arXiv:1102.0879v2 [hep-ph] 29 Mar 2011

Quark-lepton complementarity and tribimaximal neutrino mixing from discrete symmetry

Y. H. Ahn^∗, Hai-Yang Cheng^†, and Sechul Oh^‡ Institute of Physics, Academia Sinica, Taipei 115, Taiwan (Dated: March 30, 2011)

Abstract

The quark-lepton complementarity (QLC) relations indicate a deep structure that interrelates quarks and leptons. We propose new scenarios, in a seesaw framework with discrete A_4 flavor symmetry, which can accommodate the QLC relations and the nonzero neutrino mixing angle θ_{13} together with all the available neutrino experimental data, in a consistent way to generate the Cabibbo-Kobayashi-Maskawa (CKM) matrix for the quark mixing. Certain effective dimension-5 operators are introduced, which induce a deviation of the lepton mixing matrix from the tribimaximal mixing (TBM) pattern and lead the quark mixing matrix to the CKM one in form. We explicitly demonstrate three different possibilities of constructing the charged lepton mixing matrix and point out that the phases of whose elements play a crucial role to satisfy the QLC relations. We find that for the reactor mixing angle θ_{13} its possible values can vary around the center value sin θ_{13} ≃ λ/ √ 2 (λ ≃ 0.22 being the Cabbibo angle) and have the lower bound θ_{13} ≳ 3.5^∘. We also show that sizable leptonic CP violation characterized by the Jarlskog invariant |J_{CP}| ∼ O(10^{−2}) is allowed, which is expected to be tested in the future experiments such as the upcoming long baseline neutrino oscillation ones.

PACS numbers: 11.30.Hv, 12.15.Ff, 14.60.Pq, 14.60.St

∗ Email: yhahn@phys.sinica.edu.tw † Email: phcheng@phys.sinica.edu.tw ‡ Email: scoh@phys.sinica.edu.tw

I. INTRODUCTION

Recent analyses on the knowledge of neutrino oscillation parameters, which enter into a new phase of the precise determination of mixing angles and mass squared differences as shown in Table I, indicate that neutrinos are massive and leptons of different flavors mix with each other through the charged weak interactions. At present, the experimental data

TABLE I: Current best-fit values as well as 1σ and 3σ ranges of the oscillation parameters [1]. Here “Nor” and “Inv” indicate the normal and inverted mass orderings of neutrinos, respectively.

Δm^2_{sol}/10^{−5} eV^2 θ_{12} θ_{13} θ_{23} Δm^2_{atm}/10^{−3} eV^2 Nor(Inv) Best-fit 7.59 34.4^∘ 5.6^∘ 42.8^∘ 2.46 (−2.36) 1σ 7.39 − 7.79 33.4^∘ − 35.4^∘ 2.9^∘ − 8.6^∘ 39.9^∘ − 47.5^∘ 2.46 ± 0.12 (−2.36 ± 0.11) 3σ 6.90 − 8.20 31.5^∘ − 37.6^∘ < 12.5^∘ 35.5^∘ − 53.5^∘ 2.46 ± 0.37 (−2.36 ± 0.37)

at 3σ level [1, 2] are fully consistent with the tribimaximal mixing (TBM) pattern suggested by Harrison, Perkins and Scott [3] with the mixing angles

sin^2 θ_{12} = 1 3 , sin^2 θ_{23} = 1 2 , sin θ_{13} = 0 . (1)

However, the recent analyses based on global fits of the available data give us hints for θ_{13} > 0 at 1σ level [1, 2], which requires some deviation of the mixing angles from the TBM pattern. Although neutrinos have gradually revealed their properties in various experiments since the historic Super-Kamiokande confirmation of neutrino oscillations [4], properties related to the leptonic CP violation are completely unknown yet. In addition, the large values of the solar mixing angle θ_{sol} ≡ θ_{12} and the atmospheric mixing angle θ_{atm} ≡ θ_{23} may be telling us about some new flavor symmetries of leptons absent in the quark sector with the small quark mixing angles, e.g., at 1σ level [5]

θ^q_{12} = (13.03 ± 0.05)^∘ , θ^q_{23} = (2.37^{+0.05}_{−0.09})^∘ θ^q_{13} = (0.20^{+0.02}_{−0.02})^∘ , δ^q_{CP} = (67.17^{+2.78}_{−2.44})^∘ . (2)

This fact may provide a clue to the nature of quark-lepton physics beyond the Standard Model (SM). Therefore, it is very important to find a natural model that leads to the observed flavor mixing patterns for quarks and leptons with good accuracy. The disparity that nature exhibits between the quark and lepton mixing angles has been suggested in terms of the quark-lepton complementarity (QLC) relations [6–8], which can be written as θ_{12} + θ^q_{12} ≃ 45^∘ , θ_{23} + θ^q_{23} ≃ 45^∘ . (3) The QLC relations indicate that there could be a quark-lepton symmetry based on a flavor symmetry. In the past few years there have been lots of efforts in searching for models which can reproduce the TBM pattern for the neutrino mixing matrix. A fascinating way seems to be the use of certain discrete non-Abelian flavor groups added to the gauge groups of the SM. The μ − τ symmetry, which is the most popular discrete symmetry, has made some success in describing the mass and mixing patterns in the leptonic sector [9]. Further, Ma and Rajasekaran [10] have introduced for the first time the A_4 flavor symmetry to avoid the mass degeneracy between μ and τ under the μ−τ symmetry. Many subsequent works in the literature invoke the same symmetry group A_4. One reason is that A_4 is rather economical: it is the smallest discrete group containing a three-dimensional irreducible representation. In well-motivated extensions [11, 12] of the SM through the inclusion of the A_4 discrete symmetry, the TBM pattern for the neutrino mixing matrix comes out in a natural way. Especially, the authors of Ref. [11] have suggested dimension-5 operators induced in the neutrino sector as a natural source for the quark mixing in an economical way.

In this work we present new scenarios, based on the A_4 flavor symmetry, that can accommodate the QLC relations and the nonzero mixing angle θ_{13} together with all the other neutrino experimental data, such as Δm^2_{sol}, Δm^2_{atm}, sin^2 θ_{12} and sin^2 θ_{23}, in the same framework to generate the Cabibbo-Kobayashi-Maskawa (CKM) matrix for the quark mixing. We extend the framework of Ref. [11] by introducing all possible effective dimension-5 operators, invariant under SU(2)_L × U(1)_Y × A_4 × Z_2 symmetry in a seesaw framework^1, both in the neutrino sector and in the charged fermion (quarks and charged leptons) sector^2. Due to the higher dimensional operators introduced in the neutrino and charged lepton sectors, the lepton mixing matrix has a deviation from the TBM pattern which can explain the nonzero θ_{13}, while the higher dimensional operators appearing in the quark sector lead the quark mixing matrix to the CKM one in form. Thus, the large lepton mixing and the small quark mixing observed by experiments are understood in a natural way.

1 In our scenarios, after A_4 symmetry breaking, there are no residual symmetries like Z_2 and C_3, neither in the neutrino nor in the quark sector, on the contrary to that of Ref. [11].

2 These dimension-5 operators can induce a source of the high energy CP violation responsible for leptogenesis [13], which we are not going to study in this work.

In our framework base on the A_4 flavor symmetry, the charged lepton and quark sectors have the same flavor structure in the Lagrangian, implying that their mixing structures could also be related to each other. Motivated by this point, we further explore a possibility that the QLC relations can be understood by certain underlying relations between the charged lepton and quark mixings. Starting from the fact that the mixing matrix of the up-type quark sector can be almost diagonal and so the CKM matrix is mainly generated from the downtype quark mixing matrix, we assume that the mixing matrix of the charged lepton sector is basically the same in form as that of the down-type quark sector, except for the possibly different phases of each matrix element. Consequently, the lepton mixing matrix appears as the multiplication of the “CKM-like matrix” (induced from the charged lepton sector) and the “TBM pattern matrix” (induced from the neutrino sector), where each element of both matrices has an arbitrary phase. In our framework, the dimension-5 operators generate all the necessary off-diagonal elements of each mixing matrix induced, respectively, from the neutrino, charged lepton and quark sectors. We then show that the QLC relations can be satisfied by the relevant elements of the lepton mixing matrix in the above particular form. It turns out that certain phases of the CKM-like matrix elements induced from the charged lepton sector plays a crucial role to satisfy the QLC relations. It should be emphasized that this feature is very different from the conventional QLC scenario which is characterized by the “bimaximal minus CKM mixing” [7, 14]. For our aim, we demonstrate in detail three possible scenarios corresponding to three different ways of constructing the charged lepton mixing matrix, led by different assumptions on the hierarchical charged fermion Yukawa couplings of the relevant dimension-5 operators. We will see that all these three scenarios can lead to the QLC relations. Finally we shall elaborate on the other phenomenological consequences, including the lower bound on the mixing angle θ_{13} and the sizable leptonic CP violation characterized by the Jarlskog invariant |J_{CP}|.

The paper is organized as follows. In Sec. II, we present the particle content together with the flavor symmetry of our model. Then, after introducing the effective Lagrangians for the neutrino and charged fermion sectors, we derive the realistic mixing matrices for each sector. In Sec. III, we show, both analytically and numerically, how the QLC relations can be realized by the relevant elements of the lepton mixing matrix. Other phenomenological consequences including the nonzero θ_{13} and the leptonic CP violation are also discussed. Finally, our conclusions are summarized in Sec. IV. In Appendix, we show the Higgs potential and the relevant vacuum alignment.

