arXiv:1102.1521v1 [gr-qc] 8 Feb 2011

YITP-11-17

Stability of Schwarzschild-like solutions in f(R, G) gravity models

Antonio De Felice,^1 Teruaki Suyama,^2 and Takahiro Tanaka^3 1Department of Physics, Faculty of Science, Tokyo University of Science, 1-3, Kagurazaka, Shinjuku-ku, Tokyo 162-8601, Japan 2Research Center for the Early Universe, The University of Tokyo, 4-3-1, Hongo, Bunkyo-ku, Tokyo 113-0033, Japan 3Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan (Dated: February 9, 2011)

We study linear metric perturbations around a spherically symmetric static spacetime for general f(R, G) theories, where R is the Ricci scalar and G is the Gauss-Bonnet term. We find that unless the determinant of the Hessian of f(R, G) is zero, even-type perturbations have a ghost for any multi-pole mode. In order for these theories to be plausible alternatives to General Relativity, the theory should satisfy the condition that the ghost is massive enough to effectively decouple from the other fields. We study the requirement on the form of f(R, G) which satisfies this condition. We also classify the number of propagating modes both for the odd-type and the even-type perturbations and derive the propagation speeds for each mode.

I. INTRODUCTION

In cosmology, modified gravity models have been considered as a possible dynamical explanation for dark energy. These models have been constructed in order to give late time acceleration, however it is utterly important to see whether such modifications of gravity will also drastically change the behavior of gravity at small scales, e.g. in our solar system. Among these models, some made use of the extra-dimensions [1–4]. Others implemented a similar mechanism by introducing a modified kinetic-term Lagrangian for scalar field non-minimally coupled with gravity [5–10]. Most of these new theories of gravity try not to introduce gravitational ghosts in the spin-2 sector. Another possibility, which we consider in this paper, is to require the Lagrangian for the gravitational sector to be a function of the Lovelock scalars only [11–22], S = M^2_{Pl} 2 ∫ d^4x √ −g f(R, G). (1) The f(R) theories represent a subset of this general model [23–31] with an interesting phenomenology [32–36]. This Lagrangian can be rewritten in terms of Lagrange multipliers as S = M^2_{Pl} 2 ∫ d^4x √ −g [F R + ξ G − U(F, ξ)], (2) where one scalar field is coupled to R, the Ricci scalar, and the other to G ≡ R^2 − 4R_{αβ}R^{αβ} + R_{αβμν} R^{αβμν} , the Gauss-Bonnet combination.

Recently some papers appeared which shed some light on this class of theories. In particular it was shown that on Friedmann-Lemaître-Robertson-Walker (FLRW) backgrounds, there is a new (compared to General Relativity) gravitational scalar mode which propagates with a scale dependent speed of propagation. That is, its dispersion relation behaves like ω^2 ∝ k^4 for large values of the wave vector k [18–21]. This behavior changes the effective gravitational constant for the matter perturbation at low redshifts. The reason for the appearance of this k^4 term was explained in Ref. [22] by studying another background, the Kasner spacetime. In fact, on this background, together with an odd mode, there are three even modes ψ_i. The determinant of the kinetic matrix for the even modes A (L ∋ A_{ij}ψ̇_iψ̇_j ) vanishes in the FLRW limit. Then, in this limit, one of the fields can be integrated out from the Lagrangian, giving rise to a term proportional to k^4. This result shows that the number of the degrees of freedom for this theory depends on the background, in particular it depends on the symmetries of the background. Furthermore, on this same background, it was shown that, unless the Kasner manifold is very close to a FLRW one, a propagating ghost is always present. In fact, in the FLRW limit, it is this ghost that can be integrated out from the Lagrangian as its mass becomes infinitely large.

In this paper we will discuss the behavior of the perturbation about a spherically symmetric static vacuum background, whose metric can be written as

ds^2 = g^0_{μν} dx^μdx^ν = −A(r) dt^2 + dr^2 B(r) + r^2 dz^2 1 − z^2

+ r^2(1 − z^2) dφ^2, (3) where z ≡ cos θ, and θ, φ are the standard spherical coordinates. So far, people have considered the way to constrain these theories by looking at the background solutions only (approximate or not), as this step is necessary to check if local gravity constraints are satisfied. However, it is important to understand, and this is the goal of this study of ours, whether these backgrounds are stable or not against linear perturbations, and what we can learn in terms of speed of propagation and ghost issues for the scalar gravitational modes. For such a theory, the background equations of motion read U = − 4B ξ^′ A^′ A r^2 + 12B^2 ξ^′ A^′ A r^2 − 4B F^′ r − 2B F A^′ A r − B F^′ A^′ A + 2F r^2 − 2B F r^2

, (4) F^{′′} = − 2B^′ ξ^′ r^2 B − F^′ B^′ 2B + B ξ^{′′} 4r^2 − 4ξ^{′′} r^2 − F B^′ r B + 2ξ^′ A^′ A r^2 + F^′ A^′ 2A − 6ξ^′ B A^′ A r^2 + F A^′ A r + 6B^′ ξ^′ r^2

, (5) R = ∂U ∂F , (6) G = ∂U ∂ξ , (7)

where^′ stands for differentiation with respect to r. We will see that, similarly to the Kasner background, also in the present case in general, there is one odd mode and three even modes (under the parity transformation, θ → π − θ and φ → φ + π). As for the even modes, the kinetic matrix in general has one negative eigenvalue, i.e. the theory does possess a ghost unless 1) the theory reduces to a subclass (to which f(R) belongs) which satisfies the equality f_{,RR} f_{,GG} − f^2_{,RG} = 0; or 2) the background manifold is more symmetrical than Schwarzschild, i.e. Minkowski or de Sitter. These theories then face the problem of having a propagating ghost for physical backgrounds in the scalar sector. It is however possible that for some models introduced to explain dark energy, this mode becomes so highly massive that it decouples from the relevant degrees of freedom at low energy.

II. BRIEF REVIEW OF THE REGGE-WHEELER-ZERILLI FORMALISM

Before studying the metric perturbation of a spherically symmetric static spacetime for f(R, G) theories, let us briefly review the formalism developed by Regge, Wheeler [37], and Zerilli [38] to decompose the metric perturbations according to their transformation properties under two-dimensional rotations. Although Regge, Wheeler and Zerilli considered the perturbation of the Schwarzschild spacetime (namely GR), the formalism solely relies on the properties of spherical symmetry and can be applied to f(R, G) theories as well.

Let us denote the metric slightly perturbed from a spherically symmetric static spacetime by g_{μν} = g^0_{μν} + h_{μν} . Hence h_{μν} represent infinitesimal quantities. Then, under two-dimensional rotations on a sphere, h_{tt}, h_{tr} and h_{rr} transform as scalars, h_{ta} and h_{ra} transform as vectors and h_{ab} transforms as a tensor (a, b are either θ or φ). Any scalar s can be decomposed into the sum of spherical harmonics as s(t, r, θ, φ) = ∑ ℓ,m s_{ℓm}(t, r)Y_{ℓm}(θ, φ), (8) Any vector V_a can be decomposed into a divergence part and a divergence-free part as follows: V_a(t, r, θ, φ) = ∇_aΦ_1 + E^b_a∇_bΦ_2, (9) where Φ_1 and Φ_2 are scalars and E_{ab} ≡ √ det γ ϵ_{ab} with γ_{ab} being the two-dimensional metric on the sphere and ϵ_{ab} being the totally anti-symmetric symbol with ϵ_{θφ} = 1. Here ∇_a represents the covariant derivative with respect to the metric γ_{ab}. Since V_a is a two-component vector, it is completely specified by the quantities Φ_1 and Φ_2. Then we can apply the scalar decomposition (8) to Φ_1 and Φ_2 to decompose the vector quantity V_a into spherical harmonics.

