arXiv:1102.0792v1 [math-ph] 3 Feb 2011

LARGE DEVIATIONS FOR DISORDERED BOSONS AND

MULTIPLE ORTHOGONAL POLYNOMIAL ENSEMBLES

Peter Eichelsbacher^1, Jens Sommerauer, Michael Stolz (Ruhr-Universität Bochum)

Abstract: We prove a large deviations principle for the empirical measures of a class of biorthogonal and multiple orthogonal polynomial ensembles that includes biorthogonal Laguerre, Jacobi and Hermite ensembles, the matrix model of Lueck, Sommers and Zirnbauer for disordered bosons, the Stieltjes-Wigert matrix model of Chern-Simons theory, and Angelesco ensembles.

AMS 2000 Subject Classification: Primary 60F10; Secondary 15B52, 33C45, 60B20.

Key words: Large deviations, biorthogonal ensembles, multiple orthogonal polynomial ensembles, disordered bosons, random matrix ensembles

1Corresponding author: Ruhr-Universität Bochum, Fakultät für Mathematik, NA 3/66, D-44780 Bochum, Germany, peter.eichelsbacher@ruhr-uni-bochum.de All authors have been supported by Deutsche Forschungsgemeinschaft via SFB/TR 12

1. Introduction

Orthogonal polynomial ensembles are given by joint probability densities of the form p(x_1, . . . , x_n) = c_n ∏ i<j (x_i − x_j )^2 n∏ i=1 w(x_i) (1.1)

with a positive weight function w. The classical examples, where w is the weight of Hermite, Laguerre, or Jacobi polynomials, naturally arise in random matrix theory: as joint eigenvalue distribution of the Gaussian Unitary Ensemble (Hermite), of Wishart matrices (Laguerre), or of random projectors (Jacobi).

In [5], Borodin studied more general joint probability densities of the form p(x_1, . . . , x_n) = c_n ∏ i<j (x_i − x_j )(x^θ_i − x^θ_j ) n∏ i=1 w(x_i), (1.2)

where θ is a fixed positive number. As pointed out in [5], these are related to biorthogonal polynomials, and will be referred to as biorthogonal ensembles.

This note is mainly motivated by a special biorthogonal ensemble that arises from a random matrix model for disordered bosons that was proposed by Lueck, Sommers, and Zirnbauer in [13]. The model amounts to the product of a Wishart matrix and the fundamental matrix of the standard symplectic form, and on the level of eigenvalues, interpreted as characteristic frequencies of disordered quasi-particles, one obtains the joint density q̃_{n,α}(x_1, . . . , x_n) = c_n n∏ i=1 x^α_i e^{−τ xi} ∏ 1≤i<j≤n |x_i − x_j | | |x^2_i − x^2_j | | 1_{[0,∞)n} (x_1, . . . , x_n) (1.3)

with α ∈ N. In [13] is was shown that the correlation functions of the frequencies in the bulk of the spectrum are in the Gaussian Unitary Ensemble universality class, yet a novel scaling behaviour is found at the low frequency end of the spectrum. Other applications of biorthogonal ensembles to physics are discussed in [14] and [17]. In the latter reference, the motivation comes from matrix models for Chern-Simons theory.

The aim of this note is to complement the Lueck-Sommers-Zirnbauer results by a large deviations principle for the empirical measure of the characteristic frequencies. For any sequence of random numbers x_1, . . . , x_n we denote by

L_n := 1 n n∑ i=1 δ_{xi} the empirical distribution or empirical measure of these values (a random probability measure on R). Define the mean empirical measure L̄_n = E L_n by the relation ⟨L̄_n, f⟩ = E ⟨L_n , f⟩ for all continuous and bounded functions f : R → R. One result in [13] is that the sequence (L̄_n)_n converges weakly to a probability measure on R with Lebesgue density

ϱ_∞(t) := 1 2π (t/b)^{−1/3} ( (1 + √ 1 − t^2/b^2)^{1/3} − (1 − √ 1 − t^2/b^2)^{1/3} ) , (1.4)

for 0 < t ≤ b := 3 √ 3. One consequence of the large deviations principle that will be proven in what follows is that this statement can be improved: we will show that the empirical measures (L_n)_n themselves converge weakly, in probability, to ϱ_∞.

Actually, we will study large deviations principles for empirical measures in a broader framework that encompasses not only ensembles like (1.2), but also takes care of weight functions w_n, depending on n, and determinantal parts like ∏ i<j |x_i − x_j |^β(x^θ_i − x^θ_j ) for any β > 0. We will also obtain large deviations results for multiple orthogonal polynomial ensembles (see [11]). The main observation is that while these large deviations results do depend on the explicit formulae for the joint distributions of the eigenvalues like (1.1) and (1.2), they are independent of the determinantal structure of the correlation functions, and we need not invoke the theory of orthogonal or biorthogonal or multiple orthogonal polynomials.

In [2] (see also [1]), Ben Arous and Guionnet have obtained a large deviations principle (LDP) for the empirical measure of eigenvalues from the Wigner-Dyson ensembles GOE/GUE/GSE in the space M_1(R) of probability measures on the Borel sets of R, endowed with the weak topology, with speed n^2 and good rate function (GOE case) I(μ) = 1 4 ∫ x^2 μ(dx) + 1 2 ∫ ∫ log |x − y|^{−1}μ(dx)μ(dy) − 3 8 , whose unique minimiser is the semicircle distribution. Recall that a family of probability measures (μ_ε)_{ε>0} on a topological space X is said to obey a large deviations principle (LDP) with speed ε^{−1} and good rate function I : X → [0, ∞] if I is lower semi-continuous and has compact level sets N_L := {x ∈ X : I(x) ≤ L}, for every L ∈ [0, ∞), and

lim inf ε→0 ε log μ_ε(G) ≥ − inf_{x∈G} I(x)

for every open G ⊆ X and lim sup ε→0 ε log μ_ε(A) ≤ − inf_{x∈A} I(x)

for every closed A ⊆ X.

This has been generalized in [8] to joint densities of the form

q_n(x_1, . . . , x_{p(n)}) = 1 Z_n p(n)∏

i=1 w_n(x_i)^n ∏ 1≤i<j≤p(n) | x^θ_i − x^θ_j |_β , (1.5)

with θ ∈ N, β > 0, partition function Z_n and continuous weight functions w_n : R → R^+_0 . This framework takes care of the needs of mesoscopic physics in that it subsumes matrix versions of all classical symmetric spaces (see [10]). With regard to the symmetry classification of disordered fermionic systems provided in the last reference, let us remark that an analogous classification for the case of bosons is not completely understood, see, however, the discussion in [18, Section 4]. Moreover, a d-dimensional generalisation of the random matrix model for disordered bosons in [13] was studied recently in [16].

The note is organised as follows. Section 2 is devoted to the formulation of a large deviations principle for the empirical measures (L_n)_n of the eigenvalues of generalised biorthogonal matrix ensembles. The examples include the random matrix model of disordered bosons in [13], the Stieltjes-Wigert ensembles in [17] as well as biorthogonal Jacobi-, Laguerre- and Hermite ensembles considered in [5]. In Section 3 we formulate large deviations principles for a special multiple orthogonal ensemble, the Angelesco ensemble, see [11]. In Sections 4 and 5 we present the proofs of our large deviations principles.

