arXiv:1102.1201v1 [math.NT] 6 Feb 2011

UNIFORMIZATION, UNIPOTENT FLOWS AND THE RIEMANN HYPOTHESIS

SERGIO L. CACCIATORI AND MATTEO A. CARDELLA

Abstract. We prove equidistribution of certain multidimensional unipotent flows in the moduli space of genus g principally polarized abelian varieties (ppav). This is done by studying asymptotics of Γ_g ∼ Sp(2g, Z)- automorphic forms averaged along unipotent flows, toward the codimensionone component of the boundary of the ppav moduli space. We prove a link between the error estimate and the Riemann hypothesis. Further, we prove Γ_{g−r} modularity of the function obtained by iterating the unipotent average process r times. This shows uniformization of modular integrals of automorphic functions via unipotent flows.

Introduction

Let H_g := {τ ∈ Mat(g, C ) | τ = τ^t, ℑ(τ) > 0}, the genus g Siegel half space, i.e. the set of symmetric complex g × g matrices τ, with positive definite imaginary part ℑ(τ). We indicate with Γ_g ∼ Sp(2g, Z) the discrete group of symplectic transformations, with action on τ given by

τ → (aτ + b)(cτ + d)^{−1}, ( a b c d ) ∈ Sp(2g, Z). The coset space Γ_g \H_g is the moduli space of genus g principally polarized abelian varieties (ppav) A_g , and for genera g = 1, 2, 3, A_g is isomorphic to the moduli space of compact Riemann surfaces M_g .

H_g is a homogenous space, since it is isomorphic to the Lie coset H_g ≃ Sp(2g, R)/ (Sp(2g, R) ∩ SO(2g, R)), the set of real symplectic matrices over the orthosymplectic ones.

By Iwasawa decomposition of a symplectic matrix in Sp(2g, R), one can find an interesting set of coordinates for the Lie coset A_g . Every symplectic matrix can be written as UAK, with K ∈ Sp(2g, R) ∩ SO(2g, R), A = diag(V_g , V^{−1}_g ), diagonal 2g × 2g matrix, (V_g := diag( √ v_1, . . . , √ v_g ), v_i > 0, i = 1, . . . , g), and

Date: February 8, 2011. 1

U = ( U_g W_gU^{−t}_g 0 U^{−t}_g )

is a 2g × 2g real unipotent matrix, with U_g upper unitriangular g × g real matrix, and W_g symmetric g × g real matrix.

This leads to the following Iwasawa parametrization of the Siegel Half space

(0.1) τ_g = W_g + iU_gV^2_gU^{−t}_g . In this paper we exploit Iwasawa parametrization, in conjunction with the Rankin-Selberg method, for investigating properties of a certain class of unipotent averages of automophic forms on Γ_g\H_g. From the behavior of those averages in the asymptotics limit toward the codimension one component of the Γ_g \H_g boundary, we prove ergodicity of (multidimensional) unipotent flows. It turns out that the error estimate depends on Θ := Sup{ℜ(ρ)|ζ^∗(ρ) = 0}, the superior of the real part of the non trivial zeros of the Riemann zeta function. Therefore, evaluation of the error estimate would prove or disprove the Riemann hypothesis. Our result generalizes a well known theorem by Zagier on the long horocycle average of a SL(2, Z) automorphic functions of rapid decay [Za1],[Za2].

In order to announce the two main results of this paper, we need to introduce further notations. Given τ_g ∈ H_g, we use a (g − r)-corank block decomposition

τ_g = ( τ_r τ_2 τ^t_2 τ_{g−r} ) , with τ_r ∈ H_r, τ_{g−r} ∈ H_{g−r} . In the r = 1 case, the Iwasawa coordinatization (0.1) gives

(0.2) τ_g = ( τ_1 τ_2 τ^t_2 τ_{g−1} ) = ( w_{11} + i(v_1 + uV^2_{g−1}ū̄ūu) w + iuV^2_{g−1}U^t_{g−1} w̄w̄w̄ + iU_{g−1}V^2_{g−1}ū̄ūu τ_{g−1} ) ,

where w : (w_{12}, . . . w_{1g} ) is in the first row of the symmetric real matrix W_g, u := (u_{12}, . . . u_{1g}) is in the first row of the unitriangular real matrix U_g . We also use the following notation w̄w̄w̄ := w^t, ū̄ūu := u^t to denote column vectors.

The first main result of this paper concerns modularity under the subgroup of transformations Γ_{g−1} of the average of an automorphic function f(τ) along the (2g − 1) unipotent directions (w_{11}, w, u):

Theorem 1. Given a Γ_g -invariant automorphic function f = f(τ), let us consider the unipotent average < f >_{v1} (τ_{g−1}) := ∫ R^{2g−1} dw_{11}dw du f(τ_g), where τ_g is given in Iwasawa coordinates according to the corank (g − 1) decomposition given in (0.2).

The integral function < f >_{v1} (τ_{g−1}) on R_{>0} × H_{g−1} is invariant under the genus (g − 1) modular group Γ_{g−1}: < f >_{v1} ((aτ_{g−1} + b)(cτ_{g−1} + d)^{−1}) =< f >_{v1} (τ_{g−1}), ( a b c d ) ∈ Γ_{g−1}.

The H_g boundary is given by g − 1 components F_{g−r} , r = 1, . . . , g − 1. For the quotient space Γ_g \H_g the (g − r)-corank boundary component is given by Γ_g\F_{g−r} = { (i∞_r 0 0 τ_{g−r} ) , τ_{g−r} ∈ H_r } , where i∞_r := diag(i∞, . . . i∞) represents r copies of the Γ_1\ H_1 cusp. Theorem 1 shows that the unipotent average < f >_{v1} (τ_{g−1}) is a Γ_{g−1} invariant modular function, defined on R_{>0} × H_{g−1}. This function can be thought to be related to the (g − 1)-corank component F_{g−1} of the boundary of H_g. The distance from this boundary component is controlled by v_1 > 0, and one recovers the average along the F_{g−1} component of the boundary in the v_1 → 0 limit.

The second main result of this paper is given by theorem 2 below. Theorem 2 shows that in the limit v_1 → 0, the < f >_{v1} (τ_{g−1}) averaged on the modular domain Γ_{g−1}\H_{g−1} converges to the f average on the modular domain Γ_g\H_g. The error term is related to the non trivial zeros of the Riemann zeta function ζ(s), and an estimate of this quantity provides a proof (or a disproof) of the Riemann hypothesis:

Theorem 2. Let f = f(τ) a Γ_g -invariant function of rapid decay for τ going to all the components F_{g−r}, r = 1, . . . , g − 1 of the H_g boundary. Let f(τ) be differentiable up to second order, with Laplacian Δf of rapid decay, then the following asymptotic holds true: ∫ D_{g−1} dμ_{g−1} < f > (v_1, τ_{g−1}) ∼ V ol(D_{g−1}) 2V ol(D_g) ∫ D_g dμ_g f(τ)+O(v^{g− Θ2}_1 ), v_1 → 0.

