arXiv:1102.0560v4 [astro-ph.CO] 18 Jul 2011

2 February 2011

Inflationary Correlation Functions without Infrared Divergences

Mischa Gerstenlauer^{†1} , Arthur Hebecker^{†2} , Gianmassimo Tasinato^{†⋆3}

† Institut für Theoretische Physik, Universität Heidelberg, Philosophenweg 19, 69120 Heidelberg, Germany

⋆ Institute of Cosmology and Gravitation, University of Portsmouth, Dennis Sciama Building, Portsmouth, PO1 3FX, UK

Abstract

Inflationary correlation functions are potentially affected by infrared divergences. For example, the two-point correlator of curvature perturbation at momentum k receives corrections ∼ ln(kL), where L is the size of the region in which the measurement is performed. We define infrared-safe correlation functions which have no sensitivity to the size L of the box used for the observation. The conventional correlators with their familiar log-enhanced corrections (both from scalar and tensor long-wavelength modes) are easily recovered from our IR-safe correlation functions. Among other examples, we illustrate this by calculating the corrections to the non-Gaussianity parameter f_{NL} coming from long-wavelength tensor modes. In our approach, the IR corrections automatically emerge in a resummed, all-orders form. For the scalar corrections, the resulting all-orders expression can be evaluated explicitly.

1 Introduction

Infrared divergences associated with the inflationary power spectrum are a long-standing issue [1–6] which has more recently received a lot of attention following [7, 8]. Our focus is on divergences which directly affect the power spectrum. According to [9] such divergences are cut off by the size L of the observed patch of the late universe. We are going to develop and generalize the analyses of [10, 11] (see also [12]). This approach emphasizes the way in which long-wavelength perturbations do (or do not) influence locally measured inflationary spectra. It may be related to earlier proposals of [13,14] and is clearly in line with at least part of the subsequent discussion in [15].

Infrared divergences explicitly arise in loop corrections to inflationary observables (using e.g. the in-in formalism) or through the nonlinear dependence of curvature perturbation on fluctuations of an underlying scalar field (e.g. in the δN approach). The vast amount of literature on the subject (see e.g. [16–40]) has recently been reviewed in [41]. More or less by definition, IR divergences are due to modes which have a much longer wavelength than the characteristic scale of the problem under consideration. Focussing on

1E-mail: m.gerstenlauer@thphys.uni-heidelberg.de 2E-mail: a.hebecker@thphys.uni-heidelberg.de 3E-mail: gianmassimo.tasinato@port.ac.uk

correlation functions, it is then clear that such IR modes left the horizon earlier than the modes which are directly accessed via the correlation function at a given scale. Hence a generic effect of these IR modes is a modification of the background in which other modes propagate and are eventually observed.

Much debate has been raised on how to interpret such IR divergences. At least in the case of single-field slow-roll inflation, it is now widely accepted that log-divergent integrals over soft modes have to be cut off at a k_{min} ∼ 1/L, where L is the typical size of the ‘box’ in which the observer measures some correlator at momentum k ≫ 1/L [9] (see also [42–45]). It is thus more appropriate to talk about a log-enhancement rather than a log-divergence. The suggestion that long-wavelength modes can be absorbed in the background and hence do not affect the correlator at momentum k has been put forward long ago [46–51]. In this sense, the absence of IR divergences in situations where L is not much larger than k may have been apparent to many authors even before Lyth’s paper [9] of 2007.

We note that backreaction of long-wavelength modes in quasi-de Sitter space-times has been considered also in other contexts [48–60], most notably in attempts to compensate the cosmological constant or to explain the current accelerated expansion of the Universe. We have nothing to say concerning these topics and refer the reader to [41] for a more extensive compilation of the relevant literature.

In this paper, we analyse IR effects associated with the backreaction of long-wavelength scalar and tensor modes in inflationary backgrounds, in the spirit of [10, 11]. This approach is related to the consistency relations [61–63]. Developing and generalizing a suggestion made in [11] (see also [15]), we propose an IR-safe definition of correlation functions involving curvature fluctuations. In doing so, we remove any sensitivity to modes that have a much longer wavelength than the scale at which the correlator is probed. The essential idea is to make use of the proper invariant distance on the reheating surface, where the curvature perturbation is evaluated. Considering two points on this surface, the dependence of the (physical) invariant distance on the coordinate vector, corresponding to the separation of the two points, is affected by long-wavelength contributions from geometrical quantities, namely the curvature and tensor perturbations. The misidentification of the distance due to long-wavelength modes is precisely the origin of IR effects. Consequently, by using the proper invariant distance, it is possible to construct n-point functions for the curvature perturbation that are free from the effect of long-wavelength modes and, hence, free from IR divergences associated with these contributions.

We show how to relate n-point functions, calculated in terms of the invariant distance, to the conventionally defined n-point functions. This allows us to provide closed expressions for the latter that manifestly exhibit the dependence on long-wavelength modes. As a consequence, in our approach the IR corrections to n-point functions automatically emerge in a resummed, all-orders form. When expanded at leading order in terms of long-wavelength modes, we recover the familiar log-enhanced, IR sensitive contributions. We apply our approach to the analysis of the two- and three-point functions for the curvature perturbation in slow-roll, single field inflation. The leading IR corrections to the power spectrum appear as log-enhanced contributions, multiplied by the power spectrum and second order slow-roll parameters. Furthermore, our resummed, all-orders expression allows us to evaluate IR corrections in a non-perturbative way by using statistical properties of the integrated long-wavelength fluctuation. We apply this framework to specific inflationary set-ups, obtaining a complete expression that includes all contributions of scalar long-wavelength modes to the power spectrum. Regarding the bispectrum, we derive the complete expression for longwavelength scalar and tensor contributions to f_{NL}. We then expand the result at leading order in slow-roll, showing that tensor modes dominate the slow-roll expansion and provide the leading log-enhanced contributions to non-Gaussianity. Contrary to the power spectrum, we find that the leading order correction to f_{NL} is suppressed only by first order slow-roll parameters.

We also show that, in all cases where the δN-formalism is applicable, our results can be equivalently obtained in terms of a suitable generalization of the δN-formalism, extending the discussion of [11]. In the present work, we include the effects of graviton long-wavelength modes, and we explain how to calculate IR contributions to arbitrary n-point functions involving curvature perturbations.

Log-enhanced contributions to inflationary observables, both in the in-in formalism and in the δNformalism, have received much attention over the past few years. In the case of the δN-formalism, they have been associated with infrared divergences of the so called C-loops, and have been calculated mostly in terms of a diagrammatic expansion [43, 64–66]. Although our approach is related, it is conceptually and technically different. We derive IR contributions directly from geometrical quantities. These corrections appear automatically in a resummed, all-orders form and do not need any diagrammatic expansion. Following arguments given in [10], the presented derivation of IR effects from the geometry of the reheating surface matches IR contributions due to quantum loop effects of long-wavelength modes calculated à la Weinberg [7, 8], although a direct comparison is beyond the scope of the present paper.

The paper is organized as follows: In sec. 2, we present the definition of IR-safe correlation functions and we show the emergence of IR corrections in a resummed, all-orders form by relating conventional correlation functions to their IR-safe equivalents. Furthermore, we show for scalars how this expression can be evaluated explicitly. In sec. 3, we give an alternative approach in single field, slow-roll inflation in the language of the δN-formalism. In sec. 4 and sec. 5, we apply our results to the power spectrum and to the non-Gaussianity parameter f_{NL}, respectively. We draw our conclusions in sec. 6.

2 Geometry of the reheating surface

In this section we provide a physical interpretation for the appearance of log-enhanced correction to inflationary correlation functions, developing and generalizing [10, 11]. We start from the assumption that the reheating surface (or any other surface of constant energy density after the end of inflation), viewed as a metric manifold, represents in principle a physical observable. Neglecting vector modes, the metric of this surface can be written as ds^2_3 = e^{2ζ(⃗x)} ( e^{γ(⃗x)} ) ij dx^idx^j . (1) We choose a gauge where the symmetric matrix γ is traceless and ∂_iγ_{ij} = 0. Of course, ζ is accessible only indirectly, e.g. via δT/T of the CMB radiation, but for the present paper we simply assume that this does not limit its observability. Considering, for example, single field slow-roll inflation, the expressions for ζ and γ_{ij} (in momentum space) read [67] ζ(⃗q) = N_ϕ(q) H(q) √ 2q^3 a_{⃗q} γ_{ij}(⃗q) = ∑ s=+,× H(q) √ q^3 ϵ^s_{ij}(⃗q) b^s_{⃗q} . (2)

These quantities are conserved on superhorizon scales [61, 68, 69]. In the equations above, a_{⃗q} and b^s_{⃗q} are normalized Gaussian random variables and s is the helicity index for gravitational waves. The polarization tensors ϵ^s_{ij} are chosen to satisfy the transversality and tracelessness conditions, as well as an orthogonality relation^4. Furthermore, N_ϕ(q) = V/(dV/dϕ) and H(q) = √ V (ϕ)/3 with both quantities evaluated at the time of horizon exit of the mode q.

Although, for definiteness, we focus on slow-roll inflation, the particular expressions for ζ and γ_{ij} given above are not essential for the formalism presented in this section. Consequently, our arguments are largely independent of the specific inflationary set-up under consideration. Important consequences for the n-point functions can be derived just from the geometry of the reheating surface specified above. Focussing on corrections to the curvature perturbation ζ, we start by discussing the power spectrum and then generalize to spectra of n-point functions, for arbitrary n.

4We use conventions such that the Fourier transform reads ζ(⃗x) = ∫_{d3k} (2π)3 e i⃗k⃗xζ(⃗k) . The Gaussian random variables a ⃗k and b^s_{⃗k} have zero mean and variance ⟨ a_{⃗k} a_{⃗p} ⟩ = (2π)^3 δ^{(3)}(⃗k + ⃗p) and ⟨ b^s_{⃗k} b^{s′}_{⃗p} ⟩ = (2π)^3 δ^{(3)}(⃗k + ⃗p) δ^{ss′} . The polarization tensor for gravitational waves satisfies ϵ^s_{ii}(⃗k) = 0 = kiϵ^s_{ij} (⃗k) and the orthogonality relation ∑ ij ϵ^s_{ij} (⃗k) ϵ^{s′}_{ij} (−⃗k) = 2δ_{ss}′ .

2.1 The power spectrum

Using its definition, ⟨ ζ_{⃗k} ζ_{⃗p} ⟩ = (2π)^3δ^{(3)}(⃗k + ⃗p) 2π^2 P_ζ (k)/k^3, the power spectrum can be written as the Fourier transform of the correlation function in real space:

P_ζ (k) = k^3 2π^2 ∫ d^3y e^{−i⃗k⃗y} ⟨ ζ(⃗x) ζ(⃗x + ⃗y) ⟩ . (3) Since we want to interpret this formula as a practical prescription for the measurement of the power spectrum, we do not view ⟨· · · ⟩ as an abstract ensemble average. Instead, the averaging is over pairs of points separated by a coordinate-vector ⃗y within a certain part of the reheating surface. In other words, we are averaging over the location ⃗x of such pairs. This prescription clearly relies on a certain parameterization of the reheating surface and is hence gauge dependent. Nevertheless, given the gauge choice made earlier, the resulting P_ζ (k) is a well-defined observable.

An observer is not able to probe the whole inflationary region. We assume that the observable patch is a box of volume L^3 to which the ⃗x-averaging is restricted. While this may not be immediately apparent from (3), the power spectrum measured by a given observer depends on the box-size L. Qualitatively, this can be seen as follows:

Focus on a certain momentum k. Due to the Fourier transform, the power spectrum at this k is determined by the behavior of the ⟨ ζ(⃗x) ζ(⃗x+⃗y) ⟩ as a function of y in the region y ∼ 1/k (here y = √ δ_{ij} y^iy^j is the length of ⃗y). However, at different ⃗x the same value of y may correspond to different physical (invariant) distances between points ⃗x and ⃗x + ⃗y at which ζ(⃗x) and ζ(⃗x + ⃗y) are evaluated. The reason for this is the long-wavelength background ζ̄(⃗x) = ∫ L^{−1}< q ≪k d^3q (2π)^3 e^{i⃗q⃗x} ζ(⃗q) γ̄_{ij} (⃗x) = ∫ L^{−1}< q ≪k d^3q (2π)^3 e^{i⃗q⃗x} γ_{ij}(⃗q) , (4)

which varies significantly as ⃗x varies over a box of (sufficiently large) size L. Indeed, the physical distance between the points ⃗x and ⃗x + ⃗y appearing in the average is given by z^2 = e^{2ζ̄} (e^{γ̄} )_{ij} y^iy^j. Moreover, this mismatch between y and the true distance z grows with L. This effect is at least one of the origins of the familiar IR-problems of inflationary correlation functions. At leading order, IR-problems originate precisely from this effect.