2. Large deviations for biorthogonal ensembles and beyond

In this section, we will derive a LDP for the bosonic ensemble, where the density of the joint distribution of the eigenvalues is of form (1.3). Obviously, (1.3) is a special case of the density

q_n(x_1, . . . , x_{p(n)}) = 1 Z_n p(n)∏

i=1 w_n(x_i)^n ∏ 1≤i<j≤p(n) |x_i − x_j | | |x^θ_i − x^θ_j | | 1_{Σp(n)} (x_1, . . . , x_{p(n)}), (2.1)

with θ ∈ N, partition function Z_n and continuous weight functions w_n : R → R^+_0 . For θ even, Σ is a closed subset of [0, ∞) while for θ odd, Σ is a closed subset of R. The sequence (p(n))_n must satisfy lim_{n→∞} p(n) n = κ ∈ (0, ∞). Note that for p(n) = n and weight functions w independent of n, (2.1) subsumes the density for the eigenvalue distribution for biorthogonal ensembles as introduced in [5]. For θ = 1, p(n) = n and w(x) = e^{− 1}2^{x2} we also recover the classical GUE.

Throughout the whole section, we write N (f) for the set of zeros of a function f : R → R and we assume that the sequence of weight functions (w_n)_n satisfies the following:

(a1) there exists a continuous function w : Σ → [0, ∞) such that

– #N (w) < ∞, N (w_n) ⊆ N (w) for large n. (a1.1) – As n → ∞, w_n converges to w, and log w_n to log w uniformly on compact sets.

(a1.2) – log w is Lipschitz on compact sets away from N (w). (a1.3) (a2) If Σ is unbounded, then there exists n_0 ∈ N such that lim x→±∞ |x|^{(θ+1)(κ+ϵ)} sup_{n≥n0} w_n(x) = 0

for some fixed ϵ > 0.

We will study the asymptotic behaviour of the empirical distribution L_n(x) of x for x = (x_1, . . . , x_{p(n)}) ∈ Σ^{p(n)}, which is defined as

L_n(x) := 1 p(n) p(n)∑

j=1 δ_{xj} , Let the space of probability measures on the Borel sets of Σ be denoted by M_1(Σ) and let Q_n denote the joint distribution of random variables (X_1, . . . , X_{p(n)}) with density q_n. The main theorem now reads as follows:

Theorem 2.1. The sequence (Q_n ∘ L^{−1}_n )_n satisfies a LDP on M_1(Σ) with respect to the weak topology with speed n^2 and good rate function I(μ) = κ^2 2 ∫ ∫ { log | x^θ − y^θ |_{−1} + log |x − y|^{−1} } μ(dx) μ(dy) (2.2) −κ ∫ log w(x) μ(dx) + c, where μ ∈ M_1(Σ) and

c := lim_{n→∞} 1 n^2 log Z_n = − inf_{μ∈M1(Σ)} { κ^2 2 ∫ ∫ { log | |x^θ − y^θ | |^{−1} + log |x − y|^{−1} } μ(dx) μ(dy) −κ ∫ log w(x) μ(dx) } < ∞. (2.3)

Corollary 2.2. Whenever the joint density of the eigenvalues is as in (2.1) and the rate function I has a unique minimiser μ^∗, we obtain under (a1) and (a2) a strong law of large numbers, P(L_n^{weak}−→ μ^∗) = 1. Moreover for any closed A ⊂ M_1(Σ) with A ∩ {ν ∈ M_1(Σ) : I(ν) = 0} = ∅, then for all n ≥ n_0

Q_n(L_n ∈ A) ≤ exp ( −n^2 inf_{ν∈A} I(ν)/2 ) . Proof. Employing the upper bound of the LDP, the strong law of large numbers follows via an application of Borel-Cantelli’s lemma, see [9, Thm. II.6.3]. □

Example 2.3 (Disordered bosons). Returning to the bosonic ensemble with density (1.3), we have as weight functions w_n(x) = x^{αn} e^{− τ xn} . Now τ^{−1} is the variance of the independent and normally distributed random variables, that were used to construct the stability matrix h for that ensemble, cf. [13]. We will take the variance τ^{−1} equal to n^{−1}. For a greater generality we take a sequence (α(n))_{n∈N} with lim_{n→∞}^{α(n)}_n = α > −1. The case α = 0 incorporates having a constant sequence (α(n))_n. Obviously, conditions (a1) and (a2) are met and we obtain for the ensemble of disordered bosons, that (Q_n ∘ L^{−1}_n )_n satisfies a LDP on M_1(Σ) with respect to the weak topology with speed n^2 and good rate function I(μ) = − κ^2 2 ∫ ∫ log (| x^2 − y^2 | | |x − y|) μ(dx) μ(dy) −κ ∫ α log x μ(dx) + κ ∫ x μ(dx) + c̃, where μ ∈ M_1(Σ) and c̃ := lim_{n→∞} 1 n^2 log Z̃_n < ∞. In [13], the authors proved the weak law of large numbers (WLLN) E [ 1 N N∑ i=1 1_{{λi≤x}} ] → ∫_x −∞ ρ_∞(t)dt for N → ∞, with ϱ_∞ defined in (1.4). They also stated that the corresponding rate function I is convex and thus, one can find a unique minimiser μ^∗ of I, I(μ^∗) = 0, with density ρ_∞. Therefore the WLLN of [13] is extended into a strong one.

Example 2.4 (Stieltjes-Wigert ensembles). In the case of Stieltjes-Wigert ensembles form [17] the weight function is w(x) = e^{−c(log(x))2} with some constant c. Hence our Theorem applies and we obtain a LDP and a strong law of large numbers.

Example 2.5 (Jacobi-, Laguerre- and Hermite biorthogonal ensembles). In [5], Jacobi ensembles with w(x) = x^α on (0, 1) are studied. We consider the general case Σ = [0, 1], w_n(x) = x^{α/n}(1 − x)^{β/n}, α, β > −1. For θ = 1 these ensembles appear in the canonical correlation analysis, where the correlations coefficients turn out to be the square root of the eigenvalues of a special kind of matrix. It is known that the eigenvalues of these matrices follow a joint distribution of Jacobi type. Taking α, β > −1 fixed and^{p(n)}_n → κ, the sequence (Q_n ∘ L^{−1}_n )_n obeys a LDP with speed n^2 and rate function (up to a constant) κ^2 2 ∫ ∫ ( log |x^θ − y^θ|^{−1} + log |x − y|^{−1} ) μ(dx)μ(dy). (2.4) For^{α(n)}_n → α > −1 and^{β(n)}_n → β > −1, the corresponding LDP holds true, and the rate function is (up to a constant) (2.4) plus −κ ∫ α log xμ(dx) − κ ∫ β log(1 − x)μ(dx). Hermite ensembles can be considered with w_n(x) = |x|^{α/n}e^{−x2/n} on (−∞, ∞) with α > −1. The case α = 0 is the classical Hermite weight. For constant α > −1 we obtain the LDP, and the rate function is (2.4) plus κ ∫ x^2μ(dx) with the same^{p(n)}_n → κ. For^{α(n)}_n → α > −1, the rate is (2.4) plus κ ∫ x^2μ(dx) − κ ∫ α log xμ(dx). Finally, the Laguerre biorthogonal ensembles are given by the weight function w_n(x) = x^{α/n}e^{−x/n} on (0, ∞) with α > −1. It is straightforward to find the corresponding rate functions for constant and n-dependent parameters. For θ = 2 the Laguerre case is corresponding to the matrix model of disordered bosons in [13].