Here D_g ∼ Γ_g\H_g is a Γ_g fundamental domain, with volume given by the formula V ol(D_g ) = 2 ∏_g k=1 ζ^∗(2k), and Θ := sup{ℜ(ρ)|ζ^∗(ρ) = 0} is the superior of the real part of the non trivial zeros ρ’s of the Riemann zeta function ζ(s). Theorem 2 provides a quite interesting connection between asymptotic unipotent dynamics in the ppav moduli space Γ_g\H_g and the Riemann hypothesis. Indeed, in the genus g case, the error estimate is O(v^{g−1/4}_1 ) if and only if the Riemann hypothesis is true (Θ = 1/2). Theorem 2 generalizes Zagier genus g = 1 result [Za1],[Za2], for modular functions of rapid decay at the cusp.

Moreover, there is an interesting corollary of theorem 1, which follows by iterating the operation of averaging along unipotent directions. Let us use the following notation w^{(r)} := (w_{r,r+1}, . . . w_{r,g} ), and u^{(r)} := (u_{r,r+1}, . . . u_{r,g}), where w_{ij} := (W_gW_gW_g )_{ij} , u_{ij} := (U_gU_gU_g)_{ij}

Corollary 1. Let f = f(τ_g ) a Γ_g -invariant automorphic function. For r = 1, . . . , g − 1, the following unipotent average < f >_{v1 ,...,vr} (τ_{g−r} ) := ∫ R^{g2−r2} >0 r∏ i=1 dw_{ii} dw^{(i)} du^{(i)} f(τ_g ), is a Γ_{g−r}-invariant function on R^r_{>0} × H_{g−r}: < f >_{v1,...,vr} ((aτ_{g−r}+b)(cτ_{g−r} +d)^{−1}) =< f >_{v1,...,vr} (τ_{g−r}), ( a b c d ) ∈ Γ_{g−r}. Results of this paper given in theorems 1 and 2 suggest interesting connections with powerful results on measure rigidity and equidistribution of unipotent flows, provided by Ratner theory [Ra], and by more recent developments, (see for example [ELPV],[EMV],[EW]).

We also would like to mention an interesting connection between unipotent dynamics in homogeneous spaces and string theory, [CC],[C1],[C2],[ACER].

In fact, results in this paper have applications for shedding light in ultraviolet/infrared dualities descending from finiteness of closed string perturbative amplitudes [CC]. For genus one, (one-loop), closed string amplitudes, equidistribution theorems for long horocycles in the modular surface SL(2, Z)\SL(2, R) connects [C1] vacuum stability with asymptotic supersymmetry [KS]. Moreover, graded spectra of closed string excitations exhibit oscillating patterns with frequencies given by the imaginary parts of the non trivial zeros of the Riemann zeta function [ACER]. In one-loop stable closed string vacua, asymptotic supersymmetry is maximal if and only if the Riemann hypothesis is true [ACER]. As suggested in [CC], equidistribution theorems for unipotent averages in the ppav moduli space when applied to higher genus closed string amplitudes produce generalizations of the one-loop result [KS].

The connection between homogenous space dynamics and string theory works also in the opposite direction, namely from string theory to the theory of automorphic forms. By using consistency conditions from string theory, it provides information on certain asymptotic averages of automorphic forms. The advantages of translating the dynamical problems in string theory terms has been shown in the specific case of the horocycle flow in [C2]. There certain asymptotics for long horocycles averages of modular invariant functions with not so mild growing conditions have been considered. It is also worth to mention that results in [CC] and those in this paper indicate an intriguing relation between ultraviolet properties of closed strings on stable backgrounds and the Riemann hypothesis. These relations thus extend beyond one loop order, where they were shown to exist in [ACER]. Moreover, results of this paper may also be useful for studying and probing non perturbative conjectures related to modularity of the effective string action [Bi], [GMRV],[GRV],[GLW],[LW],[Pi],[OP]. They may find also applications for genus g = 2 superstring amplitudes [DHP], and for testing recent proposals for genus g ≥ 3 closed string amplitudes [CDPvG],[DPvG], [DPGC] [Gr],[GSM2],[GSM],[GKV], [MV],[MV3],[MV2], [Mo].

The organization of the rest of the paper is the following: in section §1 we present some technical facts related to Iwasawa coordinatization of H_g , instrumental for our proofs. Section §2 contains the proofs of theorems 1 and 2 on ergodicity of unipotent flows and error estimates, and some lemmas, instrumental for those proofs.

Acknowledgements

MC thanks Gerard van der Geer for enlighting discussions. The work of MC was supported at various stages by the Superstring Marie Curie Training Network under the contract MRTN-CT-2004-512194 at the Hebrew University of Jerusalem, by a visiting fellowship at the ESI Schroedinger Center for Mathematical Physics in Vienna, by the Italian MIUR-PRIN contract 20075ATT78 at the University of Milano Bicocca, by the Theory Unit at CERN, and by a ”Angelo Della Riccia” fellowship at the University of Amsterdam.

1. Iwasawa parametrization for H_g and Eisenstein series

1.1. Iwasawa parametrization for H_g. The genus g Siegel upper space H_g is the set of complex g × g symmetric matrices with positive definite imaginary part H_g = {τ ∈ Mat(g, C )|τ = τ^t, ℑ(τ) > 0}. H_g is isomorphic to the Lie coset H_g ≃ Sp(2g, R)/ (Sp(2g, R) ∩ SO(2g, R)). For a given m ∈ Sp(2g, R)/ (Sp(2g, R) ∩ SO(2g, R)) m = ( a b c d ) , the bijective map is given by (1.1) τ(m) = (aiI+ b)(ciI+ d)^{−1}. The Iwasawa decomposition allows to write a symplectic matrix in Sp(2g, R) as UV K, K ∈ SO(2g, R) ∩ Sp(2g, R), V positive definite diagonal matrix and U unipotent matrix. It is convenient the following g ×g blocks parametrization (1.2) V = ( V_g 0 0 V^{−1}_g ) , V_g = diag (√ v_1, . . . , √ v_g ) , for the abelian part with v_i > 0, i = 1, . . . , g, U = ( U_g W_gU^{−t}_g 0 U^{−t}_g ) , for the unipotent part, with W_g symmetric real g × g matrix

(1.3) W_g = w_{11} w_{12} . . . w_{1g} w_{21} w_{22} . . . w_{2g} . . . . .. . . . w_{1g} w_{2g} . . . w_{gg} and U_g upper unitriangular real g × g matrix

(1.4) U_g =

1 u_{12} . . . u_{1g} 0 1 . . . u_{2g} . . . . .. . . . 0 0 . . . 1 .

With the above parametrization, eq. (1.1) gives the following Iwasawa parametrization for H_g (1.5) τ_g (m) = W_g + iU_gV^2_gU^t_g.