To be more precise, we somewhat jump ahead and note that ⟨ζ̄^2⟩ ∼ (N_ϕH)^2 ln(kL), with a similar formula holding for γ̄. In other words, the expectation value of ζ̄^2 grows logarithmically with L because of the summation over modes between 1/L and k involved in its definition. Thus, the effect of these backgrounds on ζ-correlators at the scale k can become large if the logarithm overcomes the suppression by the tree-level power spectrum (N_ϕH)^2. Such a potentially large effect can come only from the factors e^{2ζ̄} and e^{γ̄} relating the coordinate distance y and the invariant distance z, as explained above. If we are able to remove this effect from the definition of the power spectrum, then we have removed all IR effects at the leading-logarithmic order. By this we mean all corrections involving as many powers of ln(kL) as of the suppression factor (N_ϕH)^2, at leading order in slow-roll.

To avoid this (leading-logarithmic) L-dependence (or IR-sensitivity), we propose to use the invariant distance z for the definition of the curvature correlator [11, 15]. The background contains, by its very definition, only modes much longer than the relevant scales y ∼ 1/k. Hence the background is smooth at the scale y. Its presence corresponds to a (constant) coordinate transformation ⃗y → ⃗z:

z^i = e^{ζ̄} ( e^{γ̄/2} )_i j y^j . (5)

The invariant distance z = √ δ_{ij} z^iz^j represents the physical separation of the points ⃗x and ⃗x + ⃗y, independently of the location ⃗x and the background in its surroundings.

Thus, the correlator ⟨ ζ(⃗x) ζ(⃗x + e^{−ζ̄(⃗x)} e^{−γ̄(⃗x)/2} ⃗z) ⟩ involves an average over pairs of points that are separated by a certain invariant distance z. The z-dependence of this correlator is then a backgroundindependent object. To make this even more apparent, we spell out the exact prescription for obtaining this correlator: The basic step consists in picking a pair of points from the reheating surface which are separated by an invariant distance z and multiplying the corresponding values of ζ. This in itself is not background independent since the background can shift ζ by a constant. However, once we restrict our interest to the z-dependence of this product of ζ-values, any such constant drops out. Hence, the z-dependence of ⟨ ζ(⃗x) ζ(⃗x + e^{−ζ̄(⃗x)} e^{−γ̄(⃗x)/2} ⃗z) ⟩ is indeed an IR-safe quantity: While the average is in practice over a certain region of size L, the expectation value is independent of where we are in this region. It can therefore not depend on the size L of the underlying region. To say it yet in another way: Single-field inflation ends in the same way in every part of the universe and hence a correlator, defined in a purely local manner, can not depend on the size of the region from which the sample of pairs of points is chosen.

Consequently, we can define an IR-safe power spectrum, that we denote P^{(0)}_ζ , by

P^{(0)}_ζ (k) = k^3 2π^2 ∫ d^3z e^{−i⃗k⃗z} ⟨ ζ(⃗x) ζ(⃗x + e^{−ζ̄(⃗x)} e^{−γ̄(⃗x)/2} ⃗z) ⟩ . (6)

This Fourier transform at scale k is only sensitive to the z-dependence of the correlator in the region z ∼ 1/k. It is hence IR-safe by the arguments given above.

The expression for the original IR-sensitive power spectrum P_ζ given in (3) follows from comparing eq. (3) and eq. (6). Starting from eq. (3), we express the vector ⃗y in terms of the vector ⃗z. Notice that this also affects the argument of the exponential. Then, we perform a coordinate transformation d^3y → d^3z in order to bring the integral in a form similar to eq. (6). As a final step, we can express the result in terms of the IR-safe power spectrum evaluated at e^{−ζ̄(⃗x)}e^{−γ̄(⃗x)/2}⃗k . A detailed calculation can be found in Appendix A. The result reads

P_ζ (k) = ⟨ [ ( e^{−γ̄(⃗x)} ) ij k̂_ik̂_j ]_{−3/2} P^{(0)}_ζ ( e^{−ζ̄(⃗x)}e^{−γ̄(⃗x)/2}⃗k ) ⟩ . (7)

The vector k̂ is a unit-vector in ⃗k-direction and the average is performed over the background quantities ζ̄(⃗x) and γ̄_{ij} (⃗x). Neglecting tensor fluctuations in the equation above, we recover our result [11] for corrections to the power spectrum due to scalar fluctuations, i.e. P_ζ (k) = ⟨ P^{(0)}_ζ (ke^{−ζ̄} ) ⟩. Let us point out the presence of a prefactor, containing only tensor fluctuations, in eq. (7). It is originating from the coordinate transformation d^3y → d^3z in the comparison of the two spectra. While scalar fluctuations receive a contribution from this transformation, tensor fluctuations do not, due to the fact that det e^γ = 1. Expanding to leading non-trivial order in the background yields

P_ζ (k) = ( 1 − 1 20 ⟨ tr γ̄^2 ⟩ d d ln k + 1 2 ⟨ ζ̄^2 ⟩ d^2 d(ln k)^2 ) P^{(0)}_ζ (k) , (8)

in agreement with [10] (see also Section 4). Here, we used the zero mean condition ⟨ ζ̄(x) ⟩ = 0 = ⟨ γ̄_{ij} (⃗x) ⟩, which can always be realized by a rescaling of coordinates. In principle, one may choose coordinates where this is not the case. But it is rather natural to assume that an observer would specify coordinates in such a way that his observable patch is not affected by a constant background shift. In the particular case of slow-roll inflation, both corrections in eq. (8) are of the same order. While, according to the scalar-to-tensor ratio, tr γ̄^2 is more slow-roll suppressed than ζ̄^2, it appears with only one derivative in ln k. Hence, tensor corrections are as important as scalar corrections in slow-roll inflation.

The remaining task is to average the background quantities, given in eq. (4). In principle, we have to average ζ̄(⃗x) and γ̄(⃗x) over the large observed region of box-size L. However, this is equivalent to an ensemble average of ζ̄(0) and γ̄(0) with IR cut-off L. Thus, in single-field, slow-roll inflation, we are dealing with sums of Gaussian random variables a_{⃗q}, respectively b^s_{⃗q},

ζ̄ = k∫ 1/L d^3q (2π)^3 ζ(⃗q) = k∫ 1/L d^3q (2π)^3 N_ϕ(⃗q) H(⃗q) √ 2q^3 a_{⃗q} (9)

γ̄_{ij} = k∫ 1/L d^3q (2π)^3 γ_{ij} (⃗q) = k∫ 1/L d^3q (2π)^3 ∑ s=+,× H(⃗q) √ q^3 ϵ^s_{ij} (⃗k) b^s_{⃗q} . (10)

While their averages are vanishing, ⟨ ζ̄ ⟩ = 0 = ⟨ γ̄_{ij} ⟩, one finds a scale-dependent result for the two-point functions. For instance under the assumption of a scale-invariant power spectrum, they obey a logarithmic scale-dependence

⟨ ζ̄^2 ⟩ = ( N_ϕH 2π )_2

ln(kL) ⟨ tr γ̄^2 ⟩ = ⟨ γ̄_{ij} γ̄_{ij} ⟩ = 8 ( H 2π )_2 ln(kL) . (11)

Neglecting tensor fluctuations for the moment, the background ζ̄ is a sum of Gaussian random variables a_{⃗q}. Therefore, ζ̄ itself is a Gaussian random variable, with distribution^5 P [¯ ζ ] dζ̄ = 1 √ 2πσ^2_ζ exp ( − ζ̄2 2σ^2_ζ ) dζ̄ (12)

where the width is

σ^2_ζ = ⟨ ζ̄^2 ⟩ = k∫ 1/L d^3q (2π)^3

N^2_ϕ (⃗q) H^2(⃗q) 2q^3

. (13)

Note that we do not assume a scale-invariant behavior of the power spectrum in this expression. Typically, the n-point functions we are interested in can be expressed as ⟨ f( ζ̄(⃗x) ) ⟩, for some function f. As usual for Gaussian variables, this may be expressed in terms of an integral over a Gaussian probability distribution ⟨ f(ζ̄) ⟩ = 1 √ 2πσ^2_ζ ∫ dζ̄ exp ( − ζ̄2 2σ^2_ζ ) f(ζ̄) . (14)

As an example, the power spectrum is given by

P_ζ (k) = 1 √ 2πσ^2_ζ ∫ dζ̄ exp ( − ζ̄2 2σ^2_ζ ) P^{(0)}_ζ (ke^{−ζ̄} ) . (15)

Consequently, the question of convergence of fluctuations due to long-wavelength modes reduces to convergence properties of this single integral. The usual series expansion can be recovered by expanding the function P^{(0)}_ζ in the logarithm of the scale k. This yields

P_ζ (k) = ∞∑ n=0 ⟨ ζ̄^{2n} ⟩ (2n)!

d^{2n} P^{(0)}_ζ (k) d(ln k)^{2n}

(16)

⟨ ζ̄^{2n} ⟩ = 1 √ 2πσ^2_ζ ∫ dζ̄ ζ̄^{2n} exp ( − ζ̄2 2σ^2_ζ ) = (2n − 1)!! ( σ^2_ζ )_n , (17)

5This is related to the stochastic approach [16] of Starobinsky.

where n!! denotes the double factorial. This is in agreement with [10]. We emphasize, however, that a breakdown of convergence of the series does not necessarily mean a breakdown of convergence of the integral in eq. (15). We return to this point in sect. 4. Notice also that in eqs. (9) and (10) we have neglected the intrinsic non-Gaussianity of curvature and tensor perturbations. Such intrinsic non-Gaussianity is present at sub-leading order in slow-roll. However, at every log-order, there is a term consisting solely of Gaussian contributions. Relative to this term, contributions with intrinsic non-Gaussian parts are suppressed by slow-roll parameters and the Hubble scale with no additional log-enhancement. Therefore, neglecting the non-Gaussian contribution is justified in our leading-log analysis of IR-corrections.

Attention has to be paid to the fact that inflation has ended at some point. Hence, there exists a value k_{max} corresponding to modes that have never left the horizon. The observer measuring P_ζ (k) for some fixed k will have to exclude regions where ke^{−ζ̄} > k_{max} from his averaging procedure. Technically, this implies a lower bound for the ζ̄-integral, given by ζ̄_{min} = − ln(k_{max}/k).

P_ζ (k) = 1 √ 2πσ^2_ζ ∞∫ ζ̄_{min}

dζ̄ exp ( − ζ̄2 2σ^2_ζ ) P^{(0)}_ζ (ke^{−ζ̄} ) . (18)

The Gaussian function in eq. (18) gives a non-negligible contribution only in a limited range around zero. This range is of the order of σ_ζ . For large L (implying large σ_ζ ) and for k sufficiently close to k_{max}, the lower bound ζ̄_{min} enters this range. Hence, in such cases, the lower bound implies the subtraction of a significant contribution from the integral. We finally note that the existence of k_{max} and ζ̄_{min} are related to potential convergence problems of the series expansion in eq. (16). This is apparent since the slow-roll conditions, which are responsible for the smallness of derivatives of P_ζ (k), break down near k_{max}.

Including tensor modes is in principle straightforward, but complicated by the matrix structure of γ̄ and the different independent polarizations involved. In order not to overburden formulae, we set the scalar background ζ̄ to zero in what follows. The complete power spectrum can then be expressed as

P_ζ (k) = ⟨ [( e^{−γ̄} ) ij k̂_ik̂_j ]_{−3/2} P^{(0)}_ζ ([( e^{−γ̄} ) ij k̂_ik̂_j ] 1_2 k ) ⟩ , (19)

where k̂ is the unit vector parallel to ⃗k. We also introduce the notation n ≡ [( e^{−γ̄} ) lm k̂_lk̂_m ] . (20)

Note that each entry of the matrix γ̄_{ij} , being a sum of Gaussian random variables, is a Gaussian random variable. However, the various entries in the matrix are not statistically independent: this implies that it is not obvious how to calculate the statistical distribution of the entries of the exponential of (−γ̄), that enters in the definition of n. Having this distribution, that we denote with P [n], it is straightforward to provide an integral representation for the power spectrum subject to tensor background modes:

P_ζ (k) = ∫ dn P [n] n^{− 32} (k̂)P^{(0)}_ζ ( n^{12} k ) . (21)

It is clear that, at least numerically, P [n] can be determined and the integral can be calculated.