Finally, any symmetric tensor T_{ab} can be decomposed as

T_{ab}(t, r, θ, φ) = ∇_a∇_bΨ_1 + γ_{ab}Ψ_2 + 1 2 (E_a^c∇_c∇_bΨ_3 + E_b^c∇_c∇_aΨ_3) , (10)

where Ψ_1, Ψ_2 and Ψ_3 are scalars. Since T_{ab} has three independent components, Ψ_1, Ψ_2 and Ψ_3 completely specify T_{ab}. Then we can again apply the scalar decomposition (8) to Ψ_1, Ψ_2 and Ψ_3 to decompose the tensor quantity into spherical harmonics. We refer to the variables accompanied by E_{ab} by odd-type variables and the others by even-type variables.

What makes these decompositions useful is that in the linearized equations of motion (or equivalently, in the second order action) for h_{μν} , odd-type perturbations and even-type ones completely decouple from each other, reflecting the invariance of the background spacetime under parity transformation. Therefore, we can study odd-type perturbations and even-type ones separately as we will do in the following.

III. PERTURBATION IN f(R, G) THEORIES

A. The odd modes

Using the Regge-Wheeler formalism, the odd-type metric perturbations can be written as

h_{tt} = 0, h_{tr} = 0, h_{rr} = 0, (11) h_{ta} = ∑ ℓ,m h_{0,ℓm}(t, r)E_{ab}∂^bY_{ℓm}(θ, φ), (12) h_{ra} = ∑ ℓ,m h_{1,ℓm}(t, r)E_{ab}∂^bY_{ℓm}(θ, φ), (13) h_{ab} = 1 2 ∑ ℓ,m h_{2,ℓm}(t, r) [E^c_a ∇_c∇_bY_{ℓm}(θ, φ) + E^c_b ∇_c∇_aY_{ℓm}(θ, φ)] . (14) Because of general covariance, not all the metric perturbations are physical in the sense that some of them can be set to vanish by using the gauge transformation x^μ → x^μ + ξ^μ, where ξ^μ are infinitesimal. For the odd-type perturbation, we can consider the following gauge transformation:

ξ_t = ξ_r = 0, ξ_a = ∑ ℓm Λ_{ℓm}(t, r)E^b_a ∇_bY_{ℓm}. (15)

By Λ_{ℓm}, we can always set h_{2,ℓm} to vanish (Regge-Wheeler gauge). By this procedure, Λ_{ℓm} is completely fixed and there is no remaining gauge degrees of freedom.

Then, after substituting the metric into the action (2) and performing integrations by parts, we find that the action for the odd modes becomes

S_{odd} =

M^2_{Pl} 2 ∑ ℓ,m ∫ dt dr L_{odd} =

M^2_{Pl} 2 ∑ ℓ,m ∫ dt dr [ A_1 ( ḣ_1 − h^′_0

)_2 + A_2h_0ḣ_1 + A_3h^2_0 − A_4h^2_1 ] , (16)

omitting the suffixes ℓ and m for the fields, and

A_1 = j^2 (r F − 4B ξ^′) 2r √ B A , (17)

A_2 =

4A_1 r , (18)

A_3 = 1 r^2 [ 2rA^′_1 + 2A_1 + j^2(j^2 − 2) 2 √ AB (F − 2B^′ ξ^′ − 4B ξ^{′′}) ] , (19)

A_4 = j^2 2 (j^2 − 2) (A F − 2B A^′ ξ^′)

r^2 √ B A , (20)

where j^2 = ℓ (ℓ + 1). Since no time derivative of h_0 appears, variating with respect to h_0 yields a constraint equation. However, because of the presence of h^′_0 in the action, the constraint results into a second order ordinary differential equation for h_0:

[A_1(h^′_0 − ḣ_1)]^′ = A_3 h_0 + 1 2 A_2 ḣ_1 , (21)

which cannot be immediately solved for h_0. Hence, we take the following steps to overcome this obstacle.

Let us first rewrite the action as

L_{odd} = A_1 ( ḣ_1 − h^′_0 + 2 h^0 r )_2 − 2(A_1 + rA^′_1)

r^2 h^2_0 + A_3h_0^2 − A_4h_1^2. (22)

so that all the terms containing ḣ_1 are inside the first squared term. Using a Lagrange multiplier Q, we rewrite Eq. (22) as follows

L_{odd} = A_1 [ 2 Q ( ḣ_1 − h^′_0 + 2 h^0 r ) − Q^2 ] − 2 (A^′_1r + A_1) h_0^2 r^2

+ A_3h_0^2 − A_4h_1^2 . (23)

Then, both fields h_0 and h_1 can be integrated out by using their own equations of motion, which can be written as h_1 = −

A_1 Q̇ A_4

, (24) h_0 = r 2A_1 + 2r A^′_1 − A_3r^2

[(r A^′_1 + 2A_1) Q + r A_1 Q^′] . (25) These relations link the physical modes h_0 and h_1 to the auxiliary field Q. Once Q is known also h_0 and h_1 are. After substituting these expressions into the Lagrangian and performing an integration by parts for the term proportional to Q^′ Q, one finds the Lagrangian in the canonical form L_{odd} =

A^2_1 A_4

Q̇^2 − A^{21} r^2 A_3 r^2 − 2r A^′_1 − 2A_1

(Q^′)^2 − μ^2 Q^2 , (26) where

μ^2 =

A_1r^2 ( r^2A^′_1A^′_3 − r^2A^{′′}_1 A_3 + 2 A_1A_3 + 4 A^′_1^2 + A_3^2r^2 − 2 A_1A^{′′}_1 + 2 A_1rA^′_3 − 4 A^′_1rA_3 ) (2 A_1 + 2 A^′_1r − A_3r^2)^2

. (27)

From Eq. (26), we can derive the no ghost condition A_4 ≥ 0 , or equivalently A F − 2 Bξ^′ A^′ ≥ 0 .

For solutions proportional to e^{i(ωt−kr)} with large k and ω, we have the radial dispersion relation ω^2 = B (A F − 2 Bξ^′ A^′) (F − 4Bξ^{′′} − 2B^′ξ^′) k^2 , where we made use of the background equations of motion. Finally the expression for the radial speed reads

c^2_{odd} = ( dr_∗ dτ )_2 = (A F − 2 Bξ^′ A^′) A (F − 4Bξ^{′′} − 2B^′ξ^′) , where we used the radial tortoise coordinate (dr^2_∗ = dr^2/B) and the proper time (dτ^2 = A dt^2). Therefore in order for the modes to be stable, one also requires F − 4Bξ^{′′} − 2B^′ξ^′ ≥ 0 .