1.2. H_g measure in Iwasawa coordinates. The Γ_g -invariant measure dμ_g in H_g is given by dμ_g = 1 det(ℑ(τ_g ))^{g+1} g∏ i≤j d ℜ(τ_g )_{ij} d ℑ(τ_g )_{ij} , where τ_{ij} = ℜ(τ)_{ij} + iℑ(τ)_{ij} .

The following two lemmas give dμ_g in Iwasawa coordinates

Lemma 1. The following holds true det(ℑ(τ_g (m))) = g∏ i=1 v_i, Proof. It follows directly from (1.5). □

Lemma 2. The Jacobian determinant of τ_g (m) map given in (1.5) is

(1.6) J_g = g∏ i=1 v^{g−1−i} g−i . Proof. Let us take the following block parametrization U_g = ( U_{g−1} ū̄ūu 0 1 ) , where upper line denotes column vectors and lower line row vectors. U_{g−1} is a (g − 1)-dimensional upper unitriangular real matrix, ū̄ūu is a (g − 1)-dimensional column vector, ū̄ūu = u^t. Thus, one has ℑ(τ_g ) = U_gV^2_gU^t_g = ( U_{g−1} ū̄ūu 0 1 ) ( V^2_{g−1} ¯0 0 v_g ) ( U^t_{g−1} ¯0 u 1 )

= ( U_{g−1}V^2_{g−1}U^t_{g−1} + ū̄ūuuv_g ū̄ūuv_g uv_g v_g )

= ( ℑ(τ_{g−1}) + ū̄ūuuv_g ū̄ūuv_g uv_g v_g ) , and therefore dℑ(τ_g ) = v^{g−1}_g dv_g ∧ du ∧ dℑ(τ_{g−1}).

From which it follows that J_g = v^{g−1}_g J_{g−1}, and by iteration one recovers (1.6). □

Proposition 1. The H_g measure dμ_g in Iwasawa coordinates is given by dμ_g = g∏ i=1 dv_iv^{i−g−2} i g∏ i≥j dw_{ij} g∏ i>j du_{ij} . Proof. dμ_g = J_g det(ℑ(τ_g ))^{g+1} g∏ i=1 dv_i g∏ i≤j dw_{ij} g∏ i<j du_{ij}

= ∏_g i=1 v^{g−1−i} g−i ∏_g i=1 v^{g+1}_{g−i} dv_{g−i} g∏ i≤j dw_{ij} g∏ i<j du_{ij}

= g∏ i=1 v^{i−2−g} i dv_i g∏ i≤j dw_{ij} g∏ i<j du_{ij} . □

1.3. Eisenstein series. Let us introduce the following blocks decomposition τ_g ∈ H_g τ_g = ( τ_{11} τ_{12} τ^t_{12} τ_{22} )

where τ_{11} ∈ H_r, τ_{22} ∈ H_{g−r}.

The (g − r) corank Eisenstein series, associated to the F_{g−r} component of the boundary of H_g , is defined by (1.7) E_{g,r}(τ, s) = ∑ Γ_g ∩P_{g,r} \Γ_g ( det(ℑ(γ(τ))) det(ℑ(γ(τ)_{22})) )_s , where P_{g,r} ⊂ Sp(2g, R) is the parabolic subgroup which stabilizes the F_{g−r} .

For our purposes it is useful the knowledge of the analytic properties of the r = 1 Eisenstein series, given by the following proposition [Ya]:

Proposition 2. The r = 1 Eisenstein series E_{g,1}(τ, s) of the family given in (1.7)

(1.8) E_{g,1}(τ, s) = ∑ Γ_g ∩P_{g,1} \Γ_g ( det(ℑ(γ(τ))) det(ℑ(γ(τ)_{22})) )_s , ℜ(s) > g, can be analytically continued to the full s plane to a meromorphic function with a simple pole in s = g with residue^1_{2ζ∗(2g)} , and poles in s =^ρ_2 , where ρ^′s are the non trivial zeros of the Riemann zeta function, ζ^∗(ρ) = π^{−ρ/2}Γ(^ρ_2 )ζ(ρ) = 0.

1.4. H_{g−1} → H_g embedding. Lemma 3. ( H_{g−1} → H_g embedding). Given τ_g ∈ H_g and τ_{g−1} ∈ H_{g−1}, the following decomposition holds

ℑ(τ_g ) = ( v_1 + uV^2_{g−1}ū̄ūu uV^2_{g−1}U^t_{g−1} U_{g−1}V^2_{g−1}ū̄ūu ℑ(τ_{g−1}) ) . Proof.

ℑ(τ_g ) = ( 1 u ¯0 U_{g−1} ) ( v_1 0 ¯0 V^2_{g−1} ) ( 1 0 ū̄ūu U^t_{g−1} )

= ( v_1 + uV^2_{g−1}ū̄ūu uV^2_{g−1}U^t_{g−1} U_{g−1}V^2_{g−1}ū̄ūu U_{g−1}V^2_{g−1}U^t_{g−1} )

= ( v_1 + uV^2_{g−1}ū̄ūu uV^2_{g−1}U^t_{g−1} U_{g−1}V^2_{g−1}ū̄ūu ℑ(τ_{g−1}) ) . □ From the previous result one has also the following blocks decomposition for τ_g in terms of H_1 and H_{g−1} subspaces:

Proposition 3.

τ_g = ( w_{11} + i(v_1 + uV^2_{g−1}ū̄ūu) w + iuV^2_{g−1}U^t_{g−1} w̄w̄w̄ + iU_{g−1}V^2_{g−1}ū̄ūu τ_{g−1}. ) .

1.5. Γ_{g−1} → P_{g,1} ⊂ Γ_g parabolic embedding. A matrix in P_{g,1} ∩ Γ_g ⊂ Sp(2g, Z) has the following form

1 m q n 0 a n^t b 0 0 1 0 0 c −m^t d , ( a b c d ) ∈ Γ_{g−1}, m, n ∈ Mat(1 × (g − 1), Z), q ∈ Z.

It is useful the following decomposition for the elements in P_{g,1} ∩Γ_g (see for example [HKW]):

Proposition 4. Every matrix in P_{g,1} ∩ Γ_g can be decomposed as follows:

(1.9) 1 m q n 0 a n^t b 0 0 1 0 0 c −m^t d = g^1 · g^2 · g^3,

with

(1.10) g_1 =

1 0 0 0 0 a 0 b 0 0 1 0 0 c 0 d , ( a b c d ) ∈ Γ_{g−1},

(1.11) g_2 =

1 m 0 n 0 1 n^t 0 0 0 1 0 0 0 −m^t 1 m, n ∈ Mat(1 × (g − 1), Z),

and

(1.12) g_3 =

1 0 q 0 0 1 0 0 0 0 1 0 0 0 0 1 q ∈ Z.

