arXiv:1102.5636v2 [gr-qc] 14 Oct 2011

NŒTHER AND BELINFANTE CORRECTED TYPES OF CURRENTS FOR PERTURBATIONS IN THE EINSTEIN-GAUSS-BONNET GRAVITY A.N.Petrov Relativistic Astrophysics group, Sternberg Astronomical institute, Universitetskii pr., 13, Moscow, 119992, RUSSIA e-mail: anpetrov@rol.ru telephone number: +7(495)7315222 fax: +7(495)9328841 PACS numbers: 04.50.+h, 04.20.Cv, 04.20.Fy

Abstract

In the framework of an arbitrary D-dimensional metric theory, perturbations are considered on arbitrary backgrounds that are however solutions of the theory. Conserved currents for perturbations are presented following two known prescriptions: canonical Nœther theorem and Belinfante symmetrization rule. Using generalized formulae, currents in the Einstein-Gauss-Bonnet (EGB) gravity for arbitrary types of perturbations on arbitrary curved backgrounds (not only vacuum) are constructed in an explicit covariant form. Special attention is paid to the energy-momentum tensors for perturbations which are an important part in the structure of the currents.

We use the derived expressions for two applied calculations: a) to present the energy density for weak flat gravitational waves in D-dimensional EGB gravity; b) to construct the mass flux for the Maeda-Dadhich-Molina 3D radiating black holes of a Kaluza-Klein type in 6D EGB gravity.

1 Introduction

As multidimensional theories become more and more popular, the study of the behaviour and properties of solutions in these theories has gained prominence. In particular, it is especially important to describe perturbations in such theories (see, for example, [1] - [6], and numerous references there in). It is very important to construct conserved quantities for such perturbations. Although several approaches have been developed, including our recent results (see [7] and references there in), these have been restricted, as a rule, to only constructing surface (non-local) expressions. The surface expressions are obtained after integration of so-called superpotentials. However, keeping in mind cosmological and astrophysical applications it is important to construct local conserved quantities (which usually are expressed by conserved currents for perturbations), and to connect them with non-local conserved quantities. In this approach, conservation laws are presented in a form where superpotentials are connected with correspondent conserved currents.

Arguably, at the present moment, among multidimensional generalizations of usual 4- dimensional general relativity (4D GR), a Gauss-Bonnet (GB) modification is the most popular. The action of the Einstein-Gauss-Bonnet (EGB) theory has a lower (quadratic in curvature) order of the action of the Lovelock gravity [8]. The latter is a generalization of GR, when an action includes higher order curvature terms preserving the diffeomorphism invariance and still leading to field equations containing no more than second order derivatives. On the other hand, independently, the GB term occurs in the effective lower energy action of superstring theory [9]. The EGB gravity has many new useful and interesting properties. Therefore in the framework of the EGB gravity numerous important topics and problems are intensively studied. They are multidimensional black hole solutions, black hole thermodynamics and conserved charges, AdS/CFT correspondence, wormhole solutions and their properties, cosmological dynamics, membrane paradigm, etc. It is impossible to give a full bibliography on studies related to Lovelock and EGB theories; for a review and further references one can recommend, e.g., [10], where many aforementioned aspects are discussed.

In [7], where superpotentials and correspondent charges in EGB gravity were constructed, we have used the following three approaches well known in 4D GR. The first approach, canonical (direct application of Nœther theorem), starts from the Einstein pseudotensor [11] and the Freud superpotential [12]. The final and maximally generalized form in 4D GR is presented by Katz, Bičák and Lynden-Bell [13]. The second approach is based on the Belinfante symmetrization method [14], which firstly in 4D GR has been applied by Papapetrou [15] for symmetrization of the Einstein pseudotensor and for the correction of the Freud superpotential. Maximally generalized application of the Beinfante method in 4D GR is presented in the works [16, 17]. The third approach is frequently called as field-theoretical (or symmetrical) one, where all perturbations (including metric ones) are presented as an united field configuration, which propagates in a background spacetime and is described by symmetrical (metric) energy-momentum tensor. For review of the above methods see [18].

To the best of our knowledge, unlike superpotentials, authors have not paid attention to constructing currents in modified theories. Here, at least in part, we try to close this gap. Following the proposals in [18], we present currents of a generalized form in an arbitrary metric theory in the canonical and Belinfante symmetrization approaches. Following this, the generalized formulae are used to construct the currents in EGB gravity. Thus, continuing the research begun in [19] and [7], we add superpotentials presented in [7] by corresponding currents. The symmetrical approach, due to its technical particularities, requires a separate investigation, therefore we do not consider it here.

The paper is organized as follows. In section 2, general definitions in an arbitrary Ddimensional metric theory are given, and general identities necessary for constructing conserved quantities are presented and discussed. In section 3, in an arbitrary metric theory conserved currents for arbitrary perturbations on arbitrary curved backgrounds that are however solutions of the theory, are presented in the framework of both the approaches. In section 4, the results of section 3 are used to construct explicit covariant expressions for the currents in EGB gravity. In section 5, the new expressions for the currents are used to construct energy density for weak flat gravitational waves and mass flux for radiating solutions in the EGB gravity. The concluding remarks are placed in the last section. In Appendix, we present the necessary, although somewhat cumbersome, expressions from EGB gravity.

2 Arbitrary D-dimensional metric theories. The main identities

2.1 Preliminaries

To present an arbitrary D-dimensional metric theory we consider the Lagrangian:

L̂_D = − 1 2κ_D L̂_g(g_{μν} ) + L̂_m(g_{μν} , Φ) . (2.1)

One includes derivatives up to the second order of the metric g_{μν} and Φ, where the last defines matter sources without concretization. Here and below “hat” means densities of the wight +1, for example, ĝ^{μν} = √ −gg^{μν} , L̂ = √ −gL, etc; (, α) ≡ ∂_α means ordinary derivatives; Greek indexes enumerate D-dimensional spacetime coordinates. Variation of

(2.1) with respect to g^{μν} leads to the gravitational equations: Ĝ_{μν} = κ_DT̂_{μν} . (2.2)

Variation (2.1) with respect to Φ gives corresponding matter equations. In this section, we derive the identities applying both the Nœther theorem only and the Nœther theorem together with the Belinfante procedure to the gravitational part of the Lagrangian (2.1).

To examine perturbations, we need to consider the background D-dimensional spacetime. Let it belong the metric g_{μν} , from which the background Christoffel symbols Γ^σ_{τ ρ}, covariant derivatives D_α and the background Riemannian tensor R^σ_{τ ρπ} are constructed; here and below “bar” means that a quantity is a background one. We also use the background Lagrangian defined as L̂_D = L̂_D(ḡ_{μν} , Φ) and corresponding background gravitational and matter equations. We assume that the background fields ḡ_{μν} and Φ satisfy the background equations, and, thus are known (fixed). Here, for our purposes, we incorporate the background metric g_{μν} into L̂_g changing the ordinary derivatives ∂_α by the covariant D_α ones in the usual way: ∂_αg_{μν} ≡ D_αg_{μν} − Γ^σ_{αρ} g_{μν} |^ρ_σ. The generalized notation g_{μν} |^α_β corresponds to the Lie derivative definition:

£_ξg_{μν} = −ξ^αD_αg_{μν} + g_{μν} |^α_β D_αξ^β , (2.3) thus g_{μν} |^α_β = −2g_{β(μ}δ^α_{ν)}; the choice of a sign corresponds to [20]. Then, using

Δ^α_{μν} = Γ^α_{μν} − Γ^α_{μν} =^1_2 g^{αρ} ( D_μg_{ρν} + D_ν g_{ρμ} − D_ρg_{μν} ) , (2.4) R^λ_{τ ρσ} = D_ρΔ^λ_{τ σ} − D_σΔ^λ_{τ ρ} + Δ^λ_{ρη}Δ^η_{τ σ} − Δ^λ_{ησ} Δ^η_{τ ρ} + R^λ_{τ ρσ} = δR^λ_{τ ρσ} + R^λ_{τ ρσ} , (2.5)

we transform the pure metric Lagrangian L̂_g into an explicitly covariant form: L̂_g = L̂_c = L̂_c(g_{μν} ; D_αg_{μν} ; D_{βα}g_{μν} ), where D_{βα} ≡ D_βD_α. Here and below δ means a difference between a dynamical and a background quantity. Thus for an arbitrary tensor density Q:

δQ = Q − Q (2.6)

that is a finite (exact, not infinitesimal) perturbation.