Remark 2.6. It is obvious how to generalise biorthogonal ensembles. Consider an ensembles of n points on (a, b) ⊂ R with the joint probability density of the form c n∏ i=1 w_n(x_i)^n det[ξ_i(x_j )]^n_{i,j=1} det[η_i(x_j )]^n_{i,j=1}, (2.5)

where ξ_i(x), η_i(x), i ≥ 1, are some functions defined on (a, b). In case p(n) = n the density (2.1) is clearly a special case of (2.5), take ξ_i(x) = x^{i−1} and η_i(x) = x^{θ(i−1)}. It is known, see [7] and references therein, that random matrix theory provides many instances of such biorthogonal structures, for example unitary invariant matrix ensembles or unitary ensembles with an external source, see also [3] and the next section. But large deviations principles for the corresponding empirical measures of n points distributed according to (2.5) are out of range with respect to the techniques we are using to prove Theorem 2.1.

3. Large deviations for multiple orthogonal ensembles

Multiple orthogonal polynomials are a generalisation of orthogonal polynomials in which the orthogonality is distributed among a number of orthogonality weights. They appear in random matrix theory in the form of special determinantal point processes that are called multiple orthogonal polynomial (MOP) ensembles. In [11, 12] the appearance of MOP in a variety of random matrix models and models related with particles following non-intersecting paths have been considered. To a finite number of weight functions w_1, . . . , w_p on R and a multi-index ⃗n = (n_1, . . . , n_p) ∈ N^p we associate a monic polynomial P_{⃗n} of degree n := |⃗n| := n_1 + · · · + n_p such that ∫_∞ −∞ P_{⃗n}(x)x^kw_j(x) dx = 0, for k = 0, . . . , n_j − 1, j = 1, . . . , p. If P_{⃗n} uniquely exists then it is called the multiple orthogonal polynomial (MOP) associated with the weights w_1, . . . , w_p and multi-index ⃗n. In [11] the following result was presented. Assume that 1 Z_n det[f_j (x_k)]_{j,k=1,...,n} [ ∏ 1≤j<k≤n (x_k − x_j ) ] (3.1)

is a probability density function on R^n , where the linear span of f_1, . . . , f_n is the same as the linear span of {x^kw_j(x)|j = 0, . . . , n_j − 1, j = 1, . . . , p }. Then the MOP exists and is given by P_{⃗n}(x) = E [_n∏ j=1 (x − x_j ) ] , where the expectation is taken with respect to the p.d.f (3.1), which can be interpreted as the expectation of the random polynomial ∏_n j=1(x − x_j ) with roots x_1, . . . , x_n from a determinantal point process on the real line. The p.d.f (3.1) is called a MOP ensemble. It was first observed in [3] that random matrix models with an external source lead naturally to MOP ensembles.

The weights w_1, . . . , w_p are an Angelesco system if there are disjoint intervals Γ_1, . . . , Γ_p ⊂ R, such that supp(w_j) ⊂ Γ_j , j = 1, . . . , p. In the Angelesco case, det[f_j (x_k)]_{j,k=1,...,n} is of block form and results in det[f_j (x_k)]_{j,k=1,...,n} = p∏ i=1 ( Δ(X^{(i)}) n_i∏

k=1 w_i(x^{(i)}_k ) )

with x^{(i)}_k := x_{Ni−1+k} ∈ Γ_i, N_i = ∑_i j=1 n_j (with N_0 = 0) and X^{(i)} = (x^{(i)}_1 , . . . , x^{(i)}n_i ) and Δ(X) = ∏ 1≤j<k≤n (x_k − x_j ) for X = (x_1, . . . , x_n),

the Vandermonde determinant. Thus an Angelesco system gives rise to a MOP ensemble, the Angelesco ensemble, and the joint p.d.f is 1 Z_n p∏ i=1 Δ(X^{(i)})^2 ∏ 1≤i<j≤p Δ(X^{(i)}, X^{(j)}) p∏ i=1 n_i∏

k=1 w_i(x^{(i)}_k ), (3.2)

where Δ(X, Y ) := n∏ k=1 m∏ j=1 (x_k − y_j )

for X = (x_1, . . . , x_n) and Y = (y_1, . . . , y_m).

We now consider the situation that |⃗n| = n → ∞ and n_j → ∞ for every j = 1, . . . , p in such a way that n_j n → r_j for j = 1, . . . , p (3.3) with 0 < r_j < 1 and ∑_p j=1 r_j = 1. Let us consider varying weights w_i(x) = e^{−nVi(x)} (3.4) for any i = 1, . . . , p. Denote by

L_j (x^{(j)}) := L_{j,nj} (x^{(j)}) := 1 n_j n_j∑

k=1 δ_x(j)_k (3.5)

the j-th empirical measure of x^{(j)} for every j = 1, . . . , p.

We will study the asymptotic behaviour of the empirical distribution vector L_n(x) of x for x = (x_1, . . . , x_n) ∈ ∏_p j=1 Γ^{nj}_j =: Γ_{p,⃗n}, which is defined as L_n(x) := (L_1(x^{(1)}), . . . , L_p(x^{(p)})) with L_i(x^{(i)}) defined as in (3.5). L_n(x) is an element in ×^p_{i=1}M_1(Γ^{ni}_i ) =: M_1(Γ_{p,⃗n}). Let Q_n denote the joint distribution of random variables (X^{(1)}, . . . , X^{(p)}) with density (3.2).

Theorem 3.1 (LDP for Angelesco ensembles). Assume that every weight function w_i in (3.4) satisfies assumption (a1) and (a2) and assume that (3.3) is fulfilled. Then the sequence (Q_n ∘ L^{−1}_n )_n satisfies a LDP on M_1(Γ_{p,⃗n}) with respect to the weak topology with speed n^2 and good rate function I(μ_1, . . . , μ_p) = 1 2 p∑ j=1 r^2_j ∫ ∫ log |x − y|^{−2} μ_j(dx) μ_j(dy) (3.6)

+ p−1∑ j=1 p∑ k=j+1 r_jr_k ∫ ∫ log |x − y|^{−1} μ_j (x)μ_k(y) + p∑ j=1 r_j ∫ V_j (x)μ_j(x) + c, where (μ_1, . . . , μ_p) ∈ M_1(Γ_{p,⃗n}) and

c := lim_{n→∞} 1 n^2 log Z_n.