B. Even modes Now that we have got an idea how the action approach works for the odd modes we can tackle the more complicated problem of the even modes. In this case, the perturbed metric can be written as h_{tt} = −A(r) ∑ ℓ,m H_{0,ℓm}(t, r)Y_{ℓm}(θ, φ), (28) h_{tr} = ∑ ℓ,m H_{1,ℓm}(t, r)Y_{ℓm}(θ, φ), (29) h_{rr} = 1 B(r) ∑ ℓ,m H_{2,ℓm}(t, r)Y_{ℓm}(θ, φ), (30) h_{ra} = ∑ ℓ,m α_{ℓm}(t, r)∂_aY_{ℓm}(θ, φ) , (31) and we use the gauge transformation to set h_{ta} and h_{ab} to vanish. In addition to the metric perturbations, we need to perturb also the extra scalar fields F and ξ as F = F (r) + ∑ ℓ,m δF_{ℓm}(t, r)Y_{ℓm} , and ξ = ξ(r) + ∑ ℓ,m δξ_{ℓm}(t, r)Y_{ℓm} . (32)

Then, the action at second order for the even modes, reads as follows

S_{even} =

M^2_{Pl} 2 ∑ ℓ,m ∫ dt dr L_{even} , (33)

where

L_{even} = H^′_0 (a_1δξ^′ + a_2 δF^′ + a_3H_2 + j^2 a_4 α + a_5 δξ + a_6 δF ) + j^2 H_0 (a_7 H_2 + a_8 α + a_9 δξ + a_{10} δF ) +j^2 b_1 H^2_1 + H_1 (b_2 δ̇ξ^′ + b_3 δ̇F^′ + b_4 Ḣ_2 + j^2 b_5 α̇ + b_6δ̇ξ + b_7δ̇F ) + c_1 H^2_2 +H_2 [c_2 δξ^′ + c_3 δF^′ + j^2 c_4 α + δξ (j^2 c_6 + c_7) + δF (j^2 c_9 + c_{10})] + Ḣ_2 (c_5 δ̇ξ + c_8 δ̇F ) +j^2 (d_1 α̇^2 + d_2 α^2) + j^2 α (d_3 δξ^′ + d_4 δF^′ + d_5 δξ + d_6 δF ) + e_1 δF^2 + e_2 δF δξ + f_1 δξ^2 , (34)

where a_i, b_i, c_i, d_i, e_i and f_1 are all functions of r only and their expressions are given in the Appendix. For simplicity, we omitted the subscripts ℓ, m also for the even modes. In what follows, we will integrate out the fields H_0, H_1, and H_2.

We first integrate out the non-propagating field H_1, by using its own equation of motion

H_1 = − 1 2j^2b_1

(b_2 δ̇ξ^′ + b_3 δ̇F^′ + b_4 Ḣ_2 + j^2 b_5 α̇ + b_6 δ̇ξ + b_7 δ̇F ) . (35)

We note that the term proportional to H^2_0 is absent in the action. Thus, the equation of motion for H_0

a_1 δξ^{′′} + a_2 δF^{′′} + (a_5 + a^′_1) δξ + (a^′_2 + a_6) δF + j^2 a_4 α^′ + a_3 H^′_2 + (a^′_5 − j^2 a_9) δξ + (a^′_6 − j^2 a_{10}) δξ + (a^′_3 − j^2 a_7) H_2 + (a^′_4 − a_8) j^2 α = 0 , (36)

sets a constraint for the other fields. By looking at this equation, one may think that we cannot use it to directly substitute back any of the fields. However, we can remove the highest r-derivatives for the fields δF , δξ, α and H_2, by performing the following field redefinition

j^2 a_4 α = a_4 v_0 − a_3 H_2 − a_2 v^′_1 . (37)

δF = v_1 − a_1 a_2 δξ = v_1 −

4(1 − B) r^2 δξ . (38) Because of this field redefinition, Eq. (36) has no more second r-derivative for any of the fields, and no r-derivatives for the field H_2. Solving for H_2, we obtain ( j^2 a_7 − a_8 a_3 a_4 ) H_2 = ( a_6 + a_2 a_8 a_4 ) v^′_1 + ( a_5 − a^′_1 + a^′_2 a_1 a_2 − a_1 a_6 a_2 ) δξ^′ + a_4 v^′_0 + (a^′_6 − j^2 a_{10}) v_1 + (a^′_4 − a_8) v_0 + [ a^′_5 − j^2 a_9 + a^′_1 (a^′_2 − a_6)

a_2 + a_1 (a^{′′}_2 − a^′_6) a_2 + a_1 a^′_2 (a_6 − a^′_2) a^2

− a^{′′}_1 + j^2 a_1 a_{10} a_2 ] δξ . (39) We can now substitute H_2 back into the action, so that also the field H_0 is automatically eliminated. We will find it convenient to finally perform the field substitution

v_0 = v_2 (1 + 4j^2)^{1/2}, (40) δξ = v_3 (1 + 4j^2)^{1/2}, (41)

where the dependence on j in Eqs. (40) to (41) is chosen such that, for large j, the ghost conditions, which will be found below, become independent of j. Now the Lagrangian takes the canonical form

L_{even} = 3∑ i,j=1 [K_{ij} (r, j) v̇_i v̇_j − L_{ij} (r, j) v^′_i v^′_j − D_{ij} (r, j) v^′_i v_j − M_{ij} (r, j) v_i v_j ] , (42)

where i, j run from 1 to 3, and the coefficients important for our discussion are given in appendix. All matrices are symmetric except for D_{ij} , which is anti-symmetric. Now we can discuss the existence of ghosts and the speed of propagation for the modes. The no-ghost condition requires the matrix K to be positive definite, that is

K_{33} > 0 , K_{22} K_{33} − K^2_{23} > 0 , det(K_{ij} ) > 0. (43)

We find that K_{22} K_{33} − K^2_{23} is given by

K_{22}K_{33} − K^2_{23} = −

16 (1 + 4j^2)^2 A B (2B − 2 − r B^′)^2 [4(B − 1) ξ^′ − r^2F^′]^2 r^2 Δ^2

≦ 0 , (44)

where

Δ = 24AB^2ξ^′ −12B^2rA^′ξ^′ −8ABξ^′ +4rξ^′BA^′ −4ABF r +2BF A^′r^2 −2ABF^′r^2 +BA^′r^3F^′ +j^2(2AF r −8ABξ^′) . (45)

Therefore, on this background, a ghost is always present. The determinant of the kinetic matrix is given by

det(K_{ij} ) = −32 √ AB (j^2 − 2)(1 + 4j^2)^2r^2(2B − 2 − rB^′)^2 (F − 2B^′ξ^′ − 4Bξ^{′′}) j^2 Δ^2

. (46)

This quantity gives us new information. Indeed, on backgrounds of exact solutions given by B = 1+C r^2 with C being constant (Minkowski or de Sitter solution), both the determinant and the ghost kinetic term vanish, which implies an effective reduction of the degrees of freedom similar to what occurs on FLRW background, where the missing degree of freedom is ghost-like [22]. The results obtained for the odd modes impose F − 2B^′ξ^′ − 4Bξ^{′′} ≥ 0. Then, for the even-modes, det(K_{ij} ) < 0 holds, so that either there is one ghost (K_{33} > 0) or there are three ghosts (K_{33} < 0) on the backgrounds of general spherically symmetric static solutions in these modified gravity theories. The cases with ℓ = 0 and ℓ = 1 should be treated with care, as some variables are absent from the beginning due to the lack of vector (for ℓ = 0) and tensor (for ℓ ≤ 1) harmonics: for example, there is no contribution from α in the action for j = 0.

