.5)

and with the sad heart concludes that T (S) is valid, and T (M) is not.

But A is wrong. The knowledge of Λ changes the Bayesian formulas. The validity of T (M) should now be calculated as:

P (T (M)|A; A see Λ_0) = P (T (M)|A)P_M P (T (M)|A)P_M + P (T (S)|A)P_S , P_M = P (A see Λ_0|T (M)), P_S = P (A see Λ_0|T (S)). (3.6) Substituting (3.5), (3.1) and (3.2) into (3.6) results in

P (T (M)|A; A see Λ_0) = P r(M) P r(M) + P r(S) (3.7) and P (T (S)|A; A see Λ_0) = P r(S) P r(M) + P r(S) . (3.8)

Therefore, the conditional probabilities for theories T (M) and T (S), as should be estimated by A after the measurements of Λ will be proportional to initial validity estimates P r(M) and P r(S):

P (T (M)|A; A see Λ_0) + P (T (S)|A; A see Λ_0) = 1, (3.9)

P (T (M)|A; A see Λ_0) P (T (S)|A; A see Λ_0) = P r(M) P r(S) , (3.10)

in exact correspondence with [7].

IV. EXPONENTIAL RUNAWAY MEASURE AND DOOMSDAY ARGUMENT VS. THE INFRARED DIVERGENCE

The main intention behind the derivations of the previous chapter was an a priori eradication of the infrared divergence problem. Unfortunately, the method has its flaws. The most troublesome one is the fact that by resorting to such a method we leave, immediately and quite voluntarily, the field of falsifiable hypotheses, – i.e. the multiverse hypothesis appears to be virtually unrefutable! – and this is most definitely not a kind of outcome one can feel comfortable about. Moreover, by accepting the explanatory limitations of the anthropic reasoning, we are losing the most powerful tool in the store of any physicist: the generation of viable predictions fully testable via the experimental means. To sum it all up, the choice before us is quite clear. If we are not put off by the aforementioned limitations and are ready to accept them, we would be able to terminate the infrared divergence problem. If we are not, we’d have to invent something else.

In our opinion, in order to set the anthropic predictions right one should take a second look on the Bayes probabilities. The article [7] has made it very clear that the meaningful probabilistic estimates are strongly connected to both the informational content and the indexical information of the observers. Two observers with identical observational data but different indexical information would come to completely different probabilistic estimates for the similar events. From this point of view, it is rational to assume that the occurrence of zero probabilities is but an artifact of our inability to account for an indexical information. Of course, we have no widely accepted criterions allowing us to make a best pick of different approaches to such a task, but then again, would it not be reasonable to choose exactly those eradicating the infrared divergence?.. And, once such a method would be found, one could start working on its justification via the indexical information, and not the other way around. This type of reasoning may seem somewhat speculative, but it appears to be rather promising. After all, it is not entirely new. The similar argument has been introduced before as an attempt to annulate the Boltzmann brain’s domination problem [36] by restricting the attention only to those cosmological measures that don’t allow for dominance of Boltzmann brains over the classical ordered observers [37] – [40].

So, how should the probabilities be calculated? According to our hypothesis, the probability to find oneself in a universe with a given value of Λ should include a conditional probability to perform an M_0’s observation, where the observations are being calculated for the whole duration of the universe’s existence, i.e. for 13.7 Gyr. The quantity M_0 is not explicitly known, of course, but it can be estimated by knowing a contemporary increment of the matter’s entropy ΔS_0 corresponding to a single observation [5]. In this context, the Bayes formula changes from (1.1) to:

P (Λ|ΔS_0) ∼ P̄ (Λ)P (ΔS_0|Λ), (4.1)

where P (ΔS_0|Λ) is the conditional probability of observation yielding a given cosmological value, expressed as an entropy increment.

Remark 3. An alternative way of defining M_0 would be counting all stars inside of a Hubble volume with regards to to their birth time, and assigning M_0 to the Sun’s corresponding number. However, the “entropy” definition is still preferable as the one explicitly related to a number of observation conveyed.