Corollary 3.2. Whenever the joint density of the eigenvalues is as in (3.2) and the rate function I has a unique minimiser μ^∗, we obtain under (a1) and (a2) a strong law of large numbers, P(L_n^{weak}−→ μ^∗) = 1. Remark 3.3. Hence the vector of empirical measures of a random points from the Angelesco ensembles tends to the vector of nonrandom measures almost surely weakly. This solves the question posed in [11, Section 5.2]. Remark that recently, in [4], a strong law for Angelesco ensembles was established, applying the notion of Fekete points as well as the Bernstein-Markov inequality. We obtain a full LDP. We would also be able to consider Nikishin ensembles with p ≥ 2 weights, see [11] and references therein. This is because the determinantal structure of the joint density of the eigenvalues [11, (4.14)] consists of Vandermonde-like products and hence the techniques of our proof of Theorem 2.1 can be adapted. Nikishin interaction arises in the asymptotic analysis of eigenvalues of banded Toeplitz matrices as well as in a two-matrix model, see [11, Section 5.4].

4. Proofs

Now we present the proof of Theorem 2.1. It is a generalisation of arguments used for the proofs of [1, Theorem 2.6.1] and [8, Theorem 4.1]. The proof of the upper bound is quite similar to the proofs in the latter references. In the proof of the lower bound, a coarse graining argument is more involved. To overcome the singularity of the logarithm at certain points is the most delicate part.

Let us define F : Σ × Σ → R by F (x, y) := − κ^2 2 ( log |x − y| + log |x^θ − y^θ| ) − κ 2 ( log w(x) + log w(y) ) , where we set F (x, y) = ∞ if x^θ = y^θ or if {x, y} ∩ N (w) ≠ ∅. Note that due to our definition of Σ, x^θ = y^θ corresponds to x = y. Let F^M (x, y) denote the truncated version of F (x, y), for M > 0: F^M (x, y) := F (x, y) ∧ M. Furthermore, we define the functions F_n : Σ × Σ → R, F_n(x, y) := − 1 2 ( p(n) n )_2 ( log |x − y| + log | |x^θ − y^θ | |) − p(n) 2n ( log w_n(x) + log w_n(y) ) , again with F_n(x, y) = ∞ if x^θ = y^θ or if {x, y} ∩ N (w_n) ≠ ∅ and their truncated versions F^M_n (x, y) := F_n(x, y) ∧ M, M > 0. Observing that n p(n)∑

i=1 log w_n(x_i) = n p(n) ∑ 1≤i<j≤p(n) (log w_n(x_i) + log w_n(x_j)) + n p(n) p(n)∑

i=1 log w_n(x_i),

we can deduce from (2.1) and the definition of F_n the following identity, where we abbreviate 1_Σp(n) (x_1, .., x_{p(n)}) by 1_Σp(n) (x),

q_n(x_1, . . . , x_{p(n)}) = 1 Z_n exp − 2n^2 p(n)^2 ∑ i<j F_n(x_i, x_j ) + n p(n) p(n)∑

i=1 log w_n(x_i)

1_Σp(n) (x). (4.1)

One key ingredient for the proof of the upper bound will be the following lemma, which also provides that the rate function is well defined.

Lemma 4.1.

(i) For any M > 0, F^M_n (x, y) converges to F^M (x, y) uniformly as n → ∞. (ii) F is bounded from below.

Proof. Since log |x − y| ≤ log(|x| + 1) + log(|y| + 1) holds for any x, y ∈ R, it implies F_n(x, y) ≥ − p(n) 2n [ log ( [ (|x| + 1)(|x^θ| + 1) ]^{p(n)}_n w_n(x) ) + log ( [ (|y| + 1)(|y^θ| + 1) ]^{p(n)}_n w_n(y) )] . We will show that F^M = F^M_n = M on some specified sets and then deal with the complement of these sets. We will start by observing that log ([ (|x^θ| + 1)(|x| + 1) ] p(n)_n w_n(x) ) is bounded from above: In case of x ∈ [−1, 1] ∩ Σ it turns out that log ( [ (|x^θ| + 1)(|x| + 1) ]^{p(n)}_n w_n(x) ) ≤ log ( 4^{p(n)n} ) + log(w_n(x)).

For M > 0 we can take n_1 as large, so that (a1.1) is applicable and |^{p(n)}_n − κ| < ϵ and |w_n(x) − w(x)| < ϵ ∀ n ≥ n_1 and ∀ x ∈ [−1, 1]. For each ν ∈ N (w) a δ^{(1)}_{ν,M} > 0 and ∀ x ∈ [−1, 1] with |x − ν| < δ^{(1)}_{ν,M} , we now find log ( 4^{p(n)}n ) + log(w_n(x)) ≤ log(4^{κ+ϵ}) + log(w(x)) ≤ −M.

Whereas for |x| ≥ 1, we observe that for n ≥ n_1 as above the following holds log ( [ (|x^θ| + 1)(|x| + 1) ]^{p(n)}_n w_n(x) ) ≤ log ( 4^{κ+ϵ}|x|^{(θ+1)(κ+ϵ)} sup_{m≥n} w_m(x) ) . (4.2)

Assumption (a2) provides that for each M > 0 there exists n_2 ∈ N and R_M > 0 such that for |x| ≥ R_M and all n ≥ n_2 we have that log ( 4^{κ+ϵ}|x|^{(θ+1)(κ+ϵ)} sup_{m≥n} w_m(x) ) ≤ −M. In case of |x| ≤ R_M reasoning as in the first part yields for each M > 0 and ν ∈ N (w) the existence of δ^{(2)}_{ν,M} > 0, such that for x with |x − ν| < δ^{(2)}_{ν,M} we also get log ( 4^{p(n)}n |x|^{(θ+1) p(n)}n w_n(x) ) ≤ −M. Thus, for each M > 0 there exists n_0 := max{n_1, n_2}, δ_{M,ν} := min{δ^{(1)}_{M,ν} , δ^{(2)}_{M,ν}} > 0 and R_M > 0 such that F_n(x, y) ≥ M holds for all n ≥ n_0 on A_M := {|x| ∨ |y| > R_M } ∪ ⋃ ν∈N (w) {|x − ν| ∧ |y − ν| < δ_{ν,M} }. (4.3) From (4.3) we see that A^c_M is compact. Moreover, we find a constant C_M > 0, depending on M, such that F_n ≥ M and F ≥ M ∀ x, y ∈ B_M := {(x, y) ∈ R^2 : |x − y| < C_M }, and therefore, a constant 0 < C̃_M < ∞ exists with max_{x,y∈B}c_M {− log |x − y|, − log |x^θ − y^θ|} < C̃_M . This implies the existence of yet another constant 0 < C_{1,M} < ∞ such that max x,y∈B^c_M ∩A^c_M {| log |x − y||, | log |x^θ − y^θ||} < C_{1,M} . Remember that x^θ = y^θ only holds if x = y. Furthermore, we introduce the notation ‖ f ‖^D_∞:= sup_{x∈D} |f(x)|, which restricts the supremum norm to a set D. The continuity of w_n and the compactness of A^c_M yields that ‖ log w_n(x) + log w_n(y) ‖^{AcM}∞ < C_{2,M} , for a constant 0 < C_{2,M} < ∞. Thus, for any given η > 0 we find on D := A^c_M \ B_M a ñ ∈ N, such that ∀ n ≥ ñ ‖ F_n(x, y) − F (x, y) ‖^D_∞≤ η. Hence, we have established the uniform convergence of F^M_n to F^M on A^c_M \ B_M , whereas on A_M ∪ B_M we have F^M_n = M. That F^M = M holds on A_M ∪ B_M can be shown along the same lines and (i) is proven. Besides F ≥ M on A_M ∪ B_M , we also know that F is real-valued and continuous on the compact set A^c_M ∩ B^c_M and therefore F is bounded from below, which yields (ii). □

Before proving the LDP for (Q_n ∘ L^{−1}_n )_n, we consider first the finite measure

P_n := Z_nQ_n,

where Z_n is the partition function of the Lebesgue density belonging to Q_n, see (2.1), and derive a LDP for (P_n ∘ L^{−1}_n ). We set

H(μ) := ∫ F dμ^{⊗2}, H^M (μ) := ∫ F^M dμ^{⊗2}, and obtain well defined maps on M_1(Σ) (due to Lemma bounded). We claim the following:

Lemma 4.2. H is a good rate function that governs the LDP for (P_n ∘ L^{−1}_n )_n.

