arXiv:1103.1014v1 [hep-th] 5 Mar 2011

Automorphic Instanton Partition Functions on Calabi-Yau Threefolds

Daniel Persson^1

Institüt für Theoretische Physik, ETH Zürich, CH-8093 Zürich, Switzerland

E-mail: daniel.persson@itp.phys.ethz.ch

Abstract. We survey recent results on quantum corrections to the hypermultiplet moduli space M in type IIA/B string theory on a compact Calabi-Yau threefold X , or, equivalently, the vector multiplet moduli space in type IIB/A on X × S^1. Our main focus lies on the problem of resumming the infinite series of D-brane and NS5-brane instantons, using the mathematical machinery of automorphic forms. We review the proposal that whenever the low-energy theory in D = 3 exhibits an arithmetic “U-duality” symmetry G(Z) the total instanton partition function arises from a certain unitary automorphic representation of G, whose Fourier coefficients reproduce the BPS-degeneracies. For D = 4, N = 2 theories on R^3 × S^1 we argue that the relevant automorphic representation falls in the quaternionic discrete series of G, and that the partition function can be realized as a holomorphic section on the twistor space Z over M. We also offer some comments on the close relation with N = 2 wall crossing formulae.

Contribution to the proceedings of the workshop on “Algebra, Geometry and Mathematical Physics” at the Tjärnö Marine Biological Laboratory, Sweden, October 2010.

1. Introduction U-duality symmetries [1] have provided remarkable insight into the non-perturbative nature of string theory and M-theory (see, e.g., [2]). The moduli space M_4 of string theory on T^6 is protected from quantum corrections and takes form of an arithmetic quotient E_{7(7)}(Z)\E_{7(7)}/(SU(8)/Z_2) [1, 3]. Moreover, higher derivative couplings in the resulting N = 8 supergravity must be invariant under the U-duality group E_{7(7)}(Z), and are thus naturally described within the mathematical theory of automorphic forms. This provides powerful methods of resumming infinite series of non-perturbative effects, such as D-brane and worldsheet instantons [4, 5, 6, 7, 8, 9, 10, 11]. The Bekenstein-Hawking entropy of BPS black holes is furthermore invariant under U-duality [12], and the associated microscopic degeneracies are given by Fourier coefficients of automorphic forms [13, 14, 15].

The theory becomes even more constrained upon further compactification on S^1 to three dimensions. All dynamical degrees of freedom are then in the form of scalars, which parametrize an enlarged moduli space E_{8(8)}(Z)\E_{8(8)}/(Spin(16)/Z_2), where the U-duality group is enhanced to E_{8(8)}(Z). In fact, it is a general feature of four-dimensional supergravity theories with

1 Also affiliated to Fundamental Physics, Chalmers University of Technology, SE-412 96 Gothenburg, Sweden.

symmetry group G_4, that the enhanced group G_3 in three dimensions serves as a spectrumgenerating symmetry of the original theory [16, 17, 18, 19, 20].

For N = 2 supergravities the situation is much less under control. The moduli space is in general not a coset space, but is required by supersymmetry to factorize into a product M_V × M_H, respectively corresponding to the vector-multiplet moduli space (special Kähler) and the hypermultiplet moduli space (quaternion-Kähler) [21]. Moreover, the moduli space metric is no longer protected, and may receive both perturbative and non-perturbative quantum corrections. For theories arising from compactifications of string theory on a Calabi-Yau threefold X , there are perturbative corrections both in α^′ and in the string coupling g_s = e^ϕ, together with non-perturbative effects arising from worldsheet instantons, Euclidean D-branes and NS5-branes wrapping (supersymmetric) cycles in X [22] (for a review, see [23, 24]).

One can also learn a lot about N = 2 theories by compactification to D = 3 [25]. In this case, the hypermultiplet moduli space goes along for the ride, while the vector multiplet moduli space is enhanced to another quaternion-Kähler manifold ^M_V; this procedure is known as the cmap [26, 27]. The enhanced moduli space ^M_V holds the key to understanding the wall-crossing behaviour of the BPS-index Ω(γ) (generalized Donaldson-Thomas invariants) [28, 29, 30, 31]. In fact, using a combination of mirror symmetry and T-duality in three dimensions all the moduli spaces of type IIA (resp. IIB) string theory on X × S^1 (resp. X̂ × S^1) become identified [22, 31, 32]. This unification of moduli has far-reaching consequences that goes beyond classical mirror symmetry [33] as well as homological mirror symmetry [34].

In this survey we shall discuss recent attempts at describing the exact moduli space ^M_V in type IIA/B string theory on X ×S^1, or the hypermultiplet moduli space M_H in type IIB/A on X . We argue that in certain classes of N = 2 supergravities one can use automorphic techniques to constrain quantum corrections. In particular, having identified a “U-duality” group G_3(Z), the BPS-degeneracies Ω(γ) are recovered from the Fourier coefficients of certain automorphic forms. Inspired by earlier related work [35, 15, 36, 37], we revisit the recent results of [38, 39, 40, 41, 42] from a representation theoretic point of view, drawing insight from the “toy models” provided by so called magic supergravities [43, 44]. We recall and elaborate upon conjectures stating that the instanton partition function in N = 2 supergravity on R^3 × S^1 should correspond to an automorphic representation in the quaternionic discrete series of G_3. Along the way, we also make some comparative remarks on similarities with, and differences from, the better understood case of N = 2 field theory [30].

2. Black Hole Partition Functions and Instanton Corrections In this section we introduce the physical arena in which our analysis takes place. We are mainly focusing on type IIA and IIB string compactifications on a compact Calabi-Yau threefold X . However, occasionally we will also be discussing other classes of N = 2 supergravity theories, which do not necessarily have a known embedding in string theory. We will also be drawing some lessons from supergravities with a higher degree of supersymmetry.

2.1. BPS-States and Partition Functions in N = 2 Theories Let us for definiteness begin with type IIB on X . The field content of the resulting fourdimensional N = 2 theory splits between vectormultiplets and hypermultiplets. For discussing black holes, it suffices to restrict attention to the vectormultiplet sector, whose bosonic field content consists of the gravity multiplet, containing the 4d spacetime metric g_{μν} and the graviphoton A_μ, together with the vector multiplets, containing n_V = h_{2,1}(X ) abelian vector fields A^I_μ, and h_{2,1} + 1 complex scalars X^Λ. The hypermultiplet sector will enter the story in sections 2.4 and 2.5.