The (4.1) is intimately connected to the famous Doomsday Argument [41] – [44]. The validity of this argument has been a subject of many fierce discussions. Some researchers provide the sharp criticism of the Doomsday Argument (cf. [45], [46]), while others strongly argue in its defense (cf. [47], [48]). In fact, the authors of this very article are also split in their opinions regarding the Argument [62]. However, within the context of this article we’ll accept it so it would be possible to apply (4.1) for calculating the probability of observing a given value of cosmological constant.

The first important thing would be defining an a priori distribution P̄ (Λ). For this purpose we’ll make use of the singular weighting function ω(Λ), recently studied by Linde and Vanchurin [9]. This function leads to the exponentially strong runaway regimes (e.g. the Q-catastrophe [49]) and can be chosen in a number of different fashions, say, as the Hawking measure ω_H (Λ) ∼ exp(24π^2/Λ) [50] or as the double exponential expression in baby universe theory ω_{BU} (Λ) ∼ exp(ω_H (Λ)) [51]. However, the best choice for our purposes would be the weighting function, obtained by counting the observable universes [52]:

ω(Λ) ∼ exp ( H^{3/2}_I |Λ|^{3/4} ) , (4.2)

where H_I accounts for the Hubble constant at the end of the slow-roll inflation. We’d like to point out that this quantity is actually the estimate of the maximal number of different locally distinguishable classical geometries.

Granted, all these measures contain an essential singularity at Λ = 0 and are subject to infrared divergence to even greater extent then the “regular” measures (cf. [9]). Despite this, such “pathological” measures might actually be of great interest to cosmologists, because, being combined with the string theory they might potentially lead to isolation of a single vacuum state [9]! Bearing this prospect in mind Linde and Vanchurin hypothesized that the allowed values of Λ form a discrete spectrum that does not include point Λ = 0. If this assumption is correct, any of the three aforementioned measures can be used for calculation of the average values. Unfortunately, no real reasons for exclusion of Λ = 0 (besides the obvious fact that the observable Λ IS positive) has been so far presented. Thus, in our further considerations we’ll utilize the distribution (4.2) for the role of P̄ (Λ) in (4.1) but will consider Λ going through a continuous spectrum of values that also includes the point Λ = 0. Then the probability:

P (Λ_1 < Λ < Λ_2|ΔS_0) =

∫_{Λ2}

Λ_1 ω(Λ)P (ΔS0|Λ)dΛ ∫_{Λmax} Λ_{min} ω(Λ)P (ΔS0|Λ)dΛ , (4.3) where the interval Λ_{min} < Λ < Λ_{max} defines the anthropic bounds: Λ_{max} is an upper Weinberg limit and Λ_{min} = −ρ_{M0} , where ρ_{M0} ∼ (10^{−3} eV)^4 is the present density of matter.

Next, we shall figure out what P (ΔS_0|Λ) should look like. As follows from [4], the dS universe allows for just a finite number of observations, since at temperature T_{dS} ∼ Λ^{−1/2} the entropy production ceases and the entropy level stabilizes at S_{dS} (Λ) = 24π^2/Λ. Next, since the observer might exist in any of ω(Λ) universes with a given Λ, the total entropy of multiverse should be accounted for by taking a product of S_{dS} (Λ) and ω(Λ). By the Copernican Time Principle no preference to any moment of time should exist, hence P (ΔS_0|Λ) = ΔS_0/(ω(Λ)S_{dS}(Λ)), i.e. the fraction of the matter’s entropy produced by observers of a particular universe to the total entropy amassed within the Multiverse by the universes with the particular Λ. Substituting it into (4.3) and taking the integrals one gets:

P (Λ_1 < Λ < Λ_2|ΔS_0) =

Λ^2 − Λ^2_1 Λ^2_{max} − Λ^2_{min}

. (4.4)

If one assumes that Λ_2 − Λ_1 = δΛ ≪ Λ1, 2 and that δΛ is fixed, one will find it very useful to utilize the probability P_{δΛ}(Λ > Λ_1) with a fixed value Λ_1. For two different values Λ_1 and Λ_2 there exist a relationship:

P_{δΛ}(Λ > Λ_1) P_{δΛ}(Λ > Λ_2) = Λ_1 Λ_2 , in other words, we end up with a classical distribution P_{δΛ}(Λ > Λ_1) ∼ Λ and with the probability density ρ_{δΛ}(Λ > Λ_1) = const. This quantity, (naively) used as an a priory distribution, leads to all the well-known results, including the well-fitting predictions regarding the observable value of cosmological constant, free from the infrared divergence problem.