Proof. Exactly as the proof of [8, Le. 3.5], since Lemma 4.1 assures that F has the necessary properties to mimic the proof of [8, Le. 3.5]. □

Moving on, we will show that (P_n ∘ L^{−1}_n )_n fulfils a weak LDP.

4.1 Proof of the upper bound The main obstacle will be to overcome the singularities of the function F . We start by observing that for Δ := {(x, y) ∈ Σ^2 : x = y},

L_n ⊗ L_n(Δ) = 1 p(n) (4.4)

holds m_Rp(n) -almost surely, because of the a.s. distinct eigenvalues under the product Lebesgue measure m_Rp(n) . From (4.4) it follows that Q_n-a.s. ∫ ∫ x≠y F^M_n (x, y)L_n(dx)L_n(dy) = ∫ ∫ F^M_n (x, y)L_n(dx)L_n(dy) − M p(n) . (4.5)

For a Borel set A in M_1(Σ) let us define Ã as follows Ã := { x ∈ Σ^{p(n)} : L_n(x) ∈ A } . Due to the symmetry of F_n in its arguments we find 2 ∑ i<j F_n(x_i, x_j ) = ∑ i≠j Fn(xi, xj ), and since mR^{p(n)} is the product Lebesgue measure on R^{p(n)} , we obtain via Hölder’s inequality P_n ( L_n ∈ A ) ≤ (∫ exp { 2n p(n) log w_n(t) } m_R(dt) ) p(n)_2 (∫ Ã exp { − 2n^2 p(n)^2 ∑ i≠j F^M_n (x_i, x_j ) } m_Rp(n) (dx) )_{1/2}

= (I) × (II).

First, we show lim_{n→∞}^1_{n2} log (I) = 0. Since w_n is continuous, hence bounded on compact sets, the key observation is that (a2) implies ∫ [−K,K]^c w_n(t)^{2np(n)} m_R(dt) = ∫ [−K,K]^c w_n(t)^{2np(n)} ( |t|^{(θ+1)(κ+ϵ)} |t|^{(θ+1)(κ+ϵ)} )^{2n}_{p(n)} m_R(dt) ≤ ∫ [−K,K]^c 1 |x|^{1+η} m_R(dt), for suitable K, η > 0 and n large enough. Concerning (II), we find that for any M > 0

(II) = {∫ Ã exp ( −2n^2 ( L_n(x)^{⊗2}(F^M_n ) − M p(n) )) m_Rp(n) (dx) }_{1/2}

≤ { exp ( −2n^2 ( inf_{μ∈A} μ^{⊗2}(F^M_n ) − M p(n) ))}_{1/2}

= exp ( −n^2 inf_{μ∈A} μ^{⊗2}(F^M_n ) ) exp ( Mn^2 p(n) ) . (4.6)

The first part of Lemma 4.1 yields, lim_{n→∞} ( inf_{μ∈A} μ^{⊗2}(F^M_n ) ) = inf_{μ∈A} μ^{⊗2}(F^M ).

We have thus shown that for any Borel set A ⊂ M_1(Σ) one has

lim sup n→∞ 1 n^2 log P_n ( L_n ∈ A ) ≤ − inf_{μ∈A} ∫ ∫ F^M (x, y) μ(dx)μ(dy). (4.7) The inequality (4.7) allows us to proof the following lemma.

Lemma 4.3. (P_n ∘ L^{−1}_n )_n is exponentially tight.

Proof. Very similar to [8, p.12] so that we omit the proof here. □

Now we choose for A the set B(μ, δ) = {ν ∈ M_1(Σ) : d(ν, μ) ≤ 2δ} with δ > 0 and

d(μ, ν) = sup | | | | ∫ fdμ − ∫ fdν | | | | where the supremum is taken over all Lipschitz functions f for which the sum of the Lipschitz constant l_f and of the uniform bound ‖ f ‖_∞ is less than or equal to 1. That distance is compatible with the weak topology, see [6, p.356]. Since μ → H^M (μ) is weakly continuous, from (4.7) we obtain for any μ ∈ M_1(Σ),

inf_{δ→0} lim sup n→∞ 1 n^2 log P_n ( L_n ∈ B(μ, δ) ) (4.7) ≤ − inf_{δ→0} inf_{ν∈B(μ,δ)} ∫ ∫ F^M (x, y) ν(dx)ν(dy) ≤ − ∫ ∫ F^M (x, y) μ(dx)μ(dy) = −H^M (μ). Finally, letting M go to infinity, we obtain the following upper bound,

inf_{δ→0} lim sup n→∞ 1 n^2 log P_n ( L_n ∈ B(μ, δ) ) ≤ −H(μ). (4.8)

4.2 Proof of the lower bound Turning to the lower bound, we take B(μ, δ) as above and for every μ ∈ M_1(Σ) we will show a lower bound,

inf_{δ>0} lim inf n→∞ 1 n^2 log P_n(L_n ∈ B(μ, δ)) ≥ −H(μ). (4.9)

As in [2] and [8] we can assume w.l.o.g. that

(i) μ has no atoms, (ii) S := supp(μ) is a compact subset of Σ with S ∩ (N (w) ∪ {0}) = ∅.

The main idea of the proof of the lower bound, is to localise the eigenvalues in small sets, and benefit from the speed n^2, which provides that the small volumes of these sets can be neglected. We will divide S as follows. For j = 1, . . . , p(n) let ξ_j = ξ^{(n)}_j the^{p(n)+1−j}_{p(n)} quantile of μ and set ξ^{(n)} = (ξ_{p(n)}, . . . , ξ_1), ξ_{p(n)+1} := inf S and ξ_0 = ξ_1 + 1. Therefore, μ(] − ∞, ξ_{p(n)+1}]) = 0 = μ([ξ_1, ∞[). Due to assumption (ii), we have −∞ < ξ_{p(n)+1} < ξ_{p(n)} < · · · < ξ_1 < ξ_0 < ∞. For δ > 0, t ∈ R^{p(n)} write • π_n(t) := {i = 1, . . . , p(n) : t_i ≥ 0}, ν_n(t) := {1, . . . , p(n)} \ π_n(t), • I_n(δ) := {i = 1, . . . , p(n) : |ξ^{(n)}_i − ξ^{(n)}_{i+1}| ≤ δ}, • I^{(n)}_j (t, δ) := [t_j − δ, t_j + δ] ∩ Σ, j = 1, . . . , p(n), • J^{(n)}_j (t, δ) := { [t_j , t_j + δ] for j ∈ π_n(t), [t_j − δ, t_j ] for j ∈ ν_n(t), • I_n(t, δ) := ∏_{p(n)} j=1 I^{(n)}_j (t, δ) • J_n(t, δ) := ∏_{p(n)} j=1 J^{(n)}_j (t, δ). We may assume that δ is fix with 0 < δ ≤^1_{θ 1θ−1} . Set