Proposition 5. The action of g_1,g_2,g_3 on τ ∈ H_g

τ = ( τ_1 τ_2 τ^t_2 τ_3 ) τ_1 ∈ H_1, τ_3 ∈ H_{g−1}, τ_2 ∈ Mat(1 × (g − 1), C ), is given by:

g_1(τ) = ( τ_1 − τ_2(cτ_3 + d)^{−1}cτ^t_2 ∗ (cτ_3 + d)^{−1}τ^t_2 (aτ_3 + b)(cτ_3 + d)^{−1} ) , g_2(τ) = ( τ^′_1 ∗ τ^t_2 + m^tτ_1 + n^t τ_3 ) , τ^′_1 = τ_1 + mτ_3m^t + m^tτ_2 + (m^tτ_2)^t + nm^t,

g_3(τ) = ( τ_1 + q ∗

τ^t_2 τ_3 )

where the entries ∗ are given by symmetry of τ.

2. Proofs of theorem 1 and theorem 2

2.1. Unfolding of the modular integral. Given a function f = f(τ) on H_g invariant under the modular group Γ_g ∼ Sp(2g, Z), let us consider the following Rankin-Selberg type modular integral

(2.1) I_{g,1}(s) = ∫ Γ_g \H_g dμ_g f(τ)E_{g,1}(τ_g , s),

where E_{g,1}(τ_g , s) is the non-holomorphic g − 1-corank Eisenstein series, introduced in 1.8, section §1.3

(2.2) E_{g,1}(τ_g , s) = ∑ Γ_g ∩P_{g,1} \Γ_g ( det(ℑ(γ(τ))) det(ℑ((γ(τ)_{22})) )_s , ℜ(s) > g

related to the (g − 1) corank component F_{g−1} of the boundary of the modular domain Γ_g\H_g.

Under suitable growing conditions for f at the boundary, that are stated as sufficient conditions in theorem 2, it is possible in (2.1) to exchange integration on the modular domain with the sum over the modular transformations γ’s appearing in the Eisenstein series (2.2). This operation allows to unfold the original integration domain Γ_g \H_g into the larger domain (P_{g,1}∩Γ_g)\H_g . As we shall see, this latter integration domain has simplified features which becomes transparent in Iwasawa coordinates.

Whenever it is allowed to exchange the sum with the integral, for I_{g,1}(s) one finds

(2.3) I_{g,1}(s) = ∫_∞ 0 dv_1v^{s−g−1} 1 ∫ (P_{g,1} ∩Γ_g )\H_g dμ_{g−1} ∫ dw_{11} dw du f ( w_{11} + i(v_1 + uV^2_{g−1}ū̄ūu) w + iuV^2_{g−1}U^t_{g−1} w̄w̄w̄ + iU_{g−1}V^2_{g−1}ū̄ūu τ_{g−1} ) , where integration along w and u takes into account identifications by the parabolic subgroup P_{g,1} given in proposition 5.

Let us notice that I_{g,1}(s) involves a Mellin integral transform in the abelian Iwasawa coordinate v_1 ∈ R_{>0} . If certain conditions for the existence of the inverse Mellin transform are fulfilled, then, (by using proposition 6), one gets the following asymptotic lim_{v1 →0} ∫ (P_{g,1} ∩Γ_g )\H_g dμ_{g−1} ∫ dw duf ( w_{11} + i(v_1 + uV^2_{g−1}ū̄ūu) w + iuV^2_{g−1}U^t_{g−1} w̄w̄w̄ + iU_{g−1}V^2_{g−1}ū̄ūu τ_{g−1} )

= 1 2ζ^∗(2g) ∫ Γ_g \H_g dμ_g f(τ) = V ol(D_{g−1}) 2V ol(D_g) ∫ Γ_g \H_g dμ_g f(τ). (2.4)

Last line of (2.4) follows from the formula V ol(D_g) = 2 ∏_g k=1 ζ^∗(2k) for the volume of a fundamental region D_g ≃ Γ_g\H_g of the modular group Γ_g in H_g .

2.2. Proof of Theorem 1. The above discussion and eq. (2.4) are suggestive of the existence of a H_g → H_{g−1} reduction for modular integral of automorphic functions through the operation of averaging along unipotent directions w_{11}, w, u defined in 0.2. The above argument is turned into a rigorous proof by the following:

Theorem 1. Given a Γ_g -invariant automorphic function f = f(τ), let us consider the unipotent average < f >_{v1} (τ_{g−1}) := ∫ R^{2g−1} dw_{11}dw du f(τ_g), where τ_g is given in Iwasawa coordinates according to the corank (g − 1) decomposition given by (0.2) and in proposition 3.

The integral function < f >_{v1} (τ_{g−1}) on R_{>0} × H_{g−1} is invariant under the genus (g − 1) modular group Γ_{g−1}:

< f >_{v1} ((aτ_{g−1} + b)(cτ_{g−1} + d)^{−1}) =< f >_{v1} (τ_{g−1}), ( a b c d ) ∈ Γ_{g−1}.

Proof. The action of Γ_{g−1} on < f >_{v1} (τ_{g−1}) is provided by the embedding of Γ_{g−1} → Γ_g defined by g_1 as in Proposition 5. As f is Γ_g invariant, the proof will follow from the fact that the measure dw_{11}dw du is Γ_{g−1}-invariant, and that the action of Γ_{g−1} over the Siegel space lives v_1 invariant. This permits to reabsorb the transformation in a change of variables which leaves the expression of < f >_{v1} (τ_{g−1}) invariant in form.

Let us first consider the action of g_1, given by (1.10), on the coset space H_g. Using the Iwasawa construction, the generic point of the coset has the form

x := ( U_gV_g W_g(U_gV_g )^{−t} O_g (U_gV_g)^{−t} ) (2.5)

so that, in particular, its first column is ( √ v_1, 0, . . . , 0)^t x = (√ v_1 . . . ¯0 . . . ) .

By acting on x from the left with g_1, one finds the following structure

(2.6)

g_1x =

1 0 0 0 ¯0¯0¯0 a ¯0¯0¯0 b 0 0 1 0 ¯0¯0¯0 c ¯0¯0¯0 d

√ v_1 . . . ¯0¯0¯0 . . . 0 . . . ¯0¯0¯0 . . . =

√ v_1 r^{(1)} 0 r^{(2)} . . . . 0 r^{(2g)} , ( a b c d ) ∈ Γ_{g−1}.

In particular, the (2g−1) vectors r^{(j)}, j = 2, . . . , 2g are linearly independent, since det(g_1x) ≠ 0. The symplectic matrix g_1x ∈ Sp(2g, R) in (2.6) is no more in the quotient Sp(2g, R)/(Sp(2g, R) ∩ SO(2g, R)), since it does not have the blocks structure (2.5).