V. CONCLUSION

The Λ problem has seen a lot of attention recently, including the exotic views based on the alternative cosmological models like the cosmologies with the variable speeds of light [2] and brane world models [1] (considerations of the last case made possible via construction of exact solutions having small cosmological constants, performed with the aid of Darboux transformations [1], [54]). However, in this article we develop what can be called an “anthropic approach” instead. The article contains two main results:

A. It is shown that the zero probabilities pose no threat to the multiverse models provided one uses not a “predictory” but “explanatory” Bayes formulas.

B. It is shown that the infrared divergence problem is avoidable in the scheme, utilizing the following ingredients:

1. The probabilities are calculated according to the Doomsday Argument algorithm;

2. The a priori probabilities are defined via the exponential runaway Linde-Vanchurin measure (the singular weighting function).

3. The total entropy of the multiverse should be necessarily accounted for.

We’d like to conclude with two important remarks. First, the Doomsday algorithm should only be incorporated into the estimations of the cosmological constant value, since it is this quantity that defines the total entropy and is directly connected to the process of observation. For other parameters the algorithm of [9] should be used. In other words, the suggested method doesn’t corrupt the main idea of Linde and Vanchurin and allows to (i) dissolve the infrared divergence problem and (ii) validate the well-known effective distributions, that works so well for estimation of predicted Λ. Second, we have utilized the Doomsday Argument which itself is quite controversial in the eyes of many scientists. For this article we did not intend to start a discussion regarding all the “pros” and “cons” of the argument, but have merely made use of it as a method, that ends up extremely helpful in the cosmological measure theory and whose faultiness (if it exists) has not been proven (yet?). This, of course, doesn’t mean that the Doomsday Argument IS correct. It merely means that if in the future the Doomsday Argument would be substantiated with high certainty, the phenomenological results of this article would acquire a very strong backup, and so would be the singular distributions of Linde-Vanchurin.

VI. APPENDIX. BEHIND THE SHADOW OF COSMOLOGICAL CONSTANT

The underlying assumption behind every calculation made in this article was that the peculiar behaviour of observable universe is a direct manifestation of a non-zero vacuum energy. While this assumption is accepted by a majority of cosmologists, it is nevertheless possible that the real explanation hides in a different venue of thought. Among the different – and quite exotic – hypotheses regarding this matter, there is a rather unusual one we believe to be of particular interest. To be precise, it has been suggested in articles [55], [56] that the observable cosmological effects might be attributed to a very specific dynamics of the universe, showing up on our readings as an “effective” Λ, while in fact there might be no “real” Λ involved at all.

For example, it is a known fact that some models of modified gravity may mimic the universe with (multiple, as a matter of fact) cosmological constants (cf. [57]). In [55] the general scheme for modified f(R)-gravity reconstruction from any realistic FRW cosmology has been formulated, thus allowing to formulate several versions of modified gravity where the following sequence of cosmological epochs occurs: matter dominated phase (with or without usual matter), transition from decceleration to acceleration, accelerating epoch consistent with recent WMAP data, FCDM cosmology without cosmological constant. Such models can be viewed as some evidence in favor of f(R)-gravity.

Quite different approach is given in [56]. Its idea goes like this. First we are reminded that the standard Einstein-Friedman equations for a flat universe might be rewritten as:

ρ(t) = 3H(t)^2 κ^2 , p(t) = − 3H(t)^2 + 2H^′(t) κ^2

, (6.1)

where p and ρ are pressure and density, κ^2 = 8πG and H(t) is the Hubble constant H(t) = ȧ/a. This system of differential equations is open and requires some additional conditions to be solved successfully. Usually the role of such a condition is played by an equation of state, establishing the relationship between the ρ and p. However, as follows from 6.1, it is possible to define them independently, provided one knows the exact form of function H(t). As an additional bonus, we can immediately see that for any t_0 such that H^′(t_0) = (dH/dt)_{t=t0} = 0 we get the relationship:

p(t_0) = −ρ(t_0),

which is characteristic of a universe filled with the vacuum energy. In essence, the observer watching the skies at t = t_0 will be forced to conclude that his universe contains the nonzero cosmological constant Λ = 3H^2(t_0).

