arXiv:1102.2770v2 [hep-ph] 11 Oct 2011

Neutrino oscillations and uncertainty relations

S. M. Bilenky

Joint Institute for Nuclear Research, Dubna, R-141980, Russia and Physik-Department E15, Technische Universität München, D-85748 Garching, Germany

F. von Feilitzsch and W. Potzel

Physik-Department E15, Technische Universität München, D-85748 Garching, Germany

Abstract

We show that coherent flavor neutrino states are produced (and detected) due to the momentum-coordinate Heisenberg uncertainty relation. The Mandelstam-Tamm time-energy uncertainty relation requires non-stationary neutrino states for oscillations to happen and determines the time interval (propagation length) which is necessary for that. We compare different approaches to neutrino oscillations which are based on different physical assumptions but lead to the same expression for the neutrino transition probability in standard neutrino oscillation experiments. We show that a Mössbauer neutrino experiment could allow to distinguish different approaches and we present arguments in favor of the^{163}Ho -^{163}Dy system for such an experiment.

1 Introduction

The observation of neutrino oscillations in atmospheric [1], solar [2], reactor [3] and accelerator experiments [4, 5] is one of the most important recent discoveries in particle physics. Small neutrino masses can not be of Standard- Model origin and are commonly considered as a signature of new physics beyond the Standard Model.

All existing neutrino-oscillation data with the exception of the data of the LSND [6] and MiniBooNE antineutrino experiments [7], which require confirmation, are perfectly described under the assumption of three-neutrino mixing ν_{lL}(x) = 3∑ i=1 U_{li}ν_{iL}(x). (1) Here U is the PMNS [8, 9] 3 × 3 mixing matrix, which is characterized by three mixing angles θ_{12}, θ_{23}, θ_{13} and the CP phase δ, ν_i(x) is the field of neutrinos (Dirac or Majorana) with mass m_i, and the ”mixed field” ν_{lL}(x) is the SM field which enters into the standard charged current

j_α(x) = ∑ l=e,μ,τ ν̄_{lL}(x) γ_α l_L(x). (2)

Existing neutrino-oscillation data are analyzed under the assumption that the transition probabilities between different flavor neutrinos are given by the following standard expression (see, for example, [10])

P(ν_l → ν_l′ ) = δ_l′_l − 2 Re ∑ i>k U_l′_iU^∗_{li}U^∗_l′_kU_{lk}(1 − e^{−i Δm} 2 kiL 2E ). (3)

Here, L is the distance between neutrino source and neutrino detector, E is the neutrino energy, Δm^2_{ki} = m^2_i − m^2_k. Notice that it is also convenient to use for the transition probability another expression^1

P(ν_l → ν_l′ ) = δ_l′_l − 2 ∑ i |U_{li}|^2(δ_l′_l − |U_l′_i|^2)(1 − cos Δm^2_{ji}L 2E ) (4)

+2 Re ∑ i>k U_l′_iU^∗_{li}U^∗_l′_kU_{lk}(e^{−i Δm} 2 jiL 2E − 1)(e^{i Δm} 2 jkL 2E − 1), where the index j is fixed.

The character of neutrino oscillations is determined by the following two observed features of the neutrino-oscillation parameters:

• The solar-KamLAND mass-squared difference Δm^2_S is much smaller than the atmospheric-accelerator mass-squared difference Δm^2_A:

Δm^2_S ≃ 1 30 Δm^2_A. (5)

1 In order to derive this expression we extracted from the transition amplitude the

common phase factor e^{−i m} 2 j L 2E , where the index j can take the value 1, 2 or 3. Thus, it is evident that the transition probability does not depend on the fixed index j.

• The mixing angle θ_{13} is small [11]: sin^2 θ_{13} ≤ 4 · 10^{−2}. (6) From (4), (5) and (6) follows (see, for example, [10]) that the leading oscillations in the atmospheric and accelerator experiments are ν_μ ⇄ ν_τ and ν̄_μ ⇄ ν̄_τ and in solar and KamLAND experiments the leading oscillations are ν_e ⇄ ν_{μ,τ} and ν̄_e ⇄ ν̄_{μ,τ} .

In the leading approximation it is impossible to distinguish two possible neutrino mass spectra:

• Normal spectrum m_1 < m_2 < m_3, Δm^2_{12} ≪ Δm^2_3.

• Inverted spectrum m_3 < m_1 < m_2, Δm^2_{12} ≪ |Δm^2_{13}|.

In the case of the normal spectrum Δm^2_{12} = Δm^2_S , Δm^2_3 = Δm^2_A and in the case of the inverted spectrum Δm^2_{12} = Δm^2_S , Δm^2_{13} = −Δm^2_A.