II. THE FRAMEWORK WITH A_4 × Z_2 SYMMETRY

We work in the framework of an extension of the SM by introducing the extra right-handed SU(2)_L-singlet Majorana neutrinos N_R. Unless flavor symmetries are assumed, particle masses and mixings are generally undetermined in gauge theory. To understand the present neutrino oscillation data and the quark mixing data, we consider the A_4 flavor symmetry together with an auxiliary symmetry Z_2 for leptons and quarks. Then the symmetry group for the lepton and quark sectors is SU(2)_L × U(1)_Y × A_4 × Z_2. To impose the A_4 flavor symmetry on our model properly, apart from the usual SM Higgs doublet Φ, the scalar sector is extended by introducing two types of new scalar fields, χ and η, that are an SU(2)_L-singlet and an SU(2)_L-doublet, respectively:

Φ = φ^+ φ^0 , χ , η = η^+ η^0 . (4)

Here we recall that A_4 is the symmetry group of a tetrahedron and the finite group of the even permutation of four objects. Its irreducible representations contain one triplet 3 and three singlets 1, 1^′, 1^{′′} with the multiplication rules 3 ⊗ 3 = 3_s ⊕ 3_a ⊕ 1 ⊕ 1^′ ⊕ 1^{′′}, 1^′ ⊗ 1^{′′} = 1, 1^′ ⊗ 1^′ = 1^{′′} and 1^{′′} ⊗ 1^{′′} = 1^′. By denoting (a_1, a_2, a_3) and (b_1, b_2, b_3) as two A_4 triplets, we obtain

(a ⊗ b)_{3s} = (a_2b_3 + a_3b_2, a_3b_1 + a_1b_3, a_1b_2 + a_2b_1) , (a ⊗ b)_{3a} = (a_2b_3 − a_3b_2, a_3b_1 − a_1b_3, a_1b_2 − a_2b_1) , (a ⊗ b)_1 = a_1b_1 + a_2b_2 + a_3b_3 , (a ⊗ b)_1′ = a_1b_1 + ωa_2b_2 + ω^2a_3b_3 , (a ⊗ b)_1′′ = a_1b_1 + ω^2a_2b_2 + ωa_3b_3 , (5)

where ω = e^{i2π/3} is a complex cubic-root of unity.

The field content under SU(2)_L × U(1)_Y × A_4 × Z_2 in our model is assigned in Table II, where L_L = (ν_L, ℓ^−_L )^T and Q_L = (u_L, d_L)^T are the SM left-handed lepton and quark doublets, respectively, and l_R and u_R (d_R) are the respective SM right-handed lepton and u-type (dtype) quark singlets. In our framework, we assume that there is a cutoff scale Λ, above which there exists unknown physics with no CP violation term. Then below the scale Λ, the higher dimensional operators express the effects from the unknown physics.

TABLE II: Representations of the fields under SU(2)_L × U(1)_Y × A_4 × Z_2. Field L_L Q_L l_R, l^′_R, l^{′′}_R u_R, u^′_R, u^{′′}_R d_R, d^′_R, d^{′′}_R N_R χ Φ η A_4 3 3 1, 1^′,1^{′′} 1, 1^′,1^{′′} 1, 1^′,1^{′′} 3 3 3 1 Z_2 + + + + + − + + − SU(2)_L × U(1)_Y (2, −1) (2,^1_3 ) (1, −2) (1,^4_3 ) (1, −^2_3 ) (1, 0) (1, 0) (2, 1) (2, 1)

A. The neutrino sector

With dimension-5 operators driven by the χ field, the Yukawa interactions (d ≤ 5) in the neutrino sector, invariant under SU(2) × U(1) × A_4 × Z_2, can be written as

− L^ν_{Yuk} = y_ν(L̄_LN_R)_1η̃ + 1 2 M[(N_R)^cN_R]_1 + 1 2 λ^s_χ[(N_R)^cN_R]_{3s} χ + y^s_N Λ [(L̄_LN_R)_{3s} χ]η̃ + y^a_N Λ [(L̄_LN_R)_{3a} χ]η̃ + H.c. , (6)

where η̃ ≡ iτ_2η^∗ and τ_2 is the Pauli matrix. In the above Lagrangian, the right-handed Majorana neutrino terms are associated with a bare mass M and an SM gauge singlet scalar field χ which is a A_4 triplet. There is no 3_a Majorana neutrino term, since the term [(N_R)^cN_R]_{3a} identically vanishes due to the property of a Majorana particle. By imposing the additional symmetry Z_2 as shown in Table II, the SU(2)_L ×U(1)_Y ×A_4 invariant Yukawa term ℓ̄_LN_RΦ is forbidden from the Lagrangian so that the TBM pattern for the neutrino mixing matrix could be obtained after the contributions from the neutrino and charged lepton sectors are combined at tree level (i.e., without the dimension-5 operators) [15].

Taking the A_4 symmetry breaking scale to be above the electroweak scale in our scenario, i.e., ⟨χ⟩ > ⟨φ^0⟩, and assuming the vacuum alignment of the fields ⟨χ_i⟩ as

⟨χ_1⟩ ≡ υ_χ ≠ 0, ⟨χ_2⟩ = ⟨χ_3⟩ = 0 , (7)

the right-handed Majorana neutrino mass matrix becomes M times the unity matrix plus a certain matrix having only off-diagonal elements driven by ⟨χ⟩, which can be expressed as

M_R = M

1 0 0 0 1 κ^′e^{iξ} 0 κ^′e^{iξ} 1

, (8)

where κ^′ = |λ^s_χυ_χ/M| with ⟨χ_i⟩ = υ_{χi} (i = 1, 2, 3). Without loss of generality, we shall assume that the elements of M_R are real: i.e., with the definition κ ≡ κ^′e^{iξ}, we obtain κ = κ^′ for ξ = 0, and κ = −κ^′ for ξ = π.

After the A_4 singlet field η acquires the VEV ⟨η^0⟩ = υ which is assumed to be the electroweak scale, the Yukawa interaction terms y_νL̄_LN_Rη̃ and^{ys, aN}_Λ [(L̄_LN_R)_{3s, a} χ] · η̃ can be combined into the term υ ν_LY_νN_R, where the higher energy scale VEV alignment of the χ fields given in Eq. (7) has also been used and the neutrino Yukawa coupling matrix Y_ν is given by

Y_ν = e^{iρ}x 1 0 0 0 1 y_1e^{iρ1} 0 y_2e^{iρ2} 1

, (9)

with x = |y_ν|, y_1 = |y^s_N + y^a_N |υ_χ/(xΛ), y_2 = |y^s_N − y^a_N |υ_χ/(xΛ), ρ = arg(y_ν), ρ_1 = arg(y^s_N +y^a_N )−ρ and ρ_2 = arg(y^s_N −y^a_N )−ρ. Eq. (9) indicates that, once the VEV alignment in Eq. (7) is taken, the A_4 symmetry is spontaneously broken and its sub-symmetry Z_2 [11] is also simultaneously broken by the effects of the higher dimensional operators. Therefore, low energy CP violation responsible for the neutrino oscillation as well as high energy CP violation responsible for leptogenesis in the neutrino sector can be generated by the offdiagonal terms of the neutrino Yukawa coupling matrix Y_ν [15].

B. The charged fermion sector

In the charged fermion sector, the Yukawa interactions (d ≤ 5) including dimension-5 operators driven by the χ field, invariant under SU(2)_L × U(1)_Y × A_4 × Z_2, are given by

L^f_{Yuk} = L^u_{Yuk} + L^d_{Yuk} + L^ℓ_{Yuk} , (10) where

− L^u_{Yuk} = y_u(Q̄_LΦ̃)_1u_R + y_c(Q̄_LΦ̃)_1′ u^{′′}_R + y_t(Q̄_LΦ̃)_1′′ u^′_R + y^s_u Λ [(Q̄_LΦ̃)_{3s} χ]u_R + y^s_c Λ [(Q̄_LΦ̃)_{3s} χ]_1′ u^{′′}_R + y^s_t Λ [(Q̄_LΦ̃)_{3s} χ]_1′′ u^′_R + y^a_u Λ [(Q̄_LΦ̃)_{3a} χ]u_R + y^a_c Λ [(Q̄_LΦ̃)_{3a} χ]_1′ u^{′′}_R + y^a_t Λ [(Q̄_LΦ̃)_{3a} χ]_1′′ u^′_R + H.c. , (11) −L^d_{Yuk} = y_d(Q̄_LΦ)_1d_R + y_s(Q̄_LΦ)_1′ d^{′′}_R + y_b(Q̄_LΦ)_1′′ d^′_R + y^s_d Λ [(Q̄_LΦ)_{3s} χ]d_R + y^s Λ [(Q̄_LΦ)_{3s} χ]_1′ d^{′′}_R + y^s_b Λ [(Q̄_LΦ)_{3s} χ]_1′′ d^′_R + y^a_d Λ [(Q̄_LΦ)_{3a} χ]d_R + y^a_s Λ [(Q̄_LΦ)_{3a} χ]_1′ d^{′′}_R + y^a_b Λ [(Q̄_LΦ)_{3a} χ]_1′′ d^′_R + H.c. , (12) −L^ℓ_{Yuk} = y_e(L̄_LΦ)_1l_R + y_μ(L̄_LΦ)_1′ l^{′′}_R + y_τ (L̄_LΦ)_1′′ l^′_R + y^s_e Λ [(L̄_LΦ)_{3s} χ]l_R + y^s_μ Λ [(L̄_LΦ)_{3s} χ]_1′ l^{′′}_R + y^s_τ Λ [(L̄_LΦ)_{3s} χ]_1′′ l^′_R + y^a_e Λ [(L̄_LΦ)_{3a} χ]l_R + y^a_μ Λ [(L̄_LΦ)_{3a} χ]_1′ l^{′′}_R + y^a_τ Λ [(L̄_LΦ)_{3a} χ]_1′′ l^′_R + H.c. , (13)

with Φ̃ ≡ iτ_2Φ^∗. In the above Lagrangian, each charged fermion sector has three independent Yukawa terms, all involving the A_4-triplet Higgs field Φ. The left-handed quark and lepton doublets Q_L and L_L transform as a triplet 3, while the right-handed quarks and leptons (u_R, d_R, e_R), (c_R, s_R, μ_R), (t_R, b_R, τ_R) transform as 1, 1^{′′} and 1^′, respectively. We note that the A_4-triplet scalar field χ drives the dimension-5 operators both in the neutrino sector shown in Eq. (6) and in the charged fermion sector shown in Eq. (10). Thus, this χ field plays a role to connect the neutrino, charged lepton and quark sectors to one another through the higher dimensional operators.