Of course, there is no reason for a function H^′(t) to have a single zero. Instead, it might contain a formidable array of zeroes, each one of them corresponding to a particular moment of time and to different observable values of “vacuum energy”. We have therefore arrived to a classical analogue of a “landscape”, where different spacetime regions of a universe correspond to different values of “cosmological constant”.

Among those space-time patches there exist a few with dynamics being critically similar to the one existing in the de Sitter universe. But what should be the probability to observe such a dynamics? The answer would depend on the given form of function H(t). For example, for H(t) = g(h(t) − sin h(t)), with g and h being some differentiable functions, its derivative turns to zero at t = t_n, with h(t_n) = 2πn and n ∈ Z. The effective vacuum energy therefore takes the values Λ = 3(g(2πn))^2. Furthermore, the dynamics is close to a de Sitter one in the δt_n neighbourhood of t = t_n if the following relationship is satisfied: | | | | 2Ḣ 3H^2 | | | | = | | | 2g^′(h(t) − sin h(t))(1 − cosh(t))h^′(t) 3(g(h(t) − sin h(t))^2) | | | ≪ 1. (6.2) Now, the fact that we do observe such a dynamics in contemporary universe clearly leads to certain restrictions imposed on functions g(t), h(t). The most promising choice of function h(t) appears to be a function possessing a horizontal asymptote. For example, function h(t) = 2πN tanh(ωt), where ω is an arbitrary constant, approaches 2πN as t → 0, which means that the later stages of the universe’s dynamics would be associated with an effective vacuum energy Λ = 3g^2(2πN) (which can actually be equal to zero – hence, the smallness of the “observable” cosmological constant!). Moreover, the monotonicity of chosen h(t) implies that for N > 1 there shall exist at least N −1 more zeroes of function H(t) that correspond to effective vacuum energies Λ = 3g^2(2πn), n < N. Therefore, we have a cosmic “landscape” with a plethora of various values of observable “cosmological constants”.

Of course, the question one shall ask here is whether there exist a criterion for the functions like g, allowing to derive them instead of simply contriving. This problem might be somewhat simplified if one takes into account a scalar field; the problem of choice of function H(t) then reduces to a problem of appropriate scalar field potential.

[1] A.V. Yurov, V.A. Yurov. ”The nonsingular brane solutions via the Darboux transformation”, Physical Reviews D72 (2005) 026003.

[2] A.V. Yurov, V.A. Yurov. ”Quantum Creation of a Universe with varying speed of light: Λ-problem and Instantons”. The Problems of Modern Cosmology: a volume in honour of Prof. S.D. Odintsov. ISBN 978-5- 89428-313-5. Tomsk State Pedag. Univ. Press, 345-354 (2009).

[3] S. Weinberg, "Anthropic bound on the cosmological constant", Phys. Rev. Lett. 59 (1987) 2067.

[4] L. Mersini-Houghton and F. C. Adams, “Limitations of anthropic predictions for the cosmological constant: Cosmic Heat Death of Anthropic Observers,” Class. Quant. Grav. 25 (2008) 165002, arXiv:0810.4914.

[5] R. Bousso, R. Harnik, G. D. Kribs, and G. Perez, "Predicting the cosmological constant from the causal entropic principle", Phys. Rev. D76 (2007) 043513, hep-th/0702115.

[6] George Ellis and Lee Smolin, The weak anthropic principle and the landscape of string theory, hepth/0901.2414v1 [7] J. Garriga and A. Vilenkin, "Prediction and Explanation in the multiverse", Phys. Rev. D77 (2008) 043526, hepth/0711.2559v3.

[8] N. Bostrom, Erkenntnis, 52, 93 (2000).

[9] A. Linde and V. Vanchurin, "Towards a nonanthropic solution to the cosmological constant problem [arXiv:1011.0119 [hep-th]].

[10] R. Bousso and B. Freivogel,"Probabilities in the landscape: The decay of nearly flat space Phys. Rev. D 74, 046008 (2006). [arXiv: hep-th/0603105].

[11] R. Bousso and S. Leichenauer, "Prediction from Star Formation in the Multiverse", hep-th/0907.4917v1 (2009).