From the recent three-neutrino analysis of the Super-Kamiokande data [1] the following 90% CL limits were found for the normal (inverted) neutrino mass spectrum 1.9 (1.7)·10^{−3} ≤ Δm^2_A ≤ 2.6 (2.7)·10^{−3} eV^2, 0.407 ≤ sin^2 θ_{23} ≤ 0.583. (7) For the parameter sin^2 θ_{13} the following bounds were obtained sin^2 θ_{13} ≤ 4 · 10^{−2} (9 · 10^{−2}). (8) From the two-neutrino analysis of the MINOS data was found [5] Δm^2_A = (2.43 ± 0.13) · 10^{−3} eV^2, sin^2 2θ_{23} > 0.90 (9) From the three-neutrino global analysis of the solar and reactor KamLAND data was obtained [3]

Δm^2_S = (7.50^{+0.19}_{−0.20}) · 10^{−5} eV^2, tan^2 θ_{12} = 0.452^{+0.035}_{−0.032} (10)

For the parameter sin^2 θ_{13} was found

sin^2 θ_{13} = 0.020^{+0.016}_{−0.018} (11)

At present four neutrino-oscillation parameters (Δm^2_S , Δm^2_A, sin^2 2θ_{23} and tan^2 θ_{12}) are known with accuracies within the (3-10)% range. In the accelerator neutrino oscillation experiment T2K [12] the parameter Δm^2_A will be measured with an accuracy of δΔm^2_A < 10^{−4} eV^2 and the parameter sin^2 2θ_{23} will be measured with an accuracy of δ(sin^2 2θ_{23}) ≃ 10^{−2}. One of the major aims of this experiment and the reactor experiments DOUBLE CHOOZ[13], RENO [14], and Daya Bay [15] is to determine the value (or to improve the upper bound by one order of magnitude or better) of the parameter sin^2 θ_{13}. In case that this parameter is relatively large, it is envisaged that in future neutrino experiments the value of the CP phase δ will be determined and the problem of the neutrino mass spectrum will be resolved (see [12]).

Thus, we are entering into the era of high precision neutrino oscillation experiments. Despite that the neutrino oscillation formalism, on which the analysis of experimental data is based, has been developed and debated in many papers starting from the 1970s (see reviews [16, 17]), these debates and discussions are continuing (see recent papers [18]). From our point of view the importance of uncertainty relations was not sufficiently analyzed in previous discussions. We will show here that the phenomenon of neutrino oscillations is heavily based on the Heisenberg uncertainty relation and the Mandelstam-Tamm time-energy uncertainty relation. We briefly consider different approaches to neutrino oscillations and discuss a Mössbauer neutrino experiment which could allow to distinguish them.

2 Flavor neutrinos: production, evolution, detection

Which neutrino states are produced in CC weak processes together with charged leptons in the case of neutrino mixing, eq.(1): Neutrino flavor states, coherent superpositions of plane waves, or superpositions of wave packets? Here we will present arguments based on the QFT, the Heisenberg uncertainty relation and the knowledge of the neutrino mass-squared differences that ”mixed” flavor states which describe the flavor neutrinos ν_e, ν_μ and ν_τ are physical states (fully analogous to the ”mixed” states which describe K^0 and K̄^0, B^0 and B̄^0, etc.).

Let us consider (in the lab. system) the decay [19]

a → b + l^+ + ν_i, (i = 1, 2, 3) (12)

where a and b are some hadrons.

The state of the final particles is given by |f⟩ = ∑ i |ν_i⟩|l^+⟩|b ⟩⟨ν_i l^+b|S|a⟩, (13) where ⟨ν_i l^+b|S|a⟩ is the matrix element of the transition a → b + l^+ + ν_i, |ν_i⟩ is the state of a neutrino with mass m_i, momentum ⃗p_i = p_i⃗k (⃗k is the unit vector) and helicity equal to -1. We assume, as usual, that initial and final particles have definite momenta.

The neutrinos ν_i differ only by their masses. If m_i = m_k, in this case p_i = p_k. Taking into account this requirement for ultra relativistic neutrinos, from general dimensional arguments we have |p_i − p_k| ≃ ξ |Δm^2_{ik}| 2E = ξ 2π L^{ik}_{osc}

, (14)

where E is the energy of neutrinos for m^2_i → 0, ξ is a coefficient of the order of one (which can depend on the production process; see [20]) and

L^{ik}_{osc} = 4π E Δm^2_{ik} ≃ 2.48 (E/MeV) (Δm^2_{ik}c^4/eV^2) m (15)

is the oscillation length. For E ≃ 1 GeV and Δm^2_A ≃ 2.4 · 10^{−3} eV^2 (atmospheric and LBL accelerator neutrinos) we have L^A_{osc} ≃ 10^3 km. For E ≃ 3 MeV and Δm^2_S ≃ 7.5 · 10^{−5} eV^2 (reactor antineutrinos) we have L^S_{osc} ≃ 10^2 km. On the other side, from the Heisenberg uncertainty relation we have

(Δp)_{QM} ≃ 1 d . (16)

Here d characterizes the quantum-mechanical size of the source. Taking into account that L^{A,S}_{osc} ≫ d (17) we have |p_i − p_k| ≪ (Δp)_{QM}. (18)

Thus, we conclude that due to the uncertainty relation it is impossible to resolve the emission of neutrinos with different masses.