2.2 Higher correlation functions

To discuss n-point functions, we could try to generalize the ’almost scale-invariant’ spectrum of eq. (3) by writing P_n(⃗k_1, . . . , ⃗k_n) = ⟨ ( k^3 2π^2 )_n ∫ d^3y_1 . . . d^3y_n e^{−i(⃗k1⃗y1+...+⃗kn⃗yn)} ζ(⃗x) ζ(⃗x + ⃗y_1) . . . ζ(⃗x + ⃗y_n) ⟩ . (22)

However, it is not clear which particular combination of k_1 . . . k_n one should use to define k in the prefactor k^{3n}. This is not irrelevant since factors e^{γ̄/2} will get tangled up in this prefactor. Hence, we choose to write the general formula for the higher-order analogue of the conventional spectrum P_ζ (k) = 2π^2P_ζ (k)/k^3. In doing so, prefactors will arise from the scaling of the d^3y_a. Since the determinant of the tensor contribution is one, this scaling consist exclusively of ζ̄, which only depend on the overall scale. Given these preliminaries, the generalization of our formalism is completely straightforward and the IR-safe spectrum is defined as

P^{(0)}_n (⃗k_1, . . . , ⃗k_n) = ⟨ ∫ d^3z_1 . . . d^3z_n e^{−i(⃗k1⃗z1+...+⃗kn⃗zn)} ζ(⃗x) ζ(⃗x + ⃗y_1) . . . ζ(⃗x + ⃗y_n) ⟩ , (23)

where ⃗y_a = ⃗y_a(⃗z_a, ζ̄, γ̄) = e^{−ζ̄} e^{−γ̄/2}⃗z_a . (24) This means that we measure the correlation function in terms of n invariant distances, characterized by a set of vectors ⃗z_a, a ∈ [1, . . . , n]. Hence, the ⃗z_a-dependence of the corresponding n-point function is independent of background quantities and, therefore, IR-safe. Consequently, its Fourier transform, i.e. the spectrum P^{(0)}_n , is the desired IR-safe spectrum. A straightforward generalization of the previous calculation for the power spectrum provides the following result P_n(⃗k_1, . . . , ⃗k_n) = ⟨ e^{−3nζ̄} P^{(0)}_n (e^{−ζ̄} e^{−γ̄/2}⃗k_1, . . . , e^{−ζ̄} e^{−γ̄/2}⃗k_n) ⟩ . (25)

As already stressed above, the prefactor e^{−3nζ̄} originates from the naive scaling P^{(0)}_n ∼ k^{−3n}.

The log-enhancement-effects of higher correlation functions specified by eq. (25) can be directly applied to observables measuring non-Gaussianity, like f_{NL}, as we are going to discuss in section 5.

3 An alternative approach within slow-roll inflation

In the previous section we discussed a systematic way to define IR-safe n-point functions. We have explained how to straightforwardly obtain, from these IR-safe quantities, the corresponding IR-sensitive objects. In this section, we present an alternative point of view: working only in momentum space, we will directly calculate the all-orders IR-enhancement of the conventional power spectrum. To be more specific, we will compute the curvature perturbation ζ, by implementing a suitable extension of the δN-formalism, in such a way as to include the effects of long-wavelength modes. The results coincide with what we obtained in the previous section, in all cases in which δN-formalism is applicable. So, in these cases, the two methods are equivalent.

We focus on a single, slowly rolling scalar field ϕ (the extension to multiple fields is outlined in Appendix B). We assume the underlying metric to be of the form

ds^2 = −dt^2 + a^2(t) ḡ_{ij} dx^idx^j . (26)

Throughout this section, we are interested in quantities evaluated at some wave vector ⃗k. To analyze contributions from the background to these quantities, we find it technically convenient to separate the fluctuations into modes characterized by momenta larger, and smaller, than k. For modes ⃗q with q = |⃗q| ≪ k, we will work in a gauge with δ_{⃗q}ϕ = 0. While for q around k and larger, we adopt a gauge with vanishing scalar metric fluctuations. The advantage of this splitting, and of these different gauge choices, is that the contribution from long-wavelength modes is contained in geometrical quantities and, therefore, contained in the 3-metric ḡ_{ij} = e^{2ζ̄} ( e^{γ̄} ) ij . (27)

Here, the scalar and tensor background, ζ̄ and γ̄_{ij}, are defined as before. It would be interesting to understand whether the above construction can be done in a gauge invariant manner. On the other hand, let us stress that we proceed in this way only for technical convenience. One could also work with a gauge characterized by vanishing scalar metric fluctuations for all ⃗q. With this choice, however, the scalar background from long-wavelength δ_{⃗q}ϕ would affect the scalar field value at the time of horizon exit (see [11] for a treatment of background modes of the scalar field ϕ in this latter gauge choice). In contrast, the tensor background would still enter via the 3-metric. Therefore, the inclusion of tensor background modes within the δN-formalism requires a treatment as outlined in this section, contrary to the scalar background which might be calculated by different techniques.

The appearance of background contributions in the 3-metric eq. (27) has important consequences for the physical length scale associated with the wave vector ⃗k, i.e. on the physical wavelength. Due to the deviation of ḡ_{ij} from flatness, this scale is not the inverse of k = √ k_ik_jδ_{ij} , but is instead given by 1/k^′ with

k^{′2} = e^{−2ζ̄} ( e^{−γ̄} ) ij k_ik_j . (28)

Hence, the physical scale depends on the original vector ⃗k and on the background quantities ζ̄ and γ̄_{ij} . This dependence on background quantities leads to a shift in the time of horizon exit for a given scalar mode of momentum ⃗k, from t_k to t_k′ . That is, since the time of horizon exit is defined by the relation k = a(t_k)H(t_k) (a being the scale factor), at first order in slow-roll we have the relation dt_k = 1 H d ln k . (29)

For small time variations, and at leading order in slow-roll, we can integrate the previous equation and find

H (t_k′ − t_k) = ln k^′ k = −ζ̄ − Δ with (30) Δ ≡ ( 1 2 γ̄_{ij} − 1 4 γ̄_{il}γ̄_{lj} ) k̂_ik̂_j + ( 1 2 γ̄_{ij} k̂_ik̂_j )_2 + O(γ̄^3) . (31)

Here, k̂ represents a unit vector in ⃗k-direction. The quantity Δ collects the leading order contributions from the long-wavelength tensor modes, obtained from expanding the exponential in eq. (28).

The form of the background metric affects the dynamics of first order, massless scalar fluctuations. In momentum space, the equation of motion for the scalar perturbations reads ( δ_{⃗k}ϕ )_{..} + 3H ( δ_{⃗k}ϕ )_. + k^{′2} a^2 δ_{⃗k}ϕ = 0 , (32)

where dots denote derivatives with respect to time. Note that the effect of background quantities enters via the Laplacian which leads to the k^{′2} instead of k^2 in the third term on the left-hand side. The solution for the fluctuation δ_{⃗k}ϕ results in δ_{⃗k}ϕ = δ_{⃗k}ϕ(k^′, ḡ_{ij} ) = H(k^′) ( det^{14} ḡ_{ij} ) (2k^{′3})^{12} a_{⃗k} (33)

in a superhorizon regime. In our notation H(k^′) indicates that this quantity is evaluated at time of horizon exit of the scale k^′, instead of k, in order to take into account the shift due to long-wavelength contributions. The normalization of δ_{⃗k}ϕ, det^{1/4} ḡ_{ij} in the denominator, is obtained when imposing the usual commutation relations between the quantized scalar fluctuation and its momentum conjugate (see, for example, [70]). Another way to understand it is the following: the normalization of δ_{⃗k}ϕ is set by requiring that in the limit of short distances y, we recover the singularity of the scalar field in Minkowski space for ⟨ δϕ(⃗x) δϕ(⃗x + ⃗y) ⟩. On these distances, the background quantities ζ̄ and γ̄_{ij} are constant and, hence, need to be absorbed in a redefinition of space variables in order to bring the metric in Minkowski-form. This redefinition is responsible for the factor det^{1/4} ḡ_{ij} , appearing in the normalization of δ_{⃗k}ϕ.

Since γ̄_{ij} is traceless, det ḡ_{ij} = exp(6ζ̄) and eq. (33) can be rewritten as δ_{⃗k}ϕ(k^′, ḡ_{ij} ) = H(k^′) √ 2 [ k_ik_j (e^{−γ̄} )_{ij} ] 3_4 a⃗k

= m^{12} (k̂) H(k^′) (2k^3)^{12} a_{⃗k} , (34)

where we define the function m(k̂) that depends on a unit vector k̂ along the direction of ⃗k: m(k̂) ≡ [( e^{−γ̄} ) ij k̂_ik̂_j ]_− 3_2 . (35)

In equation (34), the dependence on background quantities is limited to the overall function m(k̂) (that depends only on the tensor background, see eq. (35)) and to the ‘time’ argument k^′ of the Hubble parameter.

Starting from scalar fluctuations and by using δN-formalism [42,69,71–73], we can express the curvature fluctuation ζ at superhorizon scales on a constant energy density slice, that we take to be the reheating surface, in terms of δϕ. The curvature perturbation ζ_{⃗k} is related to the time integral of the local expansion parameter, providing the number of e-foldings, from an initial hypersurface (that we take at time of horizon exit for the mode ⃗k) to the final hypersurface of constant energy density. In single field inflation, we have ζ = N [ϕ + δϕ] − ⟨N⟩ , (36) where ⟨N⟩ is the spatial average of the first term on the right-hand side. The quantity ϕ + δϕ corresponds to the homogeneous value for the scalar field plus its perturbation built, as above, on a space-time geometry that includes the contributions of long-wavelength modes. The previous schematic expression can be expanded in the scalar fluctuations, and gives in momentum space^6

ζ_{⃗k} = N_ϕ(k^′) δ_{⃗k}ϕ(k^′, ḡ_{ij} ) + . . . . (37)

Notice that functions on the right-hand-side are evaluated at time of horizon exit of the mode ⃗k, which is sensitive to the change in the background geometry due to long-wavelength modes. That is, their argument is k^′ instead of k. As in section 2, the function N_ϕ = dN/dϕ is given by N_ϕ = V/(dV/dϕ). The remaining terms in the δN expansion, understood in the dots of eq. (37), are slow-roll suppressed with respect to the first one. Using the results obtained earlier, we get for ζ_{⃗k} an expression in terms of Gaussian random variables as follows ζ_{⃗k} = [ m^{12} (k̂) N_ϕ(k^′) H(k^′) ] a_{⃗k} (2k^3)^{12}

. (38)

The dependence on long-wavelength background quantities is contained in the overall factor between squared parenthesis. Eq. (38), possibly including higher order terms in the δN-expansion, is all what we need to straightforwardly compute inflationary observables, associated to n-point functions of curvature perturbations, including the effects of long-wavelength modes. Eq. (38) can be regarded as an extension of δNformalism. It includes the contributions of long-wavelength scalar and tensor modes in the expression for the curvature perturbation ζ.

6For the purposes of this work, we can truncate the δN expansion to the first, leading order term in slow-roll. Including higher order terms is straightforward, as we discuss in Appendix B.