[12] R. Bousso and S. Leichenauer, "Star formation in the multiverse", Phys. Rev. D79 (2009) 063506, astroph/0810.3044.

[13] L. Hernquist and V. Springel, "An analytical model for the history of cosmic star formation", Mon. Not. Roy. Astron. Soc. 341 (2003) 1253, astro-ph/0209183.

[14] K. Nagamine, J. P. Ostriker, M. Fukugita and R. Cen, "The History of Cosmological Star Formation: Three Independent Approaches and a Critical Test Using the Extragalactic Background Light", Astrophys. J. 653 (2006) 881, astro-ph/0603257.

[15] A. M. Hopkins and J. F. Beacom, "On the normalisation of the cosmic star formation history", Astrophys. J. 651 (2006) 142, astro-ph/0601463.

[16] F. C. Adams and G. Laughlin, Rev. Mod. Phys. 69, 337 (1997).

[17] R. Bousso and I.-S. Yang, "Global-Local Duality in Eternal Inflation", Phys. Rev. D80 (2009) 124024, hepth/0904.2386.

[18] R. Bousso, B. Freivogel, S. Leichenauer and V.

Rosenhaus, "Boundary deаnition of a multiverse measure", hep-th/1005.2783.

[19] J. Garriga and A. Vilenkin, "Anthropic prediction for Lambda and the Q catastrophe", Prog. Theor. Phys. Suppl. 163 (2006) 245, hep-th/0508005.

[20] L. Pogosian and A. Vilenkin, "Anthropic predictions for vacuum energy and neutrino masses in the light of WMAP-3", JCAP 0701 (2007) 025, astro-ph/0611573. z [21] D. Schwartz-Perlov and A. Vilenkin, "Probabilities in the Bousso-Polchinski multiverse", JCAP 0606 (2006) 010, hep-th/0601162.

[22] K. D. Olum and D. Schwartz-Perlov, "Anthropic prediction in a large toy landscape", hep-th/0705.2562.

[23] D. Schwartz-Perlov, "Anthropic prediction for a large multi-jump landscape", JCAP 0810 (2008) 009, hepth/0805.3549.

[24] D. N. Page, "Return of the Boltzmann brains", hep-th/0611158.

[25] A. De Simone, A. H. Guth, M. P. Salem, and A. Vilenkin, "Predicting the cosmological constant with the scalefactor cutoff measure", hep-th/0805.2173.

[26] R. Bousso, B. Freivogel, and I.-S. Yang, "Properties of the scale factor measure", hep-th/0808.3770.

[27] D. N. Page, "The Born rule dies", hep-th/0903.4888v2. [28] S Kachru, R Kallosh, A Linde and S Trivedi, Phys. Rev.

D68 (2003) 046005.

[29] O DeWolfe, A Giryavets, S Kachru and W Taylor.

"Type IIA Moduli Stabilization". arXiv: hep-th/0505160 (2005).

[30] J Shelton, W Taylor, and B Wecht, "Generalized Flux Vacua". arXiv: hepth/ 0607015 (2006).

[31] L. Dyson, M. Kleban and L. Susskind, "Disturbing implications of a cosmological constant JHEP 0210, 011 (2002). [arXiv:hep-th/0208013].

[32] S. Kachru, R. Kallosh, A. Linde and S. P. Trivedi, "De Sitter vacua in string theory Phys. Rev. D 68, 046005 (2003). [arXiv: hep-th/0301240].

[33] N. Goheer, M. Kleban, L. Susskind, "The Trouble with de Sitter Space", JHEP 07 (2003) 056, hep-th/0212209.

[34] S. Kachru, J. Pearson, H. Verlinde, "Brane/Flux Annihilation and the String Dual of a Non- Supersymmetric Field Theory", JHEP 06 (2002) 021, hep-th/0112197.

[35] James B. Hartle and Mark Srednicki. Are we typical?

Phys.Rev. D75 (2007) 123523, arXiv:0704.2630 [hep-th]. [36] Don N. Page, ”The lifetime of the universe”, J. Korean Phys. Soc. 49, 711-714 (2006) [arXiv:hep-th/0510003] [37] Andrea De Simone, Alan H. Guth, Andrei Linde, Mahdiyar Noorbala, Michael P. Salem, Alexander Vilenkin. Boltzmann brains and the scale-factor cutoff measure of the multiverse, arXiv:0808.3778 [hep-th].