φ^{(n)}_j := φ^{(n,δ)}_j := inf{w_n(x) : x ∈ [ξ_j − δ, ξ_j + δ] ∪ [ξ_{j+1}, ξ_{j−1}]}, j = 1, . . . , p(n),

and analogously define φ_j when w_n(x) is replaced by w(x) in the above definition. Write ψ_n, resp. ψ for the step function which equals φ^{(n)}_j resp. φ_j on ]ξ_{j+1}, ξ_j] and is zero elsewhere

ψ_n = p(n)∑

j=1 φ^{(n)}_j 1_{]ξj+1,ξj ]}, resp. ψ = p(n)∑

j=1 φ_j1_{]ξj+1,ξj ]}. (4.10)

Moreover, we have:

Lemma 4.4. ∃ n_0 ∈ N such that ∀ n > n_0 : I_n(ξ^{(n)}, δ) ⊂ {x ∈ Σ^{p(n)} : L_n(x) ∈ B(μ, 2δ)}, where B(μ, 2δ) = {ν ∈ M_1(Σ) : d(ν, μ) ≤ 2δ} with

d(μ, ν) = sup {fLipschitz: l_f +‖f‖_∞≤1} | | | ∫ fdμ − ∫ fdν | | | as above.

Proof. Let y = (y_p(n), . . . , y_1(n)) ∈ I_n(ξ^{(n)}, δ). Thus, y_i ∈ [ξ_i − δ, ξ_i + δ] and d(L_n(y), L_n(ξ^{(n)})) ≤ sup_{f Lip.} lf +‖f ‖∞≤1 1 p(n) p(n)∑

i=1 |f(y_i) − f(ξ_i)| ≤ |y_i − ξ_i| ≤ δ.

Applying [2, Le. 3.3] finally yields d(L_n(y), μ) ≤ d(L_n(y), L_n(ξ^{(n)})) + d(L_n(ξ^{(n)}), μ) ≤ 2δ. □

Now for n ≥ n_0, we get from Lemma 4.4 and I_n(ξ, δ) ⊃ J_n(ξ, δ) the inequality P_n(L_n ∈ B(μ, 2δ))^{Le.} 4.4 ≥ Z_nQ_n(I_n(ξ, δ)) ≥ p(n)∏

i=1 ( φ^{(n)}_i )_n ∫ J_n(ξ,δ) ∏ i<j | |x^θ_i − x^θ_j | | |x_i − x_j | m_{p(n)}(dx). (4.11)

Introducing the notation

R^{d,+} := { x ∈ R^d |x_1 > x_2 > . . . > x_d } we focus on the last integral, ∫ J_n(ξ,δ) ∏ i<j | |x^θ_i − x^θ_j | | |x_i − x_j | m_{p(n)}(dx)

= ∫ [−δ,0]^{#νn(ξ)}×[0,δ]^{#πn(ξ)} ∏ i<j |(x_i + ξ_i) − (x_j + ξ_j)| | |(x_i + ξ_i)^θ − (x_j + ξ_j)^θ | | m_{p(n)}(dx)

≥ ∫ ([−δ,0]^{#νn(ξ)}×[0,δ]^{#πn(ξ)})∩R^{p(n),+} ∏ i<j |(x_i + ξ_i) − (x_j + ξ_j)| | |(x_i + ξ_i)^θ − (x_j + ξ_j)^θ | | m_{p(n)}(dx)

= ∫ ([−δ,0]^{#νn(ξ)}×[0,δ]^{#πn(ξ)})∩R^{p(n),+} [ ∏ i<j−1 |x_i − x_j + ξ_i − ξ_j| | |(x_i + ξ_i)^θ − (x_j + ξ_j)^θ | | p(n)−1∏

i=1 |x_i − x_{i+1} + ξ_i − ξ_{i+1}| | (x_i + ξ_i)^θ − (x_{i+1} + ξ_{i+1})^θ | m_{p(n)}(dx). (4.12)

On R^{p(n),+} , the following inequalities hold, ∏ i<j−1 |x_i − x_j + ξ_i − ξ_j| ≥ ∏ i<j−1 |ξ_i − ξ_j | (4.13)

and as it can easily be seen (e.g. from ab < (a + b)^2, for a, b > 0) p(n)−1∏

i=1 |x_i − x_{i+1} + ξ_i − ξ_{i+1}| ≥ p(n)−1∏

i=1 |x_i − x_{i+1}|^{12} |ξ_i − ξ_{i+1}|^{12} . (4.14)

Next, we will show that | |(x_i + ξ_i)^θ − (x_j + ξ_j )^θ | | ≥ | |x^θ_i + ξ^θ_i − x^θ_j − ξ^θ_j | | , (4.15)

where the modulus can be omitted since both terms are greater than 0 on R^{p(n),+} due to our

choice of the ξ_i. If ξ_i > ξ_j > 0 and x_i > x_j > 0, we find that

(x_i +ξ_i)^θ −(x_j +ξ_j )^θ = x^θ_i +ξ^θ_i −x^θ_j −ξ^θ_j + θ−1∑ k=1 ( θ k )^{≥0} ( x^k_i ξ^{θ−k}_i − x^k_j ξ^{θ−k}_j ) > x^θ_i +ξ^θ_i −x^θ_j −ξ^θ_j . (4.16)

In case of 0 > ξ_i > ξ_j and 0 > x_i > x_j , we first recall that this only can happen while θ is odd.

Nevertheless, (4.16) also holds: Within the sum, either θ − k is odd and k is even or vice versa.

Hence, if k is even 0 > ξ^{θ−k}_i x^k_i > ξ^{θ−k}_j x^k_i > ξ^{θ−k}_j x^k_j , while the other case follows in an analogous way. The last case to consider is ξ_i > 0 > ξ_j and x_i > 0 > x_j . This case also only comes up for θ being odd, and we find x^k_i ξ^{θ−k}_i > 0 and −x^k_j ξ^{θ−k}_j > 0 since either k is even or θ − k. Thus, we have proven (4.15) and this can on one hand further be used to obtain either

x^θ_i + ξ^θ_i − x^θ_j − ξ^θ_j > ( x^θ_i − x^θ_j ) 1_2 ( ξ^θ_i − ξ^θ_j ) 1_2 (4.17)

or on the other hand yield x^θ_i + ξ^θ_i − x^θ_j − ξ^θ_j > ξ^θ_i − ξ^θ_j , (4.18)

since x^θ_i > x^θ_j on R^{p(n),+} for θ ∈ N.

