arXiv:1103.0343v1 [gr-qc] 2 Mar 2011

Stability of f(R) black holes

Yun Soo Myung^{a∗},Taeyoon Moon^{b†}, and Edwin J. Son^{b‡}

a Institute of Basic Sciences and School of Computer Aided Science, Inje University Gimhae 621-749, Korea b Center for Quantum Space-time, Sogang University, Seoul, 121-742, Korea

Abstract

We investigate the stability of f(R) (Schwarzschild) black hole obtained from the f(R) gravity. It is difficult to carry out the perturbation analysis around the black hole because the linearized Einstein equation is fourth order in f(R) gravity. In order to resolve this difficulty, we transform f(R) gravity into the scalar-tensor theory by introducing two auxiliary scalars. In this case, the linearized curvature scalar becomes a scalaron, showing that all linearized equations are second order, which are the same equations for the massive Brans-Dicke theory. It turns out that the f(R) black hole is stable against the external perturbations if the scalaron does not have a tachyonic mass.

PACS numbers:

Typeset Using L^ATEX

∗e-mail address: ysmyung@inje.ac.kr †e-mail address: tymoon@sogang.ac.kr ‡e-mail address: eddy@sogang.ac.kr

1 Introduction

Modified gravity theories, f(R) gravities [1, 2, 3] have much attentions as one of strong candidates for explaining the current accelerating universe [4]. f(R) gravities can be considered as Einstein gravity (massless graviton) with an additional scalar. For example, it was shown that the metric-f(R) gravity is equivalent to the ω_{BD} = 0 Brans-Dicke (BD) theory with the potential [5]. Although the equivalence principle test in the solar system imposes a strong constraint on f(R) gravities, they may not be automatically ruled out if the Chameleon mechanism is introduced to resolve it. It was shown that the equivalence principle test allows f(R) gravity models that are indistinguishable from the ΛCDM model in the background universe evolution [6]. However, this does not necessarily imply that there is no difference in the dynamics of perturbations [7].

In order for f(R) gravities to be acceptable, they must obey certain minimal requirements for theoretical viability [2, 5]. Three important requirements are included: (i) they possess the correct cosmological dynamics, (ii) they are free from instabilities (tachyon) and ghosts [8, 9, 6], (iii) they attain the correct Newtonian and post-Newtonian limits.

On the other hand, the Schwarzschild-de Sitter black hole was obtained for a positively constant curvature scalar in [7] and other black hole solution was recently found for a non-constant curvature scalar [10]. A black hole solution was obtained from f(R) gravities by requiring the negative constant curvature scalar R = R̄ [11]. If 1 + f^′(R̄) > 0, this black hole is similar to the Schwarzschild-AdS (SAdS) black hole. In order to obtain the constant curvature black hole solution from f(R) gravity coupled to the matter, the trace of its stress-energy tensor T_{μν} should be zero. Hence, two known matter fields are the Maxwell [12] and Yang-Mills fields [13].

All black hole solution must pass the stability test. A black hole solution should be stable against the external perturbations because it stands as the physically realistic object. There are two ways to achieve the stability of a black hole: one is the full stability by considering odd and even perturbations [14] and the other is the restricted stability by taking into account the spherically symmetric perturbations for simplicity [15]. The latter is not enough to guarantee the full stability and thus, it must be supported by the black hole thermodynamics (heat capacity) [16]. The basic idea is to decouple the linearized (perturbed) equations and then, manage to arrive at the second order Schrödinger-type equations for the physical field with the potential. If all potentials are positive for whole range outside the event horizon, the black hole under the consideration is stable. Studies of stability of Kerr black hole are not as straightforward [17], because it is axially symmetric black hole and thus, the decoupling process seems to be complicated. However, this method is not suitable for f(R) black holes because f(R) gravity contains fourth order derivatives in the linearized equations [18, 19]. In this case, the requirement (ii) will play an important role in testing the stability of f(R) black holes.