[38] Andrei Linde. Sinks in the Landscape, Boltzmann Brains, and the Cosmological Constant Problem. JCAP0701:022 (2007) [hep-th/0611043].

[39] Alexander Vilenkin. Freak observers and the measure of the multiverse. JHEP0701:092 (2007) [hep-th/0611271].

[40] Raphael Bousso, Ben Freivogel, I-Sheng Yang.

Boltzmann babies in the proper time measure. Phys.Rev.D77 (2008) 103514, arXiv:0712.3324 [hepth].

[41] Brandon Carter. The anthropic principle and its implications for biological evolution. Philosophical Transactions of the Royal Society of London, A310:347- 363, 1983.

[42] John Leslie. Risking the world’s end. Bulletin of the Canadian Nuclear Society, May 1989:10-15.

[43] John Leslie. The end of the world: The Science and Ethics of Human Extinction. Routledge, London, New York, 1996.

[44] J. Richard Gott, III. Implications of the copernican principle for our future prospects. Nature, 363:315-319, 1993.

[45] Ken D. Olum. The doomsday argument and the number of possible observers, Phil.Q. 52, 164, 2002 [gr-qc/0009081].

[46] K. Korb and J. Oliver. 1998: A Refutation of the Doomsday Argument, Mind, Vol. 107, No. 426, pp. 403- 410, 1998.

[47] Nick Bostrom. The Doomsday Argument is Alive and Kicking, Mind, Vol.108, No.431, pp. 539-550, 1999.

[48] Nick Bostrom and Milan Cirkovic. The Doomsday argument and the Self-Indication Assumption: Reply to Olum. Philosophical Quarterly, Vol. 53, No. 210, pp. 83- 91 [49] J. Garriga and A. Vilenkin, ”Anthropic prediction for Lambda and the Q catastrophe”, Prog. Theor. Phys.

Suppl. 163, 245 (2006). [hep-th/0508005].

[50] S. W. Hawking, ”The Cosmological Constant Is Probably Zero,” Phys. Lett. B 134, 403 (1984).

[51] S. R. Coleman, ”Why There Is Nothing Rather Than Something: A Theory of the Cosmological Constant”, Nucl. Phys. B 310, 643 (1988).

[52] A. Linde and V. Vanchurin, ”How many universes are in the multiverse?”, Phys. Rev. D81, 083525 (2010). [arXiv:0910.1589 [hep-th]].

[53] John D. Barrow, Sigbjorn Hervik, “Indefinite Information Processing in Ever-expanding Universes”, Phys.Lett. B566 (2003) 1-7, arXiv:gr-qc/0302076.

[54] A.V. Yurov. ”BLP dissipative structures in plane”, Physics Letters A 262 (1999) 445-452 [nlin/0507039].

[55] Shin’ichi Nojiri, Sergei D. Odintsov. ”Modified f(R) gravity consistent with realistic cosmology: from matter dominated epoch to dark energy universe”, Phys.Rev.D74 (2006) 086005, hep-th/0608008.

[56] Shin‘ichi Nojiri, Sergey D. Odintsov, "Multiple Lambda cosmology: dark fluid with time-dependent equation of state as classical analog of cosmological landscape Phys. Lett. B649: 440-444 (2007).

[57] Shin’ichi Nojiri, Sergei D. Odintsov, "Unified cosmic history in modified gravity: from F(R) theory to Lorentz non-invariant models [arXiv: 1011.0544 [gr-qc]].

[58] This prediction has been known even before the advent of the aforementioned method - cf. for example, [53].

[59] The argument in question has seen a lot of criticism, but no proof of its fallibility has been found so far.

[60] Some cosmologists prefer to talk not about Λ = 0 itself, as such a supersymmetric vacua might significantly alter a chemistry in the universe, substituting the electrons with the selectrons and deeming the life impossible. Instead, they refer to the infinitesimally close neighbourhood of value Λ = 0, whose members, taken together, serves the role of the “most occupied slice of multiverse”. Since we quite evidently do not belong there, the problem remains.

[61] The Principle will be closely considered in the fourth chapter.

[62] Two of us – AY and VY tend to consider it correct, while AA regards it as “probably wrong”.