arXiv:1102.4456v3 [physics.gen-ph] 30 Jul 2012

A note on the relationship between solutions of Einstein, Ramanujan and Chazy equations

Kuralay Esmakhanova^1, Yerlan Myrzakulov^1, Gulgasyl Nugmanova^1 and Ratbay Myrzakulov^{1,2∗} 1Eurasian International Center for Theoretical Physics, Eurasian National University, Astana 010008, Kazakhstan 2Department of Physics, CSU Fresno, Fresno, CA 93740 USA

July 31, 2012

Abstract The Einstein equation for the Friedmann-Robertson-Walker metric plays a fundamental role in cosmology. The direct search of the exact solutions of the Einstein equation even in this simple metric case is sometime a hard job. Therefore, it is useful to construct solutions of the Einstein equation using a known solutions of some other equations which are equivalent or related to the Einstein equation. In this work, we establish the relationship the Einstein equation with two other famous equations namely the Ramanujan equation and the Chazy equation. Both these two equations play an imporatant role in the number theory. Using the known solutions of the Ramanujan and Chazy equations, we find the corresponding solutions of the Einstein equation. The relationship between the Friedmann equation and the equations of the trefoil knot and figure-eight knot is established.

1 Introduction

In this paper we investigate the Einstein equation for the Friedmann-Robertson-Walker (FRW) metric. The direct search of the exact solutions of the Einstein equation even in this simple metric case is sometime a hard job. Therefore, it is useful to construct solutions of the Einstein equation using a known solutions of some other equations which are equivalent or related to the Einstein equation. One of known differential equation from the number theory is the Ramanujan equation (RE). It is well studied. In particular, it is known that the RE is equivalent to the famous Chazy-III equation (CE-III). In the literature, many exact solutions of the RE and the CE-III are presented. Both these two equations play an imporatant role in the number theory. The goal of this work is to establish the relationship between three equations namely the Einstein equation, the RE and the CE-III.

2 The Einstein equation

In this section we briefly recall some basic facts about the Einstein equation for the FRW metric. We start from the standart gravitational action S = ∫ d^4x √ −g[R + L_m], (2.1)

∗The corresponding author. Email: rmyrzakulov@csufresno.edu; rmyrzakulov@gmail.com

where R is the scalar curvature, L_m is the Lagrangian for the matter. Consider the FRW metric ds^2 = dt^2 − a^2(dx^2 + dy^2 + dz^2). (2.2) Then the Einstein equation reads as 3H^2 − ρ = 0, (2.3) 2Ḣ + 3H^2 + p = 0, (2.4) ρ̇ + 3H(ρ + p) = 0. (2.5) Let us rewrite the equation (2.4) as Ḟ = F^2 − E 12 , (2.6) where F = −18H, E = −108p = 108(2Ḣ + 3H^2). (2.7) Now we introduce the new function J as J = F E − 3Ė = −2 · 18^2(Ḧ + 9HḢ + 9H^3) (2.8) and demand that this function satisfies the equation: 2J̇ = F J − E^2. So finally we come to the following system:

Ḟ = F^2 − E 12 , (2.9) Ė = F E − J 3 , (2.10) J̇ = F J − E^2 2 . (2.11)

It is the famous Ramanujan equation (RE) [1]-[2]. We can rewrite it as qF_q = F^2 − E 12 , (2.12) qE_q = F E − J 3 , (2.13) qJ_q = F J − E^2 2 , (2.14)

where q = e^t. Then the system (2.12)-(2.14) has the following solution (see e.g. [3])

F = 1 − 24 ∞∑ n=1 nq^n 1 − q^n , (2.15)

E = 1 + 240 ∞∑ n=1 n^3q^n 1 − q^n , (2.16)

J = 1 − 504 ∞∑ n=1 n^5q^n 1 − q^n , (2.17)

which are in fact Ramanujan’s Eisenstein series. If we eliminate E and J from the system (2.9)- (2.11), we deduce the following differential equation for F : ... F = F F̈ − 1.5Ḟ^2. (2.18) This equation after the scale transformation F = 2y (2.19) takes the form ... y = 2yÿ − 3ẏ^2. (2.20) It is the Chazy-III equation (CE-III) [4]. In recent years, it has been shown that the CE-III (2.20) arises in several areas of mathematical physics including magnetic monopoles [5], self-dual Yang-Mills and Einstein equations [6]-[7], and topological field theory [8]. In addition, the CE-III has been derived as special reductions of hydrodynamic type equations [9] as well as stationary, incompressible Prandtl boundary layer equations [10]. Recently, the geometry of some Chazy equations were studied in [11]. We remark that the CE-III (2.20) is equivalent to the following equation Ȧ = BC − A(B + C), (2.21) Ḃ = AC − B(A + C), (2.22) Ċ = AB − C(A + B) (2.23)

if one sets

y = −2(A + B + C), (2.24) ẏ = 2(AC + BC + AB), (2.25) ÿ = −12ABC. (2.26)