However, by multiplying g_1x from the right by an orthosymplectic matrix K ∈ Sp(2g, R) ∩ SO(2g, R), K = ( A B −B A ) , A^tB = B^tA, A^tA + B^tB = I, one can determine the g_1x coset representative

g_1xK = √ v_1 r^{(1)} 0 r^{(2)} . . . . 0 r^{(2g)}

( A_{11} . . . ā̄āa . . . ) = (√ ṽ_1 . . . ¯0¯0¯0 . . . ) , ā̄āa := (A_{21}, . . . A_{g1}, −B_{11} · · ·−B_{g1})^t.

In particular, equality for the elements in the first columns of the previous equation gives

√ v_1A_{11} + r^{(1)}ā̄āa r^{(2)}ā̄āa . . r^{(2g)}ā̄āa = √ ṽ_1 0 . . 0 ,

and, since the (2g − 1) vectors r^{(j)}, j = 2, . . . , 2g are linearly independent, one finds ā̄āa = ¯0¯0¯0. This implies that

A_{j1} = δ_{j1} √ ṽ_1/v_1, B_{j1} = 0, j = 1, . . . , g,

and by using (A^tA + B^tB)_{11} = 1 one then gets ṽ_1 = v_1.

The new defined coordinates are then such that, in the notation of Proposition 5,

g_1 (( w_{11} + i(v_1 + uV^2_{g−1}ū̄ūu) w + iuV^2_{g−1}U^t_{g−1} w̄w̄w̄ + iU_{g−1}V^2_{g−1}ū̄ūu τ_{g−1} )) = ( w̃_{11} + i(v_1 + ũṼ̃ṼV^2_{g−1}¯ũ̄ũ̄ũ) w̃w̃w̃ + iũ̃ũuṼ̃ṼV^2_{g−1}Ũ̃ŨU^t_{g−1} ¯w̃¯w̃¯w̃ + iŨ̃ŨU_{g−1}Ṽ̃ṼV^2_{g−1}¯ũ̄ũ̄ũ τ̃_{g−1} ) . (2.7)

Notice that Ṽ̃ṼV_{g−1} and Ũ̃ŨU_{g−1} are defined by τ̃_{g−1}, that does not depends on ū̄ūu and v̄v̄v̄, so that the transformation of coordinates (w_{11}, ū̄ūu, v̄v̄v̄) → (w̃_{11}, ¯ũ̄ũ̄ũ, ¯ṽ̄ṽ̄ṽ) is defined by the components g_1(x)_{1j} , j = 1, . . . , g of relation (2.7). This gives the linear transformation

w̃_{11} + i(ṽ_1 + ũ̃ũuṼ̃ṼV^2_{g−1}¯ũ̄ũ̄ũ) = w_{11} + i(v_1 + uV^2_{g−1}ū̄ūu) − (w + iuV^2_{g−1}U^t_{g−1})(cτ_{g−1} + d)^{−1}c(w̄w̄w̄ + iU_{g−1}V^2_{g−1}ū̄ūu), (w̃w̃w̃ + iũ̃ũuV^2_{g−1}Ũ̃ŨU^t_{g−1}) = (w + iuV^2_{g−1}U^t_{g−1})(cτ_{g−1} + d)^{−t}. (2.8)

By differentiating and by taking the determinant one thus gets

dw̃_{11}d ¯w̃¯w̃¯w̃^{g−1}d¯ũ̄ũ̄ũ^{g−1} det(Ṽ̃ṼV^2_{g−1}) = dw_{11}dw̄w̄w̄^{g−1}dū̄ūu^{g−1} det(V^2_{g−1})/| det(cτ_{g−1} + d)|^2,

where we have used that det Ũ̃ŨU_{g−1} = 1. Now,

det(Ṽ̃ṼV^2_{g−1}) = det(Ũ̃ŨU_{g−1}Ṽ̃ṼV^2_{g−1}Ũ̃ŨU^t_{g−1}) = det ℑ(τ̃_{g−1}).

From

2iℑ(τ̃_{g−1}) = (aτ_{g−1} + b)(cτ_{g−1} + d)^{−1} − (τ^†_{g−1}c^t + d^t)^{−1}(τ^†_{g−1}a^t + b^t) = (τ^†_{g−1}c^t + d^t)^{−1}[(τ^†_{g−1}c^t + d^t)(aτ_{g−1} + b) − (τ^†_{g−1}a^t + b^t)(cτ_{g−1} + d)](cτ_{g−1} + d)^{−1} = 2i(τ^†_{g−1}c^t + d^t)^{−1}ℑ(τ_{g−1})(cτ_{g−1} + d)^{−1},

where we have used a^td − c^tb = I, a^tc = c^ta and b^td = d^tb, one gets

det(Ṽ̃ṼV^2_{g−1}) = det(V^2_{g−1})/| det(cτ_{g−1} + d)|^2,

(2.9)

which shows the invariance of the measure. The fact that ṽ_1 and τ̃_{g−1} do not depend on w_{11}, w̄w̄w̄, ū̄ūu, implies that the range of coordinates remains unchanged.

In conclusion, we have < f >_{v1} (τ̃_{g−1}) = ∫ dw_{11}dw du f ( g_1 (( w_{11} + i(v_1 + uV^2_{g−1}ū̄ūu) w + iuV^2_{g−1}U^t_{g−1} w̄w̄w̄ + iU_{g−1}V^2_{g−1}ū τ_{g−1} ))) , since f is Γ_g invariant, this implies < f >_{v1} (τ̃_{g−1}) =< f >_{v1} (τ_{g−1}). □

2.3. Proof of Theorem 2. We now give the proof of theorem 2. We start by recalling a standard property concerning Mellin integral transforms, (Proposition 6). In order to prove Theorem 2 we shall also need Proposition 7, whose proof is postponed to §2.4.

Proposition 6. Let φ = φ(s) be the following meromorphic function on the s plane φ(s) = l∑ i=1 C_i (s − s_i)^{ni} , n_i ∈ N_{≥0} , then the following identity holds 1 2πi ∫_{σ+i∞} σ−i∞ ds y^{−s}φ(s) = l∑ i=1 (−)^{ni} C_i n_i! y^{−si} log^{ni} y, σ > Max_i{ℜ(s_i)}. Proof. It is easily obtained by using residues theorem, and by closing the integration contour such that it contains the points s = s_i, i = 1, . . . , l. □

Theorem 2. Let f = f(τ) a Γ_g -invariant function of rapid decay for τ going to all the components F_{g−r} , r = 1, . . . , g − 1 of the H_g boundary. Let f(τ) be differentiable up to second order, with Laplacian Δf of rapid decay, then the following asymptotic holds true:

(2.10) ∫ D_{g−1} dμ_{g−1} < f >_{v1} (τ_{g−1}) ∼ V ol(D_{g−1}) 2V ol(D_g ) ∫ D_g dμ_g f(τ) + O(v^{g− Θ2}_1 ), v_1 → 0,

where D_g ∼ Γ_g\H_g is a Γ_g fundamental domain, with volume V ol(D_g) = 2 ∏_g k=1 ζ^∗(2k). Integration along unipotent coordinates w_{11}, w, u takes into account the identifications by the parabolic subgroup P_{g,1}, given in proposition 5, and Θ := sup{ℜ(ρ)|ζ^∗(ρ) = 0}, is the superior of the real part of the non trivial zeros ρ’s of the Riemann zeta function.