Assuming the solutions in the form proportional to e^{iωt−ikr} , the dispersion relation for large k and ω can be obtained by solving the discriminant

det(ω^2 A_{ij} − k^2 D_{ij} ) = 0 , (47)

which is a cubic equation in ω^2. The three radial speeds of propagation we obtain are

c^2_1 = c^2 = (2A B − 2 A − r B A^′) (2 B − 2 − r B^′) A

, (48)

c^2_3 = A F − 2 A^′ B ξ^′ A (F − 2B^′ ξ^′ − 4B ξ^{′′}) . (49)

Two of the speeds of propagation reduce to unity for backgrounds with A = B. The third one, which is identical to the one for the odd modes, depends directly on the profile of the two new scalar degrees of freedom F and ξ even if we set A = B. The speed of propagation for large j, does not have a simple analytical form. Although one can solve a cubic equation in ω^2, the expression is too complicated to gain intuition from it.

C. Discussion regarding the ghost

We have found that at least one ghost mode is always present around the spherically symmetric static background in vacuum. However, the existence of the ghost does not necessarily mean that the background spacetime is unstable due to the creation of the ghost and normal particle pairs. Our implicit assumptions are that there is an yet unknown complete theory (maybe string theory), which is well-defined at any energy scale and does not have any ghost and that the f(R, G) theories are the derived effective theories, which are valid only below some cutoff scale M_{cutoff} . What is generally thought is that if the mass of the ghost is always heavier than M_{cutoff} , such a ghost should not be regarded as a physical mode and must be integrated out to have more sensible effective theories. On the other hand, if the mass of the ghost becomes lighter than M_{cutoff} in certain situations, such theories do not make sense and must be ruled out from the list of the possible low energy effective gravitational theories.

In the models we study here, there are in general two ways out of which the ghost mode can become massive. One is due to symmetry. That is, as the background becomes more and more similar to either Minkowski, de Sitter or FLRW, its mass tends to infinity because its kinetic term vanishes. The other is due to the so-called chameleon mechanism. Thanks to the local value of R or G much larger than the corresponding cosmological value, some modes may develop their masses. Our cutoff mass M_{cutoff} is not necessarily as large as Planck scale, but M^{−1}_{cutoff} must be sufficiently smaller than the experimentally relevant length scale L_{exp}.

Let us give approximate values for the masses of the modes, including the ghost mode. Assuming the background around a star to be very close to the standard GR case, then one has F ≈ 1, or F^′ ≈ 0, and ξ^′ ≈ 0 ≈ ξ^{′′}. Further we assume that the theories satisfy solar system constraints, that is, A ≈ B ≈ 1 − r_s/r, (where r_s is the Schwarzschild radius of the star). Under these assumptions, the leading contribution in the mass matrix is given by the terms originating from U_{,F F} , U_{,F ξ}, and U_{,ξξ},

M_{11} = 1 2 U_{,F F} r^2 , M_{13} = −

(1 + 4j^2)^{1/2} 2 4r_s U_{,F F} − r^3 U_{,F ξ} r , M_{33} =

1 + 4j^2 2r^4

(U_{,ξξ}r^6 − 8U_{,F ξ}r_sr^3 + 16r^2_s U_{,F F} ) .

Then the discriminant equation, for low k, to solve is

det(m^2 A(r) K_{ij} − M_{ij} ) = 0 , (50)

where the factor A(r) comes because of the choice of the proper time as time variable, and the elements K_{ij} are given in Appendix. Equation (50) reduces to

m^2 [ 9G̃ m^4 + 3(U_{,ξξ} − G̃U_{,F F} ) m^2 − (U_{,F F} U_{,ξξ} − U^2_{,F ξ}) ] = 0 , (51)

where we introduced G̃ ≡ 4G/3 ≈ 16r^2_s /r^6. It is also suggestive to rewrite the above equation in terms of the function f(R, G), by using the relation ( U_{,F F} U_{,F ξ} U_{,F ξ} U_{,ξξ} ) = ( f_{,RR} f_{,RG} f_{,RG} f_{,GG} )_{−1} , (52) as m^2 [ 9G̃ det(f_{,ij} ) m^4 + 3(f_{,RR} − G̃f_{,GG} ) m^2 − 1 ] = 0 . (53)

One obvious solution of Eq. (51) is m^2 = 0, whose eigenvector is given by E_0 ≡ [0, 1, 0]^t. The kinetic term of this mode

E^t_0A E_0 =

2(r − r_s)^2 (1 + 4j^2) (j^2 − 2) j^2 [3r_s + (j^2 − 2) r]^2 , is positive for ℓ ≥ 2. Thus, this mode represents the GR standard contribution. The other two mass eigenvalues are given by

m^2_± = −U_{,ξξ} + G̃U_{,F F} ± (U_{,ξξ} + G̃U_{,F F} ) √ 1 −^{4G̃U 2,F ξ} (U_{,ξξ}+G̃U_{,F F} )^2 6G̃ . (54)

In order to study which of these mass eigenvalues correspond to the ghost mode, let us perform a little more detailed analysis. First, we diagonalize the kinetic matrix A K_{ij} by arranging linear combinations of fields v_i = P_{ij} w_j , which are explicitly expressed as

v_1 = √ 6 3r w_1 + 2 r √ 6 w_2 , (55)

v_2 = r j^2 + r_s √ 6 √ 1 + 4j^2 (r − r_s) w_1 + r j^2 + 7r_s − 6r √ 6 √ 1 + 4j^2 (r − r_s) w_2 + w_3 , (56)

v_3 = r^2 2 √ 6 √ 1 + 4j^2 r_s w_2 . (57)

Then, the new diagonalized kinetic matrix K̃_{ij} ≡ A(r) P_{ki} K_{kl} P_{lj} takes its diagonal elements

K̃_{11} = 1 , K̃_{22} = −1 , K̃_{33} = 2(r − r^s)^2 (1 + 4j^2) (j^2 − 2) j^2 [(j^2 − 2) r + 3r_s]^2 , whereas the new symmetric mass matrix, M̃_{ij} = P_{ki} M_{kl} P_{lj} , satisfies M̃_{i3} = 0 for i = 1, 2, 3, and its non-zero components are

M̃_{11} = U^{,F F} 3 , M̃_{12} = U_{,F ξ} 3 √ G̃ , M̃_{22} = U_{,ξξ} 3G̃ .

At this point, one can easily see that M̃_{22} is the most enhanced mass-element in the Minkowski limit, r_s → 0, which gives a divergent mass to the ghost mode. This is consistent with the notion that the ghost possesses a divergent mass in the Minkowski background. However, one possible natural hierarchy among the components of M̃_{ij} will be that M̃_{11}, M̃_{12} and M̃_{22} are the same order when G̃ = O(H^4_0 ), where H_0 is the present value of the Hubble parameter. In this case, since the value of G̃ around the local gravitational source is typically much larger than the cosmological value H^4_0 , the simple limit G̃ → 0, which relatively enhances M̃_{22}, is out of the relevant parameter range.