We assume that the VEVs of the A_4-triplet Φ can be equally aligned, that is, ⟨φ^0⟩ = (υ, υ, υ), with the VEV alignment in Eq. (7). Then the charged fermion mass matrix m_f can be explicitly expressed as

m_f = U_ω √ 3 m^f_{11} m^f_{12} m^f_{13} m^f_{21} m^f_{22} m^f_{23} m^f_{31} m^f_{32} m^f_{33}

, with U_ω = 1 √ 3 1 1 1 1 ω ω^2 1 ω^2 ω = U_ωV^f_L Diag(m_{f1} , m_{f2} , m_{f3} ) V^{f†}_R , (14)

where f denotes the charged lepton, up- or down-type quarks. U_ωV^f_L and V^f_R are the diagonalization matrices for m_f . The elements of m_f are given by

m^f_{11} = υ(y_{f1} + 2h_1/3), m^f_{12} = 2υh_2/3, m^f_{13} = 2υh_3/3 ,

m^f_{21} = υ(g_1 − h_1)/3, m^f_{22} = υ(y_{f2} + (g_2 − h_2)/3), m^f_{23} = υ(g_3 − h_3)/3 ,

m^f_{31} = −υ(g_1 + h_1)/3, m^f_{32} = −υ(g_2 + h_2)/3, m^f_{33} = υ(y_{f3} − (g_3 + h_3)/3) ,(15)

where the complex parameters h_i and g_i are defined as h_1 = υ_χy^s_{f1} /Λ, h_2 = υ_χy^s_{f2} /Λ,

h_3 = υ_χy^s_{f3} /Λ, g_1 = −i √ 3υ_χy^a_{f1} /Λ, g_2 = −i √ 3υ_χy^a_{f2} /Λ, g_3 = −i √ 3υ_χy^a_{f3} /Λ. By taking

the VEV alignment of ⟨χ_i⟩ given in Eq. (7) with the equal VEV alignment of ⟨ϕ^0⟩, the

A_4 symmetry is spontaneously broken and at the same time its sub-symmetry C_3 is also

broken through the dimension-5 operators [11]. One of the most interesting features observed

by experiments on the charged fermions is that the mass spectra of quarks and charged

leptons are strongly hierarchical, i.e., the masses of the third generation fermions are much

heavier than those of the first and second generation fermions. For the elements of m_f

given in Eq. (15), taking into account the most natural case that the charged fermion

Yukawa couplings have the strong hierarchy y_{f3} ≫ y_{f2} ≫ y_{f1} and the off-diagonal elements

generated by the higher dimensional operators are generally smaller in magnitude than the

diagonal ones, we make a plausible assumption y_{f3} ≫ |g_3| ∼ (or ≫) |h_3| , y_{f2} ≫ |g_2| ∼ |h_2| , y_{f1} ≫ |g_1| ∼ |h_1| , |h_3| ∼ (or ≫) |h_2| , |h_2| ∼ (or ≫) y_{f1} . (16)

Then V^f_L and V^f_R can be determined by diagonalizing the matrices U^†_ωm_f m^†_f U_ω and m^†_f m_f ,

respectively, indicated from Eq. (14). Especially, the mixing matrix V^f_L becomes one of the

matrices composing the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) and CKM ones and it

can be approximated, due to the strong hierarchy expressed in Eq. (16), as

V^f_L ≃ 1 −^1_2 | | |^{mf12}_mf_{22} | | | 2 | | |^{mf12}_mf_{22} | | | e^{iϕf3} | | |^{mf13}_mf_{33} | | | e^{iϕf2} − | | m^f_{12} m^f_{22} | | e_{−iϕ}^f_3 1 −_{12} | | m^f_{12} m^f_{22} | |^2 | | m^f_{23} m^f_{33} | | e_{iϕ}^f_1 − | | |^{mf13}_mf_{33} | | | e^{−iϕf2} + | | |^{mf12}_mf_{22} | | | | | |^{mf23}_mf_{33} | | | e^{−i(ϕf3 +ϕf1 )} − | | |^{mf23}_mf_{33} | | | e^{−iϕf1} − | | |^{mf13}_mf_{33} | | | | | |^{mf12}_mf_{22} | | | e^{i(ϕf3 −ϕf2 )} 1 (17)

where we have used |m^f_{12}/m^f_{22}|, |m^f_{13}/m^f_{33}|, |m^f_{23}/m^f_{33}| ≪ 1, and ϕ^f_1 ≃ arg ( m^f_{22}m^{f∗}_{32} +

m^f_{23}m^{f∗}_{33} ) /2, ϕ^f_2 ≃ arg ( m^f_{11}m^{f∗}_{31} + m^f_{13}m^{f∗}_{33} ) /2 and ϕ^f_3 ≃ arg ( m^f_{11}m^{f∗}_{21} + m^f_{12}m^{f∗}_{22} ) /2.

There exist several empirical fermion mass ratios in the charged lepton, up- and downtype quark sectors calculated from the measured values [16] : m_e m_τ ≃ 2.9 × 10^{−4} , m_μ m_τ ≃ 5.9 × 10^{−2} , m_d m_b ≃ 1.2 × 10^{−3} , m_s m_b ≃ 2.4 × 10^{−2} , m_u m_t ≃ 1.4 × 10^{−5} , m_c m_t ≃ 7.4 × 10^{−3} , (18)

which imply that the possible quark-lepton symmetry [17] is broken by the masses of quarks and leptons. Thus, it is not expected that the known quark mixing pattern is transmitted to the lepton sector in the exactly same form. Nevertheless, a key point inferred from Eq. (18) is that the mass spectrum of the charged leptons exhibits a similar hierarchical pattern to that of the down-type quarks, unlike that of the up-type quarks which shows a much stronger hierarchical pattern. For instance, in terms of the Cabbibo angle λ ≡ sin θ_C ≈ |V_{us}|, the fermion masses scale as (m_e, m_μ) ≈ (λ^5, λ^2) m_τ , (m_d, m_s) ≈ (λ^4, λ^2) m_b and (m_u, m_c) ≈ (λ^8, λ^4) m_t, which may represent the following two facts: (i) the CKM matrix is mainly generated by the mixing matrix of the down-type quark sector, and (ii) the mixing matrix of the charged lepton sector is similar to that of the down-type quark sector, when the Lagrangian (10) is also taken into account. Further, there is another interesting empirical relation |V_{us}| ≈ ( m_d m_s ) 1_2 ≈ 3 ( m_e m_μ ) 1_2 , (19)

which has been known for quite a long time [18].

1. The up-type quark sector and its mixing matrix

From Eq. (14) we see that the up-type quark mass matrix m_{fu} can be diagonalized in the mass basis by a biunitary transformation, V^{u†}_L U^†_ωm_{fu} V^u_R = Diag(m_u, m_c, m_t). The matrices V^u_L and V^u_R can be determined by diagonalizing the matrices U^†_ωm_{fu} m^†_{fu} U_ω and m^†_{fu} m_{fu} , respectively. Especially, the left-handed up-type quark mixing matrix V^u_L becomes one of the matrices composing the CKM matrix such as V_{CKM} ≡ V^{d†}_L V^u_L (see Eq. (44) below). Due to the measured value of m_u/m_t in Eq. (18), it is impossible to generate the Cabbibo angle, λ ≈ |V_{us}|, from the mixing between the first and second generations in the up-type quark sector: if one sets |(V^u_L )_{12}| = |m^u_{12}/m^u_{22}| ≈ λ, then from Eq. (16) one obtains m_u/m_t ≈ |m^u_{12}/m^u_{22}| |m^u_{22}/m^u_{33}| ≈ λ^5, in discrepancy with the measured m_u/m_t ≈ λ^8 in Eq. (18). To determine the correct up-type quark mixing matrix, using both Eqs. (16) and (18), we obtain m_c/m_t ≈ |m^u_{22}/m^u_{33}| ≈ λ^4, m_u/m_c ≈ |m^u_{11}/m^u_{22}| ≈ λ^4 and m_u/m_t ≈ |m^u_{11}/m^u_{33}| ≈ λ^8. Then the up-type quark mixing matrix V^u_L can be approximated as

V^u_L ≃ 1 λ^4e^{iϕu3} λ^4e^{iϕu2} −λ^4e^{−iϕu3} 1 λ^4e^{iϕu1} −λ^4e^{−iϕu2} −λ^4e^{−iϕu1} 1 + O(λ^5) , (20)

which indicates that the mixing in the up-type quark sector does not affect the leading order contributions in λ. It leads to the fact that the Cabbibo angle should arise from the mixing between the first and second generations in the down-type quark sector.

2. The down-type quark sector and its mixing matrix

The empirical relation (19) shows that the mass hierarchy of the down-type quark sector is similar to that of the charged-lepton one. Now let us consider the down-type quark sector to obtain the realistic CKM matrix. From Eq. (16) and the measured down-type quark mass hierarchy in Eq. (18), we find m_s/m_b ≈ |m^d_{22}/m^d_{33}| ≈ 0.6 λ^2, m_d/m_b ≈ |m^d_{11}/m^d_{33}| ≈ 0.7 λ^4 and m_d/m_s ≈ |m^d_{11}/m^d_{22}| ≈ λ^2. From Eqs. (16) and (17), we obtain |(V^d_L )_{12}| ≈ |m^d_{12}/m^d_{22}| ≈ 1.7 λ^{−2}|m^d_{12}/m^d_{33}|, which means |m^d_{12}/m^d_{33}| ≈ 0.6 λ^3 for |(V^d_L )_{12}| ≈ λ. In order to get the correct CKM matrix element |m^d_{13}/m^d_{33}| ∼ O(λ^3), we need to make an additional assumption: from Eq. (16) the hierarchy normalized by the bottom quark mass can be expressed as 1 ≫ |m^d_{22}| |m^d_{33}| ∼ |m^d_{23}| |m^d_{33}| ≫ |m^d_{13}| |m^d_{33}| ∼ |m^d_{12}| |m^d_{33}| ≫ |m^d_{11}| |m^d_{33}| ∼ |m^d_{32}| |m^d_{33}| ≫ |m^d_{21}| |m^d_{33}| ∼ |m^d_{31}| |m^d_{33}| . (21)

Then, we can obtain the mixing matrix V^d_L of the down-type quarks: under the constraint of unitarity, it can be written as

V^d_L ≃ 1 −^{λ2}_2 λe^{iϕd3} A^′λ^3e^{iϕd2} −λe^{−iϕd3} 1 −^{λ2}_2 Aλ^2e^{iϕd1} −A^′λ^3e^{−iϕd2} + Aλ^3e^{−i(ϕd3 +ϕd1 )} −Aλ^2e^{−iϕd1} 1 + O(λ^4) , (22)

where A and A^′ are positive real numbers of order unity. Later in Eq. (44), we shall see that this form of V^d_L indeed becomes the realistic CKM matrix.