We choose a Lagrangian splitting of H_3(X , Z) = Γ_e ⊕ Γ_m ≡ Γ, with an associated symplectic basis (A^Λ, B_Λ), Λ = (0, I) of A- and B-cycles. The scalars X^Λ then arise from the periods of the holomorphic 3-form Ω_{3,0} ∈ H^{3,0}(X , C ) along A^Λ, and thus parametrize the (special Kähler) complex structure moduli space M_C (X ). It is convenient to choose projective coordinates t^I = X^I /X^0 ∈ M_C (X ), away from the locus X^0 = 0.

The BPS-states arise from D3-branes wrapping special Lagrangian submanifolds (sLags) in the homology class q_ΛA^Λ + p^ΛB_Λ ∈ H_3(X , Z). We write the electric-magnetic charge vector as γ = (q_Λ, p^Λ) ∈ Γ. The mass M of these states saturate the BPS-bound M ≥ |Z(γ; t)|, where Z(γ; t) ≡ ∮ γ Ω_{3,0} is the central charge of the N = 2 supersymmetry algebra. Mathematically, the central charge is a homomorphism Z : Γ → C , referred to as the “stability data” [45, 46].

The black hole partition function Z is a generating function of BPS-states. It is commonly attached to a “mixed” ensemble [47], where the magnetic charges p^Λ are held fixed, while summing over the electric charges q_Λ weighted by conjugate chemical potentials ζ^Λ. In general the partition function also varies over M_C , hence Z = Z (p; t, ζ). One then arrives at the following expression for the partition function in the mixed ensemble

Z_{mix}(p; t, ζ) = ∑ q_Λ∈Γ_e

Ω(q_Λ, p^Λ; t)e^{2πiqΛ ζΛ} , (1)

where Ω : Γ → Z is the BPS-index which counts the weighted number of BPS-states of charge vector γ. Physically, the index corresponds to the “second helicity supertrace” which is defined as a trace over the BPS Hilbert space H^{BPS}_{γ,t} [48, 14]:

Ω(γ; t) = 1 2 Tr_HBPS_{γ,t} (2J_3)^2(−1)^{2J3} , (2)

where J_3 is a generator of the little group SO(3) in four dimensions. The insertion of (2J_3)^2 is required to obtain a non-vanishing result in the presence of N = 2 supersymmetry. The BPS-index conjecturally counts objects in the derived Fukaya category of X , and by mirror symmetry should be equivalent to the generalized Donaldson-Thomas invariants [34] (see [49] for a review). The index Ω(γ; t) is furthermore a locally constant function of t, but may jump for special values corresponding to real codimension one submanifolds of M_C , known as walls of marginal stability [50, 30, 29, 28, 31, 51].

For our present purposes it is natural to consider a slightly different generating function, namely one which is covariant with respect to symplectic transformations on the electricmagnetic charges. This corresponds to a partition function attached to a “canonical ensemble” [52], where one introduces chemical potentials ζ̃_Λ also for the magnetic charges p^Λ and the sum is taken over the full charge lattice. We define such a canonical partition function as

Z_{can}(t, ζ, ζ̃) = ∑ γ∈Γ λ(γ)Ω(γ; t)e^{2πi(qΛ ζΛ−pΛζ̃Λ)}, (3) where we have replaced the integral degeneracies Ω(γ) ∈ Z with their rational counterparts Ω(γ) ∈ Q, which are related as follows:

Ω(γ) = ∑ d|γ Ω(γ/d) d^2

, Ω(γ) = ∑ d|γ μ(d)Ω(γ/d) d^2

, (4)

with μ(d) being the Möbius function. The rational degeneracies Ω(γ) coincide with the Donaldson-Thomas invariants introduced by Joyce and Song [29], and are more suited for our purposes. In particular, they are better behaved under wall crossing and S-duality [53, 42, 54]. In (3) we have also inserted a U(1)-valued function λ(γ) which corresponds to a quadratic refinement of the symplectic pairing on Γ. It can be viewed as a generalization of the sign (−1)^{pΛqΛ} familiar from D0-D2-D4 partition functions [55, 56, 53], and is ultimately required for describing the wall crossing behaviour of Ω(γ) [30]. We will discuss properties of λ(γ) in more detail in section 2.5.

2.2. Instanton Partition Functions in Three Dimensions We now wish to consider the theory on R^3 ×S^1 and analyze the low-energy physics in D = 3. Part of our motivation comes from string compactifications preserving N ≥ 4 supersymmetries, for which it is well-known that the 4d effective action is invariant under a discrete U-duality group G_4(Z). In these cases the moduli space M_4 of vacua is protected from quantum corrections, and takes the form of an arithmetic coset space M_4 = G_4(Z)\G_4/K_4, where G_4 is the continuous symmetry of the classical theory, and K_4 is the maximal compact subgroup of G_4, playing the role of a local “R-symmetry”. For torus compactifications the symmetry group is E_{7(7)}(Z) [1], while for K3 × T^2 it is SL(2, Z) × SO(6, 22; Z). By further compactification on a circle of radius R = e^{−ϕ}ℓ_P (ℓ_P being the 4d Planck length), the U-duality group gets enhanced to a larger group G_3(Z) ⊃ G_4(Z). Moreover, in three dimensions all p-form degrees of freedom can be dualized to (pseudo-)scalars which live in the enlarged moduli space^2

M_3 = G_3(Z)\G_3/K_3. (5)

Invariance under the spectrum generating symmetry G_3(Z) provides powerful constraints on quantum corrections in the effective action; in particular, BPS-saturated higher derivative couplings are G_3(Z)-invariant Eisenstein series (see, e.g., [5]).

Let us now perform a similar analysis in the N = 2 setting. For definiteness, we still restrict to the type IIB picture. The role of the symmetry group G_4(Z) is played by the monodromy group M(X ) ⊂ Sp(2h_{2,1} + 2; Z) of the Calabi-Yau threefold X . After compactification to D = 3, one finds two new moduli from the gravity multiplet: the radius e^{−ϕ} of the circle, together with the “NUT potential” σ, corresponding to the dual of the Kaluza-Klein vector (the off-diagonal component of the 4d metric). In addition, there are 2(n_V + 1) scalars arising from the electric and magnetic Wilson lines of the n_V + 1 = h_{2,1} + 1 abelian vector fields A^Λ_μ (including the graviphoton) along the circle:

