arXiv:1102.0739v1 [hep-th] 3 Feb 2011

The Renormalization Group and the Effective Action

D.G.C. McKeon

Department of Applied Mathematics, The University of Western Ontario, London, ON N6A 5B7, Canada

Department of Mathematics and Computer Science, Algoma University, Sault St.Marie, ON P6A 2G4, Canada

February 4, 2011

Abstract

The renormalization group is used to sum the leading-log (LL) contributions to the effective action for a large constant external gauge field in terms of the one-loop renormalization group (RG) function β, the next-to-leading-log (NLL) contributions in terms of the two-loop RG function etc. The log independent pieces are not determined by the RG equation, but can be fixed by considering the anomaly in the trace of the energy-momentum tensor. Similar considerations can be applied to the effective potential V for a scalar field ϕ; here the log independent pieces are fixed by the condition V^′(ϕ = v) = 0.

The effective Lagrangian for a constant external gauge field has been considered in a number of papers [1-7]. In the limit of a strong external field

∗Email: dgmckeo2@uwo.ca 1 strength, these lead to logarithmic corrections to the classical Lagrangian −^1_4 F^2_{μν} ≡ −^1_4 Φ. (We can regard F as being either the electromagnetic field strength in QED or a non-Abelian field strength which may be coupled to matter.) A systematic summation of these effects by using the RG equation has been discussed in ref. [8]; the summation of logarithmic effects arising due to radiative processes in other contents has been considered in [9]. In this note we show that the RG equation, when applied to the effective Lagrangian L for a strong external gauge field, can be rewritten as a sequence of coupled ordinary differential equations for functions S_n with S_0 giving the LL contribution to L, S_1 the NLL contribution to L, etc. The boundary conditions for these equations are the log-independent contributions to L. These can be fixed by examining the anomaly in the energy momentum tensor [10] as this anomaly can be used to find a formal expression for L [11]. The approach used is similar to one employed with the effective potential when there is a fundamental scalar field in the model [12].

If μ is the renormalization scale in a model, F_{μν} is the constant external field strength and λ the gauge coupling, then the effective Lagrangian L(F_{μν} , λ, μ) must be independent of μ and hence the RG equation follows, dL dμ = ( μ ∂ ∂μ + β(λ) ∂ ∂λ + γ(λ)F_{μν} ∂ ∂F_{μν} ) L = 0. (1)

Since λF_{μν} is not renormalized, β(λ) = −λγ(λ) [13] and so if Φ = F^{μν} F_{μν} , eq. (1) becomes [ μ ∂ ∂μ + β(λ) ( ∂ ∂λ − 2 λ Φ ∂ ∂Φ )] L = 0. (2)

With t =^1_4 ln

(_{λ2Φ}

μ^4 ) , the form of L when λΦ >> μ^2 is [8]

L = ∞∑ n=0 n∑ m=0 T_{n,m}λ^{2n}t^mΦ = ∞∑ n=0 S_n(λ^2t)λ^{2n}Φ (3)

where S_n(λ^2t) = ∞∑ m=0 T_{n+m,m}(λ^2t)^m. If β(λ) = ∞∑ n=1 b_{2n+1}λ^{2n+1}, eq. (2) is

satisfied at progressively higher orders in λ provided these functions satisfy a set of coupled ordinary differential equations,

wS^′_0(w) − S_0 = 0 (4a) b_3wS^′_1(w) − b_5S_0(w) + (1 + w)b_5S^′_0(w) = 0 (4b) −b_3S^′_2 + b_3S_2 − b_7S_0 + (1 + w)(b_7S^′_0 + b_5S^′_1 + b_3S^′_2) = 0 (4c) etc. with w = −1 + 2b_3(λ^2t). In general S_n(ξ) can be found once S_0 . . . S_{n−1} have been determined provided b_3 . . . b_{2n+3} are known and the boundary conditions S_n(λ^2t = 0) = T_{n0} have been specified. In particular, S_0 = T_{00}w, S_1 = −^{T00b5}_{b3} ln |w| + T_{10} and S_2 = [( b_5 b_3

)_2

−^{b7}_{b3} ] T_{00} ln |w| − (_{b3} b_5

)_2

T_{00}

(_1 w − 1 ) + T_{20}.