3. The charged lepton sector and its mixing matrix

Now let us turn to the charged lepton sector. From Eq. (16) and the measured charged lepton mass hierarchy in Eq. (18), we obtain m_μ/m_τ ≈ |m^ℓ_{22}/m^ℓ_{33}| ≈ λ^2, m_e/m_τ ≈ |m^ℓ_{11}/m^ℓ_{33}| ≈ 0.6 λ^5 and m_e/m_μ ≈ |m^ℓ_{11}/m^ℓ_{22}| ≈ 0.5 λ^3. Similarly to the case of the downtype quark sector, from Eqs. (16) and (17), we find |(V^ℓ_L)_{12}| ≈ |m^ℓ_{12}/m^ℓ_{22}| ≈ λ^{−2}|m^ℓ_{12}/m^ℓ_{33}|, which leads to |m^ℓ_{12}/m^ℓ_{33}| ≈ λ^3 for |(V^ℓ_L)_{12}| ≈ λ. With the hierarchy among the couplings given in Eq. (16) and under the constraint of unitarity, we obtain three different types of the mixing matrix V^ℓ_L for the charged leptons, which we will call Scenario-I, -II, -III, respectively, as below.

First, if we set the condition |m^ℓ_{23}| ≫ |m^ℓ_{13}| similarly to Eq. (22), from the hierarchy shown in Eq. (16), the mass hierarchy normalized by the tau mass m_τ ≈ |m^ℓ_{33}| is obtained as 1 ≫ |m^ℓ_{22}| |m^ℓ_{33}| ∼ |m^ℓ_{23}| |m^ℓ_{33}| ≫ |m^ℓ_{13}| |m^ℓ_{33}| ∼ |m^ℓ_{12}| |m^ℓ_{33}| ≫ |m^ℓ_{11}| |m^ℓ_{33}| ∼ |m^ℓ_{32}| |m^ℓ_{33}| ≫ |m^ℓ_{21}| |m^ℓ_{33}| ∼ |m^ℓ_{31}| |m^ℓ_{33}| . (23)

The resulting mixing matrix V^ℓ_L (Scenario-I) is given by

V^ℓ_L ≃ 1 −^{λ2}_2 λe^{iϕℓ3} A_1λ^3e^{iϕℓ2} −λe^{−iϕℓ3} 1 −^{λ2}_2 B_1λ^2e^{iϕℓ1} −A_1λ^3e^{−iϕℓ2} + B_1λ^3e^{−i(ϕℓ1+ϕℓ3)} −B_1λ^2e^{−iϕℓ1} 1

+ O(λ^4) , (24)

where A_1 and B_1 are real and positive O(1) coefficients. It is quite similar in form to the mixing matrix V^d_L of the down-type quarks given in Eq. (22).

Secondly, if we assign the condition |m^ℓ_{12}| ≫ |m^ℓ_{11}| in addition to Eq. (16), we obtain the mass hierarchy relation normalized by the tau mass: 1 ≫ |m^ℓ_{22}| |m^ℓ_{33}| ∼ |m^ℓ_{23}| |m^ℓ_{33}| ∼ |m^ℓ_{13}| |m^ℓ_{33}| ≫ |m^ℓ_{12}| |m^ℓ_{33}| ≫ |m^ℓ_{11}| |m^ℓ_{33}| ∼ |m^ℓ_{32}| |m^ℓ_{33}| ≫ |m^ℓ_{21}| |m^ℓ_{33}| ∼ |m^ℓ_{31}| |m^ℓ_{33}| . (25)

Subsequently, under the unitarity constraint, the mixing matrix V^ℓ_L (Scenario-II) can be recast to

V^ℓ_L ≃ 1 −^{λ2}_2 λe^{iϕℓ3} A_2λ^2e^{iϕℓ2} −λe^{−iϕℓ3} 1 −^{λ2}_2 B_2λ^2e^{iϕℓ1} −A_2λ^2e^{−iϕℓ2} + B_2λ^3e^{−i(ϕℓ3+ϕℓ1)} −B_2λ^2e^{−iϕℓ1} − A_2λ^3e^{i(ϕℓ3 −ϕℓ2)} 1

+ O(λ^4) ,(26)

where A_2 and B_2 are real and positive O(1) coefficients.

Finally, adding the assumption of |m^ℓ_{13}| ≫ |m^ℓ_{23}| to Eq. (16), we get the mass hierarchy relation 1 ≫ |m^ℓ_{22}| |m^ℓ_{33}| ∼ |m^ℓ_{13}| |m^ℓ_{33}| ≫ |m^ℓ_{23}| |m^ℓ_{33}| ∼ |m^ℓ_{12}| |m^ℓ_{33}| ≫ |m^ℓ_{11}| |m^ℓ_{33}| ∼ |m^ℓ_{32}| |m^ℓ_{33}| ≫ |m^ℓ_{21}| |m^ℓ_{33}| ∼ |m^ℓ_{31}| |m^ℓ_{33}| , (27)

which under the unitarity condition, leads to the mixing matrix V^ℓ_L (Scenario-III)

V^ℓ_L ≃ 1 −^{λ2}_2 λe^{iϕℓ3} A_3λ^2e^{iϕℓ2} −λe^{−iϕℓ3} 1 −^{λ2}_2 0 −A_3λ^2e^{−iϕℓ2} −A_3λ^3e^{i(ϕℓ3 −ϕℓ2)} 1

+ O(λ^4) , (28)

where A_3 is a real and positive O(1) number.

C. Masses and mixings of quarks and charged leptons

In the weak eigenstate basis, the Yukawa interactions in Eq. (6) and the charged gauge interactions can be written as − L = 1 2 (N_R)^cM_RN_R + ℓ_Lm_ℓℓ_R + ν_Lm_DN_R + g √ 2 W^−_μ ℓ_Lγ^μν_L + q^u_Lm_uq^u_R + q^d_Lm_dq^d_R + g √ 2 W^−_μ q^d_Lγ^μq^u_L + H.c. , (29)

with the Dirac neutrino mass m_D = υY_ν. From Eq. (29) the neutrino mass terms are given by − L_ν = 1 2 n_L M_ν (n_L)^c + H.c. , (30)

where

n_L = ν^L (N_R)^c , M_ν = 0 m^D m^T_D M_R . (31)

Since M_R ≫ m_D, the light neutrino mass matrix m_ν at low energies reads

m_ν = −m_DM^{−1}_R m^T_D = U_ν Diag(m_1, m_2, m_3) U^T_ν = −e^{2iρ}m_0

1 0 0 0 A G 0 G B , (32) where m_i (i = 1, 2, 3) are the light neutrino mass eigenvalues and

m_0 = x^2υ^2 M , A = 1 − 2y_1κe^{iρ1} + y^2_1e^{2iρ1}

1 − κ^2 , B = 1 − 2y_2κe^{iρ2} + y^2 e^{2iρ2} 1 − κ^2 , G = κ − y_1e^{iρ1} − y_2e^{iρ2} + κy_1y_2e^{iρ̃12} κ^2 − 1

, (33)

with ρ̃_{12} ≡ ρ_1 + ρ_2. The parameters y_{1,2} and the phases ρ and ρ_{1,2} have been defined in Eq. (9). The diagonalization matrix U_ν of the light neutrino mass matrix m_ν is given by

U_ν = e^{iπ/2} 1 0 0 0 e^{iφ1} 0 0 0 e^{iφ2}

0 1 0 cos θ 0 − sin θ sin θ 0 cos θ e^{iξ1} 0 0 0 e^{iξ2} 0 0 0 e^{iξ3}

, (34)

where the Majorana phases ξ_i can be absorbed into the neutrino mass eigenstate fields. The phases φ_{21} and the mixing angle θ are given by

φ_{21} ≡ φ_2 − φ_1 = arg(GA^∗ + BG^∗) , tan 2θ = 2|AG^∗ + GB^∗| |A|^2 − |B|^2 , (35)

which indicate that, in the limit of y_{1,2} approaching to zero, the angle θ goes to ±π/4 and the phase φ_{21} goes to 0(π) for the negative (positive) sign of κ, due to

cos φ_{21} ≈

−κ + (1 + κ^2)(y_1 cos ρ_1 + y_2 cos ρ_2) √ κ^2 − 2κ(1 + κ^2)(y_1 cos ρ_1 + y_2 cos ρ_2)

. (36)

Interestingly enough, as we can see in the second relation of Eq. (35), the sign of θ depends on the relative size between |A|^2 and |B|^2, which is in a good approximation given by |A|^2 − |B|^2 ≃ 4κ(y_2 cos ρ_2 − y_1 cos ρ_1) (1 − κ^2)^2

. (37)

The above relation is important to determine the patterns of the mass spectrum, as we shall see in Eq. (39). As will be shown later, for y_{1,2} ≪ 1, the values of θ = π/4 + δ and θ = −π/4 + δ with δ ≪ 1 correspond to cos φ_{21} > 0 and cos φ_{21} < 0, respectively, which are constrained by the experimental data for the neutrino mixing angles. The light neutrino mass eigenvalues are obtained as

m^2_1 = m^2_0 ( |A|^2 cos^2 θ + |B|^2 sin^2 θ + |G|^2 + |AG^∗ + GB^∗| sin 2θ ) , m^2 = m^2_0 , m^2_3 = m^2_0 ( |A|^2 sin^2 θ + |B|^2 cos^2 θ + |G|^2 − |AG^∗ + GB^∗| sin 2θ ) . (38)

Because of the observed hierarchy |Δm^2_{atm}| ≫ Δm^2_{sol} > 0, and the requirement of Mikheyev- Smirnov-Wolfenstein resonance for solar neutrinos, there are two possible neutrino mass spectrum: (i) m_1 < m_2 < m_3 (normal mass spectrum) which corresponds to θ = −π/4 + δ and (ii) m_3 < m_1 < m_2 (inverted mass spectrum) corresponding to θ = π/4 + δ. The solar and atmospheric mass-squared differences are given by

Δm^2_{sol} ≡ m^2 − m^2_1 = m^2_0 ( 1 − |G|^2 − |A|^2 cos^2 θ − |B|^2 sin^2 θ + |AG^∗ + GB^∗| sin 2θ ) , Δm^2_{atm} ≡ m^2_3 − m^2_1 = −2m^2_0 |AG^∗ + GB^∗| sin 2θ

, (39) which are constrained by the neutrino oscillation experimental results.