ζ^Λ = ∮ S^1

A^Λ_RdR, ζ̃_Λ = ∮ S^1

(A^⋆_R)_ΛdR, (6)

where A^Λ_R is the component of A^Λ_μ along the circle, while (A^⋆_R)_Λ is the same component of the dual vector field in D = 4. Since Wilson lines couple to electric (or magnetic) charges Q through terms of the form e^{2πiQ ∮}R^{AdR}, we may, after comparison with (3), identify the Wilson lines with the chemical potentials, thereby explaining our choice of notation in (6). Thus, one of the virtues of compactification to three dimensions is that the auxiliary chemical potentials (ζ^Λ, ζ̃_Λ) become promoted to actual physical degrees of freedom. Including also the complex structure moduli t ∈ M_C (X ), the scalars {t, ϕ, ζ^Λ, ζ̃_Λ, σ} parametrize the enhanced vector multiplet moduli space in D = 3, which we shall denote by ^M_C (X ). The moduli space ^M_C (X ) is real 4(h_{2,1} + 1)- dimensional and is equipped with a quaternion-Kähler metric [21, 26, 27].^3

In contrast to M_3, ^M_C (X ) is in general not a coset space, and is also not protected from quantum corrections. The classical, or “semiflat” [30], metric ^g^{sf} on ^M_C (X ) is obtained by naive dimensional reduction on S^1. This metric is singular but it is expected that quantum corrections ensure that the exact moduli space metric ^g is smooth. These corrections are due to instanton effects which arise from D = 4 Euclidean BPS-states wrapping the circle [25]. Microscopically, they correspond to Euclidean D3-branes wrapping L×S^1, where L ⊂ X is a sLag. The quantum

2 If the circle S^1 is timelike one obtains instead a pseudo-Riemannian coset space M^∗_3 = G3/K^∗_3 , where K^∗_3 is non-compact, whose non-positive definite metric can be obtained by analytic continuation from M3 [17]. We will not distinguish between M3 and M^∗_3 in the following.

3 Upon reduction on a timelike circle S^1 the resulting moduli space ^M^∗_C (X ) is “para-quaternion-Kähler” [57], which is the quaternionic analogue of the pseudo-Riemannian coset space M^∗_3 .

deformations of the semiflat metric are weighted by the exponential of minus the radius of the circle times the mass of the BPS-state (or black hole), schematically ^g ∼ ^g^{sf} + e^{−2πe−ϕ|Z(γ,t)|}. (7) The explicit form of ^g^{sf} is given in eq. (20) below. The instanton corrections are exponentially suppressed in the large radius limit e^{−ϕ} → ∞, but contributes with subleading effects for finite values of e^{−ϕ}. From (6) we learn that the Wilson lines couple to the charges γ = (q_Λ, p^Λ) via terms of the form e^{−2πi(qΛζΛ−pΛζ̃Λ)}, and hence multi-instanton effects are captured by the partition function ZBPS (t, ϕ, ζ, ζ̃) ∼ ∑ γ∈Γ λ(γ)Ω(γ; t)e^{−2πSBPSγ (t,R,ζ,ζ̃)}, (8) where S^{BPS}_γ is the Euclidean action for a BPS-instanton of charge γ:

S^{BPS}_γ (t, R, ζ, ζ̃) = e^{−ϕ}|Z(γ; t)| + i(q_Λζ^Λ − p^Λζ̃_Λ). (9)

ZBPS should be viewed as the instanton analogue of the black hole partition function (3). Charge quantization (“large gauge transformations”) requires that (ζ^Λ, ζ̃_Λ) are angle-valued:

ζ^Λ −→ ζ^Λ + m^Λ, ζ̃_Λ −→ ζ̃_Λ + n_Λ, (10)

where (m^Λ, n_Λ) ∈ Z^{2(n}V^{+1)}. Hence, (ζ^Λ, ζ̃_Λ) parametrize a symplectic torus T (X ) = T^{2(n}V^{+1)}.

Note that the BPS-index Ω(γ; t) reappeared in (8) as the “instanton measure” which encodes multiplicities of instanton bound states in three dimensions. Physically, it corresponds to the path integral measure on the instanton moduli space [58]. The assumption that these two numerical quantities are equal is strongly supported by the behaviour of Ω(γ; t) under wall crossing [30] (see [59, 60, 58, 61, 62, 31, 63] for related discussions).

A crucial difference between N = 2 field theory and N = 2 supergravity is that for large charges the indexed degeneracies of BPS states grow exponentially

Ω(γ) ∼ exp [ SBH (γ) ] , (11)

where SBH (γ) is the Bekenstein-Hawking entropy of a black hole with charge γ. This implies that the instanton sum in (8) diverges, in contrast to the analogous sum in field theory [30]. A possible resolution to this problem was suggested in [63], by interpreting (8) as an asymptotic series, the ambiguity of which is of the order exp[−e^{−2ϕ}]. Such effects indeed exist in D = 3, and are precisely due to the presence of gravity, as we will now discuss.

In addition to the BPS-instantons, the semiflat metric (20) also receives corrections from gravitational instantons which have no physical analogue in D = 4 [64, 15, 24, 65, 31]. More precisely, they correspond to four-dimensional Taub-NUT solutions with closed timelike curves. However, in D = 3 these give rise to physical non-perturbative effects, whose contributions to the metric on ^M_C (X ) are of the form e^{−2π|k|e−2ϕ} and are therefore subleading in the large radius limit. The associated gravitational scalar σ couples to the NUT charge k ∈ Z through terms of the form e^{−iπkσ}. This requires that σ is periodic modulo 2 (in our conventions), and furthermore that it picks up non-trivial shifts under translations along the torus T (X ) [41, 42]:

σ −→ σ + 2r − n_Λζ^Λ + m^Λζ̃_Λ + 2υ(m, n), (12)

where r ∈ Z. Here we have allowed for the presence of a cocycle shift υ(m, n) whose appearance is related to the quadratic refinement λ(γ) as will be explained in section 2.5.

We conclude that the semiflat metric on ^M_C is also deformed by gravitational instantons captured by a partition function of the form ZTN (t, ϕ, ζ, ζ̃, σ) ∼ ∑ k≠0 Z^{(k)}(t, ζ, ζ̃)e^{−2πSTNk (ϕ,σ)}, (13) where the Euclidean action of a charge k Taub-NUT instanton is

S^{TN}_k (ϕ, σ) = |k|e^{−2ϕ} +^1_2 ikσ. (14)

We defer a discussion of the coefficients Z^{(k)}(t, ζ, ζ̃) to section 2.5.