Proof. Let us consider the modular integral I_{g,1}(s) = ∫ Γ_g \H_g dμ_g f(τ)E_{g,1}(τ). The Eisenstein series E_{g,1}(τ, s) defined in (1.8) is of polynomial growth for τ going to each component of the H_g boundary. For ℜ(s) > g one can use the series representation for the Eisenstein series, and, by Lebesgue dominated convergence one can exchange the series with the modular integral I_{g,1}(s) = ∫ Γ_g \H_g dμ_g f(τ) ∑ Γ_g ∩P_{g,1} \Γ_g ( det(ℑ(γ(τ))) det(ℑ((γ(τ)_{22})) )_s

= ∑ Γ_g ∩P_{g,1} \Γ_g ∫ Γ_g \H_g dμ_g f(τ) ( det(ℑ(γ(τ))) det(ℑ(γ(τ_{22})) )_s

= ∫ Γ_g ∩P_{g,1} \H_g dμ_g f(τ) ( det(ℑ(τ)) det(ℑ(τ_{22})) )_s .

In the last line modular transformations γ’s in the coset (Γ_g ∩ P_{g,1})\Γ_g are used to unfold the integration domain.

Since f(τ) is of rapid decay for τ going at the H_gH_gH_g boundary, the modular integral is uniformly convergent with respect to the variable s, and thus I_{g,1}(s) inherits analytic properties of the Eisenstein series E_{g,1}(s, τ). Then, due to proposition 2, I_{g,1}(s) can be analytically continued to the full s plane to a meromorphic function with a simple pole in s = g, and poles in s = ρ/2, where ρ’s are the non trivial zeros of the Riemann zeta function, ζ^∗(ρ) = 0. Thus one can write the following expansion

(2.11) I_{g,1}(s) = C_g s − g + ∑ ζ^∗(ρ)=0 C_ρ s − ρ/2 , for multiple Riemann zeros ρ’s, one has to rise the denominator in the above formula by the appropriate power.

In (2.11), C_g is given by

C_g = 1 2ζ^∗(2g) ∫ D_g dμ_g f(τ), since E_{g,1}(τ, s) has a simple pole in s = g with residue 1/2ζ^∗(2g).

Then, by using Iwasawa coordinates one can write I_{g,1}(s) in the following convenient form

(2.12) I_{g,1}(s) = ∫_∞ 0 dv_1 v^{s−g−1} 1 ∫ Γ_{g−1} \H_g dμ_{g−1} ∫ dw_{11}dw duf ( w_{11} + i(v_1 + uV^2_{g−1}ū̄ūu) w + iuV^2_{g−1}U^t_{g−1} w̄w̄w̄ + iU_{g−1}V^2_{g−1}ū̄ūu τ_{g−1} ) , where the decomposition in terms of a modular integral over Γ_{g−1}\H_g follows from theorem 1.

Equation (2.12) states that I_{g,1}(s) is the Mellin transform of the following integral function

(2.13) v^{−g}_1 ·F_{g,1}(v_1) := ∫ Γ_{g−1} \H_g dμ_{g−1} ∫ dw_{11}dw duf ( w_{11} + i(v_1 + uV^2_{g−1}ū̄ūu) w + iuV^2_{g−1}U^t_{g−1} w̄w̄w̄ + iU_{g−1}V^2_{g−1}ū̄ūu τ_{g−1}. )

If the following integral defining the I_{g,1}(s) inverse Mellin transform (2.14) M^{−1}[I_{g,1}(s)](y) = 1 2πi ∫_{σ+i∞} σ−i∞ ds y^{−s}I_{g,1}(s) = y^{−σ} 2πi ∫_∞ −∞ dt y^{−it}I_{g,1}(σ + it), is convergent, then through proposition 6, one obtains the v_1 → 0 asymptotic for the function F_{g,1}(v_1).

Since f(τ) is twice differentiable, we use ΔE_{g,1}(τ, s) = 2^{g−1g+1} s(g−s)E_{g,1}(τ, s), (a proof of this result is given in proposition 7).

By integration by parts one then finds

(2.15) I_{g,1}(s) = 2^{− g−1g+1} s(g − s) ∫ D_g dμ_gE_{g,1}(τ, s)Δf(τ).

This shows that I_{g,1}(σ + it) falls off as O(t^{−2}) for t → ±∞, for all σ’s where the following integral ∫ D_g dμ_gE_{g,1}(τ, s)Δf(τ), is convergent. Under our assumption that Δf(τ) is of rapid decay for τ going to the boundary, the above integral is convergent, since E_{g,1}(τ, s) is of polynomial growth for τ going to each component of the H_g boundary. It follows that the integral (2.14) is convergent, and thus M^{−1}[I_{g,1}(s)](v_1) exists, and M^{−1}[I_{g,1}(s)](v_1) = F (v_1).

By analytic properties of I_{g,1}(s) given in eq. (2.11), except for a simple pole in s = g, I_{g,1}(s) is analytic on ℜ(s) >^Θ_2 , where Θ = Sup{ℜ(ρ)|ζ^∗(ρ) = 0}. Then, asymptotic eq. (2.10) including dependence of the error estimate on Θ, follows from (2.12) and by using proposition 6. Finally, the ratio appearing in eq. (2.10) between volumes of modular domains follows from the formula V ol(D_g) = 2 ∏_g k=1 ζ^∗(2k). □

2.4. H_g Laplacian and the rank (g − 1) Eisenstein series. Let G_{IJ} be the H_g Sp(2g, R)-invariant metric, with infinitesimal line element ds^2 = G_{IJ} dX_I dX_J , where X_I is a system of g(g + 1) real coordinates for H_g . We indicate with G^{IJ} the inverse metric of G_{IJ} , G^{IK} G_{KJ} = δ^I_J . We also use the notation G := det G_{IJ} , for the determinant of the metric. Let us consider the H_g Laplacian operator Δ := −^1√_{|G|} ∂_I √ |G|G^{IJ} ∂_J . In this section we prove that the

(g − 1) corank Eisenstein series E_{g,1}(τ, s) defined in §1.3 is an eighenfunction of the H_g Laplacian Δ,

(2.16) ΔE_{g,1}(τ, s) = 2^{g−1g+1} s(g − s)E_{g,1}(τ, s). In order to prove this result, we first need the following lemma:

Lemma 4. In Iwasawa coordinates: G^{vi ,vi} = 2^{g−1g+1} v^2_i .