The operator ∑ k U^∗_{lk}ν̄_{kL}(x)γ_αl_L(x) (19)

determines the leptonic part of the matrix element of the process (12). We have U^∗_{li} ū_L(p_i)γ_αu_L(−p_l) ≃ U^∗_{li}ū_L(p)γ_αu_L(−p_l), (20)

where p_l is the momentum of l^+, and p = E is the momentum of the neutrino for m^2_i → 0. For the total matrix element of the process (12) we have ⟨ν_i l^+b|S|a⟩ ≃ U^∗_{li} ⟨ν_l l^+b|S|a⟩_{SM} , (21) where ⟨ν_l l^+b|S|a⟩_{SM} is the Standard Model matrix element of the emission of the flavor neutrino ν_l with the momentum p in the process

a → b + l^+ + ν_l. (22)

From (13) and (21) we find |f⟩ = |ν_l⟩|l^+⟩|b ⟩⟨ν_l l^+b|S|a⟩_{SM} , (23) where the state of the flavor neutrino ν_l is given by the relation |ν_l⟩ = ∑ i U^∗_{li} |ν_i⟩ (l = e, μ, τ) (24) and |ν_i⟩ is the state of a neutrino with mass m_i, negative helicity and momentum p.^2

Let us stress that

• Flavor neutrino states do not depend on the production process.

2 In Quantum Field Theory, states of particles are characterized by momenta. Because in neutrino production processes it is impossible to distinguish production of neutrinos with different masses, we assume that mixed neutrino states are also characterized by definite momenta. Let us stress that in the flavor neutrino state formalism we are considering here, this assumption is the only possibility to get the standard oscillation phases which are in agreement with the data of all neutrino oscillation experiments. In this sense our assumption is confirmed by experiments. We will also notice that the theory of the evolution of neutrinos in matter and the MSW effect [21, 22] are based on the assumption that a flavor neutrino state is a state with definite momentum.

• Flavor states are characterized by the momentum (if there are no special conditions of neutrino production).

• Flavor states are orthogonal and normalized ⟨ν_l′ |ν_l⟩ = δ_l′_l. (25) The evolution of states in QFT is given by the Schrödinger equation i ∂ |Ψ(t)⟩ ∂t = H |Ψ(t)⟩, (26) where H is the total Hamiltonian and time t is a parameter both of which characterize the evolution of the system.

If at t = 0 in a CC weak process ν_l is produced, we have for the state of the neutrino at the time t |ν_l⟩_t = e^{−iHt}|ν_l⟩ = ∑ i |ν_i⟩e^{−iEit} U^∗_{li}, (27) where H|ν_i⟩ = E_i|ν_i⟩, E_i ≃ E + m^2_i 2E . (28) Neutrinos are detected via the observation of weak CC and NC processes.

Let us consider the production of a lepton l^′ in the CC process ν_i + N → l^′ + X. (29) Taking into account that effects of neutrino masses can not be resolved in neutrino processes we have ⟨l^′X|S|ν_iN⟩ ≃ ⟨l^′X|S|ν_l′ N⟩_{SM} U_l′_i, (30) where ⟨l^′ X|S|ν_l′ N⟩_{SM} is the SM matrix element of the process ν_l′ + N → l^′ + X. (31) From (23), (27) and (30) follows that the chain of processes a → b + l^+ + ν_l, ν_l → ν_l′ , ν_l′ + N → l^′ + X corresponds to the following factorized product of amplitudes ⟨l^′ X|S|ν_l′ N⟩_{SM} ( ∑ i U_l′_i e^{−iEit} U^∗_{li} ) ⟨b l^+ν_l|S|a⟩_{SM} . (32)

Only the amplitude of the transition ν_l → ν_l′

A(ν_l → ν_l′ ) = ∑ i U_l′_i e^{−iEit} U^∗_{li} (33) depends on the properties of massive neutrinos (mass-squared differences and mixing angles). The matrix elements of the neutrino production and detection are given by the Standard Model expressions in which effects of neutrino masses can safely be neglected. Let us stress that the property of the factorization (32) is based on the smallness of the neutrino masses and on the Heisenberg uncertainty relation.

3 Mandelstam-Tamm uncertainty relation and neutrino oscillations

All uncertainty relations in Quantum Theory are based on the inequality ΔA ΔB ≥ 1 2 |⟨a|[A, B]|a⟩| (34) which follows from the Cauchy inequality. In (34) A and B are hermitian operators, |a⟩ is any state, ΔA = √ ⟨a|(A − A)^2|a⟩ is the standard deviation and A = ⟨a|A|a⟩ is the average value of the operator A. For example, for operators of momentum p and coordinate q which satisfy the commutation relation [p, q] =^1_i we have the Heisenberg uncertainty relation Δp Δq ≥^1_2 .