Combining the contributions in (8) and (13) we find that the exact metric on the moduli space ^M_C should take the schematic form ^g = ^g^{sf} + Ztot (t, ϕ, ζ, ζ̃, σ), (15) where Ztot is the total instanton partition function whose large-radius expansion is given by Ztot (t, ϕ, ζ, ζ̃, σ) ∼ ∑ γ∈Γ λ(γ)Ω(γ; t)e^{−2πSBPSγ (t,ϕ,ζ,ζ̃)} + ∑ k≠0 Z^{(k)}(t, ζ, ζ̃)e^{−2πSTNk (ϕ,σ)}. (16)

2.3. Topology of the Moduli Space and the Semiflat Metric Here we offer some useful remarks on the topology of the moduli space ^M_C (X ), which will in particular allow for a nice explicit presentation of the semiflat metric ^g^{sf}. By virtue of eq. (12), the shifts of (ζ^Λ, ζ̃_Λ) do not commute, and the total translation group acting on (ζ^Λ, ζ̃_Λ, σ) is identified with a (2n_V + 3)-dimensional arithmetic Heisenberg group N(Z). This implies that the coordinates (ζ^Λ, ζ̃_Λ, σ) parametrize the total space of a circle bundle C_σ → T (X ), with fiber given by the circle S^1_σ parametrized by σ. Moreover, the base T (X ) is itself non-trivially fibered over the complex structure moduli space M_C (X ), and we denote the total space of this torus fibration by J_C (X ):

T (X ) −→ J_C (X ) −→ M_C (X ) . (17) At fixed (large) value of the radius R >> ℓ_P (e^{−ϕ} → ∞), the three-dimensional moduli space then exhibits a foliation [41, 42]

^M_C (X ) ∼ R_+ × C_σ(ϕ) (18)

where the leaves are circle bundles C_σ(ϕ) over J_C (X ):

S^1_σ −→ C_σ(ϕ) −→ J_{M4} . (19)

This represents a supergravity generalization of the Seiberg-Witten (hyperkähler) torus fibration over the Coulomb branch B of N = 2 field theories on R^3 × S^1 [25, 30]. Having identified the topology of ^M_C (X ) through the foliation (18), we can now write the semiflat metric ^g^{sf} on ^M_C (X ) in the following explicit form4

^g^{sf} = 4dϕ^2 + 4g_{MC} + e^{2ϕ}g_T +^1_{16} e^{4ϕ}A^2_{Cσ} , (20)

where A_{Cσ} = dσ + ζ̃_Λdζ^Λ − ζ^Λdζ̃_Λ is the connection on the circle bundle C_σ(ϕ), with first Chern class c_1(C_σ ) = d(A_{Cσ} /2) = dζ̃_Λ ∧ dζ^Λ equal to the Kähler form ω_T on the torus T (X ) [42].^5

4 See [26, 27] for the original form of this metric, where it was referred to as the c-map metric. 5 In string theory there is also a one-loop correction to the semiflat metric [66, 67, 68], which modifies the topology of Cσ [42], although this will not concern us in the present work.

2.4. T-Duality and D-Brane Instantons We now perform a T-duality transformation along the circle S^1_ϕ, which maps the moduli space ^M_C (X ) into the hypermultiplet moduli space MIIA_H (X ) of type IIA string theory on X . The

radius e^{−ϕ} of the circle is then mapped to the four-dimensional dilaton, g_s ≡ e^ϕ, in such a way that the large radius limit in the type IIB picture is equivalent to the weak-coupling limit g_s → 0 on the type IIA side. After T-duality the Wilson lines (ζ^Λ, ζ̃_Λ) correspond to the periods of the type IIA Ramond-Ramond 3-form C_{(3)} over a symplectic basis of H_3(X , Z):

ζ^Λ = ∫ A^Λ

C_{(3)}, ζ̃_Λ = ∫ B_Λ

C_{(3)}, (21)

and the torus T (X ) is thereby identified with the intermediate Jacobian,

T (X ) = H^3(X , R)/H^3 (X , Z). (22)

The torus fibration (17) thus encodes the fact that the complex structure of T (X ) varies over M_C (X ) and the total space J_C (X ) → M_C (X ) represents the entire family of intermediate Jacobians of X . Since C_{(3)} couples to the D2-brane, we conclude that the instanton effects in (8) are T-dual to Euclidean D2-branes wrapping sLags L ⊂ X . Indeed, this is consistent with the fact that in the weak-coupling limit, D-instantons are exponentially suppressed by e^{−1/gs} .

2.5. T-Duality, NS5-Branes and Generalized Theta Functions On the other hand, after T-duality the Taub-NUT instantons are mapped into non-perturbative effects arising from Euclidean NS5-branes wrapping the Calabi-Yau manifold X [69, 70, 71]. The form of the coupling (13) is consistent with the fact that NS5-brane effects are weighted by e^{−1/g2s} [22]. The scalar σ corresponds to the NS-axion, arising from the dualization of the Kalb-Ramond 2-form B_{(2)} in D = 4.

These observations provide information about the structure of the gravitational partition function (13). Invoking the results of [41, 42] we deduce that the coefficient Z^{(k)} corresponds to the partition function of a charge k Euclidean NS5-brane wrapped on the Calabi-Yau manifold X . Since the worldvolume theory of the type IIA NS5 brane is chiral [72], Z^{(k)} is not a proper function, but rather a holomorphic section of a line bundle L^k over J_C (X ) [73, 74, 75].

These results imply that Z^{(k)} satisfies twisted periodicity relations under translations by a vector (m^Λ, n_Λ) ∈ H^3(X , Z) along the torus T : Z^{(k)}(t, ζ + m, ζ̃ + n) = [λ(m, n)]^ke^{πik(mΛζ̃Λ−nΛζΛ)}Z^{(k)}(t, ζ, ζ̃), (23) where λ(m, n) is a homomorphism λ : H^3(X , Z) → U(1), corresponding to a quadratic refinement of the intersection form on H_3(X , Z) [73, 75]. It is defined by the cocycle relation: λ(H + H^′) = (−1)^{⟨H,H′⟩}λ(H)λ(H^′), (24) where H ∈ H^3(X , Z). Equivalently, λ describes the holonomies around one-cycles in T (X ). For the choice of Lagrangian decomposition of H^3(X , Z) corresponding to H = (m^Λ, n_Λ), one can solve the condition (24) generally in terms of characteristics Θ = (θ^Λ, ϕ_Λ) such that [75] λ(m, n) = e^{−iπnΛmΛ+2πi(nΛθΛ−mΛϕΛ)} ≡ (−1)^{2υ(m,n)}, (25) where υ(m, n) is defined modulo one. It was conjectured in [41, 42]—based on S-duality and other considerations—that the quadratic refinement λ(m, n) governing the NS5-partition function is equivalent to the λ(γ) appearing in (3), after replacing the “flux” H = (m^Λ, n_Λ) in its argument by the electric-magnetic charge vector γ = (p^Λ, q_Λ).

