arXiv:1102.4938v3 [gr-qc] 25 Jun 2011

Quantum Corrections for a Braneworld Black Hole

Mubasher Jamil^∗ Center for Advanced Mathematics and Physics, National University of Sciences and Technology, H-12, Islamabad, Pakistan

Farhad Darabi^† Department of Physics, Azarbaijan University of Tarbiat Moallem, Tabriz, Iran Research Institute for Astronomy and Astrophysics of Maragha (RIAAM), Maragha 55134-441, Iran Corresponding Author (Dated: June 28, 2011) Abstract: By using the quantum tunneling approach over semiclassical approximations, we study the quantum corrections to the Hawking temperature, entropy and Bekenstein-Hawking entropy-area relation for a black hole lying on a brane.

Keywords: Braneworld model; black hole; quantum tunneling; quantum corrections.

PACS numbers: 04.70.Dy, 04.70.Bw, 11.25.-w

∗Electronic address: mjamil@camp.nust.edu.pk †Electronic address: f.darabi@azaruniv.edu,

I. INTRODUCTION

There has been widespread interest and activity in the braneworld gravity in recent years (see [1] for a review). The two well-known models of braneworld gravity are those of Randall and Sundrum [2] and Arkani-Hamed et al [3, 4]. The braneworld scenario of our universe opens up the fascinating possibility of the existence of large extra spatial dimensions by ensuring that the standard model fields are confined to the 3-brane, whereas gravity could also propagate into the higher dimensional bulk as well as on the brane and the size of the extra dimensions can be much larger than the Planck length scale. The large size of the extra dimension plays the key role in providing a unification scale of the order of a few TeV. The higher dimensional TeV-sized black holes may be then produced at high energy probes. These black holes are microscopic, comparable in the size to the elementary particles. On the other hand, if matter on a 3-brane collapses under gravity a black hole is formed. Then the metric on the braneworld should be close to the Schwarzschild metric at astrophysical scales in order to preserve the observationally tested predictions of general relativity. Braneworld black hole solutions have been studied by a number of authors [5–7] and the quantum corrections to some of these solutions have been calculated by different methods. The possibility that such objects can be produced and detected at the LHC has been studied in [8–15]. String theory, loop quantum gravity and noncommutative geometry show that in the entropy-area relation the leading order correction should be of log-area type [16–24]. On the other hand, generalized uncertainty principle (GUP) and modified dispersion relations (MDRs) provide perturbational framework for such modifications [25–29]. In the present paper, we use quantum tunneling approach over semiclassical approximations to calculate the quantum corrections to the Hawking temperature and entropy of a Braneworld black hole corresponding to the solution presented in [5] .

II. THE MODEL

The line element of a spherically symmetric black hole of mass M on the brane is [5, 30]

ds^2 = − [ 1− (2M M^2_p )1 r + ( q M̃ 2_p ) 1 r^2 ] dt^2 + [ 1− (2M M^2_p )1 r + ( q M̃ 2_p ) 1 r^2 ]_{−1} dr^2 +r^2(dθ^2 +sin^2 θdϕ^2), (1)

Here M_p is the Planck mass while the tilde refers to quantities on the brane. Also q = QM̃^2_p is the dimensionless tidal charge parameter. Notice that (1) represents an exact localized black hole solution which remarkably has the mathematical form of the Reissner-Nordström solution, but without electric charge being present. Instead the Reissner-Nordström type correction can be thought of as a tidal charge which arises from the projection onto the brane of free gravitational effects in the bulk.

The four dimensional structure of the brane-world black hole depends on the sign of q. For q ≥ 0, there is a direct analogy to the Reissner-Nordström solution, with two horizons:

r_± = M M^2_p [ 1 ± √ 1 − q M^4_p M^2M̃^2_p ] . (2)

To calculate the corrections to the entropy and temperature of brane-world black hole, we use the Hamilton-Jacobi method to compute the imaginary part of the action outside the semi-classical approximation admitting all possible quantum corrections . The expression of quantum correction of a general function S(r, t) expanded in the series in powers of ℏ is [31]

S(r, t) = S_0(r, t) + ℏS_1(r, t) + ℏ^2S_2(r, t) + . . . = S_0(r, t) + ∑ i ℏ^iS_i(r, t). (3) Here S_0 is the semiclassical entropy while the remaining terms are the higher order corrections to S_0. On the considerations of dimensional analysis, the above expression (3) takes the form [32]: S(r, t) = S_0(r, t) + ∑ i α_i ℏ^i M^{2i} S_0(r, t) = S_0(r, t) ( 1 + ∑ i α_i ℏ^i M^{2i} ) , (4)

where M is the mass of the black hole and α’s are the correction coefficients.

The modified form of the temperature of the BH can be written as [31] T = T_H ( 1 + ∑ i α_i ℏ^i M^{2i} )_{−1} , (5)

where T_H is the standard semiclassical Hawking temperature and the terms with α_i are corrections due to quantum effects. If we consider α_i in terms of a single dimensionless parameter β such that α_i = β then we have 1 + ∑ i α_i ℏ^i M^{2i} = ( 1 − βℏ M^2 )_{−1} . (6)

By using Eq.(6) in Eq.(5), we obtain T = T_H ( 1 − βℏ M^2 ) , (7)

where the Hawking temperature of the braneworld black hole is given by

T_H = ℏ 4π ∂g_{00} ∂r |_{r=r+} = ℏ 2π (MM̃ 2_p r_+ − qM 2_p

M̃ 2_p M 2_p r3_+ ) . (8)

Therefore, the semiclassical entropy of the braneworld black hole is obtained as follows

S_0 = ∫ 1 T_H dM = 2π ℏ ∫ ( M̃_{2p} M_{2p} r_{3+}

MM̃^2_p r_+ − qM^2_p ) dM. (9) The mass of the braneworld black hole is given by M = M^2_p r_+ 2 ( 1 + q M̃ 2_p 1 r^2_+ ) , (10)

while the corresponding differential of mass is easily obtained dM = (M 2_p M̃ 2_p r2_+ − qM 2_p 2M̃^2_p r^2_+ ) dr_+. (11)

Making use of (10) and (11) in (9) yields

S_0 = 2π ℏ M^2_p ∫ r_+dr_+ = π ℏ M^2_p r^2_+. (12)

Assuming A is the area of the event horizon, it is then calculated as follows A = ∫ √ g_{22}g_{33}dx^2dx^3 = 4πr^2_+. (13)

Thus, Eq.(12) can be written as S_0 = A 4ℏ M^2_p , (14)

and we obtain the Hawking entropy-area relation for a braneworld black hole.

III. HAWKING TEMPERATURE CORRECTIONS

In this section, we find the correction to the Hawking temperature as a result of quantum effects for the braneworld black hole. The expression for the semiclassical Hawking temperature, (8) turns out to be

T_H = ℏ 4π (M̃ 2_p r2_+ − q

M̃ 2_p r3_+ ) . (15)

On the other hand, equations (7) and (10) result in T = T_H [ 1 − βℏ 4M̃^4_p r^2_+ (M^2_p M̃^2_p r^2_+ + qM^2_p )^2 ] . (16)

Now using (15) in (16), the corrected Hawking temperature is given by T = ℏ 4π (M̃ 2_p r2_+ − q M̃ 2_p r3_+ )[ 1 − βℏ 4M̃^4_p r^2_+ (M^2_p M̃^2_p r^2_+ + qM^2_p )^2 ] . (17)

IV. ENTROPY CORRECTIONS

Here we calculate the quantum corrections to the entropy of the Braneworld black hole. In terms of the horizon radius, the corrected form of the entropy (4) is given by S(r, t) = S_0 ( 1 + ∑ i α_iℏ^i(2M̃^2_p r_+)^{2i} (M^2_p M̃^2_p r^2_+ + qM^2_p )^{2i} ) , (18)

and similarly the corrected form of the Hawking temperature can be written as T = T_H ( 1 + ∑ i α_iℏ^i(2M̃^2_p r_+)^{2i} (M^2_p M̃^2_p r^2_+ + qM^2_p )^{2i} )_{−1} . (19)

In the first law of thermodynamics dM = T dS, we replace the temperature T by the corrected form of the temperature. Thus the entropy with the correction terms is given by S(M) = ∫ 1 T_H ( 1 + ∑ i α_iℏ^i(2M̃^2_p r_+)^{2i} (M^2_p M̃^2_p r^2_+ + qM^2_p )^{2i} ) dM, (20) which can be written in expanded form as S(M) = ∫ 1 T_H dM + ∫ α_1ℏ(2M̃^2_p r_+)^2 T_H (M^2_p M̃^2_p r^2_+ + qM^2_p )^2 dM + ∫ α_2ℏ^2(2M̃^2_p r_+)^4 T_H (M^2_p M̃^2_p r^2_+ + qM^2_p )^4 dM + . . . = I_1 + I_2 + I_3 + . . . , (21)

where the first integral I_1 has been evaluated in (9) and I_2, I_3, . . . are quantum corrections. Thus, I_2 =

2^3πα_1M̃^4_p M^2_p ∫ r^3_+ (M̃^2_p r^2_+ + q)^2 dr_+, (22) and I_3 =

2^5πα_2ℏM̃^8_p

M^6_p ∫ r^5_+ (M̃^2_p r^2_+ + q)^4 dr_+, (23) where use has been made of (11). In general, we can write

I_k = 2^{2k−1}πα_{k−1}ℏ^{k−2}M̃^{4k−6}_p M^{4k−2}_p ∫ r^{2k−1}_+ (M̃^2_p r^2_+ + q)^{2k−2} dr_+, k > 3. (24)

Therefore the entropy with quantum corrections is given by S(M) = 2π ℏ M^2_p ∫ r_+dr_+ +

2^3πα_1M̃^4_p M^2_p ∫ r^3_+ (M̃^2_p r^2_+ + q)^2 dr_+ + ∑ k>2 2^{2k−1}πα_{k−1}ℏ^{k−2}M̃^{4k−6}_p M^{4k−2}_p ∫ r^{2k−1}_+ (M̃^2_p r^2_+ + q)^{2k−2} dr_+. (25)

After the evaluation of the integrals, (25) takes the form S(M) = π ℏ M^2_p r^2_+ +

2^2πα_1 M^2_p ( ln(q + r^2_+M̃^2_p ) + q q + r^2_+M̃^2_p )

+ ∑ k>2 2^{2k−2}πα_{k−1}ℏ^{k−2}M̃^{4k−6}_p kM^{4k−2}_p (2 + 3k + k^2) [r2k_+ q^{2k} { (2 + 3k + k^2)q^2_2F_1 ( k, 2k, 1 + k, − r^2_+M̃^2_p q )

+kr^2_+M̃^2_p [ 2(2 + k)q_2F_1 ( 1 + k, 2k, 2 + k, − r^2_+M̃^2_p q )

+(1 + k)r^2_+M̃^2_{p 2}F_1 ( 2 + k, 2k, 3 + k, − r^2_+M̃^2_p q )]}] . (26)

The entropy in (26) in terms of area A is given as follows: S(M) = A 4ℏ M^2_p +

2^2πα_1 M^2_p ( ln(q + A 4π M̃^2_p ) + q q +^A_{4π} M̃^2_p )

+ ∑ k>2 2^{2k−2}πα_{k−1}ℏ^{k−2}M̃^{4k−6}_p kM^{4k−2}_p (2 + 3k + k^2) [ Ak π^k(2q)^{2k} { (2 + 3k + k^2)q^2_2F_1 ( k, 2k, 1 + k, − AM̃^2_p 4πq )

+k A 4π M̃^2_p [ 2(2 + k)q_2F_1 ( 1 + k, 2k, 2 + k, − AM̃^2_p 4πq )

+(1 + k) A 4π M̃^2_{p 2}F_1 ( 2 + k, 2k, 3 + k, − AM̃^2_p 4πq )]}] . (27)

Here_2F_1 is the hypergeometric function. Clearly the first term in the above expansion (27) is the usual Hawking entropy-area relation. However the first correction term is logarithmic which incorporates the contribution of the tidal charge. The higher order corrections follow a combination of hypergeometric functions. We emphasize that at this stage the parameter q cannot be taken zero since it will make the correction terms divergent.

V. CONCLUSION

There are several approaches such as string theory, loop quantum gravity, noncommutative geometry, modified dispersion relations and generalized uncertainty principle to find quantum gravitational corrections of black hole entropy-area relation. In this paper, using the quantum tunneling approach over semiclassical approximations, we have studied the quantum corrections to the thermodynamical quantities like Hawking temperature, entropy and Bekenstein-Hawking entropy-area relation of a Braneworld black hole. It is shown that similar to the other approaches a logarithmic correction, among other corrections, appears which incorporates the contribution of the dimensionless tidal charge parameter on the brane.

Acknowledgment

This work has been supported by “Research Institute for Astronomy and Astrophysics of Maragha (RIAAM)”, Iran.

[1] R. Maartens, Living Rev. Rel. 7 (2004) 1.

[2] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370. [3] N. Arkani-Hamed, S. Dimopoulos and G. Divali, Phys. Lett. B 429 (1998) 263. [4] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Divali, Phys. Lett. B 436 (1998) 257. [5] N. Dadhich, R. Maartens, P. Papadopoulos, V. Rezania, Phys. Lett. B 487 (2000) 1. [6] A. Chamblin, S. W. Hawking and H.S. Reall, Phys. Rev. D 61 (2000) 065007. [7] M. Heydari-Fard, H. Razmi and H. R. Sepangi, Phys. Rev. D 76 (2007) 066002. [8] R. Casadio, B. Harms; Microcanonical description of (micro) black holes arXiv:1101.1384v1. [9] R. Casadio and B. Harms, Phys. Rev. D 64 (2001) 024016. [10] R. Casadio and B. Harms, Phys. Lett. B 487 (2000) 209. [11] R. Casadio and B. Harms, Int. J. Mod. Phys. A 17 (2002) 4635. [12] R. Casadio, S. Fabi and B. Harms, Phys. Rev. D 80 (2009) 084036. [13] R. Casadio, S. Fabi, B. Harms and O. Micu JHEP 1002 (2010) 079. [14] R. Casadio and O. Micu, Phys. Rev. D 81 (2010) 104024.

[15] R. Casadio, B. Harms and O. Micu, Phys. Rev. D 82 (2010) 044026. [16] G. Amelino-Camelia et al, arXiv:gr-qc/0506110 v1. [17] G. Amelino-Camelia et al, Int. J. Mod. Phys. D 13 (2004) 2337. [18] G. Amelino-Camelia, Nature 410 (2001) 1065. [19] J. Magueijo and L. Smolin, Phys. Rev. D 67 (2003) 044017. [20] G. Amelino-Camelia, Int. J. Mod. Phys. D 11 (2002) 35. [21] A. J. M. Medved and E. C. Vagenas, Phys. Rev. D 70 (2004) 124021. [22] M R Setare, Phys. Lett. B 573 (2003) 173. [23] M R Setare, Eur. Phys. J. C33 (2004) 555. [24] M R Setare, Phys. Lett. B 612 (2005) 100. [25] M R Setare, Phys. Rev. D 70 (2004) 087501. [26] M R Setare, Int. J. Mod. Phys. A 21 (2006) 1325.

[27] K. Nozari and A. S. Sefidgar, Phys. Lett. B 635 (2006) 156; Gen. Rel. Grav. 39 (2007) 501. [28] A. S. Sefiedgar and H. R. Sepangi, Phys. Lett. B 692 (2010) 281. [29] A. Farmanya, S. Abbasia and A. Naghipoura, Acta Physica Polonica. A 114 (2008) 651. [30] A.S. Majumdar and N. Mukherjee, Int. J. Mod. Phys. D14 (2005) 1095. [31] R. Banerjee and B.R. Majhi, JHEP 06 (2008) 095. [32] M. Sharif and W. Javed, J. Korean Phys. Soc. 57 (2010) 217.