Since the GR mode w_3 completely decouples from the others, we shall concentrate on w_1 and w_2 below. They are still coupled through the off-diagonal mass matrix M̃_{12}. The field transformation which keeps the kinetic matrix unchanged is given by w_i = Z_{ij} z_j , where Z_{11} = Z_{22} = cosh β, and Z_{12} = Z_{21} = sinh β. Then, the condition for the off-diagonal component of the new mass matrix to vanish yields

tanh 2β = − 2 √ G̃U_{,F ξ} U_{,ξξ} + G̃U_{,F F} . (58)

Therefore, 4G̃U^2_{,F ξ} < (U_{,ξξ} +G̃U_{,F F} )^2 is required to have the mass matrix diagonalized. In terms of f, this condition is equivalent to −4G̃ det(f_{,ij} ) < (f_{,RR} − G̃f_{,GG} )^2. In this case, the new fields can be identified as independent decoupled massive modes, and 11 and 22 components of the diagonal mass matrix are identified with m^2_+ and −m^2_−, respectively. Namely, m^2_+ and m^2_− are the squared masses of the non-ghost and ghost modes, respectively. This identification can be easily verified by considering the trivial case with U_{,F ξ} = 0. The condition for the model to be applicable to an experiment on a scale L_{exp} will be |m^2_−| ≫ M^2_{cutoff} , with M^2_{cutoff} > L^{−2}_{exp}. If we do not see any significant deviation from general relativity on this scale, a condition |m^2_+| > L^{−2}_{exp} has to be imposed as well. These conditions are less intuitive. If we are allowed to crudely identify M^2_{cutoff} with L^{−2}_{exp}, the above conditions are simplified to | | |9G̃ det(f,ij ) | | | = | | | | 1 m^2_+m^2_− | | | | ≪ L^4exp, | | |3(f,RR − G̃f,GG ) | | | = | | | | 1 m^2_+ + 1 m^2_− | | | | ≪ L^2exp , (59)

where we used the fact that m^2_+ and m^2_− are solutions of Eq. (53).

Next we consider the case with 4G̃U^2_{,F ξ} > (U_{,ξξ} +G̃U_{,F F} )^2 (or equivalently −4G̃ det(f_{,ij} ) > (f_{,RR} −G̃f_{,GG} )^2), in which we cannot simultaneously diagonalize both the kinetic and mass matrices. In this case the eigenvalues m^2 obtained in Eq. (54) become complex. The complex nature of the solution means that those modes are classically unstable. Since the eigenvalues for m^2 are complex conjugate with each other, a unique mass scale √ |m^2| must be much larger than the cutoff scale. Again, with the aid of Eq. (53), this requirement leads to −(G̃ det f_{,ij} ) ≲ L^4_{exp}. This condition combined with −4G̃ det(f_{,ij} ) > (f_{,RR} −G̃f_{,GG} )^2 is identical to the conditions of the previous case, given in (59). Thus, we conclude that the conditions (59) are the necessary and sufficient conditions for the model to be viable. When we apply these constraints on the model to the solar system, we need to plug in R ≈ (4π/3)ρ_{local} ≈ (4π/3)×10^{−24}g/cm^3 ≈ (10^{26}cm)^{−2} and G ≈ 48M^2_⊙/r^6 ≈ (5.7 × 10^{16}cm)^{−4}(1AU/r)^6 as the background values. In the following we present two examples, in which the expressions are simplified by assuming some hierarchy among the components of the mass matrix M̃_{ij} .

The first case is the one in which the off-diagonal element M̃_{12} is suppressed, i.e. f_{,RG} is negligible. If we set M̃_{12} = 0, the expressions for the mass eigenvalues simplify to give

m^2_+ ≈ U_{,F F} 3 ≈ 1 3f_{,RR} , m^2_− ≈ − U_{,ξξ} 3G̃ ≈ − 1 3G̃f_{,GG} . (60)

The conditions that these masses are positive, f_{,RR} > 0 and f_{,GG} < 0, imply det(f_{,ij} ) < 0. Such a situation is realized by considering the following type of toy models of dark energy:

f(R, G) = R + F_R(R) + F_G (G) , (61)

where the functions F_R(R), and F_G (G) have to be chosen such that f_{,RR} > 0 and f_{,GG} < 0. The correction F_R is of the kind discussed in Refs. [28, 29, 39, 40], whereas F_G is similar to the functions introduced in Refs. [14, 41]. For concreteness, we specify the functions as

F_R(R) = A_Rμ^{2p+2}/(R^p + c_R μ^{2p}) , F_G (G) = A_G μ^{8n+2}/(G^{2n} + c_G μ^{8n}) ,

where μ = O(H_0) and A_R, A_G , c_R, c_G are constant parameters of O(1). In these models, the corrections to the cosmological evolution become important only at around the present epoch^1. When we consider local gravity in a

1 Here, F_G is a good approximation to the models introduced in [14] when G ≫ H^4_0 , as it happens in the vacuum Schwarzschild solution.

dense region, the values of R and G are much larger than the cosmological backgrounds: R ≫ H^2_0 and G ≫ H^4_0 . In this case, we have U_{,F F} = 1/f_{,RR} = O(μ^{−2p−2} R^{p+2}) and U_{,ξξ} = 1/f_{,GG} = O(μ^{−8n−2} G^{2n+2}), and the mass squared for each mode is given by

m^2_{non-ghost} = O ( H^2_0 [ ρ_{local} ρ_c ]_{p+2}) , m^2_{ghost} = O ( H^2_0 [ H^{−2}_0 r_s r^3 ]4n+2) , (62)

where ρ_c ≈ 4 × 10^{−30}g/cm^3 is the critical density of the universe. For the non-ghost mass, we have used the Einstein equation, which is a good approximation in the local region like the solar-system, to replace the Ricci scalar with the energy density ρ_{local} of matter surrounding a star^2. If the system is exactly the vacuum, the non-ghost mode becomes massless. Therefore, for the toy model of Eq. (61), the non-ghost mode acquires mass through the chameleon mechanism. For example, if we put the values for the solar system, r_s ∼ 3km, r ∼ 1AU, ρ_{local} ∼ 10^{−24}g/cm^3, then we have m^2_{non-ghost} ≈ (10^{22.7−2.7p}cm)^{−2} and m^2_{ghost} ≈ (10^{6−88.4n}cm)^{−2}. One can easily make the ghost mode sufficiently massive, while we need to choose a relatively large power p ≥ 4 to make also the non-ghost mode sufficiently massive, i.e. m^2_{non-ghost} ≫ (1AU)^{−2}.

Interestingly, unlike the standard chameleon mechanism, we do not need the matter to make the ghost mode very massive. However, the background value of G is not always much higher than the cosmological value. For example the value of the Gauss-Bonnet term inside a star is typically negative (if evaluated, e.g. on a Schwarzschild interior solution) whereas it will be positive outside the (neutron) star. Therefore there should be a point where G switches sign. At this point, the light ghost problem might arise. However, since the region of the surface of the star where G = O(μ^4) might be very thin, the notion of the mass in the current treatment, in which spatially homogeneous modes are assumed, becomes irrelevant. Hence, it is not clear if actually there is a problem of light ghost at this point. Another way around this problem consists of thinking of a theory in which the background value of R also contributes to giving mass to the ghost when G is small. Some modification of F_G like F_G ∝ 1/(G^{2n} + cR^q + c_G μ^{8n}) with a large power q may work, but still some engineering for choosing the function will be needed.