2.2 The Nœther method and identities

A direct application of the canonical Nœther procedure to −L̂_c/2κ_D, as a scalar density, gives the identity −1/2κ_D ( £_ξL̂_c + ∂_α(ξ^αL̂_c) ) ≡ 0, which is equivalent to −D_α [ û_σ^αξ^σ + m̂_σ^{ατ} D_τ ξ^σ + n̂_σ^{ατ β}D_βD_τ ξ^σ ] ≡ D_αî^α_C ≡ ∂_αî^α_C ≡ 0 . (2.7)

Here, the coefficients are defined in unique way (without ambiguities) by the Lagrangian:

û_σ^α = − 1 κ_D [ Ĝ^α_σ + κ_DÛ_σ^α + κ_Dn̂_λ^{ατ β} R^λ_{τ βσ} ] , (2.8) m̂_σ^{ατ} = − 1 2κ_D [ δL̂_c δ(D_αg_{μν} ) g_{μν} |^τ_σ − ∂L̂_c ∂(D_{τ α}g_{μν} ) D_σg_{μν} + ∂L̂_c ∂(D_{βα}g_{μν} ) D_β(g_{μν} |^τ_σ) ] , (2.9)

n̂_σ^{ατ β} = − 1 4κ_D [ ∂L̂_c ∂(D_βD_αg_{μν} ) g_{μν} |^τ_σ + ∂L̂_c ∂(D_τ D_αg_{μν} ) g_{μν} |^β_σ ] . (2.10)

It can be seen that n̂_σ^{ατ β} = n̂_σ^{αβτ} . We use the notations

Ĝ^α_σ ≡ 1 2 δL̂_c δg_{μν} g_{μν} |^α_σ ≡ − δL̂_c δg_{μα} g_{μσ} ≡ δL̂_c δg^{μσ} g^{μα} , (2.11)

Û_σ^α ≡ − 1 2κ_D ( ∂L̂_c ∂(D_{βα}g_{μν} ) D_{σβ} g_{μν} + δL̂_c δ(D_αg_{μν} ) D_σg_{μν} − δ^α_σ L̂_c ) , (2.12) δL̂_c δ(D_αg_{μν} ) ≡ ∂L̂_c ∂(D_αg_{μν} ) − D_β ( ∂L̂_c ∂(D_{αβ}g_{μν} ) ) . (2.13)

As usual, δL̂_c/δg_{μν} means Lagrangian derivatives, Ĝ^α_σ is exactly the symmetrical left hand side of (2.2), and Û^α_σ is the generalized canonical energy-momentum related to the gravitational Lagrangian in (2.1).

The generalized current in (2.7) can be rewritten as

î^α_C = − [ (û_σ^α + n̂_λ^{αβγ} R^λ_{βγσ})ξ^σ + m̂^{ραβ} ∂_{[β}ξ_{ρ]} + ẑ^α_C ] (2.14)

where z-term is defined as ẑ^α_C (ξ) = m̂^{σαβ} ζ_{σβ} + n̂^{ραβγ} ( 2D_γ ζ_{βρ} − D_ρζ_{βγ} ) , (2.15)

and 2ζ_{ρσ} = −£_ξg_{ρσ} = 2D_{(ρ}ξ_{σ)}. Thus, z-term disappears, if ξ^μ = λ^μ is a Killing vector of the background spacetime. Then only the current (2.14) is determined by the energy-momentum (u + nR)-term and the spin m-term.

Opening the identity (2.7) and, since ξ^σ, ∂_αξ^σ, ∂_{βα}ξ^σ and ∂_{γβα}ξ^σ are arbitrary at every world point, equating independently to zero the coefficients at ξ^σ, D_αξ^σ, D_{(βα)}ξ^σ and D_{(γβα)}ξ^σ we get a system of covariant identities of the Belinfante-Rosenfeld type:

D_αû_σ^α +^1_2m̂_λ^{αρ}R^λ_{σ ρα} +^1_3n̂_λ^{αργ} D_γ R^λ_{σ ρα} ≡ 0, (2.16) û_σ^α + D_λm̂_σ^{λα} + n̂_λ^{τ αρ}R^λ_{σ ρτ} +^2_3n̂_σ^{λτ ρ}R^α_{τ ρλ} ≡ 0, (2.17) m̂_σ^{(αβ)} + D_λn̂_σ^{λ(αβ)} ≡ 0, (2.18) n̂^{(αβγ)}_σ ≡ 0. (2.19)

These are the generalization to arbitrary curved backgrounds of the expressions given by Mitzkevich [20]. The above identities are not independent: the first one (2.16) is a consequence of the other three.

As a rule, a divergence L̂^′ = d̂^ν_{,ν} in the Lagrangian is not essential for deriving field equations. However, in a definition of canonical conserved quantities it plays an important role. Let us illustrate this below. For the scalar density L̂^′ = d̂^ν_{,ν} one has the Nœther identity (£_ξd̂^α + ξ^αd̂^ν_{,ν} )_{,α} ≡ 0 , (2.20) which has to be considered together with (2.7). An expression under divergence in (2.20) defines an additional contribution î^{′α} = − [ û^′_σ^αξ^σ + m̂^′_σ^{ατ} D_τ ξ^σ ] ; (2.21) û^′_σ^α = 2D_β (δ^{[α}_σ d̂^{β]}) , m̂^′_σ^{αβ} = 2δ^{[α}_σ d̂^{β]} , n̂^′_σ^{αβγ} = 0 . (2.22) into the current (2.14). Note that the construction of the quantities (2.22) in the additional current (2.21) does not depend on the inner structure of d̂^ν .

2.3 The Belinfante symmetrization

Using the Belinfante rule [14] generalized in [17] we define the Belinfante correction: ŝ^{αβσ} = −ŝ^{βασ} = −m̂_λ^{σ[α}ḡ^{β]λ} − m̂_λ^{α[σ}ḡ^{β]λ} + m̂_λ^{β[σ}ḡ^{α]λ} , (2.23) and modify (2.14). Thus, the Belinfante corrected current is

î^α_B = î^α_C + D_β(ŝ^{αβσ}ξ_σ) = − [( û_σ^α + n̂_λ^{αβγ} R^λ_{βγσ} − D_βŝ^{αβ}_σ ) ξ^σ + ẑ^α_B(ξ) ] . (2.24) By definition, it does not contain the spin term (coefficient at ∂_{[β}ξ_{ρ]}). The new z-term ẑ^α_B (ξ) = ( g^{λσ}m̂_λ^{βα} + 2g^{λ[σ}m̂_λ^{α]β} ) ζ_{σβ} + n̂_ρ^{αβγ} ( 2D_γ ζ^ρ_β − D^ρζ_{βγ} ) (2.25) disappears for Killing vectors of the background as well. Due to antisymmetry in (2.23), this current (2.24) is also identically conserved: ∂_αî^α_B ≡ D_αî^α_B ≡ 0 . (2.26) It is important to note that the Belinfante procedure cancels the addition (2.21) induced by a divergence in Lagrangian.

Because the currents î^α_C and î^α_B satisfy the identities (2.7) and (2.26) they have to be expressed through correspondent antisymmetrical tensor densities (superpotentials) î^{αβ}_C and î^{αβ}_B , for which ∂_α∂_βî^{αβ}_C ≡ ∂_α∂_βî^{αβ}_B ≡ 0. Indeed, following the standard prescription [18] and (2.17) - (2.19), one can construct these superpotentials satisfying î^α_C ≡ D_βî^{αβ}_C ≡ ∂_βî^{αβ}_C , (2.27) î^α_B ≡ D_βî^{αβ}_B ≡ ∂_βî^{αβ}_B . (2.28)

These demonstrate a principal form of a connection of the currents constructed here with the superpotentials in [7].

Here, the coefficients (2.8) - (2.10) are uniquely defined by the pure metric part of the Lagrangian (2.1). Consequently, Nœther’s and Nœther-Belinfante’s procedures give uniquely defined currents. The same claim is related, of course, to all the quantities constructed below for perturbations and based on the identities presented here.