In this work, we investigate the stability of f(R) (Schwarzschild) black hole. We transform f(R) gravity into the scalar-tensor theory to eliminate fourth order derivative terms by introducing two auxiliary scalars. Then, the linearized curvature scalar becomes a scalaron, indicating that all linearized equations are second order. Interestingly, they are exactly the same equations for the massive Brans-Dicke theory. Using the stability analysis of black hole in the massive Brans-Dicke theory, we show clearly that the f(R) black hole is stable against the external perturbations if the scalaron does not have a tachyonic mass.

2 Perturbation of f(R) black holes

Let us first consider f(R) gravity without any matter fields whose action is given by

S_f = 1 2κ^2 ∫ d^4x √ −gf(R), (2.1) where κ^2 = 8πG. The Einstein equation takes the form R_{μν} f^′(R) − 1 2 g_{μν} f(R) + ( g_{μν} ∇^2 − ∇_μ∇_ν ) f^′(R) = 0, (2.2)

where^′ denotes the differentiation with respect to its argument. It is well-known that Eq.(2.2) has a solution with constant curvature scalar R = R̄. In this case, Eq. (2.2) can be written as R̄_{μν} f^′(R̄) − 1 2 g_{μν} f(R̄) = 0, (2.3)

and thus, the trace of (2.3) becomes R̄f^′(R̄) − 2f(R̄) = 0. (2.4)

Note that the above equation determines the constant curvature scalar to be

R̄ = 2f( R̄) f^′(R̄)

≡ 4Λ_f (2.5) with Λ_f the cosmological constant due to the f(R) gravity. Substituting this expression into (2.3), one obtains the Ricci tensor

R̄_{μν} = f( R̄) 2f^′(R̄) ḡ_{μν} = Λ_fḡ_{μν} . (2.6)

The constant curvature black hole solution is given by

ds^2_{cc} = − ( 1 − 2m r − Λ_f 3 r^2 ) dt^2 + dr^2 1 −^{2m}_r −^{Λf}_3 r^2

+ r^2dΩ^2, (2.7)

where Λ_f > 0, < 0, =0 denote the Schwarzschild-de Sitter(dS), Schwarzschild-anti de Sitter (AdS), and Schwarzschild black holes, respectively. We call these “f(R) black holes” because these were obtained from f(R) gravity. Even though these solutions are also obtained from the Einstein gravity with cosmological constant, their perturbation analysis is different from the Einstein gravity. The Schwarzschild-dS black hole has been extensively studied in f(R) gravities together with the cosmological implications of f(R) gravities [7]. However, as far as we know, there was a perturbation study on the Schwarzschild black hole in f(R, G) gravities [20].

Now we introduce the perturbation around the constant curvature black hole to study stability of the black hole

g_{μν} = ḡ_{μν} + h_{μν} . (2.8)

Hereafter we denote the background quantities with the “overbar”. The linearized equation to (2.2) is given by (requiring f^{′′}(R̄) ≠ 0) f^′(R̄)δR_{μν} (h) − f(R̄) 2 h_{μν} + f^{′′}(R̄) [ ḡ_{μν} ¯∇^2 − ¯∇_μ ¯∇_ν + Λ_fḡ_{μν} − f^′(R̄) 2f^{′′}(R̄) ḡ_{μν} ] δR(h) = 0, (2.9)

where the linearized Ricci tensor and curvature scalar take the forms δR_{μν} (h) = 1 2 ( ¯∇^ρ ¯∇_μh_{νρ} + ¯∇^ρ ¯∇_ν h_{μρ} − ¯∇^2h_{μν} − ¯∇_μ ¯∇_ν h ) , (2.10) δR(h) = ¯∇^ρ ¯∇^σh_{ρσ} − ¯∇^2h − Λ_f h. (2.11)

In order to find the black hole solution, we have to choose a specific form of f(R) as [18]

f(R) = a_1R + a_2R^2 + a_3R^3 + · · · . (2.12)