Putting together (4.13), (4.14), (4.17) and (4.18), we can bound (4.12) from below by ∏ i<j−1 [ (ξ_i − ξ_j) ( ξ^θ_i − ξ^θ_j )]^{p(n)−1}∏ i=1 [ (ξ_i − ξ_{i+1})^{12} ( ξ^θ_i − ξ^θ_{i+1} ) 1_2 ] × ∫ ([−δ,0]^{#νn(ξ)}×[0,δ]^{#πn(ξ)})∩R^{p(n),+} p(n)−1∏

i=1 [ (x_i − x_{i+1})^{12} ( x^θ_i − x^θ_{i+1} ) 1_2 ]

m_{p(n)}(dx). (4.19)

Applying the mean value theorem for θ ≥ 2 (while for θ=1 the following inequality will be an equality) now yields x^θ_i − x^θ_{i+1} = (x_i − x_{i+1})θζ^{θ−1}, with ζ ∈ [x_{i+1}, x_i]. Since |x_i| ≤ δ ∀ i and δ <^1_{θ 1θ−1} , we easily see that 0 < θζ^{θ−1} < 1. Therefore, 0 < x^θ_i − x^θ_{i+1} ≤ x_i − x_{i+1} and we obtain ∫ ([−δ,0]^{#νn(ξ)}×[0,δ]^{#πn(ξ)})∩R^{p(n),+} p(n)−1∏

i=1 [ (x_i − x_{i+1})^{12} ( x^θ_i − x^θ_{i+1} ) 1_2 ]

m_{p(n)}(dx)

≥ ∫ ([−δ,0]^{#νn(ξ)}×[0,δ]^{#πn(ξ)})∩R^{p(n),+} p(n)−1∏

i=1 ( x^θ_i − x^θ_{i+1} ) m_{p(n)}(dx)

= 1 θ^{p(n)} ∫ ([−δ^θ ,0]^{#νn(ξ)}×[0,δ^θ ]^{#πn(ξ)})∩R^{p(n),+} p(n)−1∏

i=1 (x_i − x_{i+1}) p(n)∏

i=1 |x_i|^{1−θθ} m_{p(n)}(dx) (4.20)

≥ 1 θ^{p(n)} ∫ ([−δ^θ ,0]^{#νn(ξ)}×[0,δ^θ ]^{#πn(ξ)})∩R^{p(n),+} p(n)−1∏

i=1 (x_i − x_{i+1}) m_{p(n)}(dx). (4.21)

The equality (4.20) is a simple application of the transformation formula, while the inequality (4.21) holds, because θ is an integer and δ < 1, so that |x_i|^{1−θ}θ ≥ 1. For the last integral, we substitute u_{p(n)} = x_{p(n)}, u_{i−1} = x_{i−1} − x_i, i = p(n), . . . , 2 and obtain ∫ ([−δ^θ ,0]^{#νn(ξ)}×[0,δ^θ ]^{#πn(ξ)})∩R^{p(n),+} p(n)−1∏

i=1 (x_i − x_{i+1}) m_{p(n)}(dx) = ∫ U_n p(n)∏

i=2 u_i m_{p(n)}(dx),

≥ ∫ [ 0,^{δθ}_{p(n)} ]_{p(n)} p(n)∏

i=2 u_i m_{p(n)}(dx) = ( 1 2 )_{p(n)−1} ( δ^θ p(n) )_{2(p(n)−1)+1} , (4.22) where U_n = { u = (u_{p(n)}, . . . , u_1)|u_{p(n)} ∈ [−δ^θ, δ^θ], u_i ∈ [0, δ^θ], i = 1, . . . , p(n) − 1 : | ∑_{p(n)} i=1 u_i| ≤ δ^θ } . From (4.11), (4.19) and (4.22) we get, 1 n^2 log P_n(L_n ∈ B(μ, 2δ)) ≥ ( p(n) n^2

)_2 1 p(n)^2 ∑ i<j−1 log ([ (ξ_i − ξ_j) ( ξ^θ_i − ξ^θ_j )]) (4.23)

+ ( p(n) n^2

)_2 1 2p(n)^2 p(n)−1∑

i=1 log ([ (ξ_i − ξ_{i+1}) ( ξ^θ_i − ξ^θ_{i+1} )]) (4.24)

+ 1 n p(n)∑

i=1 log φ^{(n)}_i (4.25)

+ 1 n^2 log ( 2 ( 1 2θ )_{p(n)}) + 2p(n) − 1 n^2

(log δ^θ − log p(n)). (4.26)

It is easily seen that (4.26) converges to 0 as n tends to infinity. Now, for (4.23) and (4.24) observe that for θ = 1, resp. θ ∈ N, ∫ x<y log(y^θ − x^θ)μ(dx)μ(dy) − ∫ (x,y)∈[ξ_{p(n)+1},ξ_{p(n)}]^{×2} log |y^θ − x^θ|μ(dx)μ(dy) = ∑ i<j ∫ (x,y)∈[ξ_{j+1},ξ_j ]×[ξ_{i+1},ξ_i] log(y^θ − x^θ)μ(dx)μ(dy)

+ 1 2 p(n)−1∑

i=1 ∫ (x,y)∈[ξ_{i+1},ξ_i]^{×2} log |y^θ − x^θ|μ(dx)μ(dy)

≤ 1 p(n)^2 ∑ i<j log(ξ^θ_i − ξ^θ_{j+1}) + 1 2p(n)^2 p(n)−1∑

i=1 log(ξ^θ_i − ξ^θ_{i+1}).

Because ξ_{p(n)+1} was defined to be the infimum of the support S and we look at measures without atoms, we observe that ξ_{p(n)} → ξ_{p(n)+1} = inf S for n → ∞. Thus, we find lim_{n→∞} ∫ (x,y)∈[ξ_{p(n)+1},ξ_{p(n)}]^{×2} log |y^θ − x^θ|μ(dx)μ(dy) = ∫ ∅ log |y^θ − x^θ|μ(dx)μ(dy) = 0. We have shown that the limit of (4.23) and (4.24) can be bounded from below in the following way, ∫ ∫ log(y^θ − x^θ)μ(dx)μ(dy) = 1 2 ∫ x<y log(y^θ − x^θ)μ(dx)μ(dy)

≤ 1 2 lim_{n→∞} 1 p(n)^2 ∑ i<j log(ξ^θ_i − ξ^θ_{j+1}) + 1 2p(n)^2 p(n)−1∑

i=1 log(ξ^θ_i − ξ^θ_{i+1})

. (4.27)

As to (4.25), observe that 1 n p(n)∑

j=1 log φ^{(n)}_j = p(n) n ∫ log ψ_ndμ, where ψ_n was defined in (4.10). Denote by l a Lipschitz constant of log w on S according to (a1.3). For η > 0 write l^η := max{| log w(x) − log w(y)| : |x − y| ≤ η}. Note that l^η ≤ lη, again because of the Lipschitz continuity (a1.3) and since N (w)∩S = ∅. Next, define M(n, δ) := ⋃ j∈I_n(δ)[ξ (n) j+1, ξ^{(n)}_j ] and C := max{log w(x) : x ∈ S}−min{log w(x) : x ∈ S}, where assumption (ii) provides that C is finite. Let ϵ > 0. Since for all n and j ≥ 1 one has μ ( [ξ^{(n)}_{j+1}, ξ^{(n)}_j ] ) = 1/p(n), and since δ is fixed, one has μ(M(n, δ)^c) ≤ ϵ for large n. Now let n be large enough such that one also has ‖ log w_n − log w‖_∞ ≤ ϵ, which is possible because of (a1.2). Then ∫ | log ψ_n − log w|dμ ≤ ∑ j∈I_n(δ) ∫ [ξ_{j+1},ξ_j ] {| log ψ − log w| + ϵ} dμ

+ ∑ j∈I^c_n(δ) ∫ [ξ_{j+1},ξ_j ] {| log ψ − log w| + ϵ} dμ + ϵ

≤ p(n) 1 p(n) (l^{2δ} + ϵ) + (C + ϵ)ϵ ≤ 2lδ + (C + ϵ + 1)ϵ

This yields

lim sup n→∞ | | | | | 1 n p(n)∑

j=1 log φ^{(n)}_j − κ ∫ log w dμ | | | | | = O(δ). (4.28)

Putting together (4.23)-(4.28) yields the lower bound (4.9), whenever the empirical measure lies in a ball around some measure μ in M_1(Σ).