3 Currents in arbitrary D-dimensional metric theories

In previous section, we have derived the identities and the identically conserved currents related to the external background spacetime which looks as an auxiliary structure. Here, we use these results to describe perturbations, which are determined when one (dynamical) solution of the theory is considered as a perturbed system with respect to another solution (background) of the same theory. Perturbations in such a scenario are exact (not infinitesimal or approximate), and the background spacetime acquires a real sense, and is not just an auxiliary structure. The same scheme, which can be named as bimetric, has been explored in [7]. Linear and higher order approximations simply follow once the exact form is presented.

3.1 Canonical Nœther current

The expressions presented in subsection 2.2 are maximally adopted to construct Nœther canonical conserved quantities in the framework of the bimetric formulation. Following the Katz-Bičák-Lynden-Bell (KBL) ideology [13] we construct the Lagrangian:

L̂_G = − 1 2κ_D ( L̂_g − L̂_g + ∂_αd̂^α ) . (3.1)

This Lagrangian, constructed for perturbations, has to be vanishing for vanishing perturbations. Thus usually d̂^α is chosen to satisfy this requirement, i.e., to disappear for vanishing perturbations, see, e.g., [13, 21]. Applying the barred procedure to (2.14) and taking into account the divergence (using (2.21) and (2.22)), one obtains the current corresponding to (3.1): Î^α_C = î^α_C − î^α_C + î^{′α}. We then use the dynamical equations (2.2) in û_σ^α. We change G_{μν} (as a part of û_σ^α, see (2.8)) by the matter energy-momentum T_{μν} at right hand side of (2.2). Next, we do the same combining û_σ^α and the barred equations (2.2). In the result one obtains that the identically conserved current Î^α_C related to (3.1) transforms into the current

Î^α_C (ξ) =_CΘ̂_σ^αξ^σ +_CM̂^{σαβ} ∂_{[σ}ξ_{β]} +_CẐ^α(ξ) (3.2) for perturbations. Now, the conservation law: D_αÎ^α_C (ξ) = ∂_αÎ^α_C (ξ) = 0 (3.3) holds in place due to the field equations (not identically). The generalized canonical energymomentum, spin and Z-term are CΘ̂_σ^α ≡ δT̂^α_σ + δÛ_σ^α + κ^{−1}_D D_β(δ^{[α}_σ d̂^{β]}) , (3.4) CM̂^{σαβ} ≡ δm̂_ρ^{αβ}ḡ^{σρ} − κ^{−1}_D ḡ^{σ[α}d̂^{β]} , (3.5) CẐ^α(ξ) ≡ −δẑ^α_C + κ^{−1}_D ζ^{[α}_β d̂^{β]} (3.6)

where perturbations are constructed following the general definition (2.6). To calculate perturbations one has to use quantities presented in (2.2), (2.9), (2.10), (2.12) and (2.15).

3.2 Belinfante symmetrized current

To construct the Belinfante corrected conserved currents for the perturbed system (3.1) we turn to subsection 2.3. We subtract the barred expression (2.24) from the original one (2.24): Î α_B = îα_B − îα_B. Of course, the same is obtained after applying the Nœther-Belinfante method directly to the Lagrangian in (3.1). Again, using the equations (2.2) and their barred version in û_σ^α and û_σ^α, the current Î^α_B related to (3.1) transforms into Î^α_B (ξ) =_BΘ̂_σ^αξ^σ +_BẐ^α(ξ) . (3.7)

Thus, one has a conservation law D_αÎ^α_B (ξ) = ∂_αÎ^α_B (ξ) = 0 (3.8) for perturbations satisfying the field equations. As it has to be, the current (3.7) does not contain a spin term, unlike (3.2). The Belinfante corrected energy-momentum and Z-term are BΘ̂_σ^α ≡ δT̂^α_σ + δÛ_σ^α + D_βδŝ^{αβ}_σ , (3.9) BẐ^α(ξ) ≡ −δẑ^α_B (ξ) . (3.10)

To calculate perturbations one has to use quantities presented in (2.2), (2.9), (2.10), (2.12), (2.23) and (2.25).

Note that, the energy-momenta (3.4) and (3.9) are separated into the two parts: matter and pure gravitational ones. However, this separation is conventional because the relation between these two parts can be changed easily by another combination with the field equations (2.2) that is quite permissible.

4 Currents in the Einstein-Gauss-Bonnet gravity

4.1 Preliminaries

In this section, we apply the theoretical results of the previous sections to derive the explicit structure of the currents in the EGB gravity of both the kinds (3.2) and (3.7). We search for the expressions in the most general form: they are not to be restricted by any concrete backgrounds or dynamic solutions. As a basis for calculation, we use expressions presented in the Appendix. Because Z-terms in (3.2) and (3.7) disappear for the Killing vectors of the background they are not so essential. Therefore, we do not give their explicit form, since these can be easily reconstructed using the auxiliary expressions from the Appendix.

The action of the Einstein D-dimensional theory with a bare cosmological term Λ_0 and a Gauss-Bonnet correction term (see, for example, [22]) is S = − 1 2κ_D ∫ d^DxL̂_{EGB} + ∫ d^DxL̂_m = − 1 2κ_D ∫ d^Dx √ −g [R − 2Λ_0 + α(RR)_{GB}] + ∫ d^DxL̂_m , (4.1)

(RR)_{GB} ≡ R^2_{αβγδ} − 4R^2_{αβ} + R^2 , (4.2) where κ_D = 2Ω_{D−2}G_D > 0 and α > 0; G_D is the D-dimension Newton’s constant. Below, the subscripts “_E” is related to the pure Einstein part of the action (4.1), and the subscript “_{GB}” is related to the Gauss-Bonnet part connected with α-coefficient. The field equations that follow from (4.1) have the form of (2.2) with Ĝ^{μν} = − δ δg_{μν} L̂_{EGB} = √−g {( R^{μν} −^1_2 g^{μν} R + g^{μν}Λ_0 )

+ 2α [ RR^{μν} − 2R^μ_σ^ν_ρR^{σρ} + R^μ_{σρτ} R^{νσρτ} − 2R^μ_σR^{σν} −^1_4 g^{μν} (RR)_{GB} ]} . (4.3)

4.2 Canonical prescription

Let us turn to the current (3.2). Its structure (3.4) - (3.6) essentially depends on the divergence in the Lagrangian. We choose the divergence induced by the Katz-Lifshits approach [23] (see discussions in [7, 24]). Thus, in (3.4) - (3.6) we consider

d̂^α =_{(E)}d̂^α +_{(GB)}d̂^α = 2Δ^{[τ}_{τ β}ĝ^{α]β} + 4α ( R̂_ρ^{βτ α} − 2R̂^{[τ}_ρ g^{α]β} − 2δ^{[τ}_ρ R̂^{α]β} + δ^{[τ}_ρ g^{α]β}R̂ ) Δ^ρ_{τ β} . (4.4)

In D-dimensional GR, the Katz and Livshits superpotential [23] turns out uniquely the KBL superpotential [13]. In EGB gravity, their superpotential (essentially connected with (4.4) and the GB term (4.2)) naturally transfers into the KBL superpotential for D = 4. Thus, although the GB term does not affect the derivation of the field equations for D = 4, it plays an important role (as a criterium) in definition of superpotentials of canonical type. The use of the term (4.2) in the Lagrangian even in four dimensions turns out important when the other ideas are elaborated. For example, in [25] Olea includes the GB term to regularize conserved quantities, in [26] Mišković and Olea show that the standard holographic regularization procedure of AdS gravity with counterterms is topological and, thus, can be presented by the addition of the GB term.