As an application of eq. (38), we rederive the expression for log-enhanced contributions to the power spectrum. We start with the two-point function of the curvature perturbation ⟨ ζ_{⃗k} ζ_{⃗p} ⟩ = 1 2 (kp)^{32}

⟨ m^{12} (k̂)m^{12} (p̂) N_ϕ(k^′)H(k^′) N_ϕ(p^′)H(p^′) a_{⃗k}a_{⃗p} ⟩

= (2π)^3δ^{(3)}(⃗k + ⃗p) 2k^3

⟨ m(k̂) N^2_ϕ (k^′)H^2(k^′) ⟩ , (39)

where for passing from first to second line, we used Wick’s theorem and contracted the Gaussian variables a_{⃗k} and a_{⃗p}. Indeed, a_{⃗k} is only allowed to contract with a_{⃗p}, since any other quantity depends on modes with momenta much smaller than k. One obtains the following expression for the power spectrum:

P_ζ (k) = 1 (2π)^2

⟨m(k̂) N^2_ϕ (k^′)H^2(k^′)⟩ . (40)

The argument of the average on the right-hand side depends on long-wavelength scalar and tensor contributions, which, as shown in eq. (11), have non-vanishing two-point functions. In absence of contributions of long-wavelength modes, eq. (40) provides the following tree-level result

P^{(0)}_ζ (k) = 1 (2π)^2

N^2_ϕ(k)H^2(k) , (41)

which also coincides with the definition of the IR-safe power spectrum provided in section 2. Notice that the dependence on the scale k in P^{(0)}_ζ occurs only through the dependence on the time of horizon exit of the right-hand side. Using this fact, eq. (40) can be rewritten as

P_ζ (k) = ⟨m(k̂)P^{(0)}_ζ (k^′)⟩ . (42)

Recall that k̂ represents the unit vector along the direction of ⃗k, while k^′ in the previous expression is associated to k via eq. (28). Using these formulae, eq. (42) can be rewritten as

P_ζ (k) = ⟨ [( e^{−γ̄} ) ij k̂_ik̂_j ]_{−3/2} P^{(0)}_ζ ( e^{−ζ̄} e^{−γ̄/2}⃗k ) ⟩ . (43)

Not surprisingly, this corresponds exactly to equation (7), obtained with the method of section 2.

4 Two-point function and the power spectrum

In this section, we analyze the log-enhanced corrections due to scalar and tensor long-wavelength modes to the power spectrum of curvature perturbation. Using the results from sec. 2 or sec. 3, the power spectrum is given by the formula

P_ζ (k) = ⟨m(k̂)P^{(0)}_ζ (k^′)⟩ (44) = ⟨ [( e^{−γ̄} ) ij k̂_ik̂_j ]_{−3/2} P^{(0)}_ζ ( e^{−ζ̄} e^{−γ̄/2}⃗k ) ⟩ . (45)

As explained in section 2, this implies that we can deal with scalar perturbations to all orders, resumming the complete series, in case an exact expression for the tree level power spectrum is known. We will return to this important topic at the end of this section; for the moment we focus on calculating, in full generality, the leading log-enhanced contributions to the power spectrum. In order to do so, it is sufficient to expand eq. (45) in ζ̄ and γ̄. The following equations are useful for this purpose

m(k̂) = [( e^{−γ̄} ) ij k̂_ik̂_j ]_{−3/2} = 1 + 3 2 γ̄_{ij} k̂_ik̂_j − 3 4 γ̄_{il}γ̄_{lj} k̂_ik̂_j + 15 8 ( γ̄_{ij} k̂_ik̂_j )_2

+ O(γ̄^3_{ij} ) (46)

ln k^′ = ln k − ζ̄ − Δ (47) Δ = 1 2 γ̄_{ij}k̂_ik̂_j − 1 4 γ̄_{il}γ̄_{lj} k̂_ik̂_j + 1 4 ( γ̄_{ij} k̂_ik̂_j )_2 + O(γ̄^3_{ij} ) . (48)

Here, k^′ denotes the Euclidean length of the vector e^{−ζ̄} e^{−γ̄/2}⃗k. We will also make use of the identity (see also [10]): ⟨ γ̄_{ij} γ̄_{lm} ⟩ = 1 30 ⟨ tr γ̄^2 ⟩ [ 3 (δ_{il}δ_{jm} + δ_{im}δ_{jl}) − 2 δ_{ij} δ_{lm}] , (49)

where ⟨ tr γ̄^2 ⟩ = ∑ ij ⟨ γ̄_{ij} γ̄_{ij} ⟩. From this, it is easy to check that a cancellation leads to ⟨m(k̂)⟩ = 1 + O(γ̄^4).

We can then expand eq. (44) up to the first non-vanishing contributions. We obtain

P_ζ (k) = P^{(0)}_ζ (k) ⟨ m(k̂) · 1 − ( Δ + ζ̄ ) 1 P^{(0)}_ζ (k) dP^{(0)}_ζ (k) d ln k + ζ̄2 2 1 P^{(0)}_ζ (k) d^2P^{(0)}_ζ (k) d(ln k)^2 ⟩

= { 1 − [ ⟨ (m(k̂) − 1) Δ ⟩ + ⟨ Δ ⟩ ] d d ln k + ⟨ ζ̄^2 ⟩ 2 d^2 d(ln k)^2 } P^{(0)}_ζ (k) = ( 1 − 1 20 ⟨ tr γ̄^2 ⟩ d d ln k + 1 2 ⟨ ζ̄^2 ⟩ d^2 d(ln k)^2 ) P^{(0)}_ζ (k) . (50)

This equation was also found in [10]^7. Neglecting tensor contributions, this reproduces the results of log-enhanced corrections to the power spectrum due to scalar fluctuations given in [11, 12].

Taking another point of view, we note that eq. (50) can be obtained by expanding ζ, the curvature perturbation in uniform-energy-density gauge, in terms of δϕ, the scalar field perturbation in flat gauge. Up to quadratic order in δϕ, the relevant gauge transformation is the one between ζ and ζ_n = −(H/ϕ̇)δϕ given in eq. (A.8) of [61]. If we focus on terms that are leading order in slow-roll and neglect terms vanishing at superhorizon scales, all IR divergences arising from the expansion in (A.8) of [61] are captured by our result. However, the complete IR correction requires the inclusion of term ∼ δϕ^3. This can be realized using the δN formalism, and it was shown in [11] that an appropriately modified version of this formalism correctly computes the scalar part of eq. (50) (see also Sect. 3 of the present paper).

For a weakly scale-dependent power spectrum, the explicit values for ⟨ ζ̄^2 ⟩ and ⟨ tr γ̄^2 ⟩ were already given in eq. (11). Using the definitions of the spectral index of curvature perturbations n_ζ , its running α_ζ and the tensor-to-scalar ratio r = N^{−2}_ϕ = 2ϵ,

n_ζ − 1 = d ln P^{(0)}_ζ d ln k α_ζ = d^2 ln P^{(0)}_ζ d(ln k)^2 r = ⟨ tr γ̄^2 ⟩ 8⟨ ζ̄^2 ⟩

, (51)

the leading order correction to the power spectrum can be written as

P_ζ (k) = P^{(0)}_ζ (k) { 1 + 1 2 [ (n_ζ − 1)^2 + α_ζ − 4r 5 (n_ζ − 1) ] P^{(0)}_ζ (k) ln(kL) } (52)

The agreement^8 of eqs. (50) and (52) with [10] is a non-trivial check for our approach.

7Note that in [10] the result for corrections due to tensors is expressed in terms of the quantity ⟨ γ̄^2_{GS} ⟩ ≡^1_4 ∑ ij ⟨ γ̄ij γ̄ij ⟩ = 1 4 ⟨ tr γ̄^2 ⟩ . Tensor contributions to inflationary observables, using different methods, have been also considered in [63, 74].

8Note that the authors of [10] chose a different parameterization of the power spectrum, namely P^{(0)}_ζ ∼ k^{n(k)−1}. This leads to slightly different numerical factors. For instance, d^2P^{(0)}_ζ /d(ln k)^2 = [(n − 1)^2 + 2α]P^{(0)}_ζ in their parameterization.

We learn that long-wavelength modes provide log-enhanced contributions to the power-spectrum that are suppressed by second order slow-roll parameters, and by a factor of P^{(0)}_ζ . The latter is determined by WMAP to be P^{(0)}_ζ ≃ 2.3 × 10^{−9} [75].

Let us stress the quite non-trivial fact that scalar and tensor long-wavelength modes contribute at the same (second) order in a slow-roll expansion. This is due to the cancellation leading to ⟨m(k̂)⟩ = 1 + O(γ̄^4). In any case, this property is specific of the power spectrum: as we will learn in the next section, corrections to non-Gaussianity parameters do not share this property.

Having calculated the leading order correction to the power spectrum, we turn to evaluating scalar perturbations to all orders as described in section 2. We start with a inflationary potential for which the spectral index is constant. This is realized for the famous example of power law inflation [76]. The potential is V = V_0 exp [ − √_2 q ϕ ] , with constant q, and the scale factor evolves as a(t) = a_0t^q. In this set-up, the equations for scalar fluctuations can be solved exactly without having to rely on a slow-roll approximation. For this particular model, we assume that our scale of interest k is much smaller than k_{max}, reflecting the transition to scales that have never left the horizon during inflation. Hence, the integral in eq. (18) is well approximated by setting ζ̄_{min} to −∞. The power spectrum of curvature perturbations reads [77, 78]

P^{(0)}_ζ (k) = P^{(0)}_ζ (k_0) ( k k_0 )_{−2/(q−1)} . (53)

So the spectral index n_ζ − 1 = −2/(q − 1) is constant as desired. We then obtain

P^{(0)}_ζ (ke^{−ζ̄} ) = P^{(0)}_ζ (k) e^{−(nζ −1)ζ̄} . (54)

Plugging this expression into eq. (18), one finds an integral that can be solved analytically. We get

P_ζ (k) = P^{(0)}_ζ (k) exp ( σ^2_ζ (n_ζ − 1)^2 2 ) . (55)

This expression captures at all orders the contributions of long-wavelength modes. In a sense, we are providing the function whose series expansion has been found in [10]. Notice that the corrections are not independent of the scale k since σ^2_ζ is a function of k (e.g. σ^2_ζ = P^{(0)}_ζ ln(kL) for a weak scale-dependence of P^{(0)}_ζ ).

We expect a similar behavior including other contributions in more general models of inflation, for example associated with the running of the spectral index; however, solving the integral analytically might be more difficult in these models. For instance, the chaotic potential investigated in [10], V (ϕ) = λϕ^α (α > 0), leads to the following tree-level power spectrum:

P^{(0)}_ζ (k) = ( N_ϕH 2π )_2 = 1 (2π)^2 λ 3α^2 ϕ^{α+2}(k) . (56)

The scalar field value in dependence of the horizon-exit time of the mode k is given by the differential equation dϕ/(d ln k) = −α/ϕ. This can be integrated to yield ϕ(k) = √ ϕ^2(k_{max}) + 2α ln k_{max} k . (57)

Note that the condition ζ̄ ≥ ζ̄_{min} guarantees ϕ(e^{−ζ̄} k) ≥ ϕ(k_{max}) for all possible values ζ̄. Hence, the integral in eq. (18) is well-defined and finite. As already described in sec. 2, the series expansion can be recovered easily from the integral expression in eq. (18). For this purpose, one can expand P^{(0)}_ζ (e^{−ζ̄} k), as given in eq. (56), and make use of the moments for the Gaussian probability distribution (see eqs. (16) and (17) ). Derivatives of the power spectrum (56) w.r.t. ln k can be expressed in terms of the spectral index n_ζ − 1 = −α(α + 2)/ϕ^2 and the model parameter α :

A_l = 1 P^{(0)}_ζ d^lP^{(0)}_ζ d(ln k)^l = ( n_ζ − 1 α 2 + 1 )_{l l}∏ i=1 ( α 2 + 2 − i) . (58)

Hence, the series expansion is given by

P_ζ (k) = P^{(0)}_ζ (k) [ 1 + ∞∑ n=1 (2n − 1)!!

(2n)! A_{2n} ( σ^2_ζ )_n ] . (59)

In the last part of this section, we discuss the question of convergence of the series expansion returning to the general case (see also [10]). The series expansion in eq. (16) was

P_ζ (k) = P^{(0)}_ζ (k) 1 + ∞∑ n=1 ⟨ ζ̄^{2n} ⟩ (2n)! 1 P^{(0)}_ζ (k) d^{2n} P^{(0)}_ζ (k) d(ln k)^{2n} , (60)

and we have parametrically ⟨ ζ̄^{2n} ⟩ ∼ ⟨ ζ̄^2 ⟩^n. Since ln k^′ = ln k − ζ̄, this is similar to a Taylor expansion of the power spectrum in ln k around the scale k. At every order in the expansion, corrections consist of two counteracting contributions. On the one hand, there is the factor ⟨ ζ̄^2 ⟩^n , with

⟨ ζ̄^2 ⟩ = k∫ 1/L dq q P^{(0)}_ζ (q) , (61)

that involves a log-enhancement (even though it is suppressed by the smallness of the power spectrum). On the other hand, there are derivatives of the power spectrum that consist of slow-suppressed quantities and to which we will refer as late-time suppression. The word ‘late-time’ indicates that derivatives of the power spectrum in eq. (60), i.e. the slow-suppressed quantities, are evaluated at the scale k. By contrast, the quantity ⟨ ζ̄^2 ⟩ receives contributions from all modes in the range from 1/L to the scale k. Convergence of the series expansion depends on the ability of the late-time suppression to compensate the log-enhancement due to ⟨ ζ̄^2 ⟩.