4.3 Extending the weak LDP into a full one As Σ is a closed subset of the Polish space R, M_1(Σ) is a Polish space, cf. [15, Thm. 6.2] and since the B(μ, δ) are a base for the weak topology on M_1(Σ), we can apply [6, Thm. 4.1.11], which provides a weak LDP for (P_n ∘ L^{−1}_n )_n on M_1(Σ) with rate function H and speed n^2. Because (P_n ∘ L^{−1}_n )_n is also exponentially tight, Lemma 1.2.18 in [6] extends the weak LDP into a full one. But our original aim was to derive a LDP for (Q_n ∘ L^{−1}_n )_n. Setting A = G = M_1(Σ) in the lower and upper bound at the LDP for (P_n ∘ L^{−1}_n )_n, we obtain lim_{n→∞} 1 n^2 log Z_n = − inf_{μ∈M1(Σ)} ∫ F dμ^{⊗2}. The right hand side has been shown to be < +∞ by Lemma 4.1 (ii) and establishes (2.3). Now, 1 n^2 log Q_n(L_n ∈ A) = 1 n^2

(log P_n(L_n ∈ A) − log Z_n) for any Borel set A in M_1(Σ). Hence Theorem 2.1 is proven.

5. Sketch of the proof of Theorem 3.1

The Vandermonde-like products Δ(X) and Δ(X, Y ) in (3.2) lead to the observation, that to overcome the singularity of the logarithm at several places is the most delicate part. Therefore, we will skip most of the technical details of the proof worrying about too many replications of our arguments. Instead we give a sketch to be able to discover the rate function. Consider a neighborhood O of μ = (μ_1, . . . , μ_p) ∈ M_1(Γ_{p,⃗n}). With Õ := {x ∈ R^n : L_n ∈ O} we obtain

Q_n(L_n ∈ O) = 1 Z_n ∫ · · · ∫ Õ exp(F (x))dx_1 . . . dx_n with

F (x) = p∑ i=1 ∑ 1≤j<k≤n_i log(x^{(i)}_j − x^{(i)}_k )^2 + ∑ 1≤i<j≤p n_i∑

k=1 n_j∑

l=1 log(x^{(i)}_k − x^{(j)}_l ) − n p∑ i=1 n_i∑

k=1 V_i(x^{(i)}_k ). (5.1)

Very roughly speaking, we consider the case when O goes to a point μ. Then for x ∈ Õ the first summand in (5.1) can be approximated by p∑ i=1 n^2_i 2 ∫ ∫ log |x − y|^2dμ_i(x)dμ_i(y), the second summand by ∑ 1≤i<j≤p n_in_j ∫ ∫ log |x − y|dμ_i(x)dμ_j(y) and the third summand by n ∑_p i=1 n_i ∫ V_i(x)dμ_i(x). With (3.3) one gets 1 n^2 log Q_n(L_n ∈ O) ≈ p∑ i=1 r^2_i 2 ∫ ∫ log |x − y|^2dμ_i(x)dμ_i(y) + ∑ 1≤i<j≤p r_ir_j ∫ ∫ log |x − y|dμ_i(x)dμ_j(y)

+ p∑ i=1 r_i ∫ V_i(x)dμ_i(x) + 1 n^2 log Z_n.

References

[1] G. W. Anderson, A. Guionnet, and O. Zeitouni, An introduction to random matrices, Cambridge Studies in Advanced Mathematics, vol. 118, Cambridge University press, 2010.

[2] G. Ben Arous and A. Guionnet, Large deviations for Wigner’s law and Voiculescu’s non-commutative entropy, Probab. Theory Related Fields 108 (1997), no. 4, 517–542.

[3] P. M. Bleher and A. B. J. Kuijlaars, Random matrices with external source and multiple orthogonal polynomials, Int. Math. Res. Not. (2004), no. 3, 109–129. MR 2038771 (2004k:82034)

[4] Th. Bloom, Almost sure convergence for Angelesco ensembles, preprint arXiv:1101.3562, 2011. [5] A. Borodin, Biorthogonal ensembles, Nuclear Phys. B 536 (1999), no. 3, 704–732. [6] A. Dembo and O. Zeitouni, Large Deviations Techniques and Applications, Springer, New York, 1998. [7] P. Desrosiers and P. J. Forrester, A note on biorthogonal ensembles, J. Approx. Theory 152 (2008), no. 2, 167–187. MR 2422147 (2010d:42039) [8] P. Eichelsbacher and M. Stolz, Large deviations for random matrix ensembles in mesoscopic physics, Markov Processes and Related Fields 14 (2008), no. 2, 207–232.

[9] R. S. Ellis, Entropy, Large Deviations, and Statistical Mechanics, Springer-Verlag, New York, 1985. [10] P. Heinzner, A. Huckleberry, and M. R. Zirnbauer, Symmetry classes of disordered fermions, Commun.

Math. Phys. 257 (2005), 725–771.

[11] A. B. J. Kuijlaars, Multiple orthogonal polynomial ensembles, Recent trends in orthogonal polynomials and approximation theory, Contemp. Math., vol. 507, Amer. Math. Soc., Providence, RI, 2010, pp. 155–176. MR 2647568 [12] , Multiple orthogonal polynomials in random matrix theory, Proceedings of the International Congress of Mathematicians, Hyderabad, India, 2010, arXiv:1004.0846; 2010.

[13] T. Lueck, H.-J. Sommers, and M. R. Zirnbauer, Energy correlations for a random matrix model of disordered bosons, J. Math. Phys. 47 (2006), no. 10, 103304, 24.

[14] K. A. Muttalib, Random matrix models with additional interactions, J. Phys. A 28 (1995), no. 5, L159– L164.

[15] K. R. Parthasarathy, Probability measures on metric spaces, Probability and Mathematical Statistics, No.

3, Academic Press Inc., New York, 1967.

[16] S.E. Schmittner and M.R. Zirnbauer, Coherent potential approximation for disordered bosons, 2010, preprint. arXiv:1012.5283v1.

[17] M. Tierz, Schur polynomials and biorthogonal random matrix ensembles, J. Math. Phys. 51 (2010), no. 6, 063509, 9. MR 2676486 [18] M.R. Zirnbauer, Symmetry classes, 2010, preprint. arXiv1001.0722; article contributed to the Oxford Handbook of Random Matrix Theory.