The second case is when |G̃ det(f_{,ij} )| ≪ (f_{,RR} − G̃f_{,GG} )^2. Basically, this is the case when the matrix f_{,ij} is almost degenerate. Once the condition |G̃ det(f_{,ij} )| ≪ (f_{,RR} − G̃f_{,GG} )^2 holds, the mass eigenvalues reduce to

m^2_{non-ghost} ≈ 1 3(f_{,RR} − G̃f_{,GG} ) , m^2_{ghost} ≈ − f_{,RR} − G̃f_{,GG} 3G̃ det(f_{,ij} ) , for |f_{,RR}| > |G̃f_{,GG} |, m^2_{non-ghost} ≈ − f_{,RR} − G̃f_{,GG} 3G̃ det(f_{,ij} )

, m^2_{ghost} ≈ 1 3(f_{,RR} − G̃f_{,GG} ) , for |G̃f_{,GG} | > |f_{,RR}|, and the mass hierarchy |m^2_{ghost}| ≫ |m^2_{non-ghost}| is automatically guaranteed for |f_{,RR}| > |G̃f_{,GG} |. In contrast, when |G̃f_{,GG} | > |f_{,RR}|, the mass scale of the ghost mode is always lower than that of the non-ghost mode. This limit includes a natural situation in which f_{,RR}, μ^2f_{,RG} and μ^4f_{,GG} are the same order with the typical energy scale μ satisfying μ^4 ≪ G. In this case, we have |G̃f_{,GG} | ≫ |f_{,RR}| and therefore the mass scale of the ghost mode is lower than that of the non-ghost mode. A more explicit expression for the masses are m^2_{non-ghost} ≈ f_{,GG} /(3 det(f_{,ij} )) and m^2_{ghost} ≈ −1/(3G̃f_{,GG} ). The expression for m^2_{non-ghost} is slightly different from the previous example in which we simply neglected f_{,RG} .

D. Case ℓ = 0.

In the case with j = 0 neither tensor nor vector harmonics exist. Thus, the field α does not contribute any longer to the action. Furthermore also the term quadratic in the field H_1 disappears, together with the linear term in H_0. In this case the variation with respect to H_1 gives a constraint which can be solved for H_2 in terms of δF , δξ, δF^′ and δξ^′. At the same time also the contribution from H^′_0 in action (34) automatically cancels. Therefore we are left with an action in terms of δF , δξ only, i.e. there are only two degrees of freedom. In this case we find that the determinant of the new kinetic matrix A^{(l=0)} can be written as follows det ( A^{(ℓ=0)}_{ij} ) = − 16 r^2 (2B − 2 − rB^′)^2 A B (12Bξ^′ − 2rF − 4ξ^′ − r^2F^′)^2

< 0 . (63)

2 Strictly speaking, one cannot take into account the effect of the matter ρ_{local} in the present discussion since we have assumed vacuum throughout the analysis. However, if the gravity is dominated by the central star, which is true for the solar-system, we expect that the gravity from the surrounding matter can be neglected except for shifting the background values of R in evaluating the matrix elements of U_{,ij} or f_{,ij} , and our vacuum results can be used as the first approximation.

Therefore also in this case there is one (and only one) ghost degree of freedom. The speeds of propagation for both modes are equal to the expressions given in Eq. (48).

E. Case ℓ = 1.

In the case with j^2 = 2 the determinant in Eq. (46) identically vanishes, as the tensor harmonics do not exist. This leads to a reduction of the propagating degrees of freedom. In fact now the matrix A^{(ℓ=1)}_{ij} possesses an eigenvector N_2 with zero eigenvalue which satisfies A^{(ℓ=1)} N_2 = 0. This vector can be written as

N_2 = ( − 3(4Bξ^′ − 4ξ^′ − r^2F^′)

r^2 ξ^′ , Γ 2AB (r F − 4Bξ^′) , 1 )_t , (64)

where Γ = −4 A B F r + 2 B F A^′ r^2 + B A^′ r^3 F^′ + 4 F r A

− 12 B^2ξ^′ A^′ r + 32 A B^2 ξ^′ − 8 ξ^′ B A r B^′ − 32 A B ξ^′ + 4 A^′ B r ξ^′ . (65) This suggests the field redefinition

v_1 = Q_1 −

3(4Bξ^′ − 4ξ^′ − r^2F^′)

r^2 ξ^′

X , (66)

v_2 = Q_2 + Γ 2AB (r F − 4Bξ^′) X , (67)

v_3 = X . (68) In this way also the couplings between X with Q_i, and Q^′_i vanish. The Lagrangian reduces to

L = Ã^{(ℓ=1)}_{ij} Q̇_i Q̇_j − D̃^{(ℓ=1)}_{ij} Q^′_i Q^′_j − M̃^{(ℓ=1)}_{ij} Q_i Q_j + C_1 X^2 + C_iX Q_i , (69)

(with i, j = 1, 2) so that by integrating out the field X, only the mass term is affected. In this case we can find the ghost condition and the speed of propagation. In particular

det(Ã^{(ℓ=1)}_{ij} ) = −

144r^2 A B (ξ^′)^2 (2B − 2 − rB^′)^2 Γ^2

, (70)

and therefore also in this case one of the two propagating degrees of freedom is a ghost. The speeds of propagation for the two modes are equal and coincide with the expression given in Eq. (48).

IV. SPECIAL CASES

In the theories of gravity discussed so far, we have studied the general function f(R, G) for which Ξ ≡ ∂^2f ∂R^2 ∂^2f ∂G^2 − ( ∂^2f ∂R∂G )_2

≠ 0 . (71)

However there is a special class for which Ξ identically vanishes, e.g. the f(R) theories. In general, Ξ vanishes when F and ξ are not independent, i.e. when ξ = ξ(F ). When this happens, we have δξ = ξ^′ F^′ δF , (72) and the independent scalar degrees of freedom reduce by one. In this case one has to follow the same procedure as we have done for the case Ξ ≠ 0. In particular now

δF = v_1 , (73)

and α is substituted by v_0 according to

j^2 a_4 α = a_4 v_0 − a_3 H_2 − a_4 (b_2 ξ^′ + b_3 F^′) 4 b_1 F^′ v^′_1 by using the same relation (37). In order to remove higher r-derivatives from the action one performs another field redefinition as

ψ = v_1 , (74) v_0 = (1 + 4j^2) v_2 . (75)

We have two no-ghost conditions which must be satisfied in order to remove any ghost degree of freedom. In particular, the determinant of the 2×2 kinetic matrix A_{ij} becomes

det(A_{ij} ) =

(j^2 − 2) (1 + 4j^2)^2 j^2

4A B [r^2 F^′ − 4(B − 1) ξ^′] (F − 2B^′ ξ^′ − 4B ξ^{′′}) Γ_2 (F^′)^2 Δ^2

, (76)

where

Γ_2 = 3 r^2F F^′ + 2 ξ^′r^2F^′B^′ − 4 ξ^′F − 16 ξ^′B^2ξ^{′′} + 4 Br^2F^′ξ^{′′}

+16 ξ^′Bξ^{′′} + 24 ξ^{′2}BB^′ − 8 rξ^′F B^′ + 8 ξ^{′2}B^′ − 16 ξ^′BF^′r + 4 ξ^′BF , (77)

and Δ is defined in Eq. (45). The other independent condition, say A_{11} ≥ 0, is rather complicated, but for large j is given by

lim_{j→∞} A_{11} =

2 (r F^′ − 2B^′ ξ^′) [r^2 F^′ − 4(B − 1) ξ^′] √ A B (F^′)^2 (r F − 4B ξ^′)

≥ 0 , (78)

so that in this case the ghost can be absent. As for the speeds of the two modes, one coincides with the expression given in Eq. (48), whereas the other becomes

c^2 =

Γ_3 A Γ_2

, (79)

where

Γ_3 = 24 ξ^{′2}B^2A^′ + 8 ξ^{′2}BA^′ − 4 ξ^′F A + 2 ξ^′r^2F^′A^′B − 8 ξ^′rA^′F B − 16 ξ^′F^′rAB + 4 ξ^′F AB + 3 F^′r^2F A . (80)

V. CONCLUSION

We have studied linear perturbations around the static spherically symmetric spacetime for the modified gravity theories whose Lagrangian consists of a general function f(R, G) of both the Ricci scalar R, and the Gauss-Bonnet scalar, G^3. For the odd-type modes, there are two degrees of freedom (one dynamical variable). We derived the no gradient instability condition. These conditions put constraints on the background quantities.