We will perform an order of magnitude analysis and, hence, we do not distinguish between quantities that are of the same order in slow-roll, like the slow-roll parameters ϵ and η. Instead, we generically characterize the slow-roll suppression by an appropriate power of ϵ. A derivative d/d(ln k) acting on P^{(0)}_ζ precisely corresponds to one such power of ϵ. Hence, the late-time suppression is given by 1 P^{(0)}_ζ (k) d^{2n} P^{(0)}_ζ (k) d(ln k)^{2n}

∼ ϵ^{2n}(k) . (62)

Therefore, in our order of magnitude analysis, eq. (60) can be written as

P_ζ (k) P^{(0)}_ζ (k) − 1 ∼ ∞∑ n=1 ( ϵ^2(k)⟨ ζ̄^2 ⟩ )_n , (63)

and the convergence of the series expansion requires ϵ^2⟨ ζ̄^2 ⟩ < 1.

Let us first consider a weakly scale-dependent power spectrum. Here, ‘weakly scale-dependent’ means that the power spectrum P^{(0)}_ζ has only a very mild scale-dependence on the complete range from 1/L to k such that eq. (61) essentially yields

⟨ ζ̄^2 ⟩ = P^{(0)}_ζ ln(kL) ∼

H^2 ϵ ln(kL) . (64)

The logarithm is given by the number of observed e-foldings N ≃ Ht. Therefore, it remains to verify the relation ϵ^2⟨ ζ̄^2 ⟩ ∼ ϵ H^3t < 1 . (65)

As shown by [79,80], the requirement of being in a non-eternally inflating phase constrains the time to obey t < R S ∼ H^{−3}, where R and S are deSitter radius and entropy, respectively. Hence, the criterium for convergence reduces to ϵ < 1, which is fulfilled by construction in slow-roll inflationary models. Therefore, under the assumption of a weakly scale-dependent power spectrum, the series is always converging. However, this is not surprising. The assumption of a ‘weakly scale-dependent’ power spectrum can be made mathematically more precise by demanding that the scale-dependence of P^{(0)}_ζ is negligible in the integral in eq. (61) (such that ⟨ ζ̄^2 ⟩ = P^{(0)}_ζ ln(kL) ). This yields 1 P^{(0)}_ζ (k) d^nP^{(0)}_ζ d(ln k)^n | | | |_k [ ln(kL) ]^n ≪ 1 n > 0 , (66)

from which we could have concluded the convergence of the series in eq. (60) directly.

In spite of all that was said above, convergence breaks down for the model of chaotic inflation characterized by the power spectrum (56) (see also [10]). The integration in the expression of ⟨ ζ̄^2 ⟩ in this model needs to be performed over several orders of magnitude in the scalar background field ϕ. Therefore the slow-roll parameter ϵ ∼ 1/ϕ^2 is changing over several orders of magnitude. This clearly violates the approximation of a weak scale-dependence. Consequently, convergence is not obvious in this model and an investigation of the convergence behavior requires a more precise evaluation of ⟨ ζ̄^2 ⟩. Indeed, ⟨ ζ̄^2 ⟩ ∼ ∫ (H^2/ϵ) dq/q is completely dominated by contributions at very early times t_i. Hence, the expansion parameter ⟨ ζ̄^2 ⟩ is much larger than P^{(0)}_ζ (k) ln(kL). By contrast, the coefficients in eq. (60), i.e. the late-time suppression, consist of slow-roll parameters which are large compared to those at early times t_i. Hence, the late-time suppression cannot compensate the enhancement at early times leading to a breakdown of convergence.

In principle, this effect is also present for tensor corrections, though less severe since the power spectrum of tensor modes is not enhanced by 1/ϵ. Therefore, in this model the breakdown of convergence due to scalar contributions occurs first. This observation is also in agreement with the findings in [10], showing that the effect of scalars dominates.

We note that a breakdown of convergence implies that one cannot trust conventional perturbation theory. However, this only applies to the conventionally defined power spectrum at sufficiently large L. In our philosophy, one should instead consider higher-order corrections to IR-safe quantities like the power spectrum P^{(0)}_ζ (k) defined in eq. (6). We know that the leading-order corrections to this object will not be log-enhanced. While we have not shown this in the present paper, we expect that also higher-order corrections will benefit from our IR-safe definition and hence that conventional QFT perturbation theory, based on the smallness of ζ and of slow-roll parameters, will be reliable.

5 Three-point function and the bispectrum

The bispectrum accounts for the simplest contribution to non-Gaussianity. Starting from the three-point function in momentum space, one extracts the bispectrum from its connected part:

⟨ζ_{⃗k1} ζ_{⃗k2} ζ_{⃗k3} ⟩ ≡ (2π)^3δ^{(3)}(⃗k_1 + ⃗k_2 + ⃗k_3) B_ζ (⃗k_1, ⃗k_2) . (67)

In this section, for definiteness we focus on non-Gaussianity of local form (see [81] for a recent review)^9. The corresponding bispectrum is well-described by

B_ζ (⃗k_1, ⃗k_2) = 6 5 f_{NL}(⃗k_1, ⃗k_2) [P_ζ (k_1)P_ζ (k_2) + perms] , (68)

where f_{NL} is a slowly-varying function and we have introduced the uncurly power spectrum P_ζ (k) = 2π^2 P_ζ (k)/k^3. Here and henceforth, we indicate with perms all non-trivial cyclic permutations of ⃗k_1, ⃗k_2 and ⃗k_3 = −(⃗k_1 + ⃗k_2) . The dependence of P_ζ (k) on the long-wavelength background modes is characterized

P_ζ (k) = ⟨ e^{−3ζ̄} P^{(0)}_ζ ( k^′ )⟩ . (69)

With the formalism of sec. 2 for higher correlation functions, we may immediately write down f_{NL} including long-wavelength corrections:

f_{NL} = 5 6 B_ζ (⃗k_1, ⃗k_2) [P_ζ (k_1)P_ζ (k_2) + perms] = 5 6 ⟨ e^{−6ζ̄} B^{(0)}_ζ (⃗k^′_1, ⃗k^′_2) ⟩ ⟨ e^{−3ζ̄} P^{(0)}_ζ (k^′_1) ⟩⟨ e^{−3ζ̄} P^{(0)}_ζ (k^′_2) ⟩ + perms

. (70)

The remaining task is to evaluate (70). This requires knowledge on the tree-level bispectrum B^{(0)}_ζ , which is model dependent.

As an illustrative example, we consider the form

B^{(0)}_ζ = 6 5 [ P^{(0)}_ζ (k_1)P^{(0)}_ζ (k_2) f_ζ (k_3) + perms ] . (71)

This tree-level bispectrum is motivated by a curvature perturbation which is given by a Gaussian part, ζ^G, plus f_ζ (k) times the Gaussian part squared, i.e.

ζ_{⃗k} = ζ^G_{⃗k} + f_ζ (k) ( ζ^G ⋆ ζ^G ) ⃗k . (72) Here, the operator ⋆ denotes a convolution. In concrete examples, f_ζ depends on the scales k only by means of the dependence on times of horizon exit for each mode [82, 84]. Note that the tree-level bispectrum (71) has a slightly different scale-dependence than eq. (68). They only match for the popular assumption of f_ζ being scale-invariant or in the squeezed limit, where one scale is much smaller than the others (say k_1 ≪ k_2, k_3). Indeed, one has f^{(0)}_{NL} = f_ζ in these cases.

We stress that the bispectrum (71) neglects the presence of intrinsic non-Gaussianity in the second order scalar field fluctuations. To include this contribution, one has to apply the bispectrum given by Maldacena [61]. In order to keep equations simple, we will neglect this presence of intrinsic non-Gaussianity and apply eq. (71).

9Other forms of non-Gaussianity can also be described with techniques similar to the ones we are are going to develop.

Note that the primary field of validity of eq. (71) is in multi-field, e.g. curvaton-type, models with observable non-Gaussianity. In addition, it arises in the squeezed limit of single field slow-roll inflation. In that case, our modified δN-formalism, presented in section 3, reproduces the correct result for f^{(0)}_{NL}, i.e. f^{(0)}_{NL} = 5/12 (1 − n_ζ ) (see appendix B). This agreement shows that, contrary to the conventional δNformalism, our modified version of δN provides correct results also for the 3-point function in the squeezed limit. Consequently, the following calculation is correct in the squeezed limit, even though we made the simplifying assumption of negligible intrinsic non-Gaussianity.

Proceeding as we did for the power spectrum, we perform a slow-roll expansion for the quantities inside the averages in eq. (70), focussing on the non-vanishing contributions at leading order in slow-roll. After some calculation, this yields

f_{NL} = f^{(0)}_{NL} 1 + Ω(⃗k_1, ⃗k_2, ⃗k_3) P^{(0)}_ζ (k_1) P^{(0)}_ζ (k_2) f_ζ (k_3) + perms P^{(0)}_ζ (k_1) P^{(0)}_ζ (k_2)f_ζ (k_3) + perms

(73)

= f^{(0)}_{NL} [ 1 + Ω(⃗k_1, ⃗k_2, ⃗k_3) k^3 + Ω(⃗k_3, ⃗k_1, ⃗k_2) k^3_2 + Ω(⃗k_2, ⃗k_3, ⃗k_1) k^3_1 k^3_1 + k^3_2 + k^3 ] (74)

f^{(0)}_{NL} = 5 6 B^{(0)}_ζ (⃗k_1, ⃗k_2) P^{(0)}_ζ (k_1)P^{(0)}_ζ (k_2) + perms

(75)

Ω(⃗k_1, ⃗k_2, ⃗k_3) = 3 20 ⟨ tr γ̄^2 ⟩ [ 3(k̂_1 · k̂_2)^2 − 1 ]

− 1 20 ⟨ tr γ̄^2 ⟩ 2 [ 3(k̂_1 · k̂_2)^2 − 1 ] 1 P^{(0)}_ζ dP^{(0)}_ζ d ln k + 3 [ (k̂_1 · k̂_3)^2 + (k̂_2 · k̂_3)^2 − 1 ] 1 f_ζ d f_ζ d ln k

+ ⟨ ζ̄^2 ⟩ 2 1 f_ζ d^2f_ζ d(ln k)^2 + 2 1 P^{(0)}_ζ dP^{(0)}_ζ d ln k 2 + 4 1 f_ζ P^{(0)}_ζ d f_ζ d ln k dP^{(0)}_ζ d ln k . (76)

Here k̂_i ·k̂_j corresponds to the cosine of the angle between the vectors ⃗k_i and ⃗k_j . ⟨ tr γ̄^2 ⟩ and ⟨ ζ̄^2 ⟩ are defined as before. In the previous expression for Ω, the scale at which we evaluate P^{(0)}_ζ , f_ζ and their derivatives is any one of the k_i: the difference among these quantities evaluated at different scale is slow-roll suppressed with respect to the contributions we are examining. As a result, a cancellation of corrections originating from the numerator and the denominator in eq. (73) occurs. This removes terms containing second derivatives of the power spectrum. Moreover, it is sufficient to take into account the naive scaling P^{(0)}_ζ (k) ∼ k^{−3} in eq. (73), leading to the simpler form in eq. (74). In eq. (75), we defined the leading order non-Gaussianity parameter f^{(0)}_{NL}.