Now, not calculating Z-term, we construct (3.4) and (3.5). The matter part in (3.4) is defined by the sources in (2.2), however its concrete form will not be presented here. For present purpose, it is more interesting to focus on the gravitational part of (3.4) denoted below as_CT̂_σ^α. Thus, we calculate (3.4) with the use of (A.5) and (4.4):

CΘ̂_σ^α = δT̂_σ^α +_CT̂_σ^α = √−gT_σ^α − √−g T_σ^α + 1 2κ_D δ^α_σ [ R_{ρτ} l̂^{ρτ} − 2Λ_0δ √ −g ]

+ √ −g κ_D [( Δ^α_{ρ[τ} Δ^π_{]σ} + Δ^α_{ρ[σ}Δ^π_{]τ} + δ^α_σ Δ^π_{β[τ} Δ^β_{π]ρ} − δ^α_ρ Δ^β_{[σ}Δ^π_{]τ} ) g^{τ ρ} ]

+ 1 κ_D D_β(δ^{[α}_{σ (GB)}d̂^{β]}) + α 2κ_D δ^α_σ δ ( R̂R ) GB + 2α √ −g κ_D [( R^{αβρ}_τ − 4g^{ρ[α}R^{β]}_τ + Rg^{ρ[α}δ^{β]}_τ ) D_σΔ^τ_{βρ} + 2g^{βμ} ( D_βR^{αν} + 2Δ^{(α}_{βρ}R^{ν]ρ} ) Δ^τ_{σ(μ}g_{ν)τ} − g^{ρ(α}Δ^{ν)}_{σρ}∂_ν R ] . (4.5)

The symbol δ without subscripts, once again, means a perturbation of a quantity with respect to a background (2.6); we also use the notation: l̂^{ρτ} = δĝ^{ρτ} = δ( √ −gg^{ρτ} ) [17].

To calculate the spin term (3.5) we use (A.6) subtracting the barred (A.6) and taking into account (4.4). Thus CM̂^{σαβ} = − √ −g 2κ_D [ Δ^τ_{ρτ} ( 2g^{σ[α}g^{β]ρ} + g^{σρ}g^{αβ} ) − Δ^α_{ρτ} ( 2g^{σ[τ} g^{β]ρ} + g^{σρ}g^{τ β} )]

− 1 κ_D ḡ^{σ[α}_{(GB)}d̂^{β]} + 2α √ −g κ_D [ R^{ατ ρ}_λΔ^β_{τ ρ} − 2R^{α(τ β)}_ρΔ^ρ_{τ λ} ] g^{λσ} + 4α √ −g κ_D [ 4g^{ρ[α}R^{β]}_τ Δ^τ_{ρλ} + 2R^{[α}_λ g^{τ ]ρ}Δ^β_{τ ρ} + 2g^{α[β}R^{τ ]}_ρ Δ^ρ_{τ λ} + g^{τ β} ( R^α_ρ Δ^ρ_{τ λ} − R^ρ_{(τ} Δ^α_{λ)ρ} )

− ( g^{ρβ}Δ^τ_{ρ(τ} + g^{ρτ} Δ^β_{ρ(τ} − g^{τ β}Δ^ρ_{(τ} ) R^α_{λ)} ] g^{λσ} − 4α κ_D g^{λσ}D_{(τ} δ ( ĝ^{τ β}R^α_{λ)} )

+ 2α √ −g κ_D R [ Δ^{[α}_{ρλ}g^{ρ]β} + Δ^{(α}_{ρλ}g^{β)ρ)} ] g^{λσ} + 2α κ_D g^{σ(α}D_ρ δ ( ĝ^{ρ)β}R ) . (4.6)

As expected, these expressions disappear for vanishing perturbations. The Einstein parts in (4.5) and (4.6) exactly coincide with the energy-momentum and the spin tensor presented in [13]. We do not present explicitly the terms with_{(GB)}d̂^α because this does not simplify the expression as a whole.

4.3 Prescription of the generalized Belinfante procedure

Here, we turn to the current (3.7). Its structure, see (3.9) and (3.10), unlike the canonical case, does not depend on a spin term and a divergence in the Lagrangian. As before, we do not consider Z- term. Constructing (3.9) we calculate explicitly the pure gravitational part only, it is denoted below as_BT̂^{σα}. We substitute (A.5) and (A.8) into (3.9), raise indices, use the field equations (2.2) with (4.3) and, as a result, obtain

BΘ̂^{σα} = δT̂^{(α}_ρ g^{σ)ρ} +_BT̂^{σα} = √−g T^{(α}_ρ g^{σ)ρ} − √−g T^{ασ} + 1 2κ_D [ l̂^{ρτ} R_{ρτ} g^{ασ} + 2l̂^{λ[α}R̄^{σ]}_λ − 2g^{ασ}Λ_0δ√−g ]

+ 1 2κ_D [( l̂^{ασ}g^{ρτ} − g^{ασ}l̂^{ρτ} ) D_τ Δ^λ_{ρλ} + 2 ( l̂^{ρτ} g^{λ(α} − g^{ρτ} l̂^{λ(α} ) D_τ Δ^{σ)}_{λρ} ]

+ 1 2κ_D [ g^{ρτ} ( ĝ^{ασ}Δ^λ_{ρλ}Δ^η_{τ η} + 2ĝ^{λη}Δ^{(α}_{λρ}Δ^{σ)}_{ητ} ) + ĝ^{λη}g^{ασ}Δ^τ_{ρλ}Δ^ρ_{τ η} ]

+ 1 κ_D [ g^{ρτ} ( Δ^λ_{τ η}Δ^{(α}_{λρ}ĝ^{σ)η} − 2Δ^λ_{τ λ}Δ^{(α}_{ηρ}ĝ^{σ)η} ) + ĝ^{λη} ( Δ^τ_{ρτ} Δ^{(α}_{λη} − Δ^τ_{λη} Δ^{(α}_{ρτ} − Δ^τ_{λρ}Δ^{(α}_{ητ} ) g^{σ)ρ} ]

+ 2α √ −g κ_D g^{λσ} [( R^{αβρ}_τ − 4g^{ρ[α}R^{β]}_τ + Rg^{ρ[α}δ^{β]}_τ ) D_λΔ^τ_{βρ} − g^{ρ(α}Δ^{β)}_{λρ}D_βR + 2g^{βμ} ( D_βR^{αν} + 2R^{ρ(α}Δ^{ν)}_{βρ} ) Δ^τ_{λ(μ}g_{ν)τ} ] + α 2κ_D g^{ασ}δ (R̂R)_{GB} + D_βδ_{(GB)}ŝ^{αβσ} − α √ −g κ_D g^{λ[α} [ R^{σ]}_{πρτ} R_λ^{πρτ} − 2R^{σ]}_{πλρ}R^{πρ} − 2R^{σ]}_ρ R^ρ_λ + R^{σ]}_λ R ] . (4.7)

The Einstein part exactly coincides with the one presented in [17]. Recall that, even this part (symmetrized) is not symmetrical in general, see [17]. Here, we do not open the divergence of the GB-part δ_{(GB)}ŝ^{αβσ} of the Belinfante correction, see (2.23), because this does not simplify the expression; for calculations it is more convenient to use the already known/calculated components obtained with using (A.8). The symmetrical matter part and the last line in (4.7) are the result of the secondary use of the field equations (2.2) with (4.3). Like (4.5), the energy-momentum (4.7) disappears for vanishing perturbations, note that the barred last line in (4.7) vanishes due to the antisymmetrization.

5 Applications

5.1 Weak flat gravitational waves

Here, we use formulae from previous sections to calculate energy density for weak flat gravitational wave in the EGB gravity. Such a gravitational wave propagates in D-dimensional flat spacetime and is described by the linearized vacuum equations (2.2) with (4.3). Due to the requirement of the flat background the GB part in (4.3), being quadratic in curvature components, does not contribute to the linearized equations, and Λ_0 = 0. Thus, effectively, these are the linear Einstein equations in D dimensions without cosmological term. Assume that g_{μν} = η_{μν} + h_{μν} and that the Lorentz coordinates are used. Then one has η_{μν} = diag(−1, 1 . . . 1) and Δ^∗_∗ ∼ h_{∗∗,∗}. Linear Einstein equations after applying the standard technique of the T T -gauge [27] have a form

R_{μν} = −^1_2 h_{μν,α}^{,α} = 0 . (5.1)

Assuming h_{μν} = h_{μν} (t − x) = h_{μν} (x^0 − x^1) one obtains h_{0α} = h_{1α} = h^α = 0, and nonzero components are h_{kl} where the Latin indices from the middle of alphabet numerate: k, l . . . = 2, 3 . . . , D − 1. Let us turn to the canonical prescription. To calculate the energy density one has to calculate the 0-component of the current (3.2) with the Killing vector ξ^α = λ^α = (−1, 0); λ_α = (1, 0) . Then, only the 00-component of the pure gravitational energy-momentum_CT̂_0^0 in (4.5) contributes (without spin term (4.6)); for the linearized wave we calculate_CT̂_0^0 up to the second order. In direct calculations we take into account: a) a flat background with zero Riemannian tensor and its contractions; b) zero linear parts of the Ricci tensor and curvature scalar due to (5.1); c) proportionality Δ^∗_∗ ∼ h_{∗∗,∗}. In the end we show that, including the quadratic terms, the GB part of_CT̂_0^0 is equal to zero as a whole. Considering the Einstein part one obtains in quadratic approximation:

C T_0^0 = − 1 4κ_D D−1∑ k,l=2 ḣ^2_{kl} (5.2)

where dot means differentiation with respect to t = x^0.