To find these boundary conditions, an extra condition must be found. To do this, we reexpress L in eq. (3) as L = ∞∑ n=0 A_n(λ)t^nΦ where

A_n = ∞∑ m=n T_{m,n}λ^{2m}. Eq. (2) is now satisfied at each order in t provided 1 λ^2

A_{n+1}(λ) = 1 n + 1 β(λ) d dλ ( 1 λ^2 A_n(λ) ) . (5)

If now A_n(λ) = λ^2A_n(λ) and η = ∫_{λ(η)} λ_0 dx β(x) then

A_{n+1}(λ(η)) = 1 (n + 1)! d^{n+1} dη^{n+1} A_0(λ(η)) (6)

so that

L = λ^2(η) ∞∑ n=0 t^n n! d^n dη^n A_0(λ(η))Φ = λ^2(η)A_0(λ(η+t))Φ = λ^2(η) λ^2(η + t)

A_0(λ(η+t))Φ . (7) Since A_0 is determined by the T_{n0}, we see from eq. (7) that again the log independent contributions to L fix the log dependent contributions once β is known. When η = 0, we take the value of the function λ(η) to be λ_0.

We now recall that the trace anomaly of the energy momentum tensor [10] ⟨ θ^μ_μ ⟩ = β(λ) 2λ(t) λ^2_0 λ^2(t)

Φ (8)

where dλ(t) dt = β(λ(t)) ( t = ∫_{λ(t)} λ_0 dx β(x) ) (9) leads to [11] L = − 1 4 λ^2_0 λ^2(t)

Φ (10)

since ⟨θ^{μν} ⟩ = −η^{μν} L + 2^{∂L}_{∂ημν} . (It can be verified that eq. (10) satisfies eq. (2).) The usual “running coupling function” λ(t) has the boundary condition λ(0) = λ_0 with λ_0 also being equal to λ(η = 0). It is now apparent that eqs.

(7) and (10) are identical provided η = 0, and so we now have the boundary conditions for eq. (4) T_{n0} = − 1 4 δ_{n0}. (11)

Upon equating L in eqs. (10) and (3) we see that^1_{λ2(t)} =^{−4}_{λ20} [_∞ ∑ n=0 S_n(λ^2_0t)λ^{2n}_0 ] , which is a novel expression for the running coupling in terms of β(λ). Consequently the log-independent contributions to L are fixed by the trace anomaly.

The effective potential V for a massless scalar field with the classical potential V_{C1} = λϕ^4 can be treated in an analogous fashion. We will now review how [12] the RG equation can be used to express the log-dependent part of V in terms of the log-independent parts, and how these log-independent parts can be determined by considering an extra condition (which in this case is V^′(ϕ = v) = 0). The expansion V = ∞∑ n=0 n∑ m=0 λ^{n+1}T_{n,m}L^mϕ^4 ( L = log ϕ μ ) (12)

when expressed as V = ∞∑ n=0 A_n(λ)L^nϕ^4 (13)

(where A_n = ∞∑ m=n T_{m,n}λ^{m+1}) satisfies the RG equation ( μ ∂ ∂μ + β(λ) ∂ ∂λ + γ(λ)ϕ ∂ ∂ϕ ) V = 0 (14)

provided A_{n+1}(λ) = 1 n + 1 ( β̂ ∂ ∂λ + 4γ̂ ) A_n(λ) (15)

where β̂ = β/(1 − γ) and γ̂ = γ/(1 − γ). If now η = ∫_{λ(η)} λ_0 dx β̂(x) (16) and Â_n(λ) = A_n(λ) exp ( 4 ∫_λ λ_0 γ̂(x) β̂(x)dx ) (17)

then by eq. (15)

Â_{n+1}(λ(η)) = 1 n + 1 d dη Â_n(λ(η)) = 1 (n + 1)! d^{n+1} dη^{n+1} Â_0(λ(η)). (18)

The sum of eq. (13) now leads to

V = A_0(λ(η + L)) exp ( 4 ∫_{λ(η+L)} λ(η) γ(x) β(x) dx ) ϕ^4. (19)

As with eq. (7), eq. (19) shows that effective potential is determined by its log-independent contributions and the RG functions.