It is the classical Darboux-Halphen equation [12] which appeared in Darboux’s analysis of triply orthogonal surfaces and later solved by Halphen. The Darboux-Halphen equation (2.21)-(2.23) is also equivalent to the vacuum Einstein equations for Riemannian self-dual Bianchi-IX metrics [13]-[14].

3 Solutions

As is known, the CE-III has some exact solutions (see e.g. [3], [12], [15], [16], [17]). For example, it has the following solutions:

y_1 = c_1 = const, y_2 = − 6 t , y_3 = α t^2 − 6 t , y_4 = 4 d dt log θ^′_1(0, t), α = const (3.1) and y_5(t) = πiF (e^{2πit}), Im(t) > 0. (3.2) In this section, we construct the solutions of the Einstein equation (2.3)-(2.5) corresponding to the solutions y_1, y_2, y_3 of the CE-III (2.20) that same to the RE (2.9)-(2.11).

3.1 Example 1.

First of all, let us consider the solution y_2 (3.1). The corresponding solution of the RE (2.9)-(2.11) is given by F_2 = − 12 t , E_2 = 0, J_2 = 0. (3.3)

For the solution y_2 we get the following solution of the Einstein equation

a = a_0t^{23} , (3.4) H = 2 3t , (3.5) ρ = 4 3t^2

. (3.6)

p = 0. (3.7)

Hence we have ρ + p = 4 3t^2

. (3.8)

Also we can directly check that the continuity equation (2.5) satisfies identically. The equation of state parameter is w = 0.

3.2 Example 2.

Now we consider the case when y = y_1 = c_1 = −9H_0 = const. Then the RE (2.9)-(2.11) has the following solution F_1 = −18H_0, E_2 = 324H^2_0 , J_2 = −5832H^3_0 . (3.9) For the solution y_1 we get

a = a_0e^{H0 t}, (3.10) H = H_0, (3.11) ρ = 3H^2_0 , (3.12) p = −3H^2_0 . (3.13)

In this case, the continuity equation (2.5) satisfies identically and the equation of state parameter is w = −1.

3.3 Example 3.

Now we consider the solution y_3 (3.1). The corresponding solution of the RE (2.9)-(2.11) is

F_3 = 2( α t^2 − 6 t ), E_3 =

4α^2 t^4

, J_3 =

8α^3 t^6

. (3.14)

In this case, the scale factor is a = a_0t^{23} e^{α9t} . (3.15) For the Einstein equation we have H = − 1 9 ( α t^2 − 6 t ), (3.16) ρ = 1 27 ( α t^2 − 6 t )^2, (3.17) p = − α^2 27t^4

. (3.18)

Using ρ + p = 4 3t^2 − 4α 9t^3

, (3.19)

we can directly check that the continuity equation (2.5) satisfies identically. The equation of state parameter is w = − α^2 (α − 6t)^2

. (3.20)

4 Conclusion

In summary, the Einstein equation in FRW metric is studied in this work. The relationship between the Einstein, Ramanujan and Chazy-III equations is established. Using this result that is using some known solutions of the RE and CE-III, some exact solutions of the Einstein equation are constructed. Finally, we note that it is interesting to find the relationship between the Einstein equation with the other equations known from the other branches of physics and/or mathematics. Consider some examples (below we assume that all variables are dimensionless).

i) The trefoil knot universe. Let the EoS has the following parametric form ρ = 3r^2 cos^2 2t, p = 6 sin 3t cos 2t + 4r sin 2t − 3r^2 cos^2 2t, where r = 2 + cos 3t. Then we have H = r cos 2t. Let us now we introduce three new variables as x = r cos 2t, y = r sin 2t, z = sin 3t. It is nothing but the parametric equations for the trefoil knot. Hence this example we call the trefoil knot universe or the trefoil knot universe model.

ii) The figure-eight knot universe. Let us now we consider the EoS of the form ρ = 3h^2 cos^2 3t, p = 4 sin 2t cos 3t + 6h sin 3t − 3h^2 cos^2 3t, where h = 2 + cos 2t. Then H = h cos 3t. As above, let us we introduce three new functions as: x = h cos 3t, y = h sin 3t, z = sin 4t. It is the parametric equations of the figure-eight knot. In this sense this example we call the figure-eight knot universe or the figure-eight knot universe model.