For the even-type modes, the picture is more interesting. We have found that there are, in total, four degrees of freedom (corresponding to two dynamical fields) for monopole and dipole perturbations (ℓ = 0, 1), which do not exist in GR. Both for the monopole and dipole perturbations, one of these two new scalar modes is always a ghost. As for the higher multipole perturbations, there are, in total, six degrees of freedom (corresponding to three dynamical fields), four of which do not exist in GR. For Minkowski and (anti-)de Sitter backgrounds, one out of these three fields is not independent from the others. Instead, for general backgrounds (including Schwarzschild), a ghost always appears from the even-type perturbations with mass m_− given in Eq. (54), whereas m_+ is the mass of the non-ghost chameleon field. Finally the third dynamical field is massless describing the standard GR-mode. The necessary and sufficient conditions that both the ghost and chameleon fields are sufficiently massive, i.e. their inverse mass scale is smaller than L_{exp}, the length scale of a determinate experiment, reduces to (59). When these conditions hold, the ghost is massive enough to be treated as a non-propagating mode in the effective gravitational theory. In order to satisfy both these conditions, some hierarchy among the f_{,ij} coefficients is required, which means that some engineering in choosing the function f(R, G) is needed.

We also found that, in the high frequency limit, the radial propagation speed of one field, among the three eventype modes, coincides with the one for the odd-type mode, and the remaining two even-type modes have a common propagation speed which is different from the former. The classification of the modes are summarized in Table I.

3 These theories are equivalent to the double-scalar-tensor theories defined by L = F R + ξ G − U(F, ξ).

odd-type G odd-type S even-type G even-type S number of modes 0 (for ℓ = 0, 1) 0 (for ℓ = 0, 1) 2 (for ℓ = 0, 1) 1 (for ℓ = 0, 1) 1 (for ℓ ≥ 2) 1 (for ℓ ≥ 2) 3 (for ℓ ≥ 2) 2 (for ℓ ≥ 2) ghost and AF − 2A^′Bξ^′ > 0 AF − 2A^′Bξ^′ > 0 ghost present constraints gradient conditions F − 4Bξ^{′′} − 2B^′ξ^′ > 0 F − 4Bξ^{′′} − 2B^′ξ^′ > 0 massive if Eq. (59) is verified (see Sec.IV)

Table I. Classification of the modes for the general f(R, G) theories. G and S stand for the model that does or does not satisfy Eq. (81).

If the theory satisfies the condition:

∂^2f ∂R^2 ∂^2f ∂G^2 − ( ∂^2f ∂R∂G )_2 = 0, (81)

then the number of modes for the even-type perturbations reduces by one. In this case, the ghost is not necessarily present, i.e. we get non-trivial no-ghost condition which puts bound on the function form of f(R, G) and also the background spacetime. For example, in f(R) gravity theories, the no-ghost condition is satisfied once ∂f/∂R = F > 0, and we find that the ghost does not exist in this case as expected.

ACKNOWLEDGMENTS

The work of A. D. F. was supported by the Grant-in-Aid for Scientific Research Fund of the JSPS No. 10271. A. D. F. is also grateful to Yukawa Institute for warm hospitality during his stay in Yukawa Institute, especially during the workshop YITP-W-10-10. T. S. is supported by a Grant-in-Aid for JSPS Fellows No. 1008477. T. T. is supported by JSPS Grant-in-Aid for Scientific Research (A) No. 21244033, the Global COE Program “Next Generation of Physics, Spun from Universality and Emergence,” and the Grant-in-Aid for Scientific Research on Innovative Areas No. 21111006 from the MEXT.

Appendix A: Coefficients in the action

We define here the different coefficients introduced in order to define the action. By calling Θ ≡ r^2 √ A/B, we have

a_1 = −a_4 b_2/(4b_1) , (A1) a_2 = −a_4 b_3/(4b_1) , (A2) a_3 = −a_4 b_4/(4b_1) , (A3) a_4 = ΘB (r F − 4 Bξ^′) /r^3 , (A4) a_5 = b_6 a_6/b_7 , (A5) a_6 = −ΘB A^′/(2A) , (A6) a_7 = a_4 c_5/b_2 , (A7) a_8 = −ΘB (4 Bξ^′ − F r) (A^′ r − 2 A) /(2Ar^4) , (A8) a_9 = −2ΘB^′/r^3 , (A9) a_{10} = c_9 , (A10) b_1 = ΘB (F r − 4 Bξ^′) /(2Ar^3) , (A11) b_2 = 8B Θ (B − 1) /(Ar^2) , (A12)

b_3 = − 2ΘB A , (A13) b_4 = −ΘB ( −F^′ r^2 − 4 ξ^′ − 2 F r + 12 B ξ^′ ) /(Ar^2) , (A14) b_5 = −2 b_1, (A15) b_6 = b_2 b_7/b_3 , (A16) b_7 = −4b_1 a_6/a_4 , (A17) c_1 = −BΘ ( 24 B ξ^′A^′ − 4 ξ^′A^′ − r^2F^′ A^′ − 2 F r A^′ − 2 A F − 4 A r F^′ ) /(4Ar^2) , (A18) c_2 = 2ΘB A^′ (3B − 1) /(Ar^2) , (A19) c_3 = −BΘ (rA^′ + 4 A) /(2Ar) (A20) c_4 = BΘ (12 Bξ^′A^′ − 2 A r F^′ − 2 A F − F r A^′) /(2Ar^3) , (A21) c_5 = 4Θ(B − 1)/(Ar^2) , (A22) c_6 = d_3 c_5/b_2 , (A23) c_7 = −Θ(BA^{′2} − 2 A B A^{′′} − B^2A^{′2} + 3 A B B^′A^′ + 2 B^2A A^{′′} − AB^′A^′)/(A^2r^2) , (A24) c_8 = b_3 c_5/b_2 , (A25) c_9 = Θ/r^2 , (A26) c_{10} = Θ(4 A^2B^′ − BA^{′2}r + 2 A B A^{′′}r + AB^′A^′r)/(4rA^2) , (A27) d_1 = b_1 , (A28) d_2 = −ΘB (2 B ξ^′ A^′ − A F ) /(Ar^4) , (A29) d_3 = −4ΘB^2A^′/(Ar^3) (A30) d_4 = c_9 b_2/c_5 , (A31) d_5 = 4ΘB^2A^′/(Ar^4) , (A32) d_6 = −2BΘ/r^3 , (A33) e_1 = −ΘU_{,F F} /2 , (A34) e_2 = −ΘU_{,F ξ} , (A35) f_1 = −ΘU_{,ξξ}/2 . (A36)