The Mandelstam-Tamm time-energy uncertainty relation [23] is based on the inequality (34) and the equation i ∂O(t) ∂t = [O(t), H] (35)

for any operator O(t) in the Heisenberg representation (H is the total Hamiltonian).

From (34) and (35) we have ΔE ΔO(t) ≥ 1 2 | d dt O(t)| (36)

This inequality gives nontrivial constraints only in the case of non-stationary states.

Taking into account that ΔE does not depend on t we find ΔE Δt ≥ 1 2 |O(Δt) − O(0)| ΔO(t̄) (37)

For the time interval Δt during which the state of the system is significantly changed (O(t) is changed by the value which is characterized by the standard deviation) the right-hand part of (37) is of the order of one. We obtain the Mandelstam-Tamm time-energy uncertainty relation

ΔE Δt ≳ 1. (38)

From (33), for the normalized probability of the transition ν_l → ν_l′ we obtain the expression

P (ν_l → ν_l′ ) = | ∑ i≠j U_l′_i (e^{−i(Ei−Ej )t} − 1) U^∗_{li} + δ_l′_l|^2, (39)

which obviously gives the standard transition probability (3).

From (39) follows that neutrino oscillations can be observed if the condition |E_i − E_j| t ≳ 1 (40) is satisfied.^3 It is obvious that this inequality is the Mandelstam-Tamm time-energy uncertainty relation. According to this relation a change of the flavor neutrino state in time requires energy uncertainty (i.e., a nonstationary state). The time interval required for a significant change of the flavor neutrino state is given by t ≃^1_{|Ei−Ej |} =^{2E}_{|Δm2ji|} .^4

4 On plane wave and wave packet approaches to neutrino oscillations

We will now briefly discuss other approaches to neutrino oscillations. In the approach based on the relativistic quantum mechanics, in CC processes together with charged leptons coherent superpositions of plane waves are

3This is a necessary condition for the observation of oscillations. It is also necessary that mixing angles would be relatively large.

4Let us notice that the inequality (40) can be interpreted in another way: In order to reveal a small energy difference |E_i − E_j | ≃^{|Δm2ji|}_{2E} we need a large time interval t ≳^1_{|Ei−Ej |} . This corresponds to another interpretation of the time-energy uncertainty relation (see [24]).

produced and absorbed. In this case, for the normalized ν_l → ν_l′ transition probability the following expression can be obtained (see, for example[25, 26])

P (ν_l → ν_l′ ) = | ∑ i U_l′_ie^{−ipi·x}U^∗_{li}|^2 = | ∑ i≠j U_l′_i(e^{−i(pi−pj )·x} − 1)U^∗_{li} + δ_l′_l|^2. (41) Here p_i = (E_i, ⃗p_i) is the 4-momentum of a neutrino with mass m_i and x = (t, ⃗x). Let us assume that ⃗p_i = p_i⃗k, where ⃗k is the unit vector. For the phase difference which is gained by a plain wave at the distance x = (⃗x⃗k) = L after the time interval t we have

(p_i − p_j ) · x = (E_i − E_j )t − (p_i − p_j)L. (42)

For ultrarelativistic neutrinos we have t ≃ L. (43) Taking into account that E_i ≃ p_i +^{m2i}_{2E} , from (42) and (43) we come to the standard oscillation phase

(p_i − p_j ) · x = Δm^2_{ji} 2E L (44)

and the standard expression (4) for the transition probability.

Let us stress that in the approach based on the QFT Schrödinger equation the small oscillation phase difference is the result of the cancellation of large terms in the expressions for the neutrino energies. The cancellation takes place because neutrino states are characterized by definite momentum. In the QM plane wave approach, small oscillation phases are the result of the cancellation of large terms in the time and space parts of the phase difference. The cancellation is due to the relation (43).

A direct generalization of the QM plane wave approach is the wave packet approach (see [26] and references therein) in which the plane wave transition probability (41) is changed to

P (ν_l → ν_l′ ) = | ∑ i U_l′_i ∫ e^{i( ⃗pi′⃗x−E′it)} f(⃗p_i^′ − ⃗p_i) d^3p^′ U^∗_{li}|^2, (45) where E^′_i = √ (⃗p_i^′)^2 + m^2_i and the function f(⃗p_i^′ − ⃗p_i) has a sharp maximum at the point ⃗p_i^′ = ⃗p_i.