iii) The Lorenz oscillator equation. Let us rewrite the equation (2.4) as

X_N = σ(Y − X), (4.1)

where X = H^2, Y = (σ − 3)X − p σ , N = ln a, σ = const. (4.2) Now we introduce a new function Z as Z = δX − Y − Y_N X , (4.3)

where δ = const. Then these three functions X, Y, Z satisfy the equations

X_N = σ(Y − X), (4.4) Y_N = X(δ − Z) − Y. (4.5)

Our next step is the following constraint for Z namely it must obeys the additional equation Z_N = XY − βZ. So finally we get the system

X_N = σ(Y − X), (4.6) Y_N = X(δ − Z) − Y, (4.7) Z_N = XY − βZ. (4.8) It is the equations of Lorenz oscillator. So as the RE and the CE-III, the Lorenz oscillator equation is modelled some subclass of solutions of the Einstein equation. We note that the Lorenz equation (4.6)-(4.8) can be rewritten as the third order differential equation for X(t) [18]-[35]: X ... X − ẊẌ + X^3Ẋ + σX^4 + (β + σ + 1)XẌ + (σ + 1)(βXẊ − Ẋ^2) + β(1 − δ)σX^2 = 0. (4.9)

5 Appendix: A list of Chazy equations

In [4], Chazy attempted the complete classification of all third-order differential equations of the form: y^{′′′} = F (t, y, y^′ , y^{′′} ), (5.1) where F is a polynomial in y, y^′ and y^{′′} and locally analytic in z, having the Painleve property, y^′ = dy/dz and so on.. Here we present a list of the canonical reduced Chazy equations (see e.g.

[16]) : CE − I : y^{′′′} = −6y^{′2}, (5.2) CE − II : y^{′′′} = −2yy^{′′} − 2y^{′2}, (5.3) CE − III : y^{′′′} = 2yy^{′′} − 3y^{′2}, (5.4) CE − IV : y^{′′′} = −3yy^{′′} − 3y^{′2} − 3y^2y^′ , (5.5) CE − V : y^{′′′} = −2yy^{′′} − 4y^{′2} − 2y^2y^′ , (5.6) CE − V I : y^{′′′} = −yy^{′′} − 5y^{′2} − y^2y^′ , (5.7) CE − V II : y^{′′′} = −yy^{′′} − 2y^{′2} + 2y^2y^′ , (5.8) CE − V III : y^{′′′} = 6y^2y^′ , (5.9) CE − IX : y^{′′′} = 12y^{′2} + 72y^2y^′ + 54y^4, (5.10) CE − Xa : y^{′′′} = 6y^2y^′ + 3 11 (9 + 7 √ 3)(y^′ + y^2)^2, (5.11) CE − Xb : y^{′′′} = 6y^2y^′ + 3 11 (9 − 7 √ 3)(y^′ + y^2)^2, (5.12) CE − XI : y^{′′′} = −2yy^{′′} − 2y^{′2} + 24 n^2 − 1

(y^′ + y^2)^2, (5.13) CE − XII : y^{′′′} = 2yy^{′′} − 3y^{′2} − 24 n^2 − 36

(6y^′ − y^2)^2, (5.14) CE − XIII : y^{′′′} = 12yy^′ . (5.15) References

[1] Ramanujan S. Notebooks, 2 volumes, Tata Institute of Fundamental Research, Bombay, 1957. [2] Ramanujan S. The Lost Notebook and Other Unpublished Papers, Narosa, New Delhi, 1988. [3] Chakravarty S., Ablowitz M.J. Parameterizations of the Chazy equation, Studies in Aplied Mathematics (arXiv:0902.3468).

[4] Chazy J. Sur les équations différentielles du trousiéme ordre et d^,ordre supérieur dont l^,integrale a ses points critiques fixes, Acta Math. 34 (1911), 317-385.

[5] Atiyah M.F., Hitchin N.J. The geometry and dynamics of magnetic monoploes, Princeton University Press, Princeton, 1988.

[6] Chakravarty S., Ablowitz M.J., Clarkson P.A. Reductions of self-dual Yang-Mills fields and classical systems, Phys. Rev. Lett., 65, 1085-1087 (1990).

[7] Hitchin N.J. Twistor spaces, Einstein metrics and isomonodromic deformations, J. Diff.

Geom., 42, 30-112 (1995).

[8] Dubrovin B. Geometry of 2D topological field theories, Springer Lecture Notes in Mathematics, 1620, 120-348 (1996).