Proof. Let us consider the Iwasawa decomposition UV K of Sp(2g, R). The elements of the quotient H_g are represented by the points h = UV . In [CCDOS] it has been shown that the invariant metric can then be obtained as

ds^2 = κ Tr(J ⊗ J), J = Π((UV )^{−1}d(UV )) (2.17) where Π projects orthogonally to the space tangent to K, and κ is a normalization constant. As K is the intersection with the orthogonal group SO(2gR), Π takes the symmetric part, so that

J = V^{−1}dV + 1 2 (V^{−1}U^{−1}dUV + V dU^tU^{−t}V^{−1}). In order to compute the trace in (2.17) note that the parenthesis is the sum of nilpotent matrices (as U unipotent implies U^{−1}dU nilpotent), whereas V^{−1}dV is diagonal, so that mixed products have vanishing trace and we remain with the terms

ds^2 = κ 2 g∑ i=1 1 v^2_i dv^2_i + κ 2 Tr(V^{−2}U^{−1}dUV^2dU^tU^{−t}). (2.18)

Notice that there are no off-diagonal terms of the form dV ⊗ dU, so that from (2.18) we get

G^{vi vi} = 2 κ v^2_i , i = 1, . . . , g. To compute κ we can compute the determinant of the metric (2.18) and compare the result with Proposition 1. We know that the determinant does not depend on the coordinates u_{ij} and w_{ij} in U so that we can compute it for u_{ij} = 0 and w_{ij} = 0. This gives

V^{−2}dU = ( V^{−2}_g dU_g V^{−2}_g dW_g 0 −V^2_gdU^t_g ) , V^2dU^t = ( V^2_g dU^t_g 0 V^{−2}_g dW_g −V^{−2}_g dU_g ) . Then

Tr(V^{−2}U^{−1}dUV^2dU^tU^{−t}) = Tr[2V^2_gdU^t_gV^{−2}_g dU_g + V^{−2}_g dW_gV^{−2}_g dW_g ]. First, notice that (V^{−2}_g dW_gV^{−2}_g )_{ij} = 1 v_iv_j dw_{ij} . Thus

A := Tr(V^{−2}_g dW_gV^{−2}_g dW_g ) = ∑ i,j 1 v_iv_j dw_{ij} dw_{ji} = g∑ i=1 1 v^2_i dw^2_{ii} + 2 ∑ i<j 1 v_iv_j dw^2_{ij} . Then, this part of the metric is diagonal and contributes to the determinant with the term

detA = 2^{g(g−1)/2} ∏ 1≤i≤j≤g 1 v_iv_j = 2^{g(g−1)/2} g∏ i=1 1 v^g_i .

In the same way we get

B := Tr[2V^2_g dU^t_gV^{−2}_g dU_g ] = 2 ∑ 1≤i<j≤g v_j v_i dU^2_{ij} .

Again, this is diagonal and it contributes to the determinant with the term det B = 2^{g(g−1)/2} ∏ 1≤i<j≤g v_j v_i = 2^{g(g−1)/2} ∏ 1≤i<j≤g 1 v_iv_j ∏ 1≤i<j≤g 1 v^2_i

= 2^{g(g−1)/2} g∏ i=1 1 v^g_i g∏ i=1 v^{2(i−1)} i = 2^{g(g−1)/2} g∏ i=1 v^{2i−2−2g} i .

The term C := g∑ i=1 1 v^2_i dv^2_i

gives the contribution det C = g∏ i=1 1 v^2_i ,

and by taking into account the factor κ/2 we finally have G = (κ 2 )_{g(g+1)} det A det B det C = ( κ 2 )_{g(g+1)} 2^{g(g−1)} g∏ i=1 v^{2i−4−2g} i .

Comparing with Proposition 1 gives κ 2 = 2^{− g−1g+1} ,

therefore one finally gets

G^{vi vi} = 2^{g−1g+1} v^2_i . □ By using lemma 4, we are then able to prove the following proposition

Proposition 7. Let Δ be the H_g Laplacian operator

Δ := − 1 √ |G| ∂_I √ |G| G^{IJ} ∂_J , then (2.19) ΔE_{g,1}(τ, s) = 2^{g−1g+1} s(g − s)E_{g,1}(τ, s).

Proof. In Iwasawa coordinates √ G = ∏_g i=1 v^{i−g−2} i . With the help of lemma 4, by direct computation in Iwasawa coordinates one finds Δ ( det(ℑ(τ)) det(ℑ(τ)_{22}) )_s = Δv^s_1 = 2^{g−1g+1} s(g − s)v^s_1,

then, by Γ_g -invariance of the Laplacian operator one also has

Δ ( det(ℑ(γ(τ))) det(ℑ(γ(τ))_{22}) )_s = 2^{g−1g+1} s(g − s) ( det(ℑ(γ(τ))) det(ℑ(γ(τ))_{22}) )_s , γ ∈ Sp(2g, Z), eq. (2.19) then follows. □ References

[ACER] C. Angelantonj, M. Cardella, S. Elitzur and E. Rabinovici, “Vacuum stability, string density of states and the Riemann zeta function,” arXiv:1012.5091 [hep-th].

[Bi] M. Bianchi, “On R^4 terms and MHV amplitudes in N = 5, 6 supergravity vacua of Type II superstrings,” arXiv:1010.4736 [hep-th].

[C2] M. A. Cardella, “Error Estimates in Horocycle Averages Asymptotics: Challenges from String Theory,” arXiv:1012.2754 [math.NT].

[CC] S. Cacciatori M. Cardella, “Equidistribution rates, closed string amplitudes, and the Riemann hypothesis,” JHEP12 (2010) 025.

[C1] M. Cardella, “A novel method for computing torus amplitudes for Z_N orbifolds without the unfolding technique,” JHEP 0905 (2009) 010.

[CCDOS] S. L. Cacciatori, B. L. Cerchiai, A. Della Vedova, G. Ortenzi and A. Scotti, “Euler angles for G(2),” J. Math. Phys. 46 (2005) 083512;

S. L. Cacciatori, “A simple parametrization for G2,” J. Math. Phys. 46 (2005) 083520; S. Bertini, S. L. Cacciatori and B. L. Cerchiai, “On the Euler angles for SU(N),” J. Math. Phys. 47 (2006) 043510.

[CDPvG] S. L. Cacciatori and F. Dalla Piazza, “Two loop superstring amplitudes and S6 representations,” Lett. Math. Phys. 83, 127 (2008);

S. L. Cacciatori, F. Dalla Piazza and B. van Geemen, “Modular Forms and Three Loop Superstring Amplitudes,” Nucl. Phys. B 800, 565 (2008);

S. L. Cacciatori, F. D. Piazza and B. van Geemen, “Genus four superstring measures,” Lett. Math. Phys. 85, 185 (2008).

[DPvG] F. D. Piazza and B. van Geemen, “Siegel modular forms and finite symplectic groups,” Adv. Theor. Math. Phys. 13 (2009) 1771-1814.