Now we turn to the Belinfante prescription to calculate the 0-component of the current (3.7). Keeping in mind the above assumptions and using the Killing vector λ^α we need to calculate only the 00-component of the pure gravitational energy momentum_BT̂^{00} in (4.7). Again the GB part is equal to zero in quadratic approximation. Thus,_BT̂^{00} is also defined by the Einstein part only: B T^{00} = 1 4κ_D D−1∑ k,l=2 ḣ^2_{kl} . (5.3)

Contracting both (5.2) and (5.3) with the Killing vector λ^α one obtains the unique expression for the energy density of the flat weak gravitational waves:

I^0_C = I^0_B = 1 4κ_D D−1∑ k,l=2 ḣ^2_{kl} . (5.4)

This is in a full correspondence with the standard results in 4D GR [27]. Because the equations (5.1), in fact, are the Einstein ones the energy density (5.4) is acceptable. Thus, the new energy-momentum expressions applied here to describe flat gravitational waves satisfy simple, but important and non-trivial, test. Indeed, the equations (5.1) are from the start the linearized EGB equations, not the Einstein equations; the currents (3.2) (with (4.5) and (4.6)) and (3.7) (with (4.7)) from the start have been constructed in the framework of the EGB gravity, not the Einstein gravity.

5.2 Radiative 3D black hole of the Kaluza-Klein type

In this subsection, we apply the new formulae to describe mass fluxes for interesting and important solutions obtained recently in the works [28, 29]. The main assumption is that a spacetime is to be locally homeomorphic to M^d×K^{D−d} with the metric g_{μν} = diag(g_{AB}, r^2_0γ_{ab}), A, B = 0, · · · , d − 1; a, b = d, · · · , D − 1. Thus, g_{AB} is an arbitrary Lorentz metric on M^d; γ_{ab} is the unit metric on the (D − d)-dimensional space of constant curvature K^{D−d} with k = 0, ±1. Factor r_0 is a small scale of extra dimensions. Vacuum gravitational equations G^μ_ν = 0 (see (4.3)) are decomposed into two separate systems G^A_B = 0 and G^a_b = 0. The first one is a tensorial equation on M^d, whereas the second one is a constraint for it. However, to obtain more interesting solutions one has to consider a special case, when the expression G^A_B disappears identically. This is possible for d ≤ 4 only. In this case, constants are chosen so as to suppress the coefficients in G^A_B , which is possible when D ≥ d + 2, k = −1 and Λ_0 < 0. After taking into account all of the above, a single governing equation is G^a_b = 0. In reality it is the unique scalar equation on M^d because G^a_b ∼ δ^a_b and depends on g_{AB} only.

Here, we consider the case D = 6 and d = 3 presented in [29]. A suitable set of constraints for the constants is r^2_0 = 12α = −3/Λ_0. Then, the unique scalar equation is

(d)R = 2Λ_0 , (5.5)

where subscript ‘_{(d)}’ imply that a quantity is constructed with the use of g_{AB} only. This scalar equation is satisfied by both the static and the radiative metric [29]. Here, for constructing the mass fluxes, it is quite appropriate to use the new current expressions. We apply them to radiative solution g_{AB}(v, r) of the Vaidya type [29]:

ds^2 = −fdv^2 + 2dvdr + r^2dϕ , f ≡ r^2/l^2 + q(v)/r − μ(v) (5.6)

where l^2 ≡ −3/Λ_0. In this conctrete case μ(v) and q(v) depend on the advanced time v. Non-zero components corresponding to the solution (5.6), d = 3 sector, are as follows.

Metric components are g_{00} = −f(v), g_{01} = 1, g_{22} = r^2 ; Christoffel symbols, components of Riemannian and Ricci tensors, curvature scalar, and components of the Einstein tensor are

Γ^1_{00} = (ff^′ − ḟ)/2, Γ^0_0 = f^′/2, Γ^1_{01} = −f^′/2, Γ^2_{12} = 1/r, Γ^1_{22} = −rf, Γ^0_{22} = −r, (5.7) R^{0101} =^1_2 f^{′′} , R^{0212} = − f^′ 2r^3

, R^{1212} = − 1 2r^3

(ff^′ + ḟ) ;

R^{11} = − 1 2r [ f (rf^{′′} + f^′) + ḟ ] , R^{01} = − 1 2r (rf^{′′} + f^′) , R^{22} = − f^′ r^3 ; R = − 1 r (rf^{′′} + 2f^′) , (5.8) G^0 = G^1 = 1/l^2 − q/2r^3, G^1_0 = (μ̇r − q̇)/2r^2, G^2 = 1/l^2 + q/r^3 , (5.9)

where ‘prime’ and ‘dot’ mean ∂/∂r and ∂/∂v. The scalar curvature of D − d = 3 sector is (D−d)R = 6k/r 2 0 = 2Λ_0 = −1/2α . (5.10)

In fact, (5.6) - (5.9) together with (5.10) present 6D solution in EGB gravity. Whereas (5.6) - (5.9) without (5.10) can be considered as a solution to the Einstein 3D equations on M^3, which are not vacuum equations with redefined cosmological constant Λ = −1/l^2:

(3)R_{AB} −^1_2 g_{AB(3)}R + g_{AB}Λ = κ_3T_{AB} . (5.11)

A natural treating in [29] is that T_{AB} , corresponding to (5.9), is created by extra dimensions.

Here, both the full 6D presentation in the framework of the EGB gravity and the 3D interpretation (5.11) are explored. We consider a cylinder S := r = const. The wall S can be thought as 5D timelike hypersurface in 6D spacetime, or as 2D timelike hypersurface in 3D spacetime; ∂Σ is an intersection of S with a lightlike hypersurface v = const. To present a mass flux through ∂Σ one has to calculate the component Î^1 of the currents (3.2) or (3.7) and integrate it over ∂Σ. The total background metric in the 6D derivation can be chosen as g_{μν} = g_{AB} × r^2_0γ_{ab} with the AdS_3 metric g_{AB} presented by f ≡ r^2/l^2 + 1 in the element of the type (5.6), see [24]. Whereas the background metric in the 3D derivation is chosen as the same AdS_3 metric g_{AB} only. Background components are derived from (5.6) - (5.10) after applying the barred procedure. To calculate the mass flux we use the timelike background Killing vector ξ^α = λ^α = (−1, 0); λ_α = (f, −1, 0) where 0 includes all the rest space dimensions both for 6D and for 3D derivations.

Let us present results of calculations in the framework of the canonical prescription of subsection 3.1 with the formulae of subsection 4.2 in detail. Turn to the 6D derivation. Then using all the components (5.6) - (5.10) together with the barred ones, we substitute them into (4.5) and (4.6). Recall that Z(λ)-term disappears, and note that, unlike subsection 5.1, we need to calculate the spin term (4.6). After very prolonged and cumbersome calculations we obtain for (3.2):_{(E)}Î^1_C (λ) ≡_{(GB)}Î^1_C (λ) ≡ 0 that gives Î^1_C (λ) ≡ 0. Thus,

Ṁ = ∮ ∂Σ dx^{D−2}Î^1_C ≡ 0 . (5.12)

At a first glance, the result (5.12) looks strange. However, it is in full correspondence with the results in [24] where we have just calculated the masses of d = 3 objects in D = 6 EGB gravity with the use of the superpotentials constructed in [7]. Let us demonstrate this correspondence. A general expression for the total mass has been obtained as a surface integral in D = 6 dimensions [24]: M = ∮ ∂Σ dx^{D−2} √ −g_D I^{01} = ∮ r→∞ dϕ √ −g_d I^{01} ∮ r_0 dx^{D−d} √ −g_{D−d} = V_{r0} ∮ r→∞ dϕ √ −g_d I^{01}.