Expanding E^′_i at the point ⃗p_i^′ = ⃗p_i we find ∫ e^{i( ⃗pi′⃗x−E′it)} f(⃗p_i^′ − ⃗p_i) d^3p^′ = e^{i( ⃗pi⃗x−Eit)} g(⃗x − ⃗v_it), (46) where g(⃗x − ⃗v_it) = ∫ e^{i⃗q (⃗x−⃗vit)} f(⃗q) d^3q (47) and ⃗v_i = ⃗p_i E_i , E_i = √ ⃗p_i^2 + m^2_i . (48)

If we make the standard assumption that the function f(⃗q) has the Gaussian form f(⃗q) = N e^− q2 4σ2p , (49)

(σ_p is the width of the wave packet in the momentum space) we find g(⃗x − ⃗v_it) = N( π σ^2_x )^{3/2} e^{− (⃗x−⃗vit)} 2 4σ2x , (50)

where σ_x =^1_{2σp} characterizes the spacial width of the wave packet.

The probability of the transition ν_l → ν_l′ in the wave packet approach is determined as a quantity integrated over time. From (46) we find the following expression for the integrated normalized transition probability

P(ν_l → ν_l′ ) = ∑ i,k U_l′_iU^∗_l′_ke^{i[(pi−pk)−(Ei−Ek)]L}U^∗_{li}U_{lk} e^{−(} L Likcoh )^2 e^{−2π2ξ2( σxLik}osc^{)2} . (51) Here L is the distance between neutrino source and neutrino detector, L^{ik}_{osc} is the oscillation length, ξ is a constant of the order of one and

L^{ik}_{coh} = 4 √ 2σ_xE^2 |Δm^2_{ik}| . (52)

is the coherence length.^5 Taking into account that (p_i − p_k) − (E_i − E_k) = −^{Δm2ki}_{2E} we come to the conclusion that the ν_l → ν_l′ transition probability in

5We have |v_i − v_k|L^{ik}_{coh} ≃^{|Δm2ik |}_{2E2} L^{ik}_{coh} ∼ 2 √ 2σ_x. Thus, the coherence length is such a distance between neutrino source and detector at which ν_i and ν_k are separated by an interval comparable to the size of the wave packet.

the wave packet approach is given by the standard expression (3) which is

multiplied by the decoherence factor e^{−(} L Likcoh )^2

and the factor e^{−2π2ξ2( σxLik}osc^{)2} .

Thus, the wave packet approach (after integration over t) assures the equality t = L and the standard oscillation phase in the transition probability. For usual neutrino oscillation experiments with L being a few times L^{A,S}_{osc} , the two additional exponential factors are practically equal to one.

In many papers (see [18]), neutrinos propagating about 100 km (reactor ν̄’s ) or about 1000 km (atmospheric and accelerator ν’s ), are considered as virtual particles in a Feynman diagram-like picture with the neutrino production process at one vertex and the neutrino absorption process in another vertex. This approach gives the wave packet picture of neutrino oscillations with a transition probability which (before integration over t) depends on x and t.

The major difference between different approaches to neutrino oscillations can be summarized as follows:

1. The QFT approach with the Schrödinger evolution equation is based on the assumption of the existence of ”mixed” flavor neutrinos ν_e, ν_μ, ν_τ which are described by coherent states |ν_l⟩ = ∑ i U^∗_{li}|ν_i⟩. The important characteristic feature of this approach is the Mandelstam-Tamm timeenergy uncertainty relation. Neutrino oscillations can take place only in the case of non-stationary neutrino states with ΔEΔt ≳ 1, where Δt is the time interval during which the oscillations happen. The QFT approach is based on the same general principles as the approach to K^0 ⇄ K̄^0, B^0 ⇄ B̄^0, etc. oscillations studied in detail at B-factories and other facilities.

2. Other approaches are based on the assumption that in weak processes, mixed coherent superpositions of plane waves or wave packets describing neutrinos with different masses, are produced and detected. The evolution of mixed neutrino wave functions in space and time is determined by the Dirac equation. There is no notion of flavor neutrino states in these approaches. Neutrino oscillations are possible also in the case of monochromatic neutrinos.

Different approaches to neutrino oscillations lead to the same expression for the neutrino transition probability P(ν_l → ν_l′ ) in the standard neutrino oscillation experiments. In order to distinguish 1. and 2. special neutrino oscillation experiments are necessary. Such experiments could be Mössbauer neutrino experiments which we will discuss in the next sections.

5 Mössbauer ν̄_e: Basic considerations

The basic concept is to use electron antineutrinos (ν̄_e) which are emitted without recoil in a bound-state β-decay and are resonantly captured again without recoil in the reverse bound-state process. As an example, let us consider the^3H -^3He system [27] with the transitions

3H→^3He +ν̄_e (source) and ν̄_e+^3He →^3H (target).

In the source, the electron (e^−) is emitted directly into a bound-state atomic orbit of^3He. This decay is a two-body process, thus the emitted ν̄_e has a fixed energy (18.6 keV). In the target the reverse process occurs, a monochromatic ν̄_e with an energy of 18.6 keV and an e^− in an atomic orbit of^3He are absorbed to form^3H.