In some cases, it may be useful to perform an average over directions of the vectors. However, we note that the δ-function sets constraints on this averaging procedure. As an example, we focus on the particular case of squeezed configurations, i.e. k_1 ≪ k_2, k_3. For these configurations, one of the permutation terms can be dropped and the δ-function requires (k̂_2 · k̂_3)^2 = 1. The pair of unit-vectors k̂_1, k̂_2 or k̂_1, k̂_3 is statistically independent. Hence, the directional averaging gives (k̂_1 ·k̂_2)^2 = (k̂_1 ·k̂_3)^2 = 1/3. Therefore, having performed the directional averaging, the expression for squeezed configurations reads

f_{NL} = f^{(0)}_{NL} [ 1 + Ω(⃗k_1, ⃗k_2, ⃗k_3) ] (77)

Ω(⃗k_1, ⃗k_2, ⃗k_3) = − 1 20 ⟨ tr γ̄^2 ⟩ 1 f_ζ d f_ζ d ln k + ⟨ ζ̄^2 ⟩ 2 1 f_ζ d^2f_ζ d(ln k)^2 + 2 1 P^{(0)}_ζ dP^{(0)}_ζ d ln k 2 + 4 1 f_ζ P^{(0)}_ζ d f_ζ d ln k dP^{(0)}_ζ d ln k . (78)

We stress that under the directional averaging the first term on the right-hand side in eq. (76) vanishes. Indeed, we will see below that, keeping the directional information, precisely this term turns out to be the leading order correction. Therefore, this example illustrates that such procedures have to be handled with care.

Neglecting tensor fluctuations, the special case of corrections to f_{NL} in squeezed configurations was also discussed in [10]. In this case, corrections are solely given by the last line in eq. (76), which reads

Ω(⃗k_1, ⃗k_2, ⃗k_3) =

⟨ ζ̄^2 ⟩ 2 1 f_ζ d^2f_ζ d(ln k)^2 + 2 1 P^{(0)}_ζ dP^{(0)}_ζ d ln k 2 + 4 1 f_ζ P^{(0)}_ζ d f_ζ d ln k dP^{(0)}_ζ d ln k . (79)

Our result basically agrees with the findings of [10]. In order to have complete agreement, one needs to take into account the runnings of P^{(0)}_ζ and f_ζ in the calculation of the bispectrum in [10] ( their eqs. (5.9)-(5.11) ). Including this effect, their final formula for f_{NL}, eq. (5.14), slightly changes. Like in our findings, the running of the power spectra from the denominator disappears since it cancels against corresponding terms from the numerator. The effect of the running of f_ζ appears precisely as the first term on the right-hand side of eq. (79). The second and third term on the right-hand side of eq. (79) are already present in eq. (5.14) in [10].

We now return to the general form of corrections to f_{NL}, i.e. eqs. (73)-(76). Remarkably, we find that in single-field, slow-roll inflation tensors provide the dominant contribution in slow-roll, i.e. the first term on the RHS in eq. (76). This contribution results in a correction proportional to first order slow-roll parameters, while the others are of second order. Indeed, we observe that, at leading order in slow-roll, the dominant contribution is originating from the prefactor

⟨m(k̂_1)m(k̂_2)⟩ = 1 + 3 20 ⟨trγ̄^2⟩ [ 3(k̂_1 · k̂_2)^2 − 1 ] , (80)

which multiplies the tree-level bispectrum. From this we find that the dominant log-enhanced contribution to f_{NL}, in a slow-roll expansion, reads

f_{NL} = f^{(0)}_{NL} [ 1 + 6r 5 P^{(0)}_ζ ln(kL)

(3(k̂_1 · k̂_2)^2 − 1) k^3 + (3(k̂_3 · k̂_1)^2 − 1) k^3_2 + (3(k̂_2 · k̂_3)^2 − 1) k^3_1 k^3_1 + k^3_2 + k^3 ] . (81)

Interestingly, these log-enhanced contributions to f_{NL} do not depend on the tilt of the power spectrum, and so are also present for spectral index equal to one.

In conclusion, log-enhanced contributions to f_{NL} can be expressed in terms of observable quantities. Tensor contributions are proportional to first order slow-roll parameters, and are suppressed by the treelevel power spectrum. Very similar results hold for parameters associated to the trispectrum, g_{NL} and τ_{NL}. It is straightforward to obtain them proceeding exactly as done in this section.

Local non-Gaussianity in single field, slow-roll inflation turns out to be small. On the other hand, models, in which a second field takes part in the generation of curvature perturbations as in the curvaton scenario, can lead to large values of f_{NL} (see e.g. [85]). In the approximation in which only the curvaton field is responsible for curvature perturbations, the tree level bispectrum reads

B^{(0)}_ζ (⃗k_1, ⃗k_2) = f_σ(⃗k_1, ⃗k_2) [ 2π^2 k^3_1

P_σ(k_1)

2π^2 k^3_2 P_σ(k_2) + perms ] , (82)

where σ indicates the curvaton field. Our approach can be applied also to this case, although it requires additional work to calculate the contributions of long-wavelength scalar modes to inflationary observables, since more than one scalar field is present. We outline a method to do this in Appendix B, but a more complete discussion of this issue is left for future work. In this case, enhancement effects associated with long-wavelength modes could turn out to be more important than the ones discussed so far.

6 Conclusions

We have considered IR effects associated with backreaction of long-wavelength scalar and tensor modes in inflationary backgrounds. We proposed an infrared-safe definition of correlation functions involving curvature fluctuations, with no sensitivity on long-wavelength contributions. The essential idea was to make use of the proper invariant distance on the reheating surface where the curvature perturbation is evaluated. By using the invariant distance, one automatically absorbs longer wavelength modes in the background and obtains n-point functions for the curvature perturbation that are free from IR contributions associated with long-wavelength modes. We showed how to re-interpret our results in terms of conventionally defined n-point functions. This allowed us to provide closed expressions for the latter that manifestly exhibit the dependence on long-wavelength modes. In our approach, IR corrections automatically emerge in a resummed, all-orders form. We then applied our approach to the analysis of inflationary observables built from (conventionally defined) two- and three-point functions of the curvature perturbation. We showed how to compute the leading scalar and tensor IR effects on the power spectrum and on the bispectrum, in single field, slow-roll inflation. Our corrections to the power spectrum (both from long-wavelength scalar and tensor modes) and to f_{NL} (from long-wavelength scalar modes) agree (essentially) with Giddings and Sloth [10] (obtained by somewhat different methods). The advantage of our approach is that it directly provides resummed, all-orders expressions. We extend [10] by tensor corrections to f_{NL}. This is, in fact, the dominant piece! We also explicitly computed, in a specific inflationary model, the complete, all-orders expression for scalar longwavelength contributions to inflationary observables. Furthermore, we analyzed the question of convergence of IR corrections. Using entropy bounds given in [79, 80], we found that for a weak scale-dependence the convergence of the series of IR corrections is guaranteed. However, despite the existence of these entropy bounds and the fulfillment of slow-roll conditions, the convergence of the IR-correction series may break down if the scale-dependence is not sufficiently weak.

Summarizing, we have provided a simple formalism to calculate and investigate inflationary IR corrections. Maybe more importantly, we have provided simple definitions of IR-safe correlation functions which make it possible to avoid IR enhancement altogether.

We have also shown that in all cases, where the δN-formalism is applicable, our results can be equivalently obtained in terms of a suitable generalization of the δN-formalism, extending the discussion of [11]. In the present work, we included the effects of graviton long-wavelength modes, and we explained how to calculate IR contributions to arbitrary n-point functions involving curvature perturbations.

A natural question is how to extend our results to the case in which more than one field plays an active role in generating the curvature perturbations. In this case, IR effects might play a role more important than the one for single field inflation. We outlined in an Appendix a method to treat this problem, but we leave a more complete discussion for future work.

Acknowledgments

We thank Chris Byrnes for many useful conversations and helpful discussions. A.H. acknowledges the hospitality of the Perimeter Institute during the workshop “IR Issues and Loops in de Sitter Space” and related discussions with Steven Giddings, Martin Sloth, Takahiro Tanaka and Yuko Urakawa. This work was supported by the German Research Foundation (DFG) within the Transregional Collaborative Research Centre TR33 “The Dark Universe”. G.T. is founded by an STFC Advanced Fellowship (Ref Number ST/H005498/1). M.G. acknowledges support from the Studienstiftung des Deutschen Volkes.

A Comparison of P_ζ and P^{(0)}_ζ

The definitions of the IR-sensitive power spectrum P_ζ and the IR-safe power spectrum P^{(0)}_ζ are

P_ζ (k) = k^3 2π^2 ∫ d^3y e^{−i⃗k⃗y} ⟨ ζ(⃗x) ζ(⃗x + ⃗y) ⟩ (83) P^{(0)}_ζ (k) = k^3 2π^2 ∫ d^3z e^{−i⃗k⃗z} ⟨ ζ(⃗x) ζ(⃗x + e^{−ζ̄} e^{−γ̄/2} ⃗z) ⟩ . (84) Here, ⃗z and ⃗y are related by z^i = e^{ζ̄} ( e^{γ̄/2} ) ij y^j . Comparing the two yields

P_ζ (k) = ⟨ k^3 2π^2 ∫ d^3y e^{−i⃗k⃗y} ζ(⃗x) ζ(⃗x + ⃗y) ⟩ (85) = ⟨ k^3 2π^2 ∫ d^3y e^{−i⃗k⃗y} ζ(⃗x) ζ(⃗x + e^{−ζ̄} e^{−γ̄/2}(e^{ζ̄} e^{γ̄/2}⃗y) ) ⟩ (86) = ⟨ k^3 2π^2 e^{−3ζ̄} ∫ d^3z exp{−i(e^{−ζ̄} e^{−γ̄/2}⃗k)⃗z} ζ(⃗x) ζ(⃗x + e^{−ζ̄} e^{−γ̄/2}⃗z ) ⟩ (87) = ⟨ [ ( e^{−γ̄} ) ij k̂_ik̂_j ]_{−3/2} P^{(0)}_ζ ( e^{−ζ̄} e^{−γ̄/2}⃗k )⟩ . (88)

In the first line, we included the integral and prefactors in the average. Note that this does not affect the averaging process over pairs of points separated by the coordinate vector ⃗y. From the second to the third line, we performed a coordinate transformation of the integration variable from y to z. Since the determinant of e^{γ̄} is one, tensor fluctuations do not effect this transformation. Therefore, only scalar fluctuations appear as a prefactor in the third line. Consequently, we need to add tensor fluctuations by hand in this prefactor, in order to express the third line in terms of the IR-safe power spectrum P^{(0)}_ζ . This results in the prefactor in the last line, which only consists of tensor fluctuations. In this last line, the vector k̂ is a unit vector in ⃗k-direction and the average is performed over the background quantities ζ̄(⃗x) and γ̄_{ij} (⃗x).

B Extension of δN-formalism

In this appendix, we discuss in more detail how our results can be understood in terms of a δN approach. In a previous paper [11], written in collaboration with Byrnes and Nurmi, we showed how a suitable extension of the δN-formalism allows for the computation of leading-log contributions to the power spectrum, due to scalar long-wavelength fluctuations. Here, we extend our work to include tensor modes and to compute log-enhanced corrections to non-Gaussianity parameters.

Let us start with single field inflation. For this purpose, we will adopt the same gauge as in section 3. By means of the δN-formalism, the curvature perturbation ζ can then be expressed in terms of the number of e-foldings evaluated on a background given by the scalar field ϕ and its perturbation δϕ: ζ = N [ϕ + δϕ] − ⟨N⟩ . (89) The previous expression admits an expansion in terms of scalar fluctuations ζ_{⃗k} = N_ϕ(k^′)δ_{⃗k}ϕ(k^′, ḡ_{ab}) + 1 2 N_{ϕϕ}(k^′) [ (δϕ ⋆ δϕ)_{⃗k} (k^′, ḡ_{ab}) − ⟨δϕ ⋆ δϕ⟩ ] + ... , (90) where we use the notation of the main text, and the Gaussian, first-order scalar fluctuation δ_{⃗k}ϕ is given in eq. (34). The effect of long-wavelength modes is encoded in the shift of the time of horizon exit, and in the function m, contained in the expression of δ_{⃗k}ϕ. Long-wavelength mode contributions are controlled by the averaged quantities ζ̄ and γ̄_{ij}.

With the previous expression, we neglect intrinsic non-Gaussianity of δ_{⃗k}ϕ. Hence, this formalism is only applicable in situations where this is negligible. However, this condition is fulfilled in several models, e.g. models in which non-Gaussianity of the local form can acquire sizeable values as in multiple field inflation or curvaton-like mechanisms [83]. In light of these models, it is worthwhile to develop formalisms that neglect the presence of second order fluctuations.

Using the previous formula, it is straightforward to compute n-point functions of curvature perturbations, and compute leading log-enhanced corrections to inflationary observables. It is important to stress that, due to the choice of a gauge with δ_{⃗q}ϕ = 0 for q ≪ k, convolutions appearing in the second term of eq. (90) do not involve integration over all the modes, but have a lower cut-off slightly below the scale k. This implies that convolutions, when appearing in n-point functions, do not provide further log-enhanced contributions with respect to the ones associated with long-wavelength background modes. All the IR dependence is then contained in the quantities ζ̄ and γ̄.