[DHP] E. D’Hoker, D.H. Phong, “Two-Loop Superstrings I, Main Formulas”, Phys. Lett. B 529 (2002) 241?255;

E. D’Hoker, D.H. Phong, “Two Loop Superstrings II. The Chiral measure on Moduli Space”, Nucl. Phys. B636 (2002) 3?60;

E. D’Hoker, D.H. Phong, “Two Loop Superstrings III. Slice Independence and Absence of Ambiguities”, Nucl. Phys. B636 (2002) 61?79;

E. D’Hoker, D.H. Phong, “Two-Loop Superstrings IV: The Cosmological Constant and Modular Forms”, Nucl. Phys. B 639 (2002) 129?181;

E. D’Hoker, D.H. Phong, “Asyzygies, Modular Forms, and the Superstring Measure I”, Nucl. Phys. B 710 (2005) 58?82;

E. D’Hoker, D.H. Phong, “Asyzygies, Modular Forms, and the Superstring Measure II”, Nucl. Phys. B 710 (2005) 83?116.

[DPGC] F. D. Piazza, D. Girola and S. L. Cacciatori, “Classical theta constants vs. lattice theta series, and super string partition functions,” JHEP 1011, 082 (2010).

[DS] S. G. Dani and J. Smillie, “Uniform distribution of horocycle orbits for Fuchsian groups,” Duke Math. J. 51 (1984), 185-194.

[EW] Manfred Einsiedler and Thomas Ward, “Ergodic Theory with a view towards Number Theory,” Springer Graduate Text in Mathematics Volume 259.

[EMV] M. Einsiedler, G. Margulis, A. Venkatesh, “Effective equidistribution for closed orbits of semisimple groups on homogeneous spaces,” Inventiones Mathematicae, Volume 177, Number 1, 137-212,.

[ELPV] Manfred Einsiedler, Elon Lindenstrauss, Philippe Michel, Akshay Ven, “Distribution of periodic torus orbits and Duke’s theorem for cubic fields,” to appear in Annals of Mathematics; [arXiv:0708.1113 [math.DS]].

[Fu] H. Furstenberg, “The Unique Ergodicity of the Horocycle Flow, Recent Advances in Topological Dynamics,” A. Beck (ed.), Springer Verlag Lecture Notes, 318 (1972), 95- 115.

[GKV] M. R. Gaberdiel, C. A. Keller and R. Volpato, “Genus two partition functions of chiral conformal field theories,” Commun. Num. Theor. Phys. 4, 295 (2010).

[GLW] F. Gubay, N. Lambert and P. West, “Constraints on Automorphic Forms of Higher Derivative Terms from Compactification,” JHEP 1008, 028 (2010).

[GMRV] M. B. Green, S. D. Miller, J. G. Russo and P. Vanhove, “Eisenstein series for higher-rank groups and string theory amplitudes,” arXiv:1004.0163 [hep-th].

[GRV] M. B. Green, J. G. Russo and P. Vanhove, “Automorphic properties of low energy string amplitudes in various dimensions,” Phys. Rev. D 81, 086008 (2010).

[Gr] S. Grushevsky, “Superstring scattering amplitudes in higher genus,” Commun. Math.

Phys. 287, 749 (2009).

[GSM] S. Grushevsky and R. S. Manni, “The superstring cosmological constant and the Schottky form in genus 5,” arXiv:0809.1391 [math.AG].

[GSM2] S. Grushevsky and R. Salvati Manni, “The vanishing of two-point functions for three-loop superstring scattering amplitudes,” Commun. Math. Phys. 294, 343 (2010).

[HKW] K. Hulek, C. Kahn and S. Weintraub, “Moduli Spaces of Abelian Surfaces: Compactification, Degenerations, and Theta Functions,” De Gruyter Expositions in Mathematics 12, 1993.

[LW] N. Lambert and P. West, “Perturbation Theory From Automorphic Forms,” JHEP 1005, 098 (2010).

[KS] D. Kutasov and N. Seiberg, “Number Of Degrees Of Freedom, Density Of States And Tachyons In String Theory And Cft,” Nucl. Phys. B 358, 600 (1991).

[Mo] A. Morozov, “NSR Superstring Measures Revisited,” JHEP 0805 (2008) 086. [MV] M. Matone and R. Volpato, “Getting superstring amplitudes by degenerating Riemann surfaces,” Nucl. Phys. B 839, 21 (2010).

[MV2] M. Matone and R. Volpato, “Superstring measure and non-renormalization of the three-point amplitude,” Nucl. Phys. B 806, 735 (2009).

[MV3] M. Matone and R. Volpato, “Higher genus superstring amplitudes from the geometry of moduli spaces,” Nucl. Phys. B 732, 321 (2006).

[OP] N. A. Obers and B. Pioline, “Eisenstein series in string theory,” Class. Quant. Grav.

17, 1215 (2000).

[Pi] B. Pioline, “R^4 couplings and automorphic unipotent representations,” JHEP 1003, 116 (2010).

[R-S] R. Rankin, Contributions to the theory of Ramanujan’s function τ (n) and symilar arithmetical functions, Proc. Cambridge Philos. Soc. 35 (1939), 351-372; A. Selberg, “Bemerkungen über eine Dirichletsche reihe, die mit der theorie der modulformen nahe verbunden ist”, Arch. Math. Naturvid. 43 (1940), 47-50.

[Ra] M. Ratner, “Distribution rigidity for unipotent actions on homogeneous spaces,” Bull.

Amer. Math. Soc. (N.S.) Volume 24, Number 2 (1991), 321-325;

M. Ratner, “Raghunathan’s topological conjecture and distributions of unipotent flows,” Duke Math. J. Volume 63, Number 1 (1991), 235-280.

[Sa] P. Sarnak, “Asymptotic behavior of periodic orbits of the horocycle flow and Eisenstein series,” Comm. Pure Appl. Math. 34 (1981), no. 6, 719–739.

[Ve] A. Verjovsky, “Arithmetic geometry and dynamics in the unit tangent bundle of the modular orbifold”, in: Dynamical Systems (Santiago 1990), Pitman Res. Notes Math. No. 285 , Longman Sci. Tech., Harlow, 1993, pp. 263-298.

[Ya] T. Yamazaki, “Rankin-Selberg method for Siegel cusp forms”, Najoya Math J. Vol. 120 (1990), 35-49.

[Za1] D. Zagier, “Eisenstein Series and the Riemann zeta function, Automorphic Forms, Representation Theory and Arithmetic,” Studies in Math. Vol. 10, T.I.F.R., Bombay, 1981, pp. 275-301.

[Za2] D. Zagier, “The Rankin-Selberg method for authomorphic functions which are not of rapid decay,” in J. Fac. Sci. Tokyo 1981.

Dipartimento di Fisica e Matematica, Università dell’Insubria, via Valleggio 11, 22100 Como, Italy, and, INFN, sezione di Milano, via Celoria 16, 20133 Milano, Italy

E-mail address: sergio.cacciatori@mi.infn.it

Theoretical Physics Department, Università di Milano Bicocca, Piazza della Scienza 3, I-20126 Milano, Italy,

E-mail address: matteo@phys.huji.ac.il