To suppress thermal motions of the^3H and^3He atoms, they have to be imbedded in a solid-state lattice, e.g., in Nb metal [28]. In addition, for a Mössbauer ν̄_e experiment it is mandatory that no phonons are excited in the lattice when the ν̄_e is emitted or absorbed, because only then a highly monochromatic ν̄_e radiation and the large cross section of the Mössbauer resonance of typically 10^{−19} to 10^{−17} cm^2 can be achieved. However, it became apparent [29],[30],[31],[32] that there exist several basic difficulties to observe Mössbauer ν̄_e with the system^3H -^3He in Nb metal. The main problem originates from lattice expansion and contraction processes. They occur when the nuclear transformations (from^3H to^3He and from^3He to 3H) take place during which the ν̄_e is emitted or absorbed and can cause lattice excitations (phonons) which change the ν̄_e energy and thus destroy the Mössbauer resonance. It has been estimated that due to these lattice excitations the probability for phononless emission and consecutive phononless capture of ν̄_e is ∼ 7 · 10^{−8} which makes a real experiment with the^3H -^3He system extremely difficult [29],[30],[31],[32]. Another basic problem is caused by inhomogeneities in an imperfect lattice which directly influence the energy of the ν̄_e [29].

A promising alternative is the rare-earth system^{163}Ho -^{163}Dy. It offers several advantages: Due to the highly similar chemical behaviour of the rare earths also the lattice deformation energies for^{163}Ho and^{163}Dy can be expected to be similar, thus leaving the ν̄_e energy practically unchanged.

In addition, the ν̄_e energy is very low (2.6 keV), i.e., the recoil originating from the emitted (absorbed) ν̄_e is highly unlikely to generate phonons in the lattice. Altogether, the probability of phononless emission and absorption could be larger than for the^3H -^3He system by ∼ 7 orders of magnitude. Furthermore, due to the similar chemical behaviour, the^{163}Ho -^{163}Dy system can also be expected to be less sensitive to variations of the binding energies in the lattice. For this reason, variations of the ν̄_e energy will also be reduced improving the monochromaticity (linewidth) of the ν̄_e Mössbauer resonance.

On the negative side, the magnetic moments of the 4f electrons of the rare-earth atoms are large and might cause broadening of the Mössbauer ν̄_e resonance [31],[32]. Fortunately, conventional Mössbauer spectroscopy (with photons) gathered a wealth of information on the behaviour of rare-earth systems in the past. Of particular interest is the 25.65 keV Mössbauer resonance in^{161}Dy where an experimental linewidth of Γ_{exp} ≈ 5 · 10^{−8} eV has been reached [33],[31]. We will show in the following section that the^{163}Ho -^{163}Dy system might be suitable to investigate the question concerning the different approaches to neutrino oscillations.

6 The^{163}Ho -^{163}Dy Mössbauer system and the evolution of the ν̄_e state in time

If the evolution of the ν̄_e state occurs in time only, Mössbauer ν̄_e oscillations with an oscillation length L^A_{osc} determined by Δm^2_A will not be observed if the relative energy uncertainty fulfills the relation [34] ΔE E ≪ 1 4 Δm^2_Ac^4 E^2

(53)

where Δm^2_A ≃ 2.4 · 10^{−3} eV^2 is the atmospheric mass-squared difference. For the^{163}Ho -^{163}Dy system, eq. (53) requires (_{ΔE} E ) Ho−Dy ≪ 9.2 · 10 −11 or ΔE ≪ 2.4 · 10^{−7} eV.

For the 25.65 keV γ-transition in^{161}Dy an experimental linewidth of Γ_{exp} ≈ 5 · 10^{−8} eV has been observed [33], which is ∼ 5 times below the limit ΔE ≲ 2.4 · 10^{−7} eV just mentioned. It might be expected that a similar value for Γ_{exp} can be reached for the^{163}Ho -^{163}Dy system. In particular, using the usual Mössbauer γ-transition in^{161}Dy, relevant physical properties, e.g., the experimental linewidth in the Ho - Dy system can be investigated and improved if necessary. Thus it looks promising that the question if Mössbauer ν̄_e oscillate can be answered experimentally. For Γ_{exp} ≈ 5 · 10^{−8} eV, according to the Mandelstam-Tamm time-energy uncertainty relation a significant change of the ν̄_e state in time can occur only very slowly leading to a long oscillation path-length L_{change} since the ν̄_e is ultrarelativistic: L_{change} ≃ c · ℏ Γ_{exp} · 2π. (54)

For the^{163}Ho -^{163}Dy system, L_{change} ≈ 25 m for the ν̄_e state. In comparison, for an evolution of the ν̄_e state in space and time, the oscillation length is given by eq. (15). With E = 2.6 keV for the^{163}Ho - 163Dy system, and Δm^2_A ≃ 2.4 · 10^{−3} eV^2, we obtain L^A_{osc} ≃ 2.6 m, about 10 times shorter than L_{change}. If the evolution occurs in time only, in such a Mössbauer-neutrino experiment with Γ_{exp} ≈ 5 · 10^{−8} eV, instead of L^A_{osc} the much longer L_{change} would be observed.