Sections of L can be represented by generalized theta series of the form [41]

Z^{(1)}_Θ (t, ζ, ζ̃) = ∑ p^Λ∈Γ_m+θ^Λ

Ψ(t, ζ^Λ − p^Λ)e^{2πi(ζ̃Λ −ϕΛ)pΛ+iπ(θΛϕΛ−ζΛζ̃Λ)}, (26)

where Ψ(ζ^Λ) is a “wave function” on Γ_m ⊗ R. When Ψ(ζ^Λ) is a simple Gaussian then Z^{(1)}_Θ is a holomorphic section of L and coincides with the partition function of the self-dual field, as analyzed in [73, 75]. For k > 1, the bundle L^k admits |k|^{2h2,1 (X )} holomorphic sections corresponding to the elements in Γ_m/(|k|Γ_m), and the total partition function becomes a sum of vector-valued theta series [42]:

Z^{(k)}_Θ (t, ζ, ζ̃) = ∑ ℓ^Λ∈Γ_m/(|k|Γ_m) Z^{k,ℓΛ}_Θ (t, ζ, ζ̃) = ∑ ℓ^Λ∈Γ_m/(|k|Γ_m) ∑ p^Λ∈Γ_m+θ^Λ+ℓ^Λ Ψ_{k,ℓ}Λ (t, ζ^Λ − p^Λ)e^{2πik(ζ̃Λ −ϕΛ)pΛ+iπk(θΛϕΛ−ζΛζ̃Λ)}. (27)

By examining the coupling (13) we deduce that the Heisenberg transformation of σ induced by translations of (ζ^Λ, ζ̃_Λ) is compensated by the middle term in the transformation (23) of the partition function Z^{(k)}_Θ . However, it follows from (23) that this compensating transformation also receives a contribution [λ(m, n)]^k from the quadratic refinement. This implies that for the sum (13) to be well-defined from the point of view of the line bundle L , the Heisenberg transformation of the NS-axion σ must contain a term involving the cocycle υ(m, n) [41, 42], as was already anticipated in eq. (12). In other words, e^{iπσ} is valued in the same line bundle L as the NS5 partition function Z^{(k)}_Θ .

In the general non-linear case when the wave function Ψ_{k,ℓ}Λ (t, ζ^Λ) is non-Gaussian, the partition function Z^{(k)}_Θ is no longer a holomorphic section of L^k. In fact, it was shown in [42] that S-duality and mirror symmetry implies that for k = 1 the wave function Ψ_{1,0}(ζ^Λ) should be identified with the real-polarized partition function Ψ_{top} = exp ( ∑ g λ^{2g−2}F_g ) of the topological string on X , consistently with earlier related results [70, 76, 71, 77, 78]. These observations have bearing on the transformation properties of the partition function Z^{(k)}_Θ under the monodromy group M(X ), or, more generally, under the 4d duality group G_4(Z). In particular, the wave function Ψ_{k,ℓ}Λ (ζ^Λ) transforms in the Schrödinger-Weil representation of G_4(Z) ⋉ N(Z) [37, 42].^6

2.6. Mirror Symmetry and Unification of Moduli in D = 3 Let us now also briefly discuss the mirror version of the above story. Mirror symmetry equates the complex structure moduli space M_C (X ) with the complexified Kähler moduli space M_K (X̂ ) of the mirror Calabi-Yau threefold X̂ . Physically, M_K (X̂ ) is the vector multiplet moduli space of type IIA string theory compactified on X̂ . Under mirror symmetry, the spectrum of BPS-states states arising from D3-branes wrapping special Lagrangian submanifolds L ⊂ X , is mapped to bound states of D0-D2-D4-D6 branes wrapping even cycles in the Calabi-Yau. Such a bound state is accurately described by a stable coherent sheaf E on X̂ , with charges classified by the

6 The precise dependence of the NS5-partition function on the Calabi-Yau metric, i.e. on the moduli t ∈ MC , is subtle [79, 75, 80], and is closely related to the one-loop correction to the semiflat metric ^g^{sf} [41, 42].

K-theory group K(X̂ ) [81]. Concretely, the charges are described through the Mukai vector γ^′ : K(X̂ ) → H_{even}(X̂ , Q), which takes the explicit form

γ^′ = ch(E) √ Td(X̂ ), (28)

where ch(E) is the Chern character of the sheaf E and Td(X̂ ) is the Todd class of T X̂ . Since γ^′ is valued in the rational cohomology group H_{even}(X̂ , Q) one cannot immediately identify it with its mirror dual γ ∈ H_3(X , Z). To properly identify the charges under mirror symmetry one must make a symplectic transformation on the electric charges

A : Q ∋ q^′_Λ → q_Λ ≡ q^′_Λ + A_{ΛΣ}p^Σ ∈ Z, (29)

where A_{ΛΣ} is a certain integer-valued symplectic matrix (see [42] for more details). Thus, mirror symmetry relates γ ∈ H_3(X , Z) to a “modified Mukai vector” as follows [42]

H_3(X , Z) ∋ γ^{mirror map}←→ γ = e^A ch(E) √ Td(X̂ ) ∈ H_{even}(X̂ , Z). (30)

This is a realization of the “topological mirror map” discussed in [45]. The electric charges q_Λ = (q_0, q_a) now correspond to D0-D2 branes, while p^Λ = (p^a, p^0) are D4-D6 charges. After the mirror map, the central charge is given by Z(γ; t) =

∫_^ X e^{−J} ch(E) √ Td(X̂ ), where J = B + iJ is the complexified Kähler form on M_K (X̂ ).

Compactification to three dimensions promotes the special Kähler moduli space M_K (X̂ ) to a quaternion-Kähler manifold ^M_K (X̂ ), whose semiflat metric is deformed by instanton effects arising from Euclidean D0-D2-D4-D6 branes wrapping X̂ ×S^1, together with gravitational Taub- NUT instantons. This setup can furthermore be lifted to M-theory on X × T^2, revealing a hidden SL(2, Z)-symmetry corresponding to the mapping class group of the torus. By Tduality, these effects are also equivalent to D(-1)-D1-D3-D5 and NS5-instanton corrections in the hypermultiplet sector of type IIB on X̂ , and the SL(2, Z)-symmetry is then recognized as the familiar S-duality group.

These considerations imply that by using a combination of mirror symmetry and T-duality, all of the moduli spaces and instanton effects discussed above are in fact equivalent:

M^{IIA}_H (X )^{T-duality}←→ ^M_C (X )^{mirror map}←→ ^M_K (X̂ )^{T-duality}←→ M^{IIB}_H (X̂ ). (31)

Because of this unification of moduli spaces in three dimensions, it seems that the appropriate language for studying the spectrum of BPS states in type II Calabi-Yau compactifications is that of quaternion-Kähler geometry, rather than special Kähler geometry.