To fix these log-independent contributions to V , we need a second condition. The trace of the energy-momentum tensor does not help us to do this. However, we can invoke the condition dV (ϕ) dϕ |_{ϕ=v} = 0 (20)

where v is the vacuum expectation value of V . If the renormalization scale parameter μ is chosen to be equal to v, then by eqs. (13) and (20)

[A_1(λ) + 4A_0(λ)]v^3 = 0. (21)

This equation has been derived for a particular value of μ, but as λ at this value of μ is not fixed, eq. (21) implies the functional relation

A_1(λ) = −4A_0(λ) (22)

provided v ≠ 0. Eq. (22) and eq. (15) with n = 0 together lead to [ β̂ d dλ + 4(1 + γ̂) ] A_0 = 0 (23)

so that A_0(λ) = A_0(λ_0) exp ( −4 ∫_λ λ_0 dx β(x) ) , (24)

and hence eq. (19) becomes

V = A_0(λ_0) exp ( −4 ∫_{λ(η+L)} λ_0 dx β(x) ) exp ( 4 ∫_{λ(η+L)} λ_{(η)} γ(x) β(x) dx ) ϕ^4

= A_0(λ_0) exp ( −4 ∫_λ λ_0 dx β(x) ) μ^4, (25)

upon using eq. (16). Consequently, V is independent of ϕ provided v ≠ 0; either there is no spontaneous symmetry breakdown or the potential is “flat”. (Of course, this flatness does not preclude spontaneous symmetry breaking.)

We thus see that the effective Lagrangian for a constant gauge field and the effective potential for a massless scalar field are completely determined by the RG functions when the RG equation is supplemented by a suitable extra condition. In the case of the effective action for an external electromagnetic field this extra condition is provided by the anomalous trace of the energy momentum tensor. For the effective potential V (ϕ) in a massless ϕ^4 model, it is the fact that V^′(0) disappears when ϕ = v which determines V (ϕ) completely in terms of the RG functions.

1 Acknowledgments

The author would like to thank F.T. Brandt, F. Chishtie, T. Hanif, J. Jia, T.N. Sherry and C. Schubert for discussions. R. Macleod had a helpful suggestion.

References

[1] W. Heisenberg and H. Euler, Z. Phys. 98, 714 (1936).

[2] J. Schwinger, Phys. Rev. 82, 664 (1951).

[3] V. Weisskopf, K. Danske Vidensk 14, no. 6 (1936).

[4] V.I. Ritus, ZhETF 69, 1517 (1975)(JETP 42, 774 (1976)).

[5] S. Vanyashin and M.V. Terentev, ZhETF 48, 565 (1965) (JETP 21, 375 (1965)).

[6] I.A. Batalin, S.G. Matinyan and G.K. Savvidi, Yad. Fiz. 26, 407 (1977)(Sov. J. Nucl. Phys. 26, 214 (1977)).

[7] M.R. Brown and M. Duff, Phys. Rev., D11, 2124 (1975).

M. Duff and M. Ramón-Medrano, Phys. Rev., D12, 3357 (1975).

[8] W. Dittrich and M. Reuter, Effective Lagrangian in Quantum Electrodynamics, Springer-Verlag (Berlin 1984).

[9] M.R. Ahmady, F.A. Chishtie, V. Elias, A. Fariborz, N. Fattahi, D.G.C.

McKeon, T.N. Sherry and T.G. Steele, Phys. Rev. D66, 014010 (2002). F.A. Chishtie, T. Hanif, D.G.C. McKeon and T.G. Steele, Phys. Rev. D77, 065007 (2008).

B.M. Kastening, Phys. Lett. B283, 287 (1982).

[10] R.J. Crewther, Phys. Rev. Lett. 28, 1421 (1972).

M.S. Chanowitz and J.R. Ellis, Phys. Lett. B40, 397 (1972). S.L. Adler, J.C. Collins and A. Duncan, Phys. Rev. D15, 1712 (1977). J.C. Collins, A. Duncan and S.D. Joglekar, Phys. Rev. D16, 438 (1977). N.K. Nielsen, Nucl. Phys. B 120, 212 (1977).

[11] H. Pagels and E. Tomboulis, Nucl. Phys. B 143, 485 (1978).

H. Leutwyler, Nucl. Phys. B 179, 129 (1981).

G.V. Dunne, H. Gies and C. Schubert, JHEP 0211, 032 (2006).

[12] V. Elias, R.B. Mann, D.G.C. McKeon and T.G. Steele, Nucl. Phys. B 678, 147 (2004) (E B703, 413 (2004); ibid. Phys. Rev. D72, 037902 (2005).

F.T. Brandt, F.A. Chishtie and D.G.C. McKeon, Mod. Phys. Lett. A20, 2215 (2005); ibid. Int. J. Mod. Phys A22, 1 (2007).

F.A. Chishtie, T. Hanif, J. Jia, D.G.C. McKeon and T.N. Sherry, Int. J. Mod. Phys. (in press).

[13] S.G. Matinyan and G.V. Savvidy, Nucl. Phys. B134, 539 (1978).

L. Abbott, Nucl. Phys. B185, 189 (1981).