If Mössbauer ν̄_e oscillate, an interesting application would be the search for the conversion to sterile neutrinos ν̄_e → ν̄_{sterile} [35] involving additional mass eigenstates. Since ν̄_{sterile} does not show the weak interaction of the Standard Model of elementary particle interactions, such a conversion would have to be tested by the disappearance of ν̄_e. The results of the LSND (Liquid Scintillator Neutrino Detector) experiment [6],[36] indicate a mass splitting of Δm^2 ≈ 1 eV^2 [28]. Unfortunately, several experiments performed by the MiniBooNE collaboration to check the LSND results have not been conclusive, although the MiniBooNE results are compatible with the LSND observation [37]. For Mössbauer ν̄_e of the^{163}Ho -^{163}Dy system (E=2.6 keV) the oscillation length L^A_{osc} would be only ∼ 1 cm if Δm^2 ≈ 1 eV^2.

7 Conclusions

After the golden years of the discovery of neutrino oscillations in atmospheric, solar and reactor neutrino experiments we now enter into the era of detailed studies of this phenomenon. Measurements of the small mixing angle θ_{13}, of the CP phase δ, and the establishment of the character of the neutrino-mass spectrum will require high-precision neutrino-oscillation experiments which are already ongoing now or are under preparation or in the R&D stage.

Is there a consensus in the treatment and understanding of the neutrino oscillation phenomenon? Many recent papers on the theory of neutrino oscillations (see, for example, [18]) certify that such a consensus still does not exist.

Is the notion of flavor neutrinos ν_e, ν_μ and ν_τ in the case of neutrino mixing a convenient terminology coming from ”the times of massless neutrinos” or are they real physical states? From the momentum-coordinate Heisenberg uncertainty relation follows that due to the small values of the neutrino mass-squared differences in weak processes ”mixed” flavor neutrinos ν_l (similar to the ”mixed” K^0, K̄^0; B^0, B̄^0; etc), which are described by coherent superpositions of states of neutrinos with definite mass, are produced and detected. We showed that in this approach for neutrino oscillations to be observed the Mandelstam-Tamm time-energy uncertainty relation must be satisfied. This means that neutrino oscillations can take place only in the case of non-stationary neutrino states.

We compared different approaches to neutrino oscillations. In approaches in which flavor neutrinos are described by coherent superpositions of plane waves or wave packets and in the approach in which neutrinos are considered as virtual particles in a Feynman diagram with the neutrino production process at one vertex and the neutrino absorption process in another vertex neutrino oscillations are possible also in the case of monochromatic neutrinos (Mössbauer neutrinos).

Usual neutrino oscillation experiments do not allow to distinguish these different approaches. The realization of an idea concerning the Mössbauer resonance neutrino experiment with practically monoenergetic ν̄_e could be the way of probing the real nature of mixed flavor states, different conjectures on the evolution of such states and the universal applicability of the time-energy uncertainty relation. Such an experiment was discussed for the^3H −^3 He source-detector pair [28]. Recently, however, it was shown that the performance of a Mössbauer neutrino experiment in the case of the 3H −^3 He system is most probably not possible in practice [29],[31],[32]. We present here arguments in favor of a Mössbauer neutrino experiment with the^{163}Ho −^{163} Dy source-detector system [31]. The possibility to perform an experiment in such a system looks promising but is still very challenging and requires further investigations.

Acknowledgments This work was supported by funds of the Deutsche Forschungsgemeinschaft DFG (Transregio 27: Neutrinos and Beyond), the Munich Cluster of Excellence (Origin and Structure of the Universe), and the Maier-Leibnitz- Laboratorium (Garching).

References

[1] R. Wendell et al., (Super-Kamiokande) Phys. Rev. D81, 09200 (2010);

arXiv:1002.3471.

[2] B. T. Cleveland et al. (Homestake), Astrophys. J. 496, 505 (1998);

J. N. Abdurashitov et al. (SAGE), Phys. Rev. C80, 015807 (2009), arXiv:0901.2200; W. Hampel et al. (GALLEX), Phys. Lett. B447, 127 (1999); M. Altmann et al. (GNO), Phys. Lett. B616, 174 (2005), hep-ex/0504037; J. P. Cravens et al. (Super-Kamiokande), Phys. Rev. D78, 032002 (2008), arXiv:0803.4312; B. Aharmim et al. (SNO), Phys.Rev.C81, 055504 (2010), arXiv:00910.2984v2.

[3] Gando et al. (KamLAND), arXiv:1009.4771v2.

[4] M.H.Ahn et al. (K2K), Phys. Rev. D74, 072003 (2006), hep-ex/0606032.

[5] A.Habig et al.(MINOS), Mod. Phys. Lett. A25, 1219 (2010), arXiv:1004.2647.

[6] A.Aguilar et al. (LSND), Phys. Rev. D64, 112007 (2001).