3. Instanton Partition Functions from Automorphic Forms We now return to the instanton partition function Ztot in (16), and assume the theory exhibits a U-duality symmetry G_3(Z). We will argue that the exact partition function should be given by an automorphic form F , whose Fourier expansion reproduces the instanton effects in (16).

What properties should we expect of F ? Recall that the partition function must at least be invariant under the semidirect product

G^J (Z) ≡ G_4(Z) ⋉ N(Z), (32)

which is known as a Jacobi group in the mathematical literature.^7 The black hole partition function ZBPS in (8) should also be invariant under G^J (Z), while the NS5-wave function Ψ_{k,ℓ}Λ in (27) transforms in the Schrödinger-Weil representation of G^J (Z).

7 The group G^J is sometimes also called “Fourier-Jacobi group”.

A useful analogue of this situation, first pointed out in [37], is the case of classical holomorphic Siegel modular forms, attached to the metaplectic representation of Sp(4; Z). Fourier expansion around one of the cusps in the Siegel upper half plane yields coefficients attached to the Schrödinger-Weil representation of the Jacobi subgroup SL(2, Z) ⋉ N(Z) ⊂ Sp(4; Z), namely the standard Jacobi theta series [82, 83]. This is known as a Fourier-Jacobi expansion.

Inspired by this analogy, we shall now discuss the construction of an automorphic form F such that the generalization of the Fourier-Jacobi expansion for G_3(Z) ⊃ G^J (Z) reproduces the expected non-perturbative contributions to the partition function Ztot . For the general case when G^J (Z) ⊂ G_3(Z) the metaplectic representation is replaced by the so called minimal representation of G_3(Z). This suggests that the NS5-partition function (13) has an interpretation as the Fourier-Jacobi expansion of an automorphic form attached to the minimal representation of G_3(Z) [84, 37].

3.1. Constructing Automorphic Forms We are interested in constructing a function F on the double coset G(Z)\G/K, where G is a real Lie group, K its maximal compact subgroup and G(Z) ⊂ G a discrete subgroup. The construction of such functions relies heavily on the representation theory of G. In general, automorphic forms arise from irreducible components in the decomposition of the space L^2 ( G(Z)\G ) , which forms a unitary representation of G. An automorphic representation is a pair (π, ρ), where π is an irreducible subspace in the decomposition of L^2 ( G(Z)\G ) , and ρ is its realization. In order to ensure that the associated automorphic form lives on G/K, we look for distinguished K-invariant vectors W_0 ∈ π. Such objects are known as spherical (Whittaker) vectors.

To spell out the construction more explicitly, we need the following data: (i) a unitary (automorphic) representation (π, ρ) of G acting on some Hilbert space H , (ii) a spherical vector W_0 ∈ H , (iii) a G(Z)-invariant distribution W_Z ∈ H^∗.

Using the bilinear pairing ⟨·|·⟩ : H × H^∗ → R, one may construct F as the overlap [35, 85]

F (g) = ⟨W_Z|ρ(g) · W_0⟩ , (33)

where g ∈ G. This is manifestly invariant under the left action of γ ∈ G(Z) due to the invariance of W_Z, and under the right action of k ∈ K since W_0 is spherical, and hence defines a function on G(Z)\G/K. More generally, one may consider a non-spherical Whittaker vector W_K (“finite K-type”) transforming in some representation of K, for which the associated automorphic form F_K (g) is no longer a function, but rather a section of a vector bundle over G/K.

There is a powerful method to construct the G(Z)-invariant distribution W_Z using p-adic number theory. One may compute W_Z locally for each prime number p, giving a p-adic spherical vector W_p invariant under G(Z_p) ⊂ G(Q_p ), where Q_p is the field of p-adic numbers and Z_p the ring of p-adic integers. It is justified to refer to W_p as spherical since the discrete group G(Z_p) is the maximal compact subgroup K_p ⊂ G(Q_p ), due to the fact that the ring Z_p is compact in Q_p . By convention, the prime at infinity p = ∞ corresponds to the real numbers Q_∞ = R. Thus, W_∞ coincides with the standard K-invariant vector W_0.

The distribution W_Z is recovered by taking the product over all primes, yielding [35, 85]

F (g) = ∑ x∈Q^κ ∏ p prime

ρ(g) · W_p(x), (34)

where the sum over rational vectors x ∈ Q^κ , κ ∈ Z_+, encodes the bilinear pairing ⟨·|·⟩. The representation-theoretic meaning of the integer κ will be explained momentarily. We will also see below how to evaluate (34) for explicit examples.

3.2. 5-Grading and the Heisenberg Parabolic Any Lie algebra g of rank > 1, with Lie group G, exhibits a 5-grading (vector space direct sums)

g = g_{−2} ⊕ g_{−1} ⊕ g_0 ⊕ g_1 ⊕ g_2, (35)

where the subspaces g_{±2} are both one-dimensional and are generated by the highest root of g, and g_{±1} are 2(n_V + 1)-dimensional vector spaces, endowed with a natural (Kirillov-Kostant) symplectic form. Physically, the parameter n_V will play the same role as in section 2, i.e. corresponding to the number of vector multiplets. g_{±1} ⊕ g_{±2} form Heisenberg subalgebras with centers given by the highest and lowest root spaces g_±.

The 5-grading can be understood as the decomposition of the adjoint representation of g with respect to the subalgebra sl(2, R) = g_{−2} ⊕Rh ⊕g_2 , where h is the Cartan generator associated to the highest root, and the subscripts in (35) indicate the grade under the action of h. The level zero subspace decomposes further into g_0 = r ⊕ Rh, where r is the commutant of sl(2, R) inside g. At the level of the Lie group G, the subspace g_0 ⊕ g_1 ⊕ g_2 generates a parabolic subgroup P ⊂ G, with Levi decomposition P = LN, where the “unipotent radical” N is the Heisenberg group generated by g_1 ⊕ g_2, and L is the Levi factor generated by g_0. The parabolic subgroup P is known as the Heisenberg parabolic. We denote by Z the center of N.