As an example, let us work out explicitly the expression for the three-point function in the squeezed limit, including the effects of long-wavelength modes, using eq. (90). Our method is similar to [86]. The second term on the right-hand side in eq. (90) is irrelevant for squeezed configurations and will be neglected. The contribution to the bispectrum is ⟨ ζ_{⃗k1} ζ_{⃗k2} ζ_{⃗k3} ⟩ = 1 √ 8k^3_1 k^3_2k^3 ⟨ [ m^{12} (k̂_1) (N_ϕH)(k^′_1) a_{⃗k1} ] [ m^{12} (k̂_2) (N_ϕH)(k^′_2) a_{⃗k2} ] [ m^{12} (k̂_3) (N_ϕH)(k^′_3) a_{⃗k3} ] ⟩ . (91) In the limit in which k_1 ≪ k_2 ≃ k_3, the size of the vector k_1 is comparable to the size of the long-wavelength modes relative to the vectors k_2 and k_3. The latter are included in the shift of the time of horizon exit t_k′_2 and on m(k̂_2), respectively, t_k′_3 and m(k̂_3). Taking into account this fact, and using Wick’s theorem, we can write in this limit the following non-vanishing contribution

⟨ ζ_{⃗k1} ζ_{⃗k2} ζ_{⃗k3} ⟩ = (2π)^3δ^{(3)}(⃗k_2 + ⃗k_3) 1 2k^3_2 √ 2k^3_1 ⟨ [ m^{12} (k̂_1)(N_ϕH)(k^′_1) a_{⃗k1} ] [ m(k̂_2) (N_ϕH)^2 (k^′_2) ] ⟩ . (92)

Since k_1 ≪ k_2, the only possibility to contract a_{⃗k1} is the background contribution originating from (N_ϕH)^2(k^′_2). By expanding the latter and by means of the definition of ζ̄, this contraction yields

⟨ a_{⃗k1} (N_ϕH)^2(k^′_2) ⟩ = −⟨ a_{⃗k1} ζ̄ ⟩ d (N_ϕH)^2 d ln k | | |_{k′2} = −m^{12} (k̂_1)

(N_ϕH)(k^′_1) √ 2k^3_1 d (N_ϕH)^2 d ln k | | |_{k′2} . (93)

Therefore, we find for the bispectrum:

B_ζ (⃗k_1, ⃗k_2) = −1 4(k_1k_2)^3 ⟨ [ m(k̂_1)(N_ϕH)^2(k^′_1) ] [ m(k̂_2)(N_ϕH)^2(k^′_2)

] d ln P^{(0)}_ζ d ln k | | | | k^′_2

⟩ . (94)

At leading order, we neglect the contribution from the background (k^′_i → k_i and m(k̂_i) = 1). This provides the following tree-level result for the non-Gaussianity parameter

f^{(0)}_{NL}(k) = − 5 12 d ln P^{(0)}_ζ d ln k | | | k = 5 12 (1 − n_ζ (k)) , (95)

that is Maldacena’s consistency relation [61, 62]. Hence, the complete form for f_{NL}, obtained from formula (94), can be expressed through f^{(0)}_{NL}, giving

f_{NL} =

⟨ m(k̂_1)P^{(0)}_ζ (k^′_1) m(k̂_2)P^{(0)}_ζ (k^′_2) f^{(0)}_{NL}(k^′_2) ⟩

⟨ m(k̂_1)P^{(0)}_ζ (k^′_1) ⟩ ⟨ m(k̂_2)P^{(0)}_ζ (k^′_2) ⟩

, (96)

in agreement with formula (70) in the squeezed limit. We can then proceed as done in the main text to extract leading log-enhanced contributions.

Let us briefly discuss the case in which multiple scalar fields affect the curvature perturbation. The δNformalism is very well suited to study this case, as discussed in the original paper by Sasaki and Stewart [72]. We adopt a gauge with vanishing scalar metric fluctuations, i.e. the long-wavelength modes of the scalar field are not vanishing. The curvature perturbation (that in the case of multiple fields is not generally conserved) can be expressed as an expansion in terms of all the scalar fields involved

ζ_{⃗k}(t_f ) = N_I [t_f , {ϕ_0}] δ_{⃗k}ϕ^I [{ϕ_0}] + 1 2 N_{IJ} [t_f , {ϕ_0}] {( δϕ^I ⋆ δϕ^J ) ⃗k [{ϕ_0}] − ⟨δϕ^I ⋆ δϕ^J ⟩ } + · · · , (97)

where the capital latin indices of N denote derivatives w.r.t. the scalar fields and summation over repeated indices is understood. Here, {ϕ_0} denotes the dependence on the homogeneous values ϕ^I_0 of the scalar fields. As in Sasaki and Stewart, we have replaced the dependence on the time of horizon exit t_k of the various functions, with the value of homogeneous solutions of the scalar equations at t_k: ϕ^I_0 ≡ ϕ^I_0(t_k) .

Then, the inclusion of the effects of scalar and tensor long-wavelength modes can be done as in the previous sections, although the procedure is a bit more laborious. We express a given function ϕ^I (t, ⃗x), the solution of the field equations, as

ϕ^I (t, ⃗x) = ϕ^I_0(t) + δϕ̄^I (t) + δϕ^I (t, ⃗x) , (98)

where δϕ̄^I (t) is an average over long-wavelength modes, similar to the ones we performed in the main text. The effect of long-wavelength scalar fluctuations is to shift the values of ϕ^I_0, that appear in eq. (97), to ϕ^I_0 + δϕ̄^I . In a sense, they play the same role of shifting the time of horizon exit, although with multiple fields there is not a one to one correspondence between time and values of the scalar solution. After passing to momentum space, the inclusion of long-wavelength scalar perturbations implies that the expansion in eq. (97) becomes

ζ_{⃗k}(t_f ) = N_I [ t_f , {ϕ_0 + δϕ̄} ] δ_{⃗k}ϕ^I [ {ϕ_0 + δϕ̄} ] + 1 2 N_{IJ} [ t_f , {ϕ_0 + δϕ̄} ] {( δϕ^I ⋆ δϕ^J ) ⃗k [ {ϕ_0 + δϕ̄} ] − ⟨δϕ^I ⋆ δϕ^J ⟩ } + · · · (99)

to take into account the shifts of the homogeneous solution of the scalar fields. The inclusion of tensor longwavelength contribution, on the other hand, is very simple: since correlations between tensor and scalar modes vanish, the effect of tensors is precisely identical to that discussed in the previous sections. It can be taken into account with a proper redefinition of the time of horizon exit of a given mode t_k → t_k′ . One can then repeat in this case the very same steps that we took in the previous sections, generalizing our results to multiple fields. This will be done in future work, where we will also discuss in this context the possibility of having large non-Gaussianity from loop effects [43], with sizeable scale-dependence [87, 88].

References

[1] V. F. Mukhanov and G. V. Chibisov, “The Vacuum energy and large scale structure of the universe,” Sov. Phys. JETP 56 (1982) 258 [Zh. Eksp. Teor. Fiz. 83 (1982) 475].

[2] A. Vilenkin and L. H. Ford, “Gravitational Effects Upon Cosmological Phase Transitions,” Phys. Rev. D 26, 1231 (1982). [3] A. D. Linde, “Scalar Field Fluctuations In Expanding Universe And The New Inflationary Universe Scenario,” Phys. Lett.

B 116 (1982) 335.

[4] A. A. Starobinsky, “Dynamics Of Phase Transition In The New Inflationary Universe Scenario And Generation Of Perturbations,” Phys. Lett. B 117 (1982) 175.

[5] A. Vilenkin, “Quantum Fluctuations In The New Inflationary Universe,” Nucl. Phys. B 226 (1983) 527. [6] A. D. Linde and R. Brandenberger, “Inflation And Quantum Cosmology,” Boston, USA: Academic (1990) 199 p [7] S. Weinberg, “Quantum contributions to cosmological correlations,” Phys. Rev. D 72 (2005) 043514 [arXiv:hep-th/0506236]. [8] S. Weinberg, “Quantum contributions to cosmological correlations. II: Can these corrections become large?,” Phys. Rev.

D 74 (2006) 023508 [arXiv:hep-th/0605244].

[9] D. H. Lyth, “The curvature perturbation in a box,” JCAP 0712, 016 (2007) [arXiv:0707.0361 [astro-ph]]. [10] S. B. Giddings and M. S. Sloth, “Semiclassical relations and IR effects in de Sitter and slow-roll space-times,” arXiv:1005.1056 [hep-th].

[11] C. T. Byrnes, M. Gerstenlauer, A. Hebecker, S. Nurmi and G. Tasinato, “Inflationary Infrared Divergences: Geometry of the Reheating Surface vs. delta N Formalism,” JCAP 1008 (2010) 006 [arXiv:1005.3307 [hep-th]].

[12] L. Senatore, talk at Perimeter Institute, October 2010.

[13] Y. Urakawa and T. Tanaka, “Influence on Observation from IR Divergence during Inflation. I,” Prog. Theor. Phys. 122 (2009) 779 [arXiv:0902.3209 [hep-th]].

[14] Y. Urakawa and T. Tanaka, “Influence on observation from IR divergence during inflation – Multi field inflation –,” Prog.

Theor. Phys. 122 (2010) 1207 [arXiv:0904.4415 [hep-th]].

[15] Y. Urakawa and T. Tanaka, “IR divergence does not affect the gauge-invariant curvature perturbation,” arXiv:1007.0468 [hep-th].

[16] A. A. Starobinsky, “STOCHASTIC DE SITTER (INFLATIONARY) STAGE IN THE EARLY UNIVERSE,” In *De Vega, H.j. ( Ed.), Sanchez, N. ( Ed.): Field Theory, Quantum Gravity and Strings*, 107-126 (1986) [17] M. Sasaki, H. Suzuki, K. Yamamoto and J. Yokoyama, “Superexpansionary divergence: Breakdown of perturbative quantum field Class. Quant. Grav. 10, L55 (1993).

[18] H. Suzuki, M. Sasaki, K. Yamamoto and J. Yokoyama, “Probability distribution functional for equal time correlation functions in Int. J. Mod. Phys. A 9, 221 (1994).

[19] A. A. Starobinsky and J. Yokoyama, “Equilibrium state of a selfinteracting scalar field in the De Sitter background,” Phys.

Rev. D 50, 6357 (1994) [arXiv:astro-ph/9407016].

[20] J. O. Gong and E. D. Stewart, “The density perturbation power spectrum to second-order corrections in the slow-roll expansion,” Phys. Lett. B 510, 1 (2001) [arXiv:astro-ph/0101225].

[21] A. D. Linde, “Particle Physics and Inflationary Cosmology,” arXiv:hep-th/0503203.

[22] M. S. Sloth, “On the one loop corrections to inflation and the CMB anisotropies,” Nucl. Phys. B 748 (2006) 149 [arXiv:astro-ph/0604488] and “On the one loop corrections to inflation. II: The consistency relation,” Nucl. Phys. B 775 (2007) 78 [arXiv:hep-th/0612138].

[23] M. van der Meulen and J. Smit, “Classical approximation to quantum cosmological correlations,” JCAP 0711 (2007) 023 [arXiv:0707.0842 [hep-th]].

[24] A. M. Polyakov, “De Sitter Space and Eternity,” Nucl. Phys. B 797 (2008) 199 [arXiv:0709.2899 [hep-th]]. [25] A. Riotto and M. S. Sloth, “On Resumming Inflationary Perturbations beyond One-loop,” JCAP 0804 (2008) 030 [arXiv:0801.1845 [hep-ph]].

[26] K. Enqvist, S. Nurmi, D. Podolsky and G. I. Rigopoulos, “On the divergences of inflationary superhorizon perturbations,” JCAP 0804 (2008) 025 [arXiv:0802.0395 [astro-ph]].

[27] H. R. S. Cogollo, Y. Rodriguez and C. A. Valenzuela-Toledo, “On the Issue of the ζ Series Convergence and Loop Corrections in the Generation of Observable Primordial Non-Gaussianity in Slow-Roll Inflation. Part I: the Bispectrum,” JCAP 0808 (2008) 029 [arXiv:0806.1546 [astro-ph]].