On the other hand, from Eq. (29), to diagonalize the charged fermion mass matrices such that V^{f†}_L U^†_ω m_f V^f_R = Diag(m_{f1} , m_{f2} , m_{f3} ) ≡ m̂_f , (40) we can rotate the fermion fields from the weak eigenstates to the mass eigenstates: ℓ_L → V^{ℓ †}_L U^†_ωℓ_L , ℓ_R → V^†_Rℓ_R , ν_L → U^†_ν ν_L , q^{u(d)}_L → V^{u(d)†}_L U^†_ω q^{u(d)}_L , q^{u(d)}_R → V^{u(d) T}_R q^{u(d)}_R . (41) Then, from the charged current terms in Eq. (29), we obtain the CKM and PMNS matrices V_{CKM} = ( U_ωV^d_L )_†( U_ωV^u_L ) = V^{d†}_L V^u_L , U_{PMNS} = V^{ℓ †}_L U^†_ωU_ν . (42) From Eqs. (20) and (22), if we set A^′e^{iϕd2} = A(ρ + iη) , ϕ^d_1 = ϕ^d_3 = 0 , (43) then we obtain the CKM matrix in the Wolfenstein parametrization [19] given by

V_{CKM} = V^{d†}_L V^u_L ≃ V^{d†}_L ≃

1 −^{λ2}_2 λ Aλ^3(ρ + iη) −λ 1 −^{λ2}_2 Aλ^2 Aλ^3(1 − ρ + iη) −Aλ^2 1

+ O(λ^4) . (44)

As reported in Ref. [5] the best-fit values of the parameters λ, A, ρ̄, η̄ with 1σ errors are λ = sin θ_C = 0.22543 ± 0.00077 , A = 0.812^{+0.013}_{−0.027} , ρ̄ = 0.144 ± 0.025 , η̄ = 0.342^{+0.016}_{−0.015} , (45) where ρ̄ = ρ(1 − λ^2/2) and η̄ = η(1 − λ^2/2). The effects caused by CP violation are always proportional to the Jarlskog invariant [20], defined as J^{quark}_{CP} = −Im[V_{ud}V_{cs}V^∗_{us}V^∗_{cd}] ≃ A^2λ^6η whose value is 2.96^{+0.18}_{−0.17} × 10^{−5} at 1σ level [5]. From Eqs. (14), (24) and (34), the PMNS matrix in Eq. (42) can be expressed as

U_{PMNS} =

V^ℓ_{L11}V_{11} − V^ℓ_{L12}V_{21} + V^{ℓ∗}_{L31}V_{31}^{V ℓL11−V ℓL12 +V ℓ∗L31√}_3 V^ℓ_{L11}V_{13} − V^ℓ_{L12}V_{23} + V^{ℓ∗}_{L31}V_{33} V^ℓ_{L22}V_{21} − V^ℓ_{L23}V_{31} + V^{ℓ∗}_{L12}V_{11}^{V ℓL22−V ℓL23 +V ℓ∗L12√}_3 V^ℓ_{L22}V_{23} − V^ℓ_{L23}V_{33} + V^{ℓ∗}_{L12}V_{13} V^ℓ_{L31}V_{33} + V^{ℓ∗}_{L13}V_{11} + V^{ℓ∗}_{L23}V_{21}^{V ℓL33+V ℓ∗L13 +V ℓ∗L23√}_3 V^ℓ_{L33}V_{33} + V^{ℓ∗}_{L13}V_{13} + V^{ℓ∗}_{L23}V_{23}

, (46)

where V^ℓ_{Lij} is the (ij)-element of the mixing matrix V^ℓ_L, and V_{ij} is the (ij)-element of U^†_ωU_ν given by

V = U^†_ωU_ν = e^{iπ/2} ce^{iφ1} +se^{iφ2} √ 3 1√ 3 ce^{iφ2} −se^{iφ1} √ 3 −^{cei(φ1+ π3 )+sei(φ2− π3 )} √ 3 1√ 3 se^{i(φ1+ π}3^)−ce^{i(φ2− π}3^) √ 3 −^{cei(φ1− π3 )+sei(φ2+ π3 )} √ 3 1√ 3 se^{i(φ1− π}3^)−ce^{i(φ2+ π}3^) √ 3 . (47)

Here s ≡ sin θ and c ≡ cos θ, and the common phase has no physical meaning so that it can be neglected. By recasting Eq. (46) with the transformations e → e e^{iα1} , μ → μ e^{iβ1} , τ → τ e^{iβ2} and ν_2 → ν_2 e^{i(α1 −α2)}, we can rewrite the PMNS matrix as

U_{PMNS} = |U_{e1}| |U_{e2}| U_{e3}e^{−iα1} U_{μ1}e^{−iβ1} U_{μ2}e^{i(α1−α2−β1)} |U_{μ3}| U_{τ 1}e^{−iβ2} U_{τ 2}e^{i(α1 −α2−β2)} |U_{τ 3}| (48)

which corresponds to the standard parametrization as in PDG [16]. From the above equation, the neutrino mixing parameters can be displayed as

sin^2 θ_{12} = |U_{e2}|^2 1 − |U_{e3}|^2

, sin^2 θ_{23} = |U_{μ3}|^2 1 − |U_{e3}|^2 , sin^2 θ_{13} = |U_{e3}|^2 , δ_{CP} = α_1 − α_3 , (49)

where α_1 = arg(U_{e1}), α_2 = arg(U_{e2}), α_3 = arg(U_{e3}), β_1 = arg(U_{μ3}) and β_2 = arg(U_{τ 3}). Leptonic CP violation at low energies can be detected through the neutrino oscillations which are sensitive to the Dirac CP-phase, but insensitive to the Majorana CP-phases in U_{PMNS} [21]: the Jarlskog invariant J_{CP} ≡ Im[U_{e1}U_{μ2}U^∗_{e2}U^∗_{μ1}], where U_{αj} is an element of the PMNS matrix in Eq. (46), with α = e, μ, τ corresponding to the lepton flavors and j = 1, 2, 3 corresponding to the light neutrino mass eigenstates. To see how both CP phases φ_{21} (coming from the neutrino sector) and ϕ^ℓ_{1,2,3} (coming from the charged lepton sector) are correlated with low energy CP violation measurable through the neutrino oscillations, let us consider the leptonic CP violation parameter J_{CP} . Corresponding to the three different types of V^ℓ_L given in Eqs. (24), (26) and (28), three different J_{CP} are displayed as J^I_{CP} , J^{II}_{CP} and J^{III}_{CP} , respectively:

J^I_{CP} ≃ cos 2θ 6 √ 3 + λ √ 3 9 sin 2θ sin ϕ^ℓ_3 cos(π/6 + φ_{21}) − λ^2 3 √ 3 ( cos 2θ − B_1 sin 2θ sin ϕ^ℓ_1 sin φ_{21} ) + O(λ^3) , (50)

J^{II}_{CP} ≃ cos 2θ 6 √ 3 + λ √ 3 9 sin 2θ sin ϕ^ℓ_3 cos(π/6 + φ_{21}) − λ^2 9 {√ 3 cos 2θ − A_2 [√ 3 cos 2θ cos ϕ^ℓ_2 + sin ϕ^ℓ_2 ( 1 − sin 2θ cos(π/3 + φ_{21}) )] − √ 3B_1 sin 2θ sin ϕ^ℓ_1 sin φ_{21} } + O(λ^3) , (51)

J^{III}_{CP} ≃ cos 2θ 6 √ 3 + λ √ 3 9 sin 2θ sin ϕ^ℓ_3 cos(π/6 + φ_{21}) − λ^2 9 {√ 3 cos 2θ − A_3 [√ 3 cos 2θ cos ϕ^ℓ_2 + sin ϕ^ℓ_2 − sin 2θ sin ϕ^ℓ_2 cos(π/3 + φ_{21}) ]} + O(λ^3) . (52)

Note that J^I_{CP} , J^{II}_{CP} and J^{III}_{CP} have exactly the same expressions, up to O(λ). Also, sin ϕ^ℓ_3 appears commonly in the terms of the first order in λ, and its value is crucial to satisfy the neutrino data for the solar mixing angle and the first QLC relation given in Eq. (3). In particular, for θ → π/4 (or − π/4) and φ_{21} → 0 (or π), we obtain J^I_{CP} ≃ J^{II}_{CP} ≃ J^{III}_{CP} ≃ ±λ/6 for sin ϕ^ℓ_3 ≃ ±1.

III. THE QLC RELATIONS AND THE CHARGED LEPTON MIXING

In this section we investigate the possibility that in our framework based on the discrete A_4 flavor symmetry, the QLC relations hold in a natural way through the mixing matrices obtained in the previous section. Due to the form of the PMNS matrix U_{PMNS} = V^{ℓ†}_L U^†_ωU_ν , the CKM-like mixing matrix V^ℓ_L induced from the charged lepton sector becomes a key ingredient for this purpose. In particular, as we shall see, certain phases of the elements of V^ℓ_L plays an important role to satisfy the QLC relations.

For our numerical analysis, we use the five neutrino experimental data of Δm^2_{sol}, Δm^2_{atm}, θ_{12}, θ_{13} and θ_{23} at 3σ level given in Table I [1] as inputs. For our purpose, we will consider only the normal hierarchical mass ordering case of the light neutrinos, where m_0 is taken as order 10^{−2} eV. By using the relation m_0 = x^2υ^2/M with the seesaw scale M = 10^{12} GeV and the SM Higgs VEV υ = 174 GeV, the values of the relevant parameters are taken as

0.5 < κ < 1.5 , 0.01 < x < 0.02 , 0.0001 < y_{1,2} < 0.1 , 0 ≤ ϕ^ℓ_{1,2,3} ≤ 2π , 0 ≤ ρ_{1,2} ≤ 2π . (53)

Without loss of generality, we take A_{1,2,3} = B_{1,2} = 1 appearing in the charged lepton mixing matrix V^ℓ_L, because they do not affect the leptonic mixing parameters significantly. From now on, we will discuss three different scenarios corresponding to the three different forms of V^ℓ_L obtained in Eqs. (24), (26) and (28).