(5.13) Integration over d = 3 sector gives zero. In the canonical approach, it is so because I^{01}_C ≡ 0 (in more details_{(GB)}Î^{01}_C ≡ −_{(E)}Î^{01}_C ≠ 0). For the Belinfante corrected approach the integration over d = 3 sector gives zero due to the asymptotic behaviour of I^{01}_B , in spite of I^{01}_B ≠ 0. The formula (5.13) shows that one needs to consider two possibilities: (i) when extra D − d = 3 dimensions are not compactified; (ii) when they are compactified by appropriate identifications.

In the case (i), one has to consider objects as 6 dimensional ones. Of course, in spite of V_{r0} → ∞, their masses in (5.13) have to be equated to zero. Next, because M is defined for arbitrary ∂Σ one has M_{∂Σ0} = M_{∂Σ1} = 0 that determines null flux through ∂Σ. One finds just a correspondence of (5.12) with the corresponding conclusion in [24].

The case (ii), in our opinion, has a more physical sense. Now, V_{r0} in (5.13) is finite. Then, because I^{01} ∼ 1/κ_6 one can set κ_3 = κ_6/V_{r0} , and, really, in (5.13) one has M ∼ 1/κ_3. This means that the 6D Einstein constant κ_6 is reduced to the 3-dimensional one κ_3 that is the standard Kaluza-Klein prescription. One has to reject 6D derivation and turn to 3D derivation with the Einstein presentation (5.11) and with the evident interpretation of κ_3. In this case, null mass is quite unacceptable. Therefore one has to use ingredients of the Einstein theory only, and not the EGB one. Thus, applying superpotentials constructed in [7], we have used their Einstein parts only, changing κ_6 by κ_3:_{(E)}Î^{01} = (μ + 1 − q/r)/2κ_3 that gives acceptable mass for the solution (5.6) on the AdS_3 background [24]: (E)M = ∮ ∂Σ dx^{D−2}_{(E)}Î^{01}_C = (μ + 1)π/κ_3 . (5.14)

Exploring the expressions for currents presented here one has to use the Einstein interpretation (5.11) also. However now, unlike the superpotential application, we cannot use the reduced the Einstein part of the current of the 6D description because_{(GB)}Î^1_C ≡_{(E)}Î^1_C ≡ 0.

Nevertheless, there is no a contradiction. Recall that in 6D picture we are based on the vacuum EGB equation (pure gravitational), whereas for the 3D description (5.11) constructing currents (see (3.2) and (3.4)) we must use the created matter at the right hand side of (5.11). Thus, in 3D derivation, the component T^1_0 = (μ̇r−q̇)/2κ_3r^2 in (5.11) just determines (E)Î1_C = √−gT 1_0λ0 = −(μ̇ − q̇/r)/2κ_3 by a crucial way. This gives the flux:

(E)Ṁ = ∮ ∂Σ dx^{D−2}_{(E)}Î^1_C = −μ̇π/κ_3 . (5.15)

Differentiating mass (5.14) (obtained in the framework of the superpotential derivation) with respect to v one obtains:_{(E)}Ṁ = μ̇π/κ_3 [24]. One can see a difference in a sign, however there is no contradiction. A simplified differentiation of M with respect to v gives, in fact, an absolute value of the flux. A check with using Î^1 = ∂_0Î^{10} and antisymmetry Î^{10} = −Î^{01} shows a correspondence in signs also.

The same conclusions follow when the Belinfante symmetrization method developed in subsections 3.2 and 4.3 is applied. Though, unlike the canonical approach, in 6D description: I^1_B ≠ 0; and, in 3D interpretation,_{(E)}I^1_B is not determined by the created energy-momentum in (5.11) only. However, due to the asymptotic behaviour, additional terms do not contribute into the final expressions after integration. Thus, once again, in the case (i), one obtains a zero mass flux (5.12), whereas, in the case (ii), one needs to use the 3D (5.11) interpretation and has the flux (5.15).

6 Concluding remarks

The modern development of multidimensional metric theories themselves, naturally, includes/induces a development of methods for constructing conserved quantities. In the present paper, in the framework of the D-dimensional EGB gravity we have presented the explicit covariant expressions for the conserved currents of perturbations of an arbitrary type on arbitrary curved backgrounds. The two methods, canonical and Belinfante corrected, have been applied. The main parts in the structure of the canonical and Belinfante corrected currents, which are the energy-momentum tensors (4.5) and (4.7), are the generalization of the Einstein pseudotensor [11] and of the Papapetrou pseudotensor [15], respectively.

Together with an evident academic interest, a construction of such currents can be very useful in applications. Indeed, many solutions of modified metric theories need to be examined in detail. It is necessary because frequently such solutions look quite exotic, and one has to understand the physical meaning they represent, how contradictive or non-contradictive they are, etc. Thus, by presenting rules for constructing conserved quantities including conserved currents that are important physical characteristics of objects, we present the instrument for analyzing these objects.

Applications in section 5, should be seen as tests for the new expressions. Indeed, weak flat gravitational wave is the standard object with well studied properties; also properties of the 3D radiating black holes already have been studied by us in [24]. However, the direct calculation of the mass flux using the new current expressions can be viewed as an important independent result. In [28, 29], the matter presented by the energy-momentum at the right hand side of (5.11) is treated as being created by all the extra dimensions as a whole. Of course, such a derivation differs from the standard Kaluza-Klein picture where each of compactified extra dimensions determines its own charge. Nevetherless, as we show in subsection 5.2, the compactified dimensions are reduced in the standard Kaluza- Klein prescription. Also, we demonstrate that the created matter in (5.11) determines the classically defined mass (5.14) (see [24]) and mass flux (5.15) of the objects. Thus, keeping in mind the above comments, we support the claim of the authors of [28, 29] that their solutions present the objects of the Kaluza-Klein type.

It is important to compare our results with the results by Cai, Cao and Ohta [30]. The authors, in the framework of the Lovelock gravity of an arbitrary order, have constructed and analyzed a new solutions analogous to (5.6)-(5.10), only static. Using the Wald technique [31], they have proved that the objects corresponding to such solutions have zero entropy and, consequently, zero mass. This coincides with our conclusions. Indeed, [30] uses the EGB Lagrangian in all D dimensions. In our consideration, in the case (i), when objects are examined in all 6 dimensions, both mass of the objects [24] and their mass flux (even in radiative regime (5.12)) are equal to zero.

In the future, we intend to continue to construct conserved quantities in EGB gravity, and present conserved currents in the framework of the symmetrical approach (see Introduction). Also, we plan to use the new expressions, both for the superpotentials and for the currents in EGB gravity, to describe interesting solutions, say, 4D objects in D-dimensional EGB gravity [28].

Lastly, the possibility of a connection between AdS gravity and a conformal field theory (CFT) living on its boundary induces a considerable attention. A definition of conserved quantities and an existence of nonzero energy for asymptotically AdS vacuum spacetime could be useful to identify the AdS/CFT correspondence at the boundary. To define finite conserved quantities one requires a regularization procedure, the mechanism of which does not invoke the substraction of background configurations. In this context, one of more popular approaches is the boundary counterterm method. It is developing more intensively in the framework of EGB gravity, one can recommend, e.g., interesting works [32, 33] and numerous references there in. Unlike the boundary counterterm method, the prescriptions explored here (and in [7, 18, 24]) use the background spacetime in a crucial way. Nevertheless, it could be very useful to compare these approaches, and we plan to do this in future.

Acknowledgments

The author is very grateful to Rodrigo Olea and Rong-Gen Cai for explanations of their works, fruitful discussions and useful recommendations. The author also thanks very much Deepak Baskaran for a significant improvement of English.