We check that f(0) = 0 at R = R̄ = 0, which corresponds to either the Schwarzschild or Kerr black hole solution. In this work, for simplicity, we select a spherically symmetric Schwarzschild black hole solution with Λ_f = 0,

ds^2_{Sch} = ḡ_{μν} dx^μdx^ν = −e^{ν(r)}dt^2 + e^{−ν(r)}dr^2 + r^2(dθ^2 + sin^2 θdφ^2) (2.13)

with e^{ν(r)} = 1 − 2m r . (2.14) Then, the linearized equation (2.9) together with (2.10) and (2.11) becomes ¯∇^ρ ¯∇_μh_{νρ} + ¯∇^ρ ¯∇_ν h_{μρ} − ¯∇^2h_{μν} − ¯∇_μ ¯∇_ν h − ḡ_{μν} ( ¯∇^α ¯∇^βh_{αβ} − ¯∇^2h )

+ [2f ′′(0) f^′(0) ]( ḡ_{μν} ¯∇^2 − ¯∇_μ ¯∇_ν )( ¯∇^α ¯∇^β h_{αβ} − ¯∇^2h ) = 0. (2.15)

Taking the trace of (2.15) with ḡ^{μν} , one has the fourth order equation for h_{μν} ( ¯∇^2 − m^2_f )( ¯∇^α ¯∇^βh_{αβ} − ¯∇^2h ) = 0 (2.16)

with the mass squared m^2_f defined by

m^2_f = f^′(0) 3f^{′′}(0)

. (2.17)

At this stage, we note that it is not easy to make a further progress on the perturbation analysis because there exist fourth order derivatives. We mention that for the Einstein gravity with f(R) = R, f^′(R) = 1 and f^{′′}(0) = 0. In this case, one finds the equation for linearized curvature scalar: δR(h) = 0, which means that δR(h) is not a physically propagating mode. Actually, this equation leads to one constraint

¯∇^α ¯∇^βh_{αβ} = ¯∇^2h (2.18)

which will also be recovered from the transverse gauge. Up to now, we did not fix any gauge. We would like to comment on the linearized equation when choosing the Lorentz gauge ¯∇_ν h^{μν} = 1 2 ¯∇^μh. (2.19)

Under this gauge-fixing, the linearized equation (2.15) takes the form [19]

¯∇^2h̃_{μν} + 2R̄_{μρνσ}h̃^{ρσ} + f^{′′}(0) f^′(0) ( ḡ_{μν} ¯∇^2 − ¯∇_μ ¯∇_ν ) ¯∇^2h̃ = 0 (2.20) with the trace-reversed perturbation h̃_{μν} = h_{μν} − hḡ_{μν} /2 [21]. This equation was mainly used to mention that perturbed Kerr black holes obtained from f(R) gravity can probe deviations from the Einstein gravity [19]. Even though equation (2.20) is simpler than (2.15), it is a non-trivial task to decouple odd and even perturbations around the Kerr black hole, arriving at two fourth order equations hopefully. Furthermore, we do not know how to solve the fourth order differential equation. Finally, we may choose the transverse gauge which works well for studying the graviton propagations on the the AdS_4 spacetime background [22, 23] ¯∇_μh^{μν} = ¯∇^ν h, (2.21)

which leads to (2.18) when operating ¯∇ on both sides. Using the relation (2.18), one immediately finds that the effect of f(R) gravity [2f^{′′}(0)-term in (2.15)] disappears because of δR(h) = 0, leading to the Einstein gravity. Hence, the non-covariant gauge-fixing for the black hole perturbation should be different from the covariant gauge-fixing for the graviton propagations on the AdS, dS and Minkowski spacetimes [21]. It seems that the best way to resolve the difficulty confronting with the fourth order equation is to translate the fourth order equation into the second order equations by introducing auxiliary scalar fields. In other words, we must make a transformation from f(R) gravity to the scalar-tensor theory (like Brans-Dicke theory) to analyze the stability of f(R) black hole.