A. Scenario-I

Let us discuss the first scenario in which the charged lepton mixing matrix V^ℓ_L is the same in form as the CKM matrix except for the different phases of each matrix element, as given in Eq. (24). From the form of U_{PMNS} given in Eq. (48), the solar neutrino mixing angle θ_{12} can be approximated, up to order λ^3, as

sin^2 θ_{12} =

1 − 2λ cos ϕ^ℓ_3 + λ^3(cos ϕ^ℓ_3 − 2A_1 cos ϕ^ℓ_2 + 2B_1 cos ϕ̃^ℓ_{13}) 2 + sin 2θ cos φ_{21} − Ξλ − λ^2Ψ_1 − Ω_1λ^3

, (54)

where ϕ̃^ℓ_{ij} ≡ ϕ^ℓ_i + ϕ^ℓ_j and the parameters Ψ_1 and Ω_1 are defined as

Ψ_1 = √ 3 sin 2θ cos(φ_{21} + π/6) , Ω_1 = Θ_1 + A_2 [√ 3 cos 2θ sin ϕ^ℓ_2 − cos ϕ^ℓ_2(1 − 2 sin 2θ cos(φ_{21} + π/3)) ] , (55)

with

Θ_1 = Ξ 2 + B_2 [ cos ϕ̃^ℓ_{13}(1 − 2 sin 2θ cos(φ_{21} + π/3)) − √ 3 cos 2θ sin ϕ̃^ℓ_{13} ] . (56)

The parameter Ξ defined as

Ξ = cos ϕ^ℓ_3 + √ 3 sin ϕ^ℓ_3 cos 2θ − sin 2θ [ cos ( φ_{21} − ϕ^ℓ_3 − π 3 ) + cos ( φ_{21} + ϕ^ℓ_3 − π 3 )] , (57)

appears in all the three scenarios, as we shall see. In Eq. (54), if we turn off the higher dimensional operators in the Lagrangian, that is, if θ → ±π/4, φ_{21} → 0(π) and λ → 0, the

FIG. 1: Plots in Scenario-I displaying (a) the allowed regions of the solar mixing angle θ_{12} versus the CP phase ϕ^ℓ_3, and (b) the allowed regions of the atmospheric mixing angle θ_{23} versus the CP phase ϕ^ℓ_1. The horizontal dotted lines in both plots correspond to θ_{12} = 32^∘ and θ_{23} = 43^∘, respectively, satisfying the exact QLC relations with θ^q_{12} = 13^∘ and θ^q_{23} = 2^∘.

TBM angle sin^2 θ_{12} = 1/3 is restored, as expected. In the limit of θ → π/4 and φ_{21} → 0 (inverted hierarchy of the neutrino masses), or θ → −π/4 and φ_{21} → π (normal hierarchy of the neutrino masses), the parameters behave as Ξ → 0, Ψ_1 → 3/2 and Ω_1 → 0. From Eq. (54) we see that the solar mixing angle θ_{12} depends strongly on the CP phase ϕ^ℓ_3 which comes from the elements of the charged lepton mixing matrix V^ℓ_L. Since there is no λ^2 term in the numerator of Eq. (54), the allowed values of the phase ϕ^ℓ_3 are within the narrower range, compared to those of the other two scenarios [see Eqs. (63) and (71)]. The left plot of Fig. 1 shows that the first QLC relation in Eq. (3) can be satisfied for the values of ϕ^ℓ_3 in the range of 0.259 ≲ cos ϕ^ℓ_3 ≲ 0.423. Thus, in this scenario the phase term cos ϕ^ℓ_3 originating from the dimension-5 operators plays a key role in explaining the first QLC relation θ_{12} + θ^q_{12} = π/4.

The atmospheric mixing angle θ_{23} can be approximated, up to order λ^3, as

sin^2 θ_{23} =

1 − sin 2θ cos(2π/3 − φ_{21}) − Ξλ − λ^2Υ_1 + λ^3Θ_1 2 + sin 2θ cos φ_{21} − Ξλ − λ^2Ψ_1 − λ^3Ω_1

, (58)

where the parameter Υ_1 is defined as

Υ_1 = Ψ_1 − B_1 [ cos ϕ^ℓ_1(1 + 2 cos φ_{21} sin 2θ) + √ 3 sin ϕ^ℓ_1 cos 2θ ] , (59)

If the contributions from the higher dimensional operators are neglected, that is, if θ → ±π/4, φ_{21} → 0(π) and λ → 0, the TBM angle sin^2 θ_{23} = 1/2 is restored, as expected.

FIG. 2: In Scenario-I, allowed values for (a) the reactor angle θ_{13} and (b) J_{CP} as a function of |Ξ| and θ_{13}, respectively. The horizontal dotted line in the left figure corresponds to θ_{13} = 9.1^∘.

In the limit of θ → ±π/4 and φ_{21} → 0(π), the parameters Υ_1 and Θ_1 behave as Υ_1 → 3/2 − 3B_1 cos ϕ^ℓ_1 and Θ_1 → 0. In this limit, the atmospheric mixing angle becomes

sin^2 θ_{23} ≈ 1 2 + ( cos ϕ^ℓ_1 − 1 4 ) λ^2 , (60)

where B_1 = 1 is used. The above equation shows that a deviation from the maximality of atmospheric mixing angle depends mainly on the value of cos ϕ^ℓ_1: the second QLC relation in Eq. (3) can be satisfied if cos ϕ^ℓ_1 ≈ −0.43. The right plot of Fig. 1 shows the behavior of the atmospheric mixing angle θ_{23} as a function of ϕ^ℓ_1. To satisfy the second QLC relation, the value of ϕ^ℓ should be in the range of 90^∘ ≲ ϕ^ℓ_1 ≲ 270^∘. Also, the lower bound on θ_{23} is obtained as θ_{23} ≳ 41^∘ for cos ϕ^ℓ_1 ≃ −1. We note again that the effects of the dimension-5 operators, e.g., responsible for the phase term cos ϕ^ℓ_1, are the key ingredients for accommodating the QLC relations.

The reactor angle θ_{13} can be expressed approximately as

sin θ_{13} = 1 √ 3 √ 1 − sin 2θ cos φ_{21} + Ξλ + λ^2Ψ_1 + λ^3Ω_1 . (61)

In the limit of θ → ±π/4 and φ_{21} → 0(π), the parameters Ξ, Ψ_1, Ω_1 behave in the same way as before, which leads to sin θ_{13} → λ/ √ 2 [22]. Then, the expression of the reactor angle can be simplified as

sin θ_{13} ≃ √ λ^2 2 + ε + Ξλ 3 , (62)

FIG. 3: Same as Fig. 1 except for Scenario-II.

with ε = 1 − sin 2θ cos φ_{21}. Since ε ≥ 0, depending on the sign of Ξ, the second term in the squared-root can increase or decrease the value of sin θ_{13} around the center value λ/ √ 2. Furthermore, since the value of |Ξ| is bounded as can be seen in Eq. (57), we expect that there is a lower bound on the possible value of θ_{13}. The parameter Ξ depends mainly on y_1 and y_2, defined in Eq. (9), which represent the effects of the dimension-5 operators. Thus, in this scenario the lower bound on the mixing angle θ_{13} is strongly dependent on the cutoff scale Λ, the A_4 symmetry breaking scale υ_χ and the relevant couplings |y^{s,a}_N |, through y_1 and y_2. For example, if one takes Λ = 10^{15} GeV, υ_χ = 10^{12} GeV, |y^{s,a}_N | ∼ O(1) together with x ∼ O(0.01), then one obtains y_{1,2} ∼ O(0.1) which determines the lower bound on θ_{13}. The left plot of Fig. 2 shows the behavior of θ_{13} as a function of |Ξ|, where there is the lower bound θ_{13} ≳ 5^∘ and the horizontal dotted line represents θ_{13} = 9.1^∘. Since neutrino oscillation experiments are sensitive to the Dirac CP phase δ_{CP} , the Jarlskog invariant of the leptonic sector given in Eq. (50) would be a signal of CP violation. The right plot of Fig. 2 shows our prediction for the Jarlskog invariant |J_{CP}| ≈ 0.02 − 0.05 due to the sizable θ_{13}. This can be tested in the future experiments such as the upcoming long baseline neutrino oscillation ones.

B. Scenario-II

Now we turn to the second scenario in which the charged leptonic mixing matrix V^ℓ_L is given by Eq. (26). Similarly to Scenario-I, from U_{PMNS} in Eq. (48), the solar neutrino mixing angle θ_{12} can be approximated, up to order λ^3, as

sin^2 θ_{12} =

1 − 2λ cos ϕ^ℓ_3 − 2A_2λ^2 cos ϕ^ℓ_2 + λ^3(cos ϕ^ℓ_3 − 2A_2 cos ϕ^ℓ_{32} + 2B_2 cos ϕ̃^ℓ_{13}) 2 + sin 2θ cos φ_{21} − Ξλ − λ^2Ψ_2 − Ω_2λ^3

, (63)

where ϕ^ℓ_{ij} ≡ ϕ^ℓ_i − ϕ^ℓ_j , and

Ψ_2 = √ 3 sin 2θ cos(φ_{21} + π/6) − A_2 [√ 3 cos 2θ sin ϕ^ℓ_2 − cos ϕ^ℓ_2 − 2 cos ϕ^ℓ_2 sin 2θ cos(φ_{21} + π/3) ] , Ω_2 = Θ_2 + A_2 [ (1 + 2 sin 2θ cos φ_{21}) cos ϕ^ℓ_{32} − √ 3 cos 2θ sin ϕ^ℓ_{32} ] , (64)

with

Θ_2 = Ξ 2 + B_2 [ cos ϕ̃^ℓ_{13}(1 − 2 sin 2θ cos(φ_{21} + π/3)) − √ 3 cos 2θ sin ϕ̃^ℓ_{13} ] . (65)

From Eq. (63), neglecting the contributions from the higher dimensional operators, that is, for θ → ±π/4, φ_{21} → 0(π) and λ → 0, we see that the TBM angle sin^2 θ_{12} = 1/3 is restored, as expected. In the limit of θ → π/4 and φ_{21} → 0 (inverted mass hierarchy of the neutrinos), or θ → −π/4 and φ_{21} → π (normal mass hierarchy of the neutrinos), the behaviors of the parameters Ξ, Ψ_2 and Ω_2 are found to be: Ξ → 0, Ψ_2 → 3/2 and Ω_2 → 3A_2 cos ϕ^ℓ_{32}. As in the case of Scenario-I, Eq. (63) shows that the solar mixing angle depends strongly on the phase ϕ^ℓ_3 arising from the elements of V^ℓ_L. The dependence of the solar mixing angle θ_{12} on the phase ϕ^ℓ_3 is plotted in the left panel of Fig. 3, which shows that the first QLC relation, θ_{12} + θ^q_{12} = π/4, can be satisfied provided that the value of ϕ^ℓ_3 is in the range of 0.174 ≲ cos ϕ^ℓ_3 ≲ 0.643.