To understand the physical relevance of the grading (35) let us take g to be the Lie algebra of the purported symmetry group G_3. The commutant r is then identified with the Lie algebra of the duality group G_4 in four dimensions. The Cartan generator h corresponds to rescalings of the radius e^{−ϕ}, and hence the decomposition (35) mirrors the decompactification limit e^{−ϕ} → ∞, which makes the G_4-invariance manifest. The one-dimensional subspace g_2 corresponds to translations of the NUT-scalar σ, while g_1 generates shifts of the Wilson lines (ζ^Λ, ζ̃_Λ). Thus, the unipotent radical N represents the Heisenberg action on (ζ^Λ, ζ̃_Λ, σ) discussed in section 2.2. Finally, the generators of the opposite unipotent radical g_{−2} ⊕ g_{−1} are non-linearly realized and correspond to a Geroch-type solution generating symmetry [16, 17].

3.3. Induced Automorphic Representations A convenient way to construct an automorphic representation (π, ρ) is through so called parabolic induction. Consider a function f(n) ∈ R, with n ∈ P \G, where P ⊂ G is a parabolic subgroup. The group G acts on n from the right, and a compensating transformation of p ∈ P from the left ensures that png ≡ n^′ is again an element of P \G. A representation ρ of G is obtained by acting on functions f ∈ L^2(P \G) according to

ρ(g) · f(n) = δ_ρ(p)f(n^′), (36)

where δ_ρ(p) ∈ R is called the infinitesimal character of ρ. In the mathematical literature such induced representations are commonly denoted by Ind^G_P δ_ρ ≡ I(P ). By choosing a K-covariant vector W_K ∈ H = L^2(P \G), the representation I(P ) extends to an automorphic representation (π, ρ) through the construction in (33). Since G is a non-compact group, the Hilbert space H is infinite-dimensional. However, one may still associate a dimension to the representation (π, ρ); this is the so called functional, or Gelfand-Kirillov, dimension κ = dim P \G.

Elements of I(P ) are functions (or, more generally, sections) of κ variables, corresponding to the summation variables x ∈ Q^κ in (34). However, the p-adic Whittaker vector W_p has only support on Z_p ⊂ Q_p , and therefore, after taking the product over all primes, the sum has support on integers x ∈ Z^κ (see [35, 85]). These integers should be identified with the physical charges of the theory. Hence, physically the automorphic form F should be attached to a representation (π, ρ) whose functional dimension coincides with number of charges.

An example of particular relevance for what follows is when the parabolic subgroup P coincides with the Heisenberg parabolic. The resulting representation I(P, s) = Ind^G_P δ_ρ(s) belongs to the (degenerate) principal continuous series of G and depends on rank_R g complex parameters collectively denoted by s. The functional dimension of I(P, s) is κ = dim g_1 + 1. The automorphic functions attached to the degenerate principal series are non-holomorphic Eisenstein series E (g; s) = ∑ γ∈P (Z)\G(Z) δ_ρ(γg; s). (37)

When the Heisenberg parabolic P coincides with the Borel subgroup B ⊂ G then the representation I(B, s) corresponds to the generic (non-degenerate) principal series. This happens in particular for the special cases of SU(2, 1) and SL(3, R) to be considered in sections 4 and 5.

Although the BPS partition function (3) only depends on 2(n_V + 1) electric and magnetic charges, the 3d theory also exhibits the NUT-charge k, thus providing a total of 2n_V + 3 charges (q_Λ, p^Λ, k), which is precisely the functional dimension of I(P, s). A naive first guess is therefore that the complete partition function Ztot in (16) should be captured by an automorphic function in the degenerate principal series. A characteristic property of the Eisenstein series E (g; s) is that they are eigenfunctions of the Laplacian on the coset space G/K, with eigenvalue given by the quadratic Casimir operator. Physically, this is precisely the constraint enforced by supersymmetry in N = 8 theories [86, 5], although we shall see in section 6 that this constraint is modified for N = 2 theories.

One can also obtain smaller (“unipotent”) automorphic representations by taking residues of degenerate principal Eisenstein series E (g; s) along singular loci in the complex s-parameter space [87, 88]. In this way one can in particular construct the minimal representation π_{min} of smallest functional dimension κ = n_V + 2 [89]. The minimal representation can be obtained by quantizing the smallest coadjoint orbit O_{min}, i.e. the G-orbit of any root in the Lie algebra g. It is natural to choose the lowest root, corresponding to the subspace g_{−2} in (35). The orbit O_{min} is then generated by the (2n_V + 4)-dimensional subspace Rh ⊕ g_1 ⊕ g_2. Quantization amounts to choosing a Lagrangian splitting of g_1 and realizing the generators as differential operators acting on functions of “coordinates” and “momenta” [90, 35, 91]. The functional dimension of the associated representation π_{min} is half the dimension of the orbit O_{min}, as advertised. Physically, one may think of these variables as the n_V + 1 magnetic charges p^Λ (or, in the opposite polarization, electric charges q_Λ) together with the NUT charge k [15]. Formally, k therefore plays the role of a quantization parameter, by analogy with Planck’s constant ℏ. The minimal representation generalizes the metaplectic representation for symplectic groups, and its Fourier-Jacobi expansion yields theta series in the Schrödinger-Weil representation of G^J (Z) [84], which is what we expect for the NS5-partition function (13).

3.4. Abelian Fourier Expansion In order to isolate the dependence on the scalars (ζ^Λ, ζ̃_Λ, σ) as in the instanton sums (16) one must perform a Fourier expansion of F which diagonalizes the action of N(Z). However, since this group is non-abelian one cannot decompose with respect to all the generators simultaneously. We shall therefore first perform the decomposition along the center Z of N.

The Fourier expansion along Z reads

F (g) = ∑ χ_Z ∈Ẑ F_{χZ} (g), (38)

where χ_Z : Z → C^∗ is a unitary character of Z which is trivial on Z(Z). In other words, the sum runs over the unitary irreducible representations of Z, known as the “unitary dual” Ẑ. The Fourier coefficient F_{χZ} (g) is formally defined through the integral F_{χZ} = ∫ Z(Z)\Z(R) F (zg)χ_Z (z)dz. (39)

More explicitly, in our conventions we may take χ_Z (σ) = e^{−πikσ} and write F_k(t, ζ, ζ̃, ϕ) = ∫_2 0 F (t, ζ, ζ̃, σ, ϕ)e^{iπkσ} dσ. (40) We restrict first to the case when Z acts trivially, corresponding to the zeroth Fourier coefficient F_0. The abelian expansion of F_A ≡ F_0 with respect to N_a = N/Z is given by ∑ χ_{Na} ∈N̂_a FχNa ,

where the χ_{Na} :th Fourier coefficient is

F_{χNa} (g) = ∫ N_a(Z)\N_a(R) F (ng)χ_{Na} (n)dn. (41) If we choose a Lagrangian splitting of g_1 such that the characters χ_{Na} of N_a(R) takes the explicit form χ_{Na} (ζ, ζ̃) = e^{−2πi(qΛζΛ−pΛζ̃Λ)}, where (q_Λ, p^Λ) ∈ Z^{2n}V^{+2}, then we can write the abelian Fourier expansion more explicitly as F_A(t, ζ, ζ̃, ϕ) = ∑ (q_Λ,p^Λ)∈Z^{2n+2} C(q_Λ, p^Λ)W_{qΛ,p}Λ (t, ϕ)e^{−2πi(qΛ ζΛ−pΛζ̃Λ)}, (42)

where we have also extracted the purely numerical coefficients C(q_Λ, p^Λ). The moduli dependent part W_{qΛ,p}Λ (t, ϕ) corresponds to the spherical Whittaker vector W_0 in a “Fourier transformed representation”. Similarly, the numerical Fourier coefficients C(q_Λ, p^Λ) are related to the p-adic spherical vector W_p, after performing a p-adic Fourier transform and evaluating the product over all primes (see [35, 85, 92] for details).