3 Perturbation of the scalar-tensor theory

In this section, we will develop the perturbation analysis around the f(R) black holes (2.7) in the different frame, the scalar-tensor theory. Introducing two auxiliary fields ϕ and A, one can rewrite the action (2.1) as [24, 25, 2] S_{st} = 1 2κ^2 ∫ d^4x √ −g {ϕ (R − A) + f(A)} . (3.1) Varying for the fields ϕ and A lead to two equations

R = A, ϕ = f^′(A). (3.2)

Note that imposing (3.2) on the action (3.1) recovers the original action (2.1). On the other hand, the equation of motion for the metric tensor can be obtained by ϕR_{μν} − f(A) 2 g_{μν} + ( g_{μν} ∇^2 − ∇_μ∇_ν ) ϕ = 0. (3.3)

In deriving the above equation, we used R = A whose reliability was discussed to explain the solar system test of f(R) garvity [2]. In this work, we use this relation to analyze the stability of f(R) black hole only. Considering a constant curvature scalar R = R̄ = Ā together with ϕ̄ = f^′(Ā) = const, Eq.(3.3) becomes f^′(Ā)R̄_{μν} − 1 2 ḡ_{μν} f(Ā) = 0. (3.4)

Taking the trace of (3.4) leads to

R̄f^′(Ā) − 2f(Ā) = 0 (3.5)

which determines the positive, negative and zero curvature scalar by choosing a form of f(A) R̄ = 2f( Ā) f^′(Ā)

≡ 4Λ_A. (3.6)

Substituting this expression into (3.4), one finds the Ricci tensor which determines the maximally symmetric Einstein spaces including Minkowski space

R̄_{μν} = 1 2 f(Ā) f^′(Ā) ḡ_{μν} = Λ_Aḡ_{μν} . (3.7)

Now we are in a position to study the perturbation around the constant curvature black hole (2.7). In addition to (2.8), from (3.2), we have

R̄ + δR(h) = Ā + δA, ϕ̄ + δϕ = f^′(Ā) + f^{′′}(Ā)δA, (3.8)

which leads to δR(h) → δA, δϕ → f^{′′}(Ā)δA. (3.9) Thus, instead of δR(h) and δϕ, we use δA as a perturbed field in addition to h_{μν} . We expect that the same results can be derived when using h_{μν} and δϕ in the Brans-Dicke theory because δϕ ≃ δA.

The linearized equation to (3.3) takes the form δR_{μν} (h) − Λ_Ah_{μν} + ḡ_{μν} [ f^{′′}(Ā)f(Ā) − f^{′2}(Ā) 2f^{′2}(Ā) ] δA + [f ′′(Ā) f^′(Ā) ]( ḡ_{μν} ¯∇^2 − ¯∇_μ ¯∇_ν ) δA = 0, (3.10) where the linearized Ricci tensor δR_{μν} (h) is given by (2.10). It is important to note that taking the trace of (3.10) with ḡ^{μν} leads to the linearized second order “scalaron” equation, instead of the linearized fourth order curvature scalar equation (2.16), as ( ¯∇^2 − m^2_A ) δA = 0, (3.11)

where the scalaron mass squared m^2_A is given by

m^2_A = f^{′2}(Ā) − 2f(Ā)f^{′′}(Ā)

3f^′(Ā)f^{′′}(Ā) = f^′(Ā) 3f^{′′}(Ā) − 4 3 Λ_A, (3.12)

which was already known as (97) of [2] in dS spacetimes. This is the main why we have introduced the action (3.1), instead of (2.1). Plugging Eq.(3.11) into Eq.(3.10) and rearranging the terms, we arrive at the linearized second order equation δR_{μν} (h) − Λ_Ah_{μν} = [f ′′(Ā) f^′(Ā) ] ¯∇_μ ¯∇_ν δA + ḡ_{μν} [ f^{′2}(Ā) + f(Ā)f^{′′}(Ā)

6f^{′2}(Ā) ] δA. (3.13)

At this stage, we introduce a specific form of f(A) inspired from (2.12) [18]

f(A) = a_1A + a_2A^2 + a_3A^3 · · · , (3.14)

where a_1, a_2, a_3, · · · are arbitrary constants. Their mass dimensions are [a_1] = 0, [a_2] = −2 because [f(A)] = 2, [A] = 2, and [ϕ] = 2. In this work, we confine ourselves to the asymptotically flat spacetimes with Λ_A = 0 which accommodates the Schwarzschild black hole. In this case, we have to choose Ā = 0 and thus,

f(0) = 0, f^′(0) = a_1, f^{′′}(0) = 2a_2. (3.15)