The atmospheric mixing angle θ_{23} can be approximated as

sin^2 θ_{23} =

1 − sin 2θ cos(2π/3 − φ_{21}) − Ξλ − λ^2Υ_2 + λ^3Θ_2 2 + sin 2θ cos φ_{21} − Ξλ − λ^2Ψ_2 − λ^3Ω_2

, (66)

where the parameter Υ_2 is given by

Υ_2 = √ 3 sin 2θ cos(φ_{21} + π/6) − B_2 [ cos ϕ^ℓ_1(1 + 2 cos φ_{21} sin 2θ) + √ 3 sin ϕ^ℓ_1 cos 2θ ] . (67)

In the limit of θ → ±π/4 and φ_{21} → 0(π), the parameters Υ_2 and Θ_2 behaves as Υ_2 → 3/2 − 3B_2 cos ϕ^ℓ_1 and Θ_2 → 0. Then, the atmospheric mixing angle can be expressed, up to order λ^2, as

sin^2 θ_{23} ≈ 1 2 + ( cos ϕ^ℓ_1 − 1 4 ) λ^2 , (68)

FIG. 4: Same as Fig. 2 except for Scenario-II.

where B_2 = 1 is used. We note that the above equation is the same as Eq. (60). Thus, in this limit, the results obtained for Eq. (60) in Scenario-I are also valid in this scenario. The right plot of Fig. 3 displays the dependence of θ_{23} on the phase ϕ^ℓ_1 which leads to the conclusion that the values of ϕ^ℓ_1 satisfying the second QLC relation, θ_{23} + θ^q_{23} = π/4, are in the range of 90^∘ ≲ ϕ^ℓ_1 ≲ 270^∘.

The reactor angle θ_{13} can be written approximately as

sin θ_{13} = 1 √ 3 √ 1 − sin 2θ cos φ_{21} + Ξλ + λ^2Ψ_2 + λ^3Ω_2 , (69)

In the limit of θ → ±π/4 and φ_{21} → 0(π), the parameters Ξ, Ψ_2, Ω_2 behave in the same way as before so that sin θ_{13} → λ/ √ 2 [22]. The expression of sin θ_{13} can be simplified as

sin θ_{13} ≃ √ λ^2 2 + ε + Ξλ 3 . (70)

This equation is the same as Eq. (62) in Scenario-I. The left plot of Fig. 4 shows how the mixing angle θ_{13} is constrained by the values of the parameter Ξ. There is a lower bound on the reactor angle: θ_{13} ≳ 3.5^∘, which is somewhat smaller than that found in Scenario-I. In the right plot of Fig. 4, our prediction for the Jarlskog invariant given in Eq. (51) is found to be |J_{CP}| ≈ 0.015 − 0.05.

C. Scenario-III

Finally, we discuss the third scenario in which the charged leptonic mixing matrix V^ℓ_L is given by Eq. (28). From U_{PMNS} in Eq. (48), the solar neutrino mixing angle θ_{12} can be

FIG. 5: Same as Fig. 1 except for Scenario-III.

approximated, up to order λ^3, as

sin^2 θ_{12} =

1 − 2λ cos ϕ^ℓ_3 − 2A_3λ^2 cos ϕ^ℓ_2 + λ^3(cos ϕ^ℓ_3 + 2A_3 cos ϕ̃^ℓ_{32}) 2 + sin 2θ cos φ_{21} − Ξλ − λ^2Ψ_3 + Ω_3λ^3

, (71)

where

Ψ_3 = Υ_3 − A_3 [√ 3 cos 2θ sin ϕ^ℓ_2 − cos ϕ^ℓ_2 + 2 cos ϕ^ℓ_2 sin 2θ cos(φ_{21} + π/3) ]

Ω_3 = Ξ 2 + A_3 [ (1 + 2 sin 2θ cos φ_{21}) cos ϕ^ℓ_{32} − √ 3 cos 2θ sin ϕ^ℓ_{32} ] , (72)

with

Υ_3 = √ 3 sin 2θ cos(φ_{21} + π/6) . (73)

Following the similar discussions given in Scenarios-I and -II, we can check the properties of the above parameters in the tree level limit: if we turn off the higher dimensional operators in the Lagrangian, that is, if θ → ±π/4, φ_{21} → 0(π) and λ → 0, the TBM angle sin^2 θ_{12} = 1/3 is restored, as expected. Also, in the limit of θ → π/4 and φ_{21} → 0 (inverted mass hierarchy of the neutrinos), or θ → −π/4 and φ_{21} → π (normal mass hierarchy of the neutrinos), the above parameters behave as Ξ → 0, Ψ_3 → 3/2 and Ω_3 → 3A_3 cos ϕ^ℓ_{32}. In the left plot of Fig. 5, we show the dependence of the solar mixing angle θ_{12} on the phase ϕ^ℓ_3. To satisfy the first QLC relation, the value of ϕ^ℓ_3 needs to be in the range of 0.174 ≲ cos ϕ^ℓ_3 ≲ 0.643, which is the same range as that obtained in Scenario-II, but larger than that found in Scenario-I.

The atmospheric mixing angle θ_{23} can be approximated as

sin^2 θ_{23} =

1 − sin 2θ cos(2π/3 − φ_{21}) − Ξλ − λ^2Υ_3 + λ^3Ξ/2 2 + sin 2θ cos φ_{21} − Ξλ − λ^2Ψ_3 + λ^3Ω_3

. (74)

FIG. 6: Same as Fig. 2 except for Scenario-III.

In the limit of θ → ±π/4 and φ_{21} → 0(π), the behavior of the parameters are found to be Υ_3 → 3/2, Ξ → 0, Ψ_3 → 3/2 and Ω_3 → 3A_3 cos ϕ^ℓ_{32}. Then, the atmospheric mixing angle can be approximated, up to order λ^3, as

sin^2 θ_{23} ≈ 1 2 − λ^2 2 ( 1 2 + λ cos ϕ^ℓ_{32} ) , (75)

where A_3 = 1 is used. Contrary to the cases of Scenario-I and -II, sin^2 θ_{23} given in Eq. (74) is sensitive to cos ϕ^ℓ_{32} due to the absence of ϕ^ℓ_1 [see Eq. (28)]. The right plot of Fig. 5 shows the behavior of the atmospheric mixing angle θ_{23} in terms of |ϕ^ℓ_{32}|. The second QLC relation is satisfied if −1 ≲ cos ϕ^ℓ_{32} ≲ 0.55. Also, the lower bound on θ_{23} is found to be θ_{23} ≳ 41^∘.

The reactor angle θ_{13} can be expressed approximately as

sin θ_{13} = 1 √ 3 √ 1 − sin 2θ cos φ_{21} + Ξλ + λ^2Ψ_3 − λ^3Ω_3 . (76)

In the limit of θ → ±π/4 and φ_{21} → 0(π), the behaviors of the parameters Ξ, Ψ_3, Ω_3 are the same as before, which leads to sin θ_{13} → λ

√_1 2 − λ cos ϕ^ℓ_{32}. Then the reactor anlge can be rewritten as

sin θ_{13} ≃ √ λ^2 2 − λ^3 cos ϕ^ℓ_{32} + ε + Ξλ 3 (77)

which indicates that the lower bound on sin θ_{13} is obtained when cos ϕ^ℓ_{32} = 1. The left plot of Fig. 6 displays the dependence of θ_{13} on cos ϕ^ℓ_{32}, where the lower bound on θ_{13} is found to be θ_{13} ≳ 4^∘ for cos ϕ^ℓ_{32} = 1. By comparing the left plot of Fig. 6 with the right one of Fig. 5, we find that θ_{13} ≳ 5^∘ and cos ϕ^ℓ_{32} ≲ 0.55 are favored to satisfy the second QLC relation. In the right plot of Fig. 6, we show our prediction for the Jarlskog invariant in the leptonic sector given in Eq. (52): |J_{CP}| ≈ 0.018 − 0.05.

IV. CONCLUSION

The two QLC relations, given by θ_{12} + θ^q_{12} = π/4 and θ_{23} + θ^q_{23} = π/4, may guide us to a certain symmetry between quarks and leptons. Motivated by the QLC relations, we have invoked the discrete A_4 flavor symmetry in a seesaw framework. In this work, we have presented new scenarios that can accommodate the QLC relations and the nonzero mixing angle θ_{13} together with all the other neutrino experimental data, including Δm^2_{sol}, Δm^2_{atm}, sin^2 θ_{12} and sin^2 θ_{23}, in a consistent way to generate the CKM matrix for the quark mixing. Our main ingredients are the effective dimension-5 operators, invariant under SU(2)_L × U(1)_Y × A_4 × Z_2 symmetry, introduced in the neutrino, charged lepton, and quark sectors. By generating all the necessary off-diagonal elements of the mixing matrices, the effects of the dimension-5 operators induce a deviation of the lepton mixing matrix from the TBM pattern and lead the quark mixing matrix to the CKM one in form.

Based on the possible interrelation between the charged lepton and quark mixing structures in our framework, we have explicitly constructed the lepton mixing matrix to have the particular form of the “CKM-like matrix” (induced from the charged lepton sector) times the “TBM pattern matrix” (induced from the neutrino sector), which is very different from the conventional QLC scenarios characterized by the “bimaximal minus CKM mixing”. We have demonstrated in detail three scenarios corresponding to three different possibilities of constructing the charged lepton mixing matrix and pointed out that the phases of whose elements play a key role to satisfy the two QLC relations. For example, we have found that the value of the solar mixing angle θ_{12} depends strongly on the particular phase ϕ^ℓ_3 in all the three scenarios, while the value of the atmospheric mixing angle θ_{23} is dependent on the phase ϕ^ℓ_1 [in Scenario-I and -II] or (ϕ^ℓ_3 − ϕ^ℓ_2) [in Scenario-III]. Our result shows that for the reactor mixing angle θ_{13} its possible values can vary around the center value sin θ_{13} ≃ λ/ √ 2 (the Cabbibo angle λ ≃ 0.22) and have the lower bound θ_{13} ≳ 3.5^∘. We have also found that sizable leptonic CP violation characterized by the Jarlskog invariant |J_{CP}| ∼ O(10^{−2}) is expected. These predictions can be tested in the future experiments such as the upcoming long baseline neutrino oscillation ones.

Acknowledgments

This work was supported in part by the National Science Council of R.O.C. under Grants Numbers: NSC-97-2112-M-008-002-MY3, NSC-97-2112-M-001-004-MY3 and NSC-99-2811- M-001-038.

Appendix A: Higgs Potential and vacuum alignment

Since it is nontrivial to ensure that the different vacuum alignments of ⟨φ^0⟩ = (υ, υ, υ) and ⟨χ⟩ = (υ_χ, 0, 0) in Eq. (7) are preserved, we shall briefly discuss these vacuum alignments. There is a generic way to prohibit the problematic interaction terms by physically separating the fields χ and (Φ, η). Here we solve the vacuum alignment problem by extending the model with a spacial extra dimension y [12]. We assume that each field lives on the 4D brane either at y = 0 or at y = L, as shown in Fig. 7. The heavy neutrino masses arise from local operators at y = 0, while the charged fermion masses and the neutrino Yukawa interactions are realized by non-local effects involving both branes. A detailed explanation of this possibility is beyond the scope of this paper.