[7] A.A. Aguilar-Arevalo et al. (MiniBooNE), Phys. Rev. Lett. 105, 181801 (2010), arXiv:1007.1150.

[8] B. Pontecorvo, J. Exptl. Theoret. Phys. 33, 549 (1957). [Sov. Phys.

JETP 6, 429 (1958) ]; J. Exptl. Theoret. Phys. 34, 247 (1958) [Sov. Phys. JETP 7, 172 (1958) ].

[9] Z. Maki, M. Nakagawa, and S. Sakata, Prog. Theor. Phys. 28, 870 (1962).

[10] S.M. Bilenky, C. Giunti, and W. Grimus, Prog. Part. Nucl. Phys. 43, 1 (1999).

[11] M. Apollonio et al. (CHOOZ), Eur. Phys. J. C27, 331 (2003), arXiv:

hep-ex/0301017.

[12] N.G. Hastings (T2K), arXiv:0905.1211v1.

[13] F. Ardellier et al. (Double Chooz), arXiv:hep-ex/0606025.

[14] Soo-Bong Kim (RENO), Journal of Physics: Conference Series 120, 052025 (2008).

[15] Guo et al.(Daya Bay), arXiv:hep-ex/0701029. [16] S.M. Bilenky and B. Pontecorvo, Phys. Rep. 41, 225 (1978). [17] S.M. Bilenky and S.T. Petcov, Rev. Mod. Phys. 59, 671 (1987). [18] M. Beuthe, Phys. Rep. 375, 105 (2003), arXiv:hep-ph/0109119; C.

Giunti, AIP Conf. Proc. 1026:3-19 (2008), arXiv:0801.0653; E. Akhmedov, J. Kopp, JHEP 04, 008 (2010), arXiv:1001.4815v2; D. V. Naumov and V.A. Naumov, J. Phys. G: Nucl. Part. Phys. 37, 105014 (2010), arXiv:1008.0306v2; E.Kh. Akhmedov and A.Yu. Smirnov, arXiv:1008.2077; J. Wu, J. A. Hutasoit, D. Boyanovsky, and R. Holman, arXiv:1002.2649.

[19] S. Bilenky and C. Giunti, Int. J. Mod. Phys. A16, 3931 (2001), arXiv:

hep-ph/0102320.

[20] C. Giunti, JHEP 0211, 017 (2002), arXiv:hep-ph/0205014. [21] L. Wolfenstein, Phys. Rev. D17, 2369 (1978), Phys. Rev. D20, 2634 (1979).

[22] S.P. Mikheyev and A.Yu. Smirnov, Yad. Fiz. 42, 1441 (1985) [Sov. J.

Nucl. Phys. 42, 913 (1985)]; Il Nuovo Cim. C9, 17 (1986). [23] L. Mandelstam and I. Tamm, J. Phys. (USSR) 9, 249 (1945). [24] V. Fock and N. Krylov, Journal of Physics, V. 11 N.2, 112 (1947). [25] J.M. Levy, hep-ph/0004221.

[26] C. Giunti, Found. Phys. Lett. 17, 103 (2004), arXiv: hep-ph/0302026. [27] W.P. Kells and J.P. Schiffer, Phys. Rev. C28, 2162 (1983). [28] R.S. Raghavan, hep-ph/0601079 v3; arXiv: 0805.4155 [hep-ph] and 0806.0839 [hep-ph]; Phys. Rev. Lett. 102, 091804 (2009).

[29] W. Potzel and F.E. Wagner, Phys. Rev. Lett. 103, 099101 (2009), arXiv:

0908.3985 [hep-ph].

[30] J.P. Schiffer, Phys. Rev. Lett. 103, 099102 (2009).

[31] W. Potzel, Proceedings of the IVth International Pontecorvo Neutrino Physics School, Sept. 26 - Oct. 06, 2010, Alushta, Crimea, Ukraine, accepted for publication; arXiv: 1012.5000 [hep-ph].

[32] W. Potzel, Acta Physica Polonica B40, 3033 (2009).

[33] N.N. Greenwood and T.C. Gibb, Mössbauer Spectroscopy, Chapman and Hall Ltd, London 1971.

[34] S.M. Bilenky, F. von Feilitzsch, and W. Potzel, J. Phys. G: Nucl. Part.

Phys. 35, 095003 (2008), arXiv: 0803.0527 v2 [hep-ph].

[35] V. Kopeikin, L. Mikaelyan, and V. Sinev, hep-ph/0310246v2.

[36] C. Athanassopoulos et al., LSND collaboration, Phys. Rev. Lett. 81, 1774 (1998).

[37] MiniBooNE collaboration, A.A. Aguilar-Arevalo et al., Phys. Rev.

Lett. 98, 231801 (2007); Phys. Rev. Lett. 102, 101802 (2009), arXiv: 0812.2243 and 0901.1648; Phys. Rev. Lett. 105, 181801 (2010), arXiv: 1007.1150v3 [hep-ex].