Taking into account (3.15), Eq.(3.13) reduces to δR_{μν} (h) = [ 1 3m^2_A ] ¯∇_μ ¯∇_ν δA + 1 6 ḡ_{μν} δA, (3.16)

where the scalaron mass squared in the asymptotically flat spacetimes is given by

m^2_A = f^′(0) 3f^{′′}(0)

. (3.17)

Since the mass dimension of the linearized scalaron is two ([δA] = 2), it would be better to write the canonical linearized equations by introducing a dimensionless scalaron δÃ defined by δÃ = δA 3m^2_A

. (3.18)

Finally, we arrive at two linearized equations ( ¯∇^2 − m^2_A ) δÃ = 0, (3.19) δR_{μν} (h) − ¯∇_μ ¯∇_ν δÃ − [m2_A 2 ] ḡ_{μν} δÃ = 0, (3.20)

which are our main result for carrying out the stability analysis of f(R) black hole. Importantly, we observe that when replacing δÃ → φ, m^2_A → −c, (3.21) Eqs.(3.19) and (3.20) are exactly the same equations of the massive Brans-Dicke theory for the stability analysis of the Schwarzschild black hole [26]. We mention that the stability analysis for the Schwarzschild black hole in the Brans-Dicke theory without potential (c = 0) has been established in [27]. Hence, we will use the result for the stability analysis for the Schwarzschild black hole in the massive Brans-Dicke theory (c ≠ 0).

4 Stability analysis of f(R) black hole in the scalar-tensor theory

The metric perturbations h_{μν} are classified depending on the transformation properties under parity, namely odd (axial) and even (polar). Using the Regge-Wheeler [28], and Zerilli gauge [29] , one obtains two distinct perturbations : odd and even perturbations. For odd parity, one has with two off-diagonal components h_0 and h_1

h^o_{μν} = 0 0 0 h_0(r) 0 0 0 h_1(r) 0 0 0 0 h_0(r) h_1(r) 0 0 e^{−ikt} sin θ dp_l dθ , (4.1)

while for even parity, the metric tensor takes the form with four components H_0, H_1, H_2, and K as

h^e_{μν} = H_0(r)e^{ν(r)} H_1(r) 0 0 H_1(r) H_2(r)e^{−ν(r)} 0 0 0 0 r^2K(r) 0 0 0 0 r^2 sin^2 θK(r) e^{−ikt}p_l , (4.2) where p_l is Legendre polynomial with angular momentum l and e^{ν(r)} was given by (2.14). We note that (4.1) and (4.2) correspond to the non-covariant gauge-fixing [30].

In order to explain the stability analysis of f(R) black hole briefly, we mainly use the result for the stability analysis for the massive Brans-Dicke theory [26]. For the odd-parity perturbation, its linearized equation takes a simple form as

δR_{μν} (h) = 0 (4.3)

which leads to the Regge-Wheeler equation by introducing the tortoise coordinate r^∗ = r + 2m ln[r/2m − 1] d^2Q dr^{∗2} + [ k^2 − V_{RW} ] Q = 0, (4.4) where the Regge-Wheeler potential is given by [28]

V_{RW} (r) = ( 1 − 2m r )[l(l + 1) r^2 − 6m r^3 ] . (4.5)

This potential is always positive for whole range of −∞ < r^∗ < ∞ and a barrier-type localized around r^∗ = 0, (see Fig. 3 of [27]) which implies that the odd-perturbation is stable [14]. For the even-perturbation, we have to use the linearized equation (3.20) because the scalaron δÃ contributes to making an even mode M̂ together with H_0, H_1, H_2, and K definitely. After a long algebraic manipulation, we arrive at the Zerilli’s equation d^2M̂ dr^{∗2} + [ k^2 − V_Z ] M̂ = 0, (4.6)

where the Zerilli potential is given by [29]

V_Z (r) = ( 1 − 2m r ) [ 2λ^2(λ + 1)r^3 + 6λ^2mr^2 + 18λm^2r + 18m^3 r^3(λr + 3m)^2 ] (4.7)

with λ = 1 2 (l − 1)(l + 2). (4.8) The Zerilli potential V_Z is always positive for whole range of −∞ < r^∗ < ∞ and a barriertype localized around r^∗ = 0 (see Fig. 3 of [27]), which implies that the even-perturbation is stable, even though the scalaron δÃ is coupled to the even-parity perturbations.

Finally, when considering δÃ ∝ Σ ψ(r) r Y_{lm}(θ, φ)e^{−ikt}, (4.9) the linearized scalaron equation (3.19) leads to the Schrödinger-type equation d^2ψ dr^{∗2} + [ k^2 − V_A ] ψ = 0, (4.10)

where the scalaron potential is given by

V_A(r) = ( 1 − 2m r )[l(l + 1) r^2 + 2m r^3

+ m^2_A ] , (4.11)

where the second term is the usual scalar term with spin zero [in general, −2m(s^2 − 1) for s spin-weight of the perturbing field], while the last term shows clearly the feature of a massive scalaron arisen from f(R) gravity. The potential V_A(r) is always positive exterior the event horizon if the mass squared m^2_A is positive (non-tachyonic mass). For the shapes of scalaron potential, see Fig. 2 and Fig. 3 of [26] by replacing m^2_A by −c. However, if m^2_A is negative (tachyonic mass), the potential becomes negative for large r and approaches −|m^2_A| at infinity, indicating that the f(R) black hole is unstable against the scalaron-perturbation.

5 Discussions

We have investigated the stability of f(R) (Schwarzschild) black hole obtained from the f(R) gravity. Actually, it seems to be a formidable task to carry out the perturbation analysis around the black hole because the linearized Einstein equation is fourth order in f(R) gravity.

We have proposed that the best way to resolve the difficulty confronting with the fourth order differential equation is to translate the fourth order equation into the second order equation by introducing auxiliary scalar fields. In this case, the linearized curvature scalar δR(h) becomes a massive scalaron, showing that all linearized equations are second order. We observed that the canonical linearized equations become the same equations for the massive Brans-Dicke theory when replacing the scalaron (its mass m^2_A) by the Brans-Dicke scalar (its mass −c). Then, it is straightforward to make a decision on the stability of f(R) black hole.

The stability on the metric perturbations remains unchanged, confirming that the odd (even) perturbations lead to the Schrödinger-type equation with the Regge-Wheeler (Zerilli) potential. This corresponds to the Einstein gravity, even though the even mode contains the scalaron in addition to H_0, H_1, H_2, and K. The difference comes from the linearized scalaron equation because the scalaron is a massive scalar which is physically propagating on the black hole background. It turns out that the f(R) is stable against the external perturbations if the scalaron does not have a tachyonic mass (f^{′′}(0) > 0). This is consistent with other perturbation analysis: the Dolgov-Kawasaki instability with f^{′′}(R) < 0 in cosmological perturbations [31], graviton and scalar propagations in the Minkowski [24], dS [32, 33] and AdS [23] spacetimes.

In this work, even though the perturbation formalism is suitable for all constant curvature black holes (2.7), including the Kerr black hole, we have analyzed the Schwarzschild black hole. We conjecture that the stability of black holes from Einstein gravity theory may hold for the f(R) black holes if one uses the scalar-tensor approach developed in Section 3.

Acknowledgments This work was supported by the 2010 Inje University Research Grant.

References

[1] S. Nojiri and S. D. Odintsov, eConf C0602061 (2006) 06 [Int. J. Geom. Meth. Mod.

Phys. 4, 115 (2007)] [arXiv:hep-th/0601213].

[2] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451 (2010) [arXiv:0805.1726 [grqc]].

[3] S. Nojiri and S. D. Odintsov, arXiv:1011.0544 [gr-qc].

[4] S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Astrophys. J. 517 (1999) 565 [arXiv:astro-ph/9812133]; A. G. Riess et al. [Supernova Search Team Collaboration], Astron. J. 116 (1998) 1009 [arXiv:astro-ph/9805201].

[5] A. De Felice and S. Tsujikawa, Living Rev. Rel. 13, 3 (2010) [arXiv:1002.4928 [gr-qc]].

[6] L. Pogosian and A. Silvestri, Phys. Rev. D 77 (2008) 023503 [Erratum-ibid. D 81, 049901 (2010)] [arXiv:0709.0296 [astro-ph]].

[7] G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov and S. Zerbini, JCAP 0502, 010 (2005) [arXiv:hep-th/0501096].

[8] G. Cognola and S. Zerbini, arXiv:0811.2714 [gr-qc].

[9] S. Capozziello, M. De Laurentis and V. Faraoni, arXiv:0909.4672 [gr-qc]. [10] L. Sebastiani and S. Zerbini, arXiv:1012.5230 [gr-qc].

[11] A. de la Cruz-Dombriz, A. Dobado and A. L. Maroto, Phys. Rev. D 80, 124011 (2009) [arXiv:0907.3872 [gr-qc]].

[12] A. de la Cruz-Dombriz, A. Dobado and A. L. Maroto, Phys. Rev. D 83, 029903(E) (2011).

[13] T. Moon, Y. S. Myung and E. J. Son, arXiv:1101.1153 [gr-qc]. [14] C. V. Vishveshwara, Phys. Rev. D 1, 2870 (1970).

[15] E. Winstanley, Class. Quant. Grav. 16, 1963 (1999) [arXiv:gr-qc/9812064]. [16] I. Z. Stefanov, S. S. Yazadjiev and M. D. Todorov, Class. Quant. Grav. 26, 015006 (2009).

[17] B. F. Whiting, J. Math. Phys. 30, 1301 (1989).

[18] D. Psaltis, D. Perrodin, K. R. Dienes, and I. Mocioiu, Phys. Rev. Lett. 100, 091101 (2008) [arXiv:0710.4564 [astro-ph]].

[19] E. Barausse and T. P. Sotiriou, Phys. Rev. Lett. 101, 099001 (2008) [arXiv:0803.3433 [gr-qc]].

[20] A. De Felice, T. Suyama and T. Tanaka, arXiv:1102.1521 [gr-qc]. [21] E. E. Flanagan and S. A. Hughes, New J. Phys. 7, 204 (2005) [arXiv:gr-qc/0501041]. [22] I. Gullu and B. Tekin, Phys. Rev. D 80, 064033 (2009) [arXiv:0906.0102 [hep-th]]. [23] Y. S. Myung, arXiv:1012.2153 [gr-qc].

[24] G. J. Olmo, Phys. Rev. Lett. 95, 261102 (2005) [arXiv:gr-qc/0505101]. [25] M. Chaichian, M. Oksanen and A. Tureanu, Phys. Lett. B 693, 404 (2010) [arXiv:1006.3235 [hep-th]].

[26] O. J. Kwon, Y. D. Kim, Y. S. Myung, B. H. Cho and Y. J. Park, Int. J. Mod. Phys.

A 1, 709 (1986).

[27] O. J. Kwon, Y. D. Kim, Y. S. Myung, B. H. Cho and Y. J. Park, Phys. Rev. D 34, 333 (1986).

[28] T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063 (1957). [29] F. J. Zerilli, Phys. Rev. Lett. 24, 737 (1970).

[30] C. A. Clarkson and R. K. Barrett, Class. Quant. Grav. 20, 3855 (2003) [arXiv:gr-qc/0209051].

[31] A. D. Dolgov and M. Kawasaki, Phys. Lett. B 573, 1 (2003) [arXiv:astro-ph/0307285]. [32] V. Faraoni and S. Nadeau Phys. Rev. D 72, 124005 (2005) [arXiv:gr-qc/0511094]. [33] G. J. Olmo, Phys. Rev. D 75, 023511 (2007) [arXiv:gr-qc/0612047].