[28] D. Seery, “Magnetogenesis and the primordial non-gaussianity,” JCAP 0908 (2009) 018 [arXiv:0810.1617 [astro-ph]].

[29] D. Seery, “A parton picture of de Sitter space during slow-roll inflation,” JCAP 0905 (2009) 021 [arXiv:0903.2788 [astroph.CO]].

[30] R. Durrer, G. Marozzi and M. Rinaldi, “On Adiabatic Renormalization of Inflationary Perturbations,” Phys. Rev. D 80 (2009) 065024 [arXiv:0906.4772 [astro-ph.CO]].

[31] C. P. Burgess, L. Leblond, R. Holman and S. Shandera, “Super-Hubble de Sitter Fluctuations and the Dynamical RG,” JCAP 1003 (2010) 033 [arXiv:0912.1608 [hep-th]].

[32] L. Senatore and M. Zaldarriaga, “On Loops in Inflation,” arXiv:0912.2734 [hep-th].

[33] E. O. Kahya, V. K. Onemli, R. P. Woodard, “The Zeta-Zeta Correlator Is Time Dependent,” Phys. Lett. B694 (2010) 101-107. [arXiv:1006.3999 [astro-ph.CO]].

[34] A. Rajaraman, J. Kumar and L. Leblond, “Constructing Infrared Finite Propagators in Inflating Space-time,” Phys. Rev.

D 82 (2010) 023525 [arXiv:1002.4214 [hep-th]].

[35] F. Kuhnel and D. J. Schwarz, “Large-Scale Suppression from Stochastic Inflation,” arXiv:1003.3014 [hep-ph]. [36] F. Finelli, G. Marozzi, A. A. Starobinsky, G. P. Vacca and G. Venturi, “Stochastic growth of quantum fluctuations during slow-roll inflation,” Phys. Rev. D 82 (2010) 064020 [arXiv:1003.1327 [hep-th]].

[37] T. Prokopec and G. Rigopoulos, “Path Integral for Inflationary Perturbations,” Phys. Rev. D 82 (2010) 023529 [arXiv:1004.0882 [gr-qc]].

[38] C. P. Burgess, R. Holman, L. Leblond and S. Shandera, “Breakdown of Semiclassical Methods in de Sitter Space,” JCAP 1010 (2010) 017 [arXiv:1005.3551 [hep-th]].

[39] Y. Urakawa and T. Tanaka, “Natural selection of inflationary vacuum required by infra-red regularity and gaugeinvariance,” arXiv:1009.2947 [hep-th].

[40] J. O. Gong, H. Noh and J. c. Hwang, “Non-linear corrections to inflationary power spectrum,” arXiv:1011.2572 [astroph.CO].

[41] D. Seery, “Infrared effects in inflationary correlation functions,” Class. Quant. Grav. 27 (2010) 124005 [arXiv:1005.1649 [astro-ph.CO]].

[42] D. H. Lyth and Y. Rodriguez, “The inflationary prediction for primordial non-gaussianity,” Phys. Rev. Lett. 95 (2005) 121302 [arXiv:astro-ph/0504045].

[43] L. Boubekeur and D. H. Lyth, “Detecting a small perturbation through its non-Gaussianity,” Phys. Rev. D 73 (2006) 021301 [arXiv:astro-ph/0504046].

[44] D. H. Lyth, “Non-gaussianity and cosmic uncertainty in curvaton-type models,” JCAP 0606 (2006) 015 [arXiv:astro-ph/0602285].

[45] N. Bartolo, S. Matarrese, M. Pietroni, A. Riotto and D. Seery, “On the Physical Significance of Infra-red Corrections to Inflationary Observables,” JCAP 0801 (2008) 015 [arXiv:0711.4263 [astro-ph]].

[46] L. A. Kofman and A. D. Linde, “Generation of Density Perturbations in the Inflationary Cosmology,” Nucl. Phys. B 282 (1987) 555.

[47] A. D. Linde, “Lectures on inflationary cosmology,” arXiv:hep-th/9410082. [48] W. Unruh, “Cosmological long wavelength perturbations,” arXiv:astro-ph/9802323.

[49] G. Geshnizjani and R. Brandenberger, “Back reaction and local cosmological expansion rate,” Phys. Rev. D 66 (2002) 123507 [arXiv:gr-qc/0204074].

[50] G. Geshnizjani and R. Brandenberger, “Back reaction of perturbations in two scalar field inflationary models,” JCAP 0504 (2005) 006 [arXiv:hep-th/0310265].

[51] G. Geshnizjani, “Back reaction of long wavelength perturbations during inflation,” Ph.D. thesis, preprint UMI-31-74608 (2005).

[52] N. C. Tsamis and R. P. Woodard, “Relaxing The Cosmological Constant,” Phys. Lett. B 301 (1993) 351, “Strong infrared effects in quantum gravity,” Annals Phys. 238 (1995) 1, “The quantum gravitational back-reaction on inflation,” Annals Phys. 253 (1997) 1 [arXiv:hep-ph/9602316], “Quantum Gravity Slows Inflation,” Nucl. Phys. B 474 (1996) 235 [arXiv:hep-ph/9602315], and “Nonperturbative models for the quantum gravitational back-reaction on inflation,” Annals Phys. 267 (1998) 145 [arXiv:hep-ph/9712331].

[53] N. P. Myhrvold, “The Existence And Stability Of Semiclassical De Sitter And Anti-De Sitter Phys. Lett. B 132, 308 (1983).

[54] L. H. Ford, “Quantum Instability Of De Sitter Space-Time,” Phys. Rev. D 31, 710 (1985).

[55] I. Antoniadis, J. Iliopoulos and T. N. Tomaras, “Quantum Instability Of De Sitter Space,” Phys. Rev. Lett. 56 (1986) 1319.

[56] I. Antoniadis and E. Mottola, “Graviton Fluctuations In De Sitter Space,” J. Math. Phys. 32 (1991) 1037. [57] V. F. Mukhanov, L. R. W. Abramo and R. H. Brandenberger, “On the back reaction problem for gravitational perturbations,” Phys. Rev. Lett. 78 (1997) 1624 [arXiv:gr-qc/9609026].

[58] L. R. W. Abramo, R. H. Brandenberger and V. F. Mukhanov, “The energy-momentum tensor for cosmological perturbations,” Phys. Rev. D 56 (1997) 3248 [arXiv:gr-qc/9704037].

[59] S. P. Miao, N. C. Tsamis and R. P. Woodard, “De Sitter Breaking through Infrared Divergences,” J. Math. Phys. 51 (2010) 072503 [arXiv:1002.4037 [gr-qc]].

[60] T. Koivisto and T. Prokopec, “Quantum backreaction in evolving FLRW spacetimes,” arXiv:1009.5510 [gr-qc]. [61] J. M. Maldacena, “Non-Gaussian features of primordial fluctuations in single field inflationary models,” JHEP 0305 (2003) 013 [arXiv:astro-ph/0210603].

[62] P. Creminelli and M. Zaldarriaga, “Single field consistency relation for the 3-point function,” JCAP 0410 (2004) 006 [arXiv:astro-ph/0407059].

[63] D. Seery, M. S. Sloth and F. Vernizzi, “Inflationary trispectrum from graviton exchange,” JCAP 0903 (2009) 018 [arXiv:0811.3934 [astro-ph]].

[64] I. Zaballa, Y. Rodriguez and D. H. Lyth, “Higher order contributions to the primordial non-gaussianity,” JCAP 0606 (2006) 013 [arXiv:astro-ph/0603534].

[65] D. Seery, “One-loop corrections to the curvature perturbation from inflation,” JCAP 0802 (2008) 006 [arXiv:0707.3378 [astro-ph]].

[66] C. T. Byrnes, K. Koyama, M. Sasaki and D. Wands, “Diagrammatic approach to non-Gaussianity from inflation,” JCAP 0711 (2007) 027 [arXiv:0705.4096 [hep-th]].

[67] A. Riotto, “Inflation and the theory of cosmological perturbations,” arXiv:hep-ph/0210162. [68] D. S. Salopek and J. R. Bond, “Nonlinear evolution of long wavelength metric fluctuations in inflationary models,” Phys.

Rev. D 42 (1990) 3936.

[69] D. H. Lyth, K. A. Malik and M. Sasaki, “A general proof of the conservation of the curvature perturbation,” JCAP 0505 (2005) 004 [arXiv:astro-ph/0411220].

[70] L. H. Ford, “Quantum field theory in curved spacetime,” arXiv:gr-qc/9707062.

[71] A. A. Starobinsky, “Multicomponent de Sitter (Inflationary) Stages and the Generation of Perturbations,” JETP Lett. 42 (1985) 152 [Pisma Zh. Eksp. Teor. Fiz. 42 (1985) 124].

[72] M. Sasaki and E. D. Stewart, “A General Analytic Formula For The Spectral Index Of The Density Perturbations Produced During Inflation,” Prog. Theor. Phys. 95 (1996) 71 [arXiv:astro-ph/9507001].

[73] D. Wands, K. A. Malik, D. H. Lyth and A. R. Liddle, “A new approach to the evolution of cosmological perturbations on large scales,” Phys. Rev. D 62 (2000) 043527 [arXiv:astro-ph/0003278].

[74] E. Dimastrogiovanni and N. Bartolo, “One-loop graviton corrections to the curvature perturbation from inflation,” JCAP 0811, 016 (2008) [arXiv:0807.2790 [astro-ph]];

N. Bartolo, E. Dimastrogiovanni, A. Vallinotto, “One-loop corrections to the power spectrum in general single-field inflation,” JCAP 1011 (2010) 003. [arXiv:1006.0196 [astro-ph.CO]].

[75] E. Komatsu et al., “Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Cosmological Interpretation,” arXiv:1001.4538 [astro-ph.CO].

[76] F. Lucchin and S. Matarrese, “Power Law Inflation,” Phys. Rev. D 32 (1985) 1316.

[77] D. H. Lyth and E. D. Stewart, “The Curvature perturbation in power law (e.g. extended) inflation,” Phys. Lett. B 274 (1992) 168.

[78] E. D. Stewart and D. H. Lyth, “A more accurate analytic calculation of the spectrum of cosmological perturbations produced during inflation,” Phys. Lett. B 302 (1993) 171 [arXiv:gr-qc/9302019].

[79] N. Arkani-Hamed, S. Dubovsky, A. Nicolis, E. Trincherini and G. Villadoro, “A Measure of de Sitter Entropy and Eternal Inflation,” JHEP 0705 (2007) 055 [arXiv:0704.1814 [hep-th]].

[80] S. Dubovsky, L. Senatore and G. Villadoro, “The Volume of the Universe after Inflation and de Sitter Entropy,” JHEP 0904 (2009) 118 [arXiv:0812.2246 [hep-th]].

[81] D. Wands, “Local non-Gaussianity from inflation,” Class. Quant. Grav. 27 (2010) 124002 [arXiv:1004.0818 [astro-ph.CO]].

[82] C. T. Byrnes, S. Nurmi, G. Tasinato and D. Wands, “Scale dependence of local fNL,” JCAP 1002, 034 (2010) [arXiv:0911.2780 [astro-ph.CO]].

[83] T. Suyama, T. Takahashi, M. Yamaguchi and S. Yokoyama, “On Classification of Models of Large Local-Type Non- Gaussianity,” arXiv:1009.1979 [astro-ph.CO].

[84] C. T. Byrnes, M. Gerstenlauer, S. Nurmi, G. Tasinato and D. Wands, “Scale-dependent non-Gaussianity probes inflationary physics,” arXiv:1007.4277 [astro-ph.CO].

[85] D. H. Lyth, C. Ungarelli and D. Wands, “The primordial density perturbation in the curvaton scenario,” Phys. Rev. D 67 (2003) 023503 [arXiv:astro-ph/0208055].

[86] L. E. Allen, S. Gupta and D. Wands, “Non-Gaussian perturbations from multi-field inflation,” JCAP 0601 (2006) 006 [arXiv:astro-ph/0509719].

[87] T. Suyama and F. Takahashi, “Non-Gaussianity from Symmetry,” JCAP 0809 (2008) 007 [arXiv:0804.0425 [astro-ph]]. [88] J. Kumar, L. Leblond and A. Rajaraman, “Scale Dependent Local Non-Gaussianity from Loops,” JCAP 1004 (2010) 024 [arXiv:0909.2040 [astro-ph.CO]].