[9] Ferapontov E.V., Odesskii A.V. Integrable Lagrangians and modular forms, arXiv:0707.3433. [10] Rosenhead L. (ed.) Laminary Boundary Layers, Clarendon Press, Oxford, 1963. [11] Guillot A. The geometry of Chazy’s third order homogeneous differential equations, arXiv:1011.6090.

[12] Ablowitz M.J., Clarkson P.A. Solitons, Nonlinear Evolution Equations and Inverse Scattering, L.M.S. Lect. Notes Math. 149, C.U.P., Cambridge, (1991).

[13] Gibbons G.W., Pope C.N. Commun. Math. Phys., 66 (19979), 267-290.

[14] Hitchin N.J. Monopoles, Minimal Surfaces and Algebraic Curves. Seminaire de Mathematiques Superieuries, 105, Presses de l^′ Universite de Montreal, Montreal, 1987.

[15] Ablowitz M.J., Chakravarty S., Halburd R. Asian J. Math. 2, N4, 619-624. [16] Sasano Y. Studies on the Chazy equations, [arXiv:0708.3537] [17] Brezhnev Yu., Lyakhovich S., Sharapov A. Dynamical systems defining Jacobi’s thetaconstants, arXiv:1012.1429.

[18] Sen T., Tabor M. Physica D, 44, 313-339 (1990). [19] Tabor M., Weiss J. Physical Review A, 24, 2157-2167 (1981).

[20] Yee T.-L., Conte R. Another integrable case in the Lorenz model, arXiv:nlin/0402033. [21] Dzhunushaliev V., Folomeev V., Myrzakulov R. Phys. Lett. B, 693, 209-212 (2010) [22] Dzhunushaliev V., Folomeev V., Myrzakulov R., Singleton D. Phys. Rev. D, 82, 45032 (2010) [23] Elizalde E., Myrzakulov R., Obukhov V.V., Saez-Gomez D. Classical and Quantum Gravity, 27, 095007 (2010) [24] Myrzakulov R., Saez-Gomez D., Tureanu A. General Relativity and Gravitation, 43, 1671- 1684 (2011) [25] Esmakhanova K., Myrzakulov N., Nugmanova G., Myrzakulov Y., Chechin L., Myrzakulov R. International Journal of Modern Physics D, 20, N12, 2419-2446 (2011), [arXiv:1104.3705] [26] Nugmanova G.N., Myrzakul Sh.R., Razina O.V., Esmakhanova K.R., Serikbayev N.S., Myrzakulov R. Some cosmological aspects of Horava-Lifshitz gravity: integrable and nonintegrable models, [arXiv:1104.5374] [27] Myrzakul Sh.R, Esmakhanova K.R., Myrzakulov K.R., Nugmanova G.N., Myrzakulov R.

FRW cosmological models with integrable and nonintegrable differential equations of state, [arXiv:1105.2771] [28] Tsyba P.Y., Kulnazarov I.I., Yerzhanov K.K., Myrzakulov R. International Journal of Theoretical Physics 50, 1876-1886 (2011) [29] Myrzakulov R. Fermionic K-essence, arXiv:1011.4337 [30] Jamil M., Myrzakulov Y., Razina O., Myrzakulov R. Astrophysics and Space Science, 336, N2, 315-325 (2011), [arXiv:1107.5807] [31] Razina O., Myrzakulov Y., Serikbayev N., Myrzakul Sh., Nugmanova G., Myrzakulov R. Eur.

Phys. J. Plus, 126, N9, 85-89 (2011), [arXiv:1101.0729] [32] Yerzhanov K.K., Tsyba P.Y., Myrzakul Sh.R., Myrzakulov R. Accelerated expansion of the Universe driven by G-essence, arXiv:1012.3031 [33] Razina O.V., Myrzakulov Y.M., Serikbayev N.S., Nugmanova G.N., Myrzakulov R. Central European Journal of Physics, 10, N1, 47-50 (2012), [arXiv:1012.5690] [34] Myrzakulov R. Eur. Phys. J. C, 71, N9, 1752-1759 (2011), [arXiv:1006.1120];

Myrzakulov R. arXiv:1207.1039; Myrzakulov R. arXiv:1205.5266; Myrzakulov R. arXiv:1204.1093; Myrzakulov R. et al. arXiv:1201.4360.

[35] Kulnazarov I., Yerzhanov K., Razina O., Myrzakul Sh., Tsyba P., Myrzakulov R. Eur. Phys.

J. C, 71, N7, 1698-1710 (2011), [arXiv:1012.4669]