FIG. 7: Fifth dimension and locations of scalar and fermion fields.

Then, the most general renormalizable scalar potential of Φ, η and χ, invariant under SU(2)_L × U(1)_Y × A_4 × Z_2, is given by

V_{y=L} = μ^2_Φ(Φ^†Φ)_1 + λ^Φ_1 (Φ^†Φ)_1(Φ^†Φ)_1 + λ^Φ_2 (Φ^†Φ)_1′ (Φ^†Φ)_1′′ + λ^Φ_3 (Φ^†Φ)_{3s} (Φ^†Φ)_{3s} + λ^Φ_4 (Φ^†Φ)_{3a} (Φ^†Φ)_{3a} + iλ^Φ_5 (Φ^†Φ)_{3s} (Φ^†Φ)_{3a} + μ^2_η(η^†η) + λ^η(η^†η)^2 + λ^{Φη}_1 (Φ^†Φ)_1(η^†η) + λ^{Φη}_2 (Φ^†η)(η^†Φ) + λ^{Φη}_3 (Φ^†η)(Φ^†η) + λ^{Φη∗}_3 (η^†Φ)(η^†Φ) , (A1) V_{y=0} = μ^2_χ(χχ)_1 + λ^χ_1 (χχ)_1(χχ)_1 + λ^χ_2 (χχ)_1′ (χχ)_1′′ + λ^χ_3 (χχ)_3(χχ)_3 + ξ^χ(χχχ)_1 ,(A2) where μ_Φ, μ_η, μ_χ and ξ^χ are of the mass dimension 1, while λ^Φ_{1,...,5}, λ^η, λ^χ_{1,...,3} and λ^{Φη}_{1,...,3} are all dimensionless. From Eqs. (A1) and (A2), it is easy to check that the vacuum stabilities of global minima are guaranteed.

The minimum condition of the potential V_{y=0} is ∂V_{y=0} ∂χ_1 | | |_{⟨χ1⟩=vχ} = 2v^χ [ μ^2_χ + 2(λ^χ_1 + λ^χ_2 )v^2_χ ] = 0 , (A3)

and^{∂Vy=0}_{∂χ2,3} | | |_{⟨χ2,3⟩=0} = 0 are automatically satisfied. On the other hand, the minimum conditions for the potential on the brane y = L are ∂V_{y=L} ∂φ^0_i | | |_{⟨φ0i ⟩,⟨η⟩} = 2v [ μ^2_Φ + 2(3λ^Φ_1 + 2λ^Φ_3 )v^2 + (λ^{Φη}_1 + λ^{Φη}_2 + λ^{Φη}_3 + λ^{Φη∗}_3 )v^2_η ] = 0 , ∂V_{y=L} ∂η | | | |_{⟨φ0i ⟩,⟨η⟩} = 2v^η [ μ^2_η + 2λ^ηv^2_η + (λ^{Φη}_1 + λ^{Φη}_2 + λ^{Φη}_3 + λ^{Φη∗}_3 )v^2 ] = 0 , (A4)

where ⟨φ^0_i ⟩ = v (i = 1, 2, 3) and ⟨η⟩ = v_η are used. We obtain three independent equations for the three unknowns v, v_η and v_χ. Thus the configurations needed in our scenario can be realized at tree level. The stability of these vacuum alignments under higher order corrections is not explored in this work.

[1] M. C. Gonzalez-Garcia, M. Maltoni and J. Salvado, JHEP 1004, 056 (2010) [arXiv:1001.4524v3 [hep-ph]].

[2] M. C. Gonzalez-Garcia and M. Maltoni, Phys. Rept. 460, 1 (2008) [arXiv:0704.1800 [hepph]]; T. Schwetz, AIP Conf. Proc. 981, 8 (2008) [arXiv:0710.5027 [hep-ph]]; G. L. Fogli, E. Lisi, A. Marrone, A. Palazzo and A. M. Rotunno, Phys. Rev. Lett. 101, 141801 (2008) [arXiv:0806.2649 [hep-ph]]; arXiv:0809.2936 [hep-ph]; G. L. Fogli, E. Lisi, A. Marrone, A. Palazzo and A. M. Rotunno, arXiv:0905.3549 [hep-ph].

[3] P. F. Harrison, D. H. Perkins and W. G. Scott, Phys. Lett. B 530, 167 (2002) [arXiv:hep-ph/0202074].

[4] Y. Fukuda et al. [Super-Kamiokande Collaboration], Phys. Rev. Lett. 81, 1562 (1998) [arXiv:hep-ex/9807003].

[5] J. Charles et al. [CKMfitter Group], Eur. Phys. J. C 41, 1 (2005) [arXiv:hep-ph/0406184], and updated results from http://ckmfitter.in2p3.fr.

[6] M. Raidal, Phys. Rev. Lett. 93, 161801 (2004) [arXiv:hep-ph/0404046]. [7] H. Minakata and A. Y. Smirnov, Phys. Rev. D 70, 073009 (2004) [arXiv:hep-ph/0405088]. [8] F. Gonzalez Canales, A. Mondragon, AIP Conf. Proc. 857, 287-292 (2006) [arXiv:hep-ph/0606175]; K. A. Hochmuth, W. Rodejohann, Phys. Rev. D75, 073001 (2007) [arXiv:hep-ph/0607103]; K. A. Hochmuth, S. T. Petcov, W. Rodejohann, Phys. Lett. B654, 177-188 (2007) [arXiv:0706.2975 [hep-ph]]; R. d. A. Toorop, F. Bazzocchi, L. Merlo, JHEP 1008, 001 (2010) [arXiv:1003.4502 [hep-ph]]; J. Barranco, F. Gonzalez Canales, A. Mondragon, Phys. Rev. D82, 073010 (2010) [arXiv:1004.3781 [hep-ph]]; Y. Shimizu, R. Takahashi, [arXiv:1009.5504 [hep-ph]].

[9] T. Fukuyama and H. Nishiura, arXiv:hep-ph/9702253; R. N. Mohapatra and S. Nussinov, Phys. Rev. D 60, 013002 (1999) [arXiv:hep-ph/9809415]; E. Ma and M. Raidal, Phys. Rev. Lett. 87, 011802 (2001) [Erratum-ibid. 87, 159901 (2001)] [arXiv:hep-ph/0102255]; C. S. Lam, Phys. Lett. B 507, 214 (2001) [arXiv:hep-ph/0104116]; T. Kitabayashi and M. Yasue, Phys. Rev. D 67, 015006 (2003) [arXiv:hep-ph/0209294]; A. Ghosal, arXiv:hep-ph/0304090; W. Grimus and L. Lavoura, Phys. Lett. B 572, 189 (2003) [arXiv:hep-ph/0305046]; J. Phys. G 30, 73 (2004) [arXiv:hep-ph/0309050]; Y. Koide, Phys. Rev. D 69, 093001 (2004) [arXiv:hep-ph/0312207]; Y. H. Ahn, S. K. Kang, C. S. Kim and J. Lee, Phys. Rev. D 73, 093005 (2006) [arXiv:hep-ph/0602160]; ibid. D 75, 013012 (2007) [arXiv:hep-ph/0610007].

[10] E. Ma and G. Rajasekaran, Phys. Rev. D 64, 113012 (2001) [arXiv:hep-ph/0106291]. [11] X. G. He, Y. Y. Keum and R. R. Volkas, JHEP 0604, 039 (2006) [arXiv:hep-ph/0601001]. [12] G. Altarelli and F. Feruglio, Nucl. Phys. B 720, 64 (2005) [arXiv:hep-ph/0504165]; A. Zee, Phys. Lett. B630, 58-67 (2005); [arXiv:hep-ph/0508278]; G. Altarelli, F. Feruglio, L. Merlo, JHEP 0905 (2009) 020. [arXiv:0903.1940 [hep-ph]].

[13] M. Fukugita and T. Yanagida, Phys. Lett. B 174, 45 (1986); G. F. Giudice et al., Nucl. Phys.

B 685, 89 (2004) [arXiv:hep-ph/0310123]; W. Buchmuller, P. Di Bari and M. Plumacher, Annals Phys. 315, 305 (2005) [arXiv:hep-ph/0401240]; A. Pilaftsis and T. E. J. Underwood, Phys. Rev. D 72, 113001 (2005) [arXiv:hep-ph/0506107].

[14] S. K. Kang, C. S. Kim and J. Lee, Phys. Lett. B 619, 129 (2005) [arXiv:hep-ph/0501029];

F. Plentinger, G. Seidl and W. Winter, Phys. Rev. D 76, 113003 (2007) [arXiv:0707.2379 [hep-ph]]; K. M. Patel, Phys. Lett. B 695, 225 (2011) [arXiv:1008.5061 [hep-ph]].

[15] Y. H. Ahn and C. S. Chen, Phys. Rev. D 81, 105013 (2010) [arXiv:1001.2869 [hep-ph]];

Y. H. Ahn, arXiv:1006.2953 [hep-ph].

[16] K. Nakamura et al. (Particle Data Group), J. Phys. G 37, 075021 (2010). [17] J. C. Pati and A. Salam, Phys. Rev. Lett. 31, 661 (1973); J. C. Pati and A. Salam, Phys.

Rev. D 10, 275 (1974) [Erratum-ibid. D 11, 703 (1975)].

[18] R. Gatto, G. Sartori and M. Tonin, Phys. Lett. B 28, 128 (1968); N. Cabibbo and L. Maiani, Phys. Lett. B 28, 131 (1968); R. J. Oakes, Phys. Lett. B 29, 683 (1969); H. Georgi and C. Jarlskog, Phys. Lett. B 86, 297 (1979).

[19] L. Wolfenstein, Phys. Rev. Lett. 51, 1945 (1983). [20] C. Jarlskog, Phys. Rev. Lett. 55, 1039 (1985).

[21] G. C. Branco, R. Gonzalez Felipe, F. R. Joaquim, I. Masina, M. N. Rebelo and C. A. Savoy, Phys. Rev. D 67, 073025 (2003) [arXiv:hep-ph/0211001].

[22] B. C. Chauhan, M. Picariello, J. Pulido and E. Torrente-Lujan, Eur. Phys. J. C 50, 573 (2007) [arXiv:hep-ph/0605032].