The elements of the kinetic matrix relevant for our discussion are

K_{22} =

1 + 4j^2 j^2 (4c_5a_4b_1j^2 + a_8b_2b_4)^2 [ 2 b^2b^2_4 ( b_1a^′_8a_4 + b_1a_8a^′_4 − 2 b_1a^2_8 − b^′_1a_8a_4 ) − 8 j^2b^2_1a_4 (a_4c_5b^′_2b_4 + a_4c_5b_2b^′_4 − a_4b_2c^′_5b_4 − 2 c_5b_2b_4a^′_4 + 2 c_5a_8b_2b_4) ] (A37)

K_{33} =

(1 + 4j^2) (b_2b^′_3 − b_3b^′_2)^2 8j^2 b^2_1 b^2_3 r (4c_5a_4b_1j^2 + a_8b_2b_4)^2 [ −8 j^4b^3_1a_4c_5 ( 4 a_4r c_5 − c^2_9b_4b_2 ) − 2 j^2b^2_1 ( 2 a^2_4c_5b_4rb^′_2 − 4 a_4c_5b_2b_4a^′_4r + 2 a^2_4c_5b_2b^′_4r − b_2^2b_4^2a_8c_9^2 + 8 a_4c_5a_8b_2b_4r − 2 a^2_4b_2b_4c^′_5r ) + b^2b^2_4r ( b_1a_8a^′_4 − 2 b_1a^2_8 + b_1a_4a^′_8 − a_4a_8b^′_1 )] , (A38)

where

b_2b^′_3 − b_3b^′_2 ∝ r B^′ − 2B + 2 ,

which vanishes on (anti-)de Sitter and on Minkowski.

For backgrounds close to the Schwarzschild one, the matrix K_{ij} reduces to

K_{11} = ( 2 r^2j^6 + (10 r_s − 7r) rj^4 + ( 14 r_s^2 − 20 rr_s + 6 r^2 ) j^2 − r_s^2 ) r^3

j^2 (rj^2 − 2 r + 3 r_s)^2 (r − r_s) , K_{12} = − r^2 √ 1 + 4 j^2 ( j^2 − 2 ) ( rj^2 + r_s ) j^2 (rj^2 − 2 r + 3 r_s)^2 , K_{13} = − 6 ( r^2j^6 + 2 (2 r_s − r) rj^4 + ( 7 r_s^2 − 6 rr_s ) j^2 − 4 rr_s + 4 r_s^2 ) r_s √ 1 + 4 j^2

j^2 (rj^2 − 2 r + 3 r_s)^2 (r − r_s) , K_{22} =

2 (r − r_s) r ( 1 + 4 j^2 ) ( j^2 − 2 ) j^2 (rj^2 − 2 r + 3 r_s)^2 , K_{23} = 12r_s r^2

K_{22} ,

K_{33} = 12r_s r^2

K_{23} .

[1] G. R. Dvali, G. Gabadadze, and M. Porrati, Phys. Lett. B485, 208 (2000), hep-th/0005016. [2] K. Koyama and R. Maartens, JCAP 0601, 016 (2006), astro-ph/0511634. [3] D. Gorbunov, K. Koyama, and S. Sibiryakov, Phys. Rev. D73, 044016 (2006), hep-th/0512097. [4] A. Nicolis and R. Rattazzi, JHEP 06, 059 (2004), hep-th/0404159. [5] A. Nicolis, R. Rattazzi, and E. Trincherini, Phys. Rev. D79, 064036 (2009), 0811.2197. [6] C. Deffayet, G. Esposito-Farese, and A. Vikman, Phys. Rev. D79, 084003 (2009), 0901.1314. [7] E. A. Lim, I. Sawicki, and A. Vikman, JCAP 1005, 012 (2010), 1003.5751. [8] C. Deffayet, O. Pujolas, I. Sawicki, and A. Vikman, JCAP 1010, 026 (2010), 1008.0048. [9] A. De Felice and S. Tsujikawa, Phys. Rev. Lett. 105, 111301 (2010), 1007.2700. [10] A. De Felice, R. Kase, and S. Tsujikawa (2010), 1011.6132. [11] S. M. Carroll et al., Phys. Rev. D71, 063513 (2005), astro-ph/0410031. [12] A. De Felice, M. Hindmarsh, and M. Trodden, JCAP 0608, 005 (2006), astro-ph/0604154. [13] B. Li, J. D. Barrow, and D. F. Mota, Phys. Rev. D76, 044027 (2007), 0705.3795. [14] A. De Felice and S. Tsujikawa, Phys. Lett. B675, 1 (2009), 0810.5712. [15] A. De Felice and S. Tsujikawa, Phys. Rev. D80, 063516 (2009), 0907.1830. [16] A. De Felice, D. F. Mota, and S. Tsujikawa, Phys. Rev. D81, 023532 (2010), 0911.1811. [17] E. Elizalde, R. Myrzakulov, V. V. Obukhov, and D. Saez-Gomez, Class. Quant. Grav. 27, 095007 (2010), 1001.3636. [18] A. De Felice and T. Suyama, JCAP 0906, 034 (2009), 0904.2092. [19] A. De Felice and T. Suyama, Phys. Rev. D80, 083523 (2009), 0907.5378. [20] A. De Felice, J.-M. Gerard, and T. Suyama, Phys. Rev. D82, 063526 (2010), 1005.1958. [21] A. De Felice and T. Suyama (2010), 1010.3886.

[22] A. De Felice and T. Tanaka, Prog. Theor. Phys. 124, 503 (2010), 1006.4399. [23] A. A. Starobinsky, Phys. Lett. B91, 99 (1980).

[24] S. Capozziello, Int. J. Mod. Phys. D11, 483 (2002), gr-qc/0201033.

[25] S. M. Carroll, V. Duvvuri, M. Trodden, and M. S. Turner, Phys. Rev. D70, 043528 (2004), astro-ph/0306438. [26] R. Bean, D. Bernat, L. Pogosian, A. Silvestri, and M. Trodden, Phys. Rev. D75, 064020 (2007), astro-ph/0611321. [27] S. Carloni, P. K. S. Dunsby, and A. Troisi, Phys. Rev. D77, 024024 (2008), 0707.0106. [28] S. A. Appleby and R. A. Battye, Phys. Lett. B654, 7 (2007), 0705.3199. [29] A. A. Starobinsky, JETP Lett. 86, 157 (2007), 0706.2041. [30] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451 (2010), 0805.1726. [31] A. De Felice and S. Tsujikawa, Living Rev. Rel. 13, 3 (2010), 1002.4928.

[32] H. Motohashi, A. A. Starobinsky, and J. Yokoyama, Int.J.Mod.Phys. D18, 1731 (2009), 0905.0730. [33] H. Motohashi, A. A. Starobinsky, and J. Yokoyama, Prog.Theor.Phys. 124, 541 (2010), 1005.1171. [34] H. Motohashi, A. A. Starobinsky, and J. Yokoyama (2011), 1101.0716. [35] K. Yagi and T. Tanaka, Prog.Theor.Phys. 123, 1069 (2010), 0908.3283. [36] K. Yagi and T. Tanaka, Phys.Rev. D81, 064008 (2010), 0906.4269. [37] T. Regge and J. A. Wheeler, Phys.Rev. 108, 1063 (1957). [38] F. J. Zerilli, Phys.Rev.Lett. 24, 737 (1970).

[39] W. Hu and I. Sawicki, Phys. Rev. D76, 064004 (2007), 0705.1158. [40] S. Tsujikawa, Phys. Rev. D77, 023507 (2008), 0709.1391.

[41] S.-Y. Zhou, E. J. Copeland, and P. M. Saffin, JCAP 0907, 009 (2009), 0903.4610.