A Auxiliary expressions in EGB gravity

In this appendix, we calculate the coefficients, which are derived following the definitions (2.8), (2.9) and (2.10), and correspond to the Lagrangian L̂_{EGB} in (4.1). However, at the first it is useful to present the next derivatives: −2κ_D √ −g ∂L̂_{EGB} ∂g_{μν} = −2κ_D √ −g ( ∂L̂_E ∂g_{μν} + ∂L̂_{GB} ∂g_{μν} )

=^1_2 g^{μν} (R − 2Λ_0) + [ 2 ( g^{ρ(μ}Δ^{ν)}_{α[σ}Δ^α_{ρ]τ} + g^{αρ}Δ^{(μ}_{τ [σ}Δ^{ν)}_{ρ]α} + g^{ρ(μ}D_{[σ}Δ^{ν)}_{ρ]τ} ) g^{τ σ} − R^{μν} ] + αg^{μν} 2 ( R_{λτ ρσ}R^{λτ ρσ} − 4R_{ρσ}R^{ρσ} + R^2 ) + 2α [ 2 ( g^{λ(μ}Δ^{ν)}_{ασ}Δ^α_{ρτ} + g^{αλ}Δ^{(μ}_{τ σ}Δ^{ν)}_{ρα} + g^{λ(μ}D_σΔ^{ν)}_{ρτ} ) R_λ^{τ ρσ} − R^{μτ ρσ} R^ν_{τ ρσ} ] − 8α [ 2 ( g^{ρ(μ}Δ^{ν)}_{α[σ}Δ^α_{ρ]τ} + g^{αρ}Δ^{(μ}_{τ [σ}Δ^{ν)}_{ρ]α} + g^{ρ(μ}D_{[σ}Δ^{ν)}_{ρ]τ} ) R^{τ σ} − R^{μρ}R^ν_ρ ] + 2αR [ 2 ( g^{ρ(μ}Δ^{ν)}_{α[σ}Δ^α_{ρ]τ} + g^{αρ}Δ^{(μ}_{τ [σ}Δ^{ν)}_{ρ]α} + g^{ρ(μ}D_{[σ}Δ^{ν)}_{ρ]τ} ) g^{τ σ} − R^{μν} ] ; (A.1) −2κ_D √ −g ∂L̂_{EGB} ∂(D_αg_{μν} ) = −2κ_D √ −g ( ∂L̂_E ∂(D_αg_{μν} ) + ∂L̂_{GB} ∂(D_αg_{μν} ) )

= 2 [ Δ^α_{σρ}g^{σ[ρ}g^{μ]ν} + g^{ασ}Δ^{(μ}_{σρ}g^{ν)ρ} − g^{α(μ}Δ^{ν)}_{σρ}g^{σρ} ] + 4α [ 2R^{ασρ(μ}Δ^{ν)}_{σρ} − Δ^α_{σρ}R^{σμνρ} ] − 4α [ 2R^{ασ}Δ^{(μ}_{σρ}g^{ν)ρ} − 2g^{α(μ}Δ^{ν)}_{σρ}R^{σρ} + 2g^{ασ}Δ^{(μ}_{σρ}R^{ν)ρ} − 2R^{α(μ}Δ^{ν)}_{σρ}g^{σρ} + Δ^α_{σρ}R^{σρ}g^{μν} + Δ^α_{σρ}g^{σρ}R^{μν} − 2Δ^α_{σρ}R^{σ(μ}g^{ν)ρ} ] + 4αR [ Δ^α_{σρ}g^{σ[ρ}g^{μ]ν} + g^{ασ}Δ^{(μ}_{σρ}g^{ν)ρ} − g^{α(μ}Δ^{ν)}_{σρ}g^{σρ} ] ; (A.2) −2κ_D √ −g ∂L̂_{EGB} ∂(D_{βα}g_{μν} ) = −2κ_D √ −g ( ∂L̂_E ∂(D_{βα}g_{μν} ) + ∂L̂_{GB} ∂(D_{βα}g_{μν} ) )

= [ g^{α(μ}g^{ν)β} − g^{αβ}g^{μν} ] + 2α [ 2R^{α(μν)β} − 4R^{α(μ}g^{ν)β} + 2g^{μν}R^{αβ} + 2g^{αβ}R^{μν} + R ( g^{α(μ}g^{ν)β} − g^{αβ}g^{μν} )] . (A.3)

With using (A.1) - (A.3) we calculate the coefficients (2.8) - (2.10) for the EGB Lagrangian in (4.1). Because (2.8) is defined by (2.11), (2.12) and (2.10) we present these parts separately. Thus

Ĝ^α_σ =_{(E)}Ĝ^α_σ +_{(GB)}Ĝ^α_σ (A.4) = √ −g ( R^α_σ −^1_2 δ^α_σ R + δ^α_σ Λ_0 ) + α √ −g [ 2 ( RR^α_σ − 2R^α_{τ σρ}R^{τ ρ} + R^α_{πρτ} R_σ^{πρτ} − 2R^α_ρ R^{ρσ} ) −^1_2 δ^α_σ (RR)_{GB} ] . Û_σ^α =_{(E)}Û_σ^α +_{(GB)}Û_σ^α (A.5) = − √ −g 2κ_D [ 2g^{ρ[τ} D_σΔ^{α]}_{ρτ} − δ^α_σ (R − 2Λ_0) ]

+ 2α √ −g κ_D [( R^{αβρ}_τ − 4g^{ρ[α}R^{β]}_τ + Rg^{ρ[α}δ^{β]}_τ ) D_σΔ^τ_{βρ} + 2g^{βμ} ( D_βR^{αν} + 2R^{ρ(α}Δ^{ν)}_{βρ} ) Δ^τ_{σ(μ}g_{ν)τ} − g^{ρ(α}Δ^{β)}_{σρ}D_βR ] + α √ −g 2κ_D δ^α_σ (RR)_{GB} .

m̂_σ^{αβ} =_{(E)}m̂_σ^{αβ} +_{(GB)}m̂_σ^{αβ} (A.6) = − √ −g 2κ_D [ δ^α_σ Δ^β_{ρτ} g^{ρτ} − 2Δ^α_{σρ}g^{βρ} + Δ^ρ_σ g^{αβ} ]

+ 2α √ −g κ_D [ R^{ατ ρ}_σΔ^β_{τ ρ} − 2R^{α(τ β)}_ρΔ^ρ_{τ σ} ]

+ 4α √ −g κ_D [ 4g^{ρ[α}R^{β]}_τ Δ^τ_{ρσ} + 2R^{[α}_σ g^{τ ]ρ}Δ^β_{τ ρ} + 2g^{α[β}R^{τ ]}_ρ Δ^ρ_{τ σ} − g^{τ β} ( D_{(τ} R^α_{σ)} + R^ρ_{(τ} Δ^α_{σ)ρ} − R^α_ρ Δ^ρ_{τ σ} )]

− α √ −g κ_D [( δ^α_σ Δ^β_{ρτ} g^{ρτ} − 2Δ^α_{σρ}g^{βρ} + Δ^ρ_σg^{αβ} ) R − 2δ^{(α}_σ g^{τ )β}∂_τ R ]

n̂_σ^{λαβ} =_{(E)}n̂_σ^{λαβ} +_{(GB)}n̂_σ^{λαβ} (A.7) = √ −g 2κ_D { g^{αβ}δ^λ_σ − g^{λ(α}δ^{β)}_σ }

+ α √ −g κ_D { −2R_σ^{(αβ)λ} − 4R^λ_σg^{αβ} + 4R^{(α}_σ g^{β)λ} + R ( g^{αβ}δ^λ_σ − g^{λ(α}δ^{β)}_σ )} . It was checked directly that the coefficients û_σ^α in (2.8) (calculated with the use of (A.4), (A.5) and (A.7)), and the coefficients (A.6) and (A.7) themselves satisfy exactly the identities (2.16) - (2.19).