The result (42) bears an strong resemblance with the instanton sum (8). The instanton effects should be reproduced by the leading term in the expansion of the spherical vector W_{qΛ,p}Λ (t, ϕ) around the cusp e^ϕ → 0. It is furthermore suggestive to identify the BPS-degeneracies Ω(γ) with the numerical Fourier coefficients C(q_Λ, p^Λ).

3.5. Non-Abelian (Fourier-Jacobi) expansion We shall now consider the case when the center Z of N acts non-trivially, corresponding to the generic coefficients F_k, k ≠ 0, in (40). This provides a generalization of the Fourier-Jacobi expansion of Siegel modular forms as disussed in the beginning of section 3.

For k ≠ 0 we write the expansion (38) explicitly as F_{NA}(t, ζ, ζ̃, σ, ϕ) = ∑ k≠0 F_k(t, ζ, ζ̃, ϕ)e^{−iπkσ}. (43) When the center acts non-trivially one cannot simultaneously diagonalize all of the generators of the abelian subspace g_1, as was done in (42). Instead, one must choose a polarization, i.e. diagonalize either “electric” translations of ζ^Λ or “magnetic” translations of ζ̃_Λ.

For definiteness we consider a magnetic polarization, for which the general form of the nonabelian Fourier coefficients F_k, k ≠ 0, is given by [93, 38, 39]^8 F_k(t, ζ, ζ̃, ϕ) = ∑ ℓ^Λ∈Γ_m/(|k|Γ_m) ∑ p^Λ∈Γ_m+ℓ^Λ/|k| Ψ_{k,ℓ}Λ (t, ϕ, ζ^Λ − p^Λ) e^{2πikpΛζ̃Λ−πikζΛζ̃Λ} . (44)

The sum in (43) is then manifestly invariant under magnetic translations ζ̃_Λ → ζ̃_Λ + n_Λ, while electric shifts of the form ζ^Λ → ζ^Λ + n^Λ require a compensating lattice shift p^Λ → p^Λ + n^Λ. Thus, the non-abelian contribution F_{NA} is indeed invariant under the Jacobi group G^J (Z).

8 For details on the derivation, see for instance section 11.5 of [92].

By comparing (44) with the analysis in section (2.5) it is clear that the non-abelian Fourier expansion corresponds to a sum over vector-valued theta series, with wave function Ψ_{k,ℓ}Λ . It is therefore suggestive to identify the Fourier coefficient F_k with the partition function (27) for k NS5-branes. This is consistent with the fact that Ψ_{k,ℓ}Λ transforms in the Schrödinger-Weil representation of G^J (Z). Moreover, F_{NA} is a sum over n_V + 2 variables (p^Λ, k) which matches the functional dimension of the minimal representation of G_3(Z). We conclude that (43) is the desired generalization of the Fourier-Jacobi expansion discussed in the beginning of this section.

4. Rigid Calabi-Yau Threefolds and the Universal Sector We will now put the abstract analysis of the previous section into our first explicit example. We consider a special class of N = 2 theories, obtained through compactification of type IIA string theory on a rigid Calabi-Yau threefold. A Calabi-Yau threefold is said to be rigid if it has no complex structure deformations; hence h_{2,1}(X ) = 0. We denote such a rigid threefold by X_r.

The Hodge decomposition of H^3(X_r, C ) simplifies considerably:

H^3(X_r, C ) = H^{3,0}(X_r, C ) ⊕ H^{0,3}(X_r, C ). (45)

A consequence of this is that the intermediate Jacobian torus is an elliptic curve (see, e.g., [94])

T (X ) = H^3(X_r, R)/H^3 (X_r, Z) = H^{3,0}(X_r, C )/H^3 (X_r, Z) = C /(Z + τZ), (46)

where τ is the period variable which takes values in the upper half plane SL(2, R)/U (1). Two elliptic curves C /(Z + τZ) and C /(Z + τ^′Z) are equivalent if τ^′ = γ · τ where γ ∈ SL(2, Z). For simplicity, we further restrict our attention to those rigid Calabi-Yau threefolds for which the parameter τ takes values in the quadratic number field Q( √ −d), where d is a square-free positive integer. Elliptic curves of this type are said to admit complex multiplication, or be of “CM-type”. A rigid Calabi-Yau threefold is then of CM-type if and only if the associated Jacobian elliptic curve is of CM-type. The key observation is that in this case, the lattice Z+τZ corresponds to the ring of integers O_d ⊂ Q( √ −d). Physically, rigid Calabi-Yau compactifications are simpler, since the complex structure moduli space M_C (X_r) is trivial. For type IIB on X_r, the vector multiplet sector contains a single scalar modulus X^0 = ∫ A Ω_{3,0} and the prepotential is quadratic

F (X^0) =^1_2 τ(X^0)^2. (47)

The modulus X^0 is non-dynamical and is customarily set to 1; however it is useful to retain it in order to keep track of the homogeneity degree of F (X^0). Since there are no complex structure moduli the BPS-index Ω(γ) is globally constant, and do not suffer wall-crossing. Equivalently, (45) ensures that one is automatically sitting at the end point of the attractor flow [95].

The vector multiplet sector in D = 4 only contains the gravity multiplet, i.e. a single vector field A_μ (the graviphoton) together with the metric g_{μν} ; this is the familiar Maxwell-Einstein theory. Upon dimensional reduction on S^1 it is well-known that this theory exhibits an enhanced symmetry group described by U(2, 1), and the classical moduli space in D = 3 is given by the coset space [16, 17] M^{cl}_3 = U(2, 1)/(U(2) × U(1)). (48)

This 4-dimensional coset space is quaternion-Kähler^9 and represