arXiv:1103.0374v1 [math-ph] 2 Mar 2011

Generalized Kaluza-Klein monopole, quadratic algebras and ladder operators

Ian Marquette

Department of Mathematics, University of York, Heslington, York, UK. YO10 5DD

E-mail: im553@york.ac.uk

Abstract. We present a generalized Kaluza-Klein monopole system. We solve this quantum superintegrable systems on a Euclidean Taub Nut manifold using the separation of variables of the corresponding Schroedinger equation in spherical and parabolic coordinates. We present the integrals of motion of this system, the quadratic algebra generated by these integrals, the realization in term of a deformed oscillator algebra using the Daskaloyannis construction and the energy spectrum. The structure constants and the Casimir operator are functions not only of the Hamiltonian but also of other two integrals commuting with all generators of the quadratic algebra and forming an Abelian subalgebra. We present an other algebraic derivation of the energy spectrum of this system using the factorization method and ladder operators.

1. Introduction

The idea of monopole in context of quantum mechanics was discussed first by Dirac [1]. However, the problem of degeneracy in the presence of a magnetic monopole was studied later, independently by Zwanziger [2] and by McIntosh and Cisneros [3]. This ‘MICZ- Kepler’ that consist of a magnetic monopole in flat 3D space with an arbitrary electric charge plus a fixed inverse-square term in the potential, is superintegrable (i.e. it allows more integrals of motion than degrees of freedom), and has an so(4) symmetry algebra generated by the Poincaré vector together with a Runge-Lenz vector. This problem was also discussed by Barut et al.[4], Jackiw [5] and including spin by D’Hoker and Vinet [6]. The MICZ-Kepler is separable in spherical and parabolic coordinates, this multiseparability is related with the existence of these integrals of motion. The MICZ- Kepler problem also exists in higher dimensions [7-14], and remain superintegrable. The Yang-Coulomb system, consisting of the Yang monopole and a particle coupled to the monopole by isospin su(2) and the Kepler-Coulomb interaction [7-12]. This system was studied using the separation of variables in hyperspherical, spheroidal and parabolic coordinates and the interbasis expansion obtained [10]. This system is also related to the 8D harmonic oscillator by a Hurwitz transformation and has a so(6) symmetry algebra. The MICZ-Kepler problem was also considered in S^3 [15].

A generalized MICZ-Kepler was introduced by Mardoyan [16]. This system can be seen as the intrinsic Smorodinsky-Winternitz system [17-19] with monopole in 3D Euclidean space. It can be transformed into a 4D singular harmonic oscillator by a duality transformation [20]. This 4D singular harmonic oscillator studied in [21] and the classical analog and its periodic trajectories in [22]. This 4D system allows also to discuss Poschl-Teller, Hartmann potential and other ring shaped system in a unified way. We presented the quadratic algebra of the generalized MICZ-Kepler system in three-dimensional Euclidean space E_3 and its dual the four dimensional singular oscillator in four-dimensional Euclidean space E_4 [23]. We presented their realization in terms of a deformed oscillator algebra using the Daskaloyannis construction [24] and presented an algebraic derivation of the energy spectrum. We also presented a new algebraic derivation of the energy spectrum of the MICZ-Kepler system on the three sphere S^3 [15] using a quadratic algebra. These results pointed out also that results and explicit formula for structure functions obtained for quadratic, cubic and higher order polynomial algebras in context of two-dimensional superintegrable systems without monopole may be applied to superintegrable systems in higher dimensions with and without monopoles. The generalized MICZ-Kepler system [25] were discussed from the point of view of supersymmetric quantum mechanics and ladder operators [26]. In context of superintegrable systems without monopole such relation between superintegrability, ladder operators and supersymmetric quantum mechanics [27-34]. Method to obtain new superintegrable systems were proposed from ladder and supersymmetry in quantum mechanics.

Let us introduce an other class of monopole system. The idea of five-dimensional theory with one dimensional curled up to form a circle was discussed in context of unification theory by Kaluza and Klein [35,36]. Later, the Taub Nut metric (with a cyclic coordinates) appeared in context of the Euclidean Einstein equation [37], the Taub Nut metric is Ricci-flat self dual on R^4 and gives an example of non trivial gravitational instanton. A Kaluza-Klein monopole was obtained by embedding the Taub-Nut gravitational instanton into five-dimensional Kaluza-Klein theory [38,39] and also appeared in context of the study of monopole scattering [40-42]. Since, many article were devoted to Kaluza-Klein monopole [43-47]. It was observed than in classical mechanics the equation of motion contains the Dirac monopole, a Coulomb term and a velocity-square dependent term, thus this system appears to be a non trivial generalization of the Kepler system. More interestingly, the Kaluza-Klein monopole in classical and quantum mechanics possesses conserved quantities that are analog of the angular momentum and the Runge-Lenz-vector and an algebraic derivation of it discrete energy spectrum can be done from it dynamical symmetry algebra o(4)[44,45]. This systems is multiseparable and the solution of the Schrdinger equation in spherical and parabolic coordinates [46,47] was done and the interbasis expansion obtained [46]. Moreover, analog of such systems can be obtained for generalized Taub Nut metric [48- 51] and Lebrun metric [52 53]. Recently, intrinsic Smorodinsky-Winternitz systems on various curved space such the Taub Nut metric in a classical context using the sl(2, R) coalgebra symmetry approach were introduced [54].

The purpose of this paper is to study a quantum superintegrable generalization of the Kaluza-Klein monopole that correspond to an intrinsic Smorodinsky-Winternitz systems obtain its integrals of motion and the corresponding quadratic algebra, present an algebraic derivation of the energy spectrum using this quadratic algebra and also using ladder operators.

The paper is structured as follows. In Section 2, recall some results of the Kaluza- Klein monopole and we present a generalization of Kaluza-Klein monopole and solve the corresponding Schrodinger equation in spherical and parabolic coordinates. In Section 3, recall results on quadratic algebras and their realization in term of deformed oscillator algebras and present for this system the quadratic algebra, the Casimir operators, the realization in terms of a deformed oscillator algebra and its spectrum. In Section 4, using factorization and ladder operators we reobtain the energy spectrum.

2. Kaluza-Klein monopole

Let us recall some results of the Kaluza-Klein monopole. The Euclidean Taub Nut metric is given by

ds^2 − dt^2 + 1 V (r) dl^2 + V (r)(dx^5 + A_idx^i)^2, (1)

with

V (r) = 1 1 +^μ_r

, A_1 = μ r x_2 r + x_3

, A_2 = μ r x_1 r + x_3

, A_3 = 0, (2) where dl^2 = (dx^1)^2 + (dx^2)^2 + (dx^3)^2 is the 3-dimensional Euclidean line element. The Hamiltonian for the quantum Kaluza-Klein monopole is given by : H = 1 2 (V (r) ⃗P^2 + 1 V (r) P^2_5 ), (3)

where the operators

P_5 = −i∂_5, P_i = −i(∂_i − A_i∂_5), (4)

satisfy the following commutation relations :

[P_i, P_j] = iϵ_{ijk}B_kP_5, [P_i, P_5] = 0. (5)

where ⃗B = μ^{⃗x}_{r3} . Let us now consider the change of variables x^5 = μψ and define the charge operator Q = −iμ∂_ψ . The Hamiltonian allows the following first and second order integrals of motion that consist in the angular momentum and Runge-Lenz vector: ⃗L = ⃗x × ⃗P − ⃗x r Q, ⃗K = 1 2 ( ⃗P × ⃗L − ⃗L × ⃗P ) − μ ⃗x r (H − 1 μ^2

Q^2). (6)

These integrals generate a so(4) dynamical symmetry algebra : [L_i, L_j ] = iϵ_{ijk}L_k, [L_i, K_j] = iϵ_{ijk}K_k, [K_i, K_j ] = iϵ_{ijk}L_k( Q^2 μ^2

− 2H). (7)

Similarly to the Kepler-Coulomb systems the energy spectrum can be obtained algebraically from the finite-dimensional unitary representations and is given by the following expression (QΨ = qΨ, L_3Ψ = mΨ and L^2Ψ = l(l + 1)Ψ) : n = (^{q2}_μ − μE) √_{q2} μ^2 − 2E

, n = n_r + l + 1, n_r = 0, 1, 2, ... (8)

with the following constraints |q| − 1 < l ≤ n − 1 and |q| − 1 < |m| ≤ l.

2.1. Generalized Kaluza-Klein monopole

Let us now introduce the following Hamiltonian with V (r) and the components A_i given by Eq(2): H = 1 2 (V (r)( ⃗P^2 + c_1 2r + c_2 2r(r + z) + c_3 2r(r − z) + c_4) + 1 V (r) P^2_5 ). (9)

Let us postpone the study of the integrals of motion and the symmetry algebra of this Hamiltonian in the next section and solve the corresponding Schroedinger equation in spheroidal and parabolic coordinates systems.

Considering the spheroidal coordinates systems x = rsin(θ)cos(ϕ), y = rsin(θ)sin(ϕ), z = rcos(θ), (10) the the Taub Nut metric thus has the form :

ds^2 = −dt^2 + 1 V (dr^2 +r^2dθ^2 +r^2sin^2(θ)dϕ^2)+μ^2(dψ+(1−cos(θ))dϕ)^2, (11)

A_r = A_θ = 0, A_ϕ = μ(1 − cos(θ)), (12)

and the Schroedinger equation takes the following form : − 1 2 V (r)( 1 r^2

∂_r(r^2∂_r) − c_1 2r − c_2 4r^2cos^2(^θ_2 ) − c_3 4r^2sin^2(^θ_2 )

− c_4 (13)

+ 1 r^2 ( ∂^2 ∂θ^2 + cot(θ) ∂ ∂θ + 1 sin^2(θ) ∂^2 ∂ϕ^2 ) + ( 1 μ^2V (r)^2 + (1 − cos(θ))^2 r^2sin^2(θ) ) ∂^2 ∂ψ^2 −2 r^2 (1 − cos(θ)) sin^2(θ) ∂ ∂ϕ ∂ ∂ψ )Ψ(r, θ, ϕ, ψ) = EΨ(r, θ, ϕ, ψ). By making the Ansatz : Ψ(r, θ, ϕ, ψ) = R(r)Z(θ)e^{i(νϕ+qψ)}, (14) we obtain for the angular and radial variables the following ordinary differential equations : 1 r^2 d dr (r^2 dR dr ) + ((2E − q^2 μ^2

− c_4) + 1 r (2Eμ − 2q^2 μ − c_1) − A r^2

)R = 0, (15)

∂^2Z ∂θ^2 + cot(θ) ∂Z ∂θ + (A − (m − q)^2 + c_2 4cos^2(^θ_2 ) − (m + q)^2 + c_3 4sin^2(^θ_2 )

)Z = 0. (16) where L_3Ψ(r, θ, ϕ, ψ) = mΨ(r, θ, ϕ, ψ), QΨ(r, θ, ϕ, ψ) = qΨ(r, θ, ϕ, ψ) (ν = m − q). The solution of Eq(2.16) is given by Z = N_{jm}(δ_1, δ_2)(cos(^θ_2 ))^{m1} (sin(^θ_2 ))^{m2} P^{m2,m1}_{j−m+} (cos(θ)), with m_1 = |m − q| + δ_1 = √ (m − q)^2 + c_2, m_2 = |m + s| + δ_2 = √ (m + q)^2 + c_3, m_+ =^{(|m+q|+|m−q|)}_2 , P^{a,b}_n denotes a Jacobi polynomial. The quantum number m and j run through values m = −j, −j + 1, ..., j − 1, j and j = m_+, m_+ + 1,.... . The quantum numbers j,m characterise the total momentum of the system and its projection on the z axis. A is a separation constant quantized as A = (j +^{δ1+δ2}_2 )(j +^{δ1+δ2}_2 + 1).

For the radial variable, we introduce R =^1_r χ^q_{E,j}(r) and obtain the differential equation : (− d^2 dr^2 + A r^2 − α r )χ^q_{E,j}(r) = βχ^q_{E,j}(r), (17) with α = 2Eμ − 2q^2 μ − c_1 2 , β = 2E − q^2 μ^2

− c_4. (18)

The solution is given in term of the confluent hypergeometric function χ(r) = c_{nj}(δ_1, δ_2)ρ^se^{− ρ2} F (a, 2s, ρ), (19) where c is a normalization constant with ρ = 2r √ −β, a = s − α 2 √ −β . (20)

We obtain from s = j +^{δ1+δ2}_2 and a = −n_r (n_r = 0, 1, 2, ...) the following condition : j + δ_1 + δ_2 2 − α 2 √ −β = −n_r, (21)

that gives the energy spectrum

(2Eμ −^{2q2}_μ −^{c1}_2 ) 2 √ c_4 − 2E +^{q2}_{μ2}

= n + δ_1 + δ_2 2 , n = n_r + j + 1. (22)

In term of the parabolic coordinates :

x_1 = √ ξηcos(ϕ), x_2 = √ ξηsin(ϕ), z = 1 2 (ξ − η), r = 1 2 (ξ + η), (23)

The the Taub Nut metric take the following form :

ds^2 = −dt^2 + 1 V (r) dl^2 + μ^2V (r)(dψ + (1 − ξ − η ξ + η )dϕ)^2, (24)

dl^2 = ξ + η 4ξ dξ^2 + ξ + η 4η dη^2 + ξηdϕ^2. (25)

The Hamiltonian has the form : H = 1 2 (V ( ⃗P^2 + c_1 ξ + η + c_2 (ξ + η)ξ + c_3 (ξ + η)η + c_4) + 1 V Q^2 μ^2

), (26)

and can be written in term of L_3 and Q as : H = 1 2μ^2

Q^2 − 2 ξ + η + 2μ

(∂_ξ(ξ∂_ξ)+∂_η (η∂_η)− c_1 4 − c_2 4ξ − c_3 4η − c_4(ξ + η) 4 (27) − 1 4ξ (L_3 − Q)^2 − 1 4η (L_3 + Q)^2 − 1 2 Q^2).

By making the following Ansatz : Ψ(ξ, η, ϕ, ψ) = f^q_{E,k,m}(ξ)h^q_{E,k,m}(η)e^{i(νϕ+qψ)}, (28) and using the method of separation of variables we obtain the following set of ordinary differential equations : (∂_ξ(ξ∂_ξ) − m^2_1 4ξ + α 4 + β 4 ξ)f^q_{E,k,m}(ξ) = k 2 f^q_{E,k,m}(ξ), (29) (∂_η(η∂_η) − m^2 4η + α 4 + β 4 η)h^q_{E,k,m}(η) = − k 2 h^q_{E,k,m}(η). (30) The solutions of the Eq(29) and (30) is given in term of the confluent hypergeometric function :

f^q_{E,k,m}(ξ) = x^{m12} e^{− x2} F (−n_1, m_1 + 1, x), x = ξ √ −β, (31) h^q_{E,k,m}(η) = y^{m22} e^{− y2} F (−n_2, m_2 + 1, y), y = η √ −β, (32) where n_1 and n_2 are non negative integers and

n_1 = − m_1 + 1 2 + (2k − α) 4 √ −β , n_2 = − m_2 + 1 2 − (2k + α) 4 √ −β . (33)

The principal quantum number n can be expressed in term of the parabolic quantum numbers n_1 and n_2 :

n = n_1 + n_2 + m_+ + 1, n_1, n_2 = 0, 1, 2, ... . (34)

3. Quadratic algebra and realizations in term of deformed oscillator algebras

The most general quadratic algebra [24] generated by the integrals of motion of a quadratically superintegrable system is given by : [A, B] = C, [A, C] = βA^2 + γ{A, B} + δA + ϵB + ζ, (35) [B, C] = aA^2 − γB^2 − β{A, B} + dA − δB + z. the structure constants β, δ, γ, ϵ, ζ, a, d and z can be polynomial functions not only of the Hamiltonian but also of any other integrals of motion (F_i) that commute with the Hamiltonian, with each other and also with the generators of the quadratic algebra A, B and C (that is, [F_i, H] = [F_i, F_j] = [F_i, A] = [F_i, B] = [F_i, C] = 0). Let us mention that the study of finite-dimensional unitary representations of a general cubic algebra [27] and example of quintic and seventh order algebras [30] were done.

When we study this algebra’s realization in terms of deformed oscillator algebras and its representations, we will fixed the energy (Hψ = Eψ) but also these other integrals (F_iψ = f_iψ) of motion that form, with the Hamiltonian, an Abelian subalgebra. The Casimir operator ([K, A] = [K, B] = [K, C] = 0) of this quadratic algebra is thus given in terms of the generators by : K = C^2 − α{A^2, B} − γ{A, B^2} + (αγ − δ){A, B} + (γ^2 − ϵ)B^2 +(γδ − 2ζ)B + 2a 3 A^3 + (d + aγ 3 + α^2)A^2 + ( aϵ 3 + αδ + 2z)A. The Casimir operator K will be also rewritten as a polynomial of H and F_i. A deformed oscillator algebra {N, b^†, b} satisfy the following relations :

[N, b^†] = b^†, [N, b] = −b, bb^† = Φ(N + 1), b^†b = Φ(N), (36) where Φ(x) the structure function , is a real function. Two types of realizations of the quadratic algebra in terms of deformed oscillator algebras were obtained in Ref.24.

Case γ ≠ 0 : ρ(N) = 1 2^{12}3γ^8(N + u)(1 + N + u)(1 + 2(N + u))^2 , A(N) = γ 2 ((N + u) − 1 4 − ϵ γ^2 , b(N) = − α((N + u)^2 −^1_4 ) 4 + αϵ − δγ 2γ^2 − αϵ^2 − 2δγϵ + 4γ^2ζ 4γ^4 1 ((N + u)^2 −^1_4 ) , Φ(N) = −3072γ^6K(−1 + 2(N + u))^2 (37)

−48γ^6(α^2ϵ − αδγ + aϵγ − dγ^2)(−3 + 2(N + u))(−1 + 2(N + u))^2(1 + 2(N + u))

+γ^8(3α^2 + 4aγ(−3 + 2(N + u))^2(−1 + 2(N + u))^4(1 + 2(N + u))^2

+768(αϵ^2 − 2δϵγ + 4γ^2ζ)^2 + 32γ^4(−1 + 2(N + u))^2(−1 − 12(N + u)

+12(N + u)^2)(3α^2ϵ^2 − 6αδϵγ + 2aϵ^2γ + 2δ^2γ^2 − 4dϵγ^2 + 8γ^3z + 4αγ^2ζ)

−256γ^2(−1 + 2(N + u))^2(3α^2ϵ^3 − 9αδϵ^2γ + aϵ^3γ + 6δ^2ϵγ^2 − 3dϵ^2γ^2

+2δ^2γ^4 + 2dϵγ^4 + 12ϵγ^3z − 4γ^5z + 12αϵγ^2ζ − 12δγ^3ζ + 4αγ^4ζ).

Case γ = 0, ϵ ≠ 0 : A(N) = √ ϵ(N + u), b(N) = −α(N + u)^2 − δ √ ϵ (N + u) − ζ ϵ , ρ(N) = 1,

Φ(N) = 1 4 (− K ϵ − z √ ϵ − δ √ ϵ ζ ϵ + ζ^2 ϵ^2

) (38) − 1 12 (3d − a √ ϵ − 3α δ √ ϵ + 3( δ √ ϵ )^2 − 6 z √ ϵ + 6α ζ ϵ − 6 δ √ ϵ ζ ϵ )(N + u) + 1 4 (α^2 + d − a √ ϵ − 3α δ √ ϵ + ( δ √ ϵ )^2 + 2α ζ ϵ )(N + u)^2 − 1 6 (3α^2 − a √ ϵ − 3α δ √ ϵ )(N + u)^3 + 1 4 α^2(N + u)^4.

To obtain finite-dimensional unitary representations [24] we should impose the following three constraints on the structure function:

Φ(p + 1, u, k) = 0, Φ(0, u, k) = 0, ϕ(x) > 0, ∀ x > 0 . (39) where p = 0, 1, 2, .... The energy E and the arbitrary constant u are solutions of the equation obtained from these constraints. The dimension of the representation given by Eq.(39) is p + 1.

3.1. Quadratic algebra and generalized Kaluza-Klein monopole

The Hamiltonian given by Eq.(9) allows the following integrals of motion :

A = L^2_1 + L^2 + L^2_3 + c_2 4 η ξ + c_3 4 ξ η , (40) B = 1 2 ((P_1L_2−P_2L_1)−(L_1P_2−L_2P_1))−μ (ξ − η) (ξ + η) (H− 1 μ^2

Q^2− c_1 4μ + c_2η^2 − c_3ξ^2 2μξη(ξ − η) ), (41)

L_3 = x_1P_2 − x_2P_1 − (ξ − η) (ξ + η) Q, Q = −iμ∂_ψ . (42) In addition to these commutation relations :

[H, Q] = [H, L_3] = [H, A] = [H, B] = 0, (43)

we have the further commutation relations :

[L_3, Q] = [A, Q] = [B, Q] = [A, L_3] = [B, L_3] = 0. (44)

Thus the integrals H, Q and L_3 form an Abelian subalgebra.

We can form for the integrals A and B respectively related with the separation of variables in spherical and parabolic coordinates the following quadratic algebra : [A, B] = C, (45) [A, C] = 2{A, B} − 4μHQL_3 + 4 μ Q^3L_3 + c_1QL_3 + (c_2 + c_3)B + (c_2 − c_3)μH +( c_3 − c_2 μ )Q^2 − 1 4 c_1(c_2 − c_3),

[B, C] = −2B^2 + 8AH + 2μ^2H^2 − 8HQ^2 − 4HL^2_3 − 4 μ^2

AQ^2 + 4 μ^2

Q^4 + 2 μ^2

Q^2L^2_3 − 4c_4A + (4 − c_1μ)H + (

−2 + c_1μ + 2c_4μ^2 μ^2

)Q^2 + 2c_4L^2_3 + 1 8 (c^2_1 − 16c_4).

K = 4μ^2H^2L_3+4μ^2H^2Q^2+μ^2(c_2+c_3)H^2−8HQ^4−16HQ^2L^2_3−2c_1μHQ^2(46)

+2(c_2 + c_3 − c_1μ)HL^2_3 + (−2c_2 − 2c_3 + 2c_2c_3 − c_1c_2μ 2 − c_1c_3μ 2 )H + 4(c_2 − c_3)HQL_3 + 4 μ^2

Q^6 + 8 μ^2

Q^4L^2_3 +

2c_1 μ Q^4 + (

−c_2 − c_3 + 2c_1μ + 4c_4μ^2 μ^2

)Q^2L^2_3 −2 (c_2 − c_3)

μ^2

L_3Q^3 + (

4(c_2 + c_3 − c_2c_3) + 2μc_1(c_2 + c_3) + 4μ^2(c^2_1 − c_2c_4 − c_3c_4) 4μ^2

)Q^2

−2c_4(c_2 − c_3)QL_3 + ( c^4_1 4 − c_2c_4 − c_3c_4)L^2_3 + 1 16 (c^2_1(c_2 + c_3) + 16c_4(c_2 + c_3 − c_2c_3)).

The structure constants of the quadratic algebra and the Casimir operator are thus written in term of the integrals forming the Abelian subalgebra as observed for other systems with and without monopole [23,55].

The structure function is given by the following equation :

Φ(N) = − 1 μ^2

12288(c^2−2c_2(c_3+(1−2(N+u))^2+4mq)+(c_3+(1+2m−2(N+u))(47)

(−1 + 2(N + u) + 2q))(c_3 − (−1 + 2m + 2(N + u))(−1 + 2(N + u) − 2q)))

(−16q^4 + 4q^2((1 − 2(N + u))^2 − 2c_1μ + 8Eμ^2)

−μ^2(4(−c_4 + 2E)(1 − 2(N + u))^2 + (c_1 − 4Eμ)^2)). The structure function can be factorized as :

Φ(N) =

2^{20}3 μ^2

(q−c_4μ^2+2Eμ^2)(N+u− 1 2 (1−(m_1−m_2)))(N+u− 1 2 (1+(m_1−m_2)))(48) (N + u − 1 2 (1 − (m_1 + m_2)))(N + u − 1 2 (1 + (m_1 + m_2)))]

(N + u − ( 1 2 − (4q^2 + μ(c_1 − 4Eμ)) 4 √ q^2 + (c_4 − 2E)μ^2

))(N + u − ( 1 2 + (4q^2 + μ(c_1 − 4Eμ)) 4 √ q^2 + (c_4 − 2E)μ^2 )). From the Eq.(39) we obtain : u = 1 2 + (4q^2 + μ(c_1 − 4Eμ)) 4 √ q^2 + (c_4 − 2E)μ^2

, (49)

Φ(N) =

2^{20}3 μ^2

(−q − c_4μ^2 + 2Eμ^2)(p + 1 + m_1 + m_2 − N)N(p + 1 − N)(50)

(p + 1 + m_2 − N)(p + 1 + m_1 − N)(N − 2p − 2 − m_1 − m_2),

p + 1 + m_1 + m_2 = −

(4q^2 + μ(c_1 − 4Eμ)) 4 √ q^2 + (c_4 − 2E)μ^2

. (51)

By taking taking p = n_1 + n_2 and using the Eq.(35) we obtain that this energy spectrum coincide with results obtained from the separation of variables in Section 2.

4. Generalized Kaluza-Klein monopole and ladder operators

Let us now present a study of this systems using the factorization method and ladder operators. The radial part of the Schrodinger equation in spherical coordinates given by Eq.(17) using the change of variables r =^1√_{−β} x can be transformed in the following equation : L_{n,j}χ_{n,j} ≡ (−x^2 d^2 dx^2 − x^2 − f_nx)χ_{n,j} = −Aχ_{n,j}, f_n = α √ −β . (52)

It can be factorized similarly to the generalized MICZ-Kepler system [26]. We can introduced the following operators : B^n_± = ∓x d dx + x − f_n, (53)

satisfying the commutation relations :

(B^n_− − 1)B^n_+χ_{nj} = (f_n(f_n + 1) − A)χ_{nj}, (54) (B^n_+ + 1)B^n_−χ_{nj} = (f_n(f_n − 1) − A)χ_{nj}. (55)

Let us define the following operators :

B_3 = 1 2 (−x d^2 dx^2 + x + A x ), B_± = ∓x d dx + x − B_3. (56)

They satisfy a su(1,1) dynamical Lie algebra as for the generalized MICZ-Kepler system [26] and various other quantum mechanics systems [56,57] and relativistic Keplercoulomb problem [58] :

[B_±, B_3] = ∓B_±, [B_+, B_−] = −2B_3 (57)

The Casimir operator is given by

B^2 = −T_±T_∓ + T^2_3 ∓ T_3 (58)

the Casimir T^2 and the operators B_3 act on the eigenfunctions in the following way

B_3χ_{nj} = f_nχ_{nj}, T^2χ_{nj} = Aχ_{nj}. (59)

The unitary representations of su(1, 1) are given by C^2ψ_{ν,μ} = μ(μ + 1)ψ_{μ,ν} , C_3ψ_{ν,μ} = νψ_{ν,μ}, (60) with ν = μ + n^′ + 1,n’=0,1,2,... and μ > −1. We have μ = j +^{δ1+δ2}_2 and we obtain

ν = j + δ_1 + δ_2 2 + n^′ + 1, (61)

From Eq.(61), (18) we reobtain the energy spectum given by the Eq.(22).

5. Conclusion

In this paper, we considered the generalized Kaluza-Klein monopole system. We presented the integrals of motion and the quadratic algebra for this system. We obtain for this quadratic algebra the realizations in terms of deformed oscillator algebras, the finite dimensional unitary representations and the corresponding energy spectrum. Similarly to the generalized MICZ-Kepler systems [23] and the Verrier-Evans systems studied by Daskaloyannis and Tanoudis [55] recently, the structure constants and the Casimir operator (given by Eq.(46)) of the quadratic algbra are written in term of the Hamiltonian but other integrals. We also presented the solution using spheroidal and parabolic coordinates.

We also presented an algebraic derivation of the energy spectrum using the su(1,1) dynamical algebra obtained for the ladder operator using the radial part of the equation in spheroidal coordinates.

These results show how results obtained in context of systems without monopole on quadratic and more generally polynomial algebra can be useful for systems with monopole.

Let us mention a new family of two-dimensional superintegrable systems with higher order integrals of motion that is a generalization of the Kepler-Coulomb system was

Generalized Kaluza-Klein monopole, quadratic algebras and ladder operators 12

obtained recently by Winternitz and Post [59], it would be interesting to explore the possibility of superintegrable systems with monopole allowing higher order integrals of motion. Let us mention also these recent work on superintegrable systems on curved spaces [60,61].

Acknowledgments

The research of I.M. was supported by a postdoctoral research fellowship from FQRNT of Quebec. The author thanks N.Mackay and C.Warnick for very helpful comments and discussions.

References

[1] Dirac P M 1932 Proc.Roy.Soc. (London) A 133 60 [2] McIntosh H V and Cisneros A 1970 J.Math.Phys. 11 (3) [3] Zwanziger D 1968 Phys. Rev. 176 5 [4] Barut A O, Schneider C K E and Wilson R 1979 J.Math.Phys. 20 2244 [5] Jackiw R 1980 Ann. Phys. (N.Y.) 129 183 [6] D’Hoker E and Vinet L 1985 Nucl.Phys. B 260 79 [7] Yang C N 1978 J.Math. Phys. 19 320 [8] Mardoyan L G, Sissakian A N and Ter-Antonyan V M 1999 Mod.Phys. Lett. A 14 1303;

arxiv:hep-th/9803010; Preprint JINR E2-96-24, Dubna, arxiv:hep-th/9601093 (1996) [9] Mardoyan L G, Sissakian A N, Ter-Antonyan V M 1998 Phys.Atom. Nucl. 61 1746 [10] Mardoyan L G, A.N.Sissakian, V.M.Ter-Antonyan, theor. Math. Phys. 123 1 451 (2000) [11] Nersessian A and Pogosyan G 2001 Phys. Rev. A 63 020103 [12] Mardoyan L G 2002 Phys. Atom. Nucl. 65 6 1096 [13] Meng G 2007 J.Phys. Math. 48 032105 [14] Le V-H, Nguyen T-S and Phan N H 2009 J.Phys. A:Math. Theor. 42 175204 [15] Gritsev V V, Kurochkin Yu A and Otchik V S 2000 J.Phys.A: Math. Gen 33 4903 [16] Mardoyan L 2003 J.Math.Phys. 44 11 [17] Fris J, Mandrosov V, Smorodinsky Ya A, Uhlir M and Winternitz P 1965 Phys.Lett. 16 354 [18] Winternitz P, Smorodinsky Ya A, Uhlir M and Fris I 1966 Yad.Fiz. 4 625. (English translation in 1967 Sov. J.Nucl.Phys. 4 444).

[19] Evans N W 1990 Phys.Rev. A 41 5666; 1991 J.Math.Phys. 32 3369 [20] Mardoyan L G and Petrosyan M G 2007 Phys. Atom. Nucl. 70 572 [21] Petrosyan M 2008 Phys. Atom. Nucl. 71 1094 [22] Tresaco E and Ferrer S 2010 Celest.Mech.Dyn.Astr. 107 337 [23] Marquette I 2010 J.Math.Phys. 51 102105 [24] Daskaloyannis C 2001 J.Math.Phys. 42 1100 [25] Ranjan Giri P 2008 Mod.Phys.Lett. A 23 895 [26] Salazar-Ramirez M, Martinez D, Granados V D and Mota R D 2010 Int.J.Theor.Phys. 49 967 [27] Marquette I 2009 J. Math. Phys. 50 012101 [28] Marquette I 2009 J. Math. Phys. 50 095202 [29] Marquette I 2009 J.Math.Phys. 50 122102 [30] Marquette I 2010 J.Phys A: Math. Gen. 43 135203 [31] Marquette I J.Phys.:Conf. Series (to appear).

[32] Miller Jr W, Kalnins E G, and Kress J M, 2010 arXiv:1011.6548v3 [33] Kalnins E G and Miller Jr W, 2011 arXiv:1101.5292 [34] Ragnisco O and Riglioni D 2010 SIGMA 6 097

Generalized Kaluza-Klein monopole, quadratic algebras and ladder operators 13

[35] Kaluza T 1919 Sitzungsber.Preus.Akad. Wiss. Phys.Math. Kl 996 [36] Klein O 1926 Z.Phys. 37 895 [37] Hawking S W 1977 Phys.Lett. 60 A 81 [38] Gross D J and Perry M J 1983 Nucl. Phys. B 226 29 [39] Sorkin R 1983 Phys.Rev.Lett. 51 87 [40] Manton N S 1985 Phys.Lett. 110 B 54 [41] Manton N S 1985 Phys.Lett. 154 B 397 [42] Atiyah M F and Hitchin N 1985 Phys.Lett. 197 A 21 [43] Gibbons G W and Manton N S 1986 Nucl.Phys. B 274 183 [44] Fehér L and Horváthy P A 1987 Phys.Lett. 183 B 182 [45] Cordani B, Fehér L and Horváthy P A 1988 Phys. Lett. B 201 481 [46] Grosche C, Pogosyan G S and Sissakian A N 1997 Ann.Physik 6 144 [47] Cotaescu I and Visinescu M 2000 Mod. Phys. Lett. A 15 2 145 [48] Iwai T and Katayama N 1993 J.Geom. and Phys. 12 55 [49] Iwai T and Katayama N 1994 J.Phys.A:Math.Phys. 27 3179 [50] Iwai T and Katayama N 1994 J.Math.phys. 35 2914 [51] Miyake Y 1995 Osaka J.Math. 32 659 [52] Lebrun C 1994 J.Differential Geom. 34 223 [53] Gibbons G W and Warnick C M 2007 J.Geom. and Phys. 57 2286 [54] Ballesteros A, Enciso A, Herranz F J and Ragnisco O 2009 Ann.Phys. 324 1219 [55] Tanoudis Y and Daskaloyannis C, arXiv:1102.0397 (2010).

[56] Martinez D, Flores-Urbina J C, Mota R D and Granados V D 2010 J.Phys.A 43 135201 [57] Marquette I and Hussin V, ( to appear SIGMA ) [58] Salazar-Ramrez M, Martinez D, Mota R D and Granados V D, 2010 arXiv:1006.3233 [59] Post S and Winternitz P 2010 J. Phys. A: Math. Theor. 43 222001 [60] Ballesteros A, Enciso A, Herranz F J, Ragnisco O and Piglioni D., 2011 arXiv:1102.5494 [61] Ballesteros A, Enciso A, Herranz F J, Ragnisco O and Piglioni D., 2010 arXiv:1007.1335