At last, using (A.6) we calculate the Belinfante correction (2.23) for the EGB gravity:

ŝ^{αβσ} =_{(E)}ŝ^{αβσ} +_{(GB)}ŝ^{αβσ} = √ −g κ_D [ Δ^{[α}_{τ ρ}g^{β]σ}g^{τ ρ} + Δ^ρ_{λρ}g^{σ[α}g^{β]λ} − Δ^σ_{λρ}g^{ρ[α}g^{β]λ} − 2Δ^{[α}_{λρ}g^{β]λ}g^{ρσ} + Δ^{[α}_{λρ}g^{β]ρ}g^{σλ} ]

+ 2α √ −g κ_D [ g^{λ[α} ( R^{β]στ}_ρ − 2R^{β]τ σ}_ρ ) Δ^ρ_{λτ} + g^{λ[α}Δ^{β]}_{τ ρ}R^{στ ρ}_λ + g^{λ[α}R^{β]τ ρ}_λΔ^σ_{τ ρ} + g^{σλ} ( R_λ^{τ ρ[α}Δ^{β]}_{τ ρ} −^3_2 R^{αβτ}_ρΔ^ρ_{λτ} )]

+ 4α √ −g κ_D [( R^τ_λg^{ρ(σ}Δ^{α)}_{τ ρ} − g^{τ ρ}R^{(σ}_λ Δ^{α)}_{τ ρ} − g^{σα}R^τ_ρ Δ^ρ_{τ λ} + D_{(τ} R^{(σ}_{λ)}g^{α)τ} + R^ρ_{(τ} Δ^{(σ}_{λ)ρ}g^{α)τ} ) g^{βλ} − ( R^τ_λg^{ρ(σ}Δ^{β)}_{τ ρ} − g^{τ ρ}R^{(σ}_λ Δ^{β)}_{τ ρ} − g^{σβ} R^τ_ρ Δ^ρ_{τ λ} + D_{(τ} R^{(σ}_{λ)}g^{β)τ} + R^ρ_{(τ} Δ^{(σ}_{λ)ρ}g^{β)τ} ) g^{αλ} + ( 2g^{τ [α}R^{β]}_ρ Δ^ρ_{τ λ} − R^τ_λg^{ρ[α}Δ^{β]}_{τ ρ} + g^{τ ρ}R^{[α}_λ Δ^{β]}_{τ ρ} − D_{(τ} R^{[α}_{λ)}g^{β]τ} − R^ρ_{(τ} Δ^{[α}_{λ)ρ}g^{β]τ} ) g^{σλ} ]

+ 2α √ −g κ_D [( g^{σ[α}g^{β]λ}Δ^ρ_{λρ} − Δ^{(σ}_{λρ}g^{α)ρ}g^{βλ} + Δ^{(σ}_{λρ}g^{β)ρ}g^{αλ} − g^{σ[α}Δ^{β]}_{λρ}g^{λρ} − g^{σλ}g^{ρ[α}Δ^{β]}_{λρ} ) R + ( g^{λ[α}g^{β]σ} + g^{σ[α}g^{β]λ} ) ∂_λR ] (A.8)

Of course, the Einstein part exactly coincides with the one presented in [17].

References

[1] Kodama H, Ishibashi A and Seto O 2000 Brane world cosmology — gauge-invariant formalism for perturbation Phys. Rev. D 62 064022 (Preprint hep-th/0004160)

[2] Van de Bruck C, Dorca M, Brandenberger R H and Lukas A 2000 Cosmological perturbations in brane-world theories: Formalism Phys. Rev. D 62 123515 (Preprint hepth/0005032)

[3] Deruelle N, Dolezel T and Katz J 2001 Perturbations of brane worlds Phys. Rev. D 63 083513 (Preprint hep-th/0010215)

[4] Gorbunov D S, Rubakov V A and Sibiryakov S M 2001 Gravity waves from inflating brane or mirrors moving in AdS_5 JHEP 0110 015 (Preprint hep-th/0108017)

[5] Binetruy P, Bucher M and Carvalho C 2004 Models for the brane-bulk interaction:

Toward understanding braneworld cosmological perturbation Phys. Rev. D 70 043509 (Preprint hep-th/0403154)

[6] Libanov M V and Rubakov V A 2005 Lorentz-violating brane worlds and cosmological perturbations Phys. Rev. D 72 123503 (Preprint hep-th/0509148)

[7] Petrov A N 2009 Three types of superpotentials for perturbations in the Einstein- Gauss-Bonnet gravity Class. Quantum Grav. 26 135010 (16pp); Corrigendum: Class. Quantum Grav. 27 (2010) 069801 (2pp) (Preprint arXiv:0905.3622 [gr-qc])

[8] Lovelock D 1971 The Einstein tensor and its generalizations J. Math. Phys. 12 498

[9] Lust D and Theisen S 1989 Lectures on string theory Lect. Notes Phys. 346 1

[10] Charmousis C 2009 Higher order gravity theories and their black hole solutions Lect.

Notes Phys. 769 299 (Preprint arXiv:0805.0568 [gr-qc])

[11] Einstein A 1916 The Hamiltonian principle and general theory of relativity Sitzungsber.

preuss. Akad. Wiss. 2 1111

[12] Von Freud Ph 1939 Über die ausdrücke der gesamtenergie und des gesamtimpulses eins materiellen systems in der allgemeinen relativitätstheorie Ann. of Math. 40 417

[13] Katz J, Bičák J and Lynden-Bell D 1997 Relativistic conservation laws and integral constraints for large cosmological perturbations Phys. Rev. D 55 5957 (Preprint grqc/0504041)

[14] Belinfante F J 1939 On the spin angular momentum and mesons Physica 6 887

[15] Papapetrou A 1948 Einstein’s theory of gravitation and flat space Proc. R. Irish Ac.

52 11

[16] Petrov A N and Katz J 1999 Conservation laws for large perturbations on curved backgrounds Fundamental Interactions: From Symmetries to Black Holes Eds: Frere J M et al (Universite de Bruxelles, Belgium) 147 (Preprint gr-qc/9905088)

[17] Petrov A N and Katz J 2002 Conserved currents, superpotentials and cosmological perturbations Proc. R. Soc. A, London 458 319 (Preprint gr-qc/9911025)

[18] Petrov A N 2008 Nonlinear perturbations and conservation laws on curved backgrounds in GR and other metric theories, 2-nd chapter in the book: Classical and Quantum Gravity Research Eds: Christiansen M N and Rasmussen T K (Nova Science Publishers, N.Y.) 79 (Preprint arXiv:0705.0019 [gr-qc])

[19] Petrov A N 2004 Conserved currents in D-dimensional gravity and brane cosmology Mosc. Univ. Phys. Bull. 59 No 2 11 [2004 Vestnik Mosk. Univ. Fiz. Astron. No 2 10] (Preprint gr-qc/0401085)

[20] Mitzkevich N V 1969 Physical Fields in General Theory of Relativity (Nauka, Moscow), in Russian

[21] Deruelle N, Katz J and Ogushi S 2004 Conserved charges in Einstein-Gauss-Bonnet theory Class. Quantum Grav. 21 1971 (Preprint gr-qc/0310098)

[22] Deser S and Tekin B 2003 Energy in generic higher curvature gravity theories Phys.

Rev. D 67 084009 (Preprint hep-th/0212292)

[23] Katz J and Livshits G I 2008 Superpotentials from variational derivatives rather than Lagrangians in relativistic theories of gravity Class. Quantum Grav. 25 175024 (Preprint arXiv:0807.3079 [gr-qc])

[24] Petrov A N 2010 On creating mass/matter by extra dimensions in the Einstein-Gauss- Bonnet gravity Grav. Cosmol. 16 3 (Preprint arXiv:0911.5419 [gr-qc])

[25] Olea R 2005 Mass, angular momentum and thermodynamics in four-dimensional Kerr- AdS balck holes JHEP 0506, 023 (Preprint arXiv:hep-th/0504233)

[26] Mišković O and Olea R 2009 Topological regularization and self-duality in fourdimensional anti-de Sitter gravity Phys. Rev. D 79, 124020 (Preprint arXiv:0902.2082 [hep-th])

[27] Misner C W, Thorne K S and Wheeler J A 1973 Gravitation (San Fransisco: Freeman)

[28] Maeda H and Dadhich N 2007 Matter without matter: novel Kaluza-Klein spacetime in Einstein-Gauss-Bonnet gravity Phys. Rev. D 75 044007 (Preprint hep-th/0611188)

[29] Molina A and Dadhich N 2009 On Kaluza-Klein spacetime in Einstein-Gauss-Bonnet gravity Int. J. Mod. Phys. D 18 599 (Preprint arXiv:0804.1194 [gr-qc])

[30] Cai R-G, Cao L-M and Ohta M 2010 Black holes without mass and entropy in Lovelock gravity Phys. Rev. D 81 024018 (Preprint arXiv:0911.0245 [hep-th])

[31] Wald R M 1993 Black hole entropy is Noether charge Phys. Rev. D 48 3427 (Preprint gr-qc/9307038)

[32] Kofinas G and Olea R 2006 Vacuum energy in Einstein-Gauss-Bonnet anti-de Sitter gravity Phys. Rev. D 74, 084035 (Preprint hep-th/0606253)

[33] Brihaye Y and Radu E 2008 Black objects in the Einstein-Gauss-Bonnet theory with negative cosmological constant and the boundary counterterm method JHEP 0809 006 (Preprint arXiv:0806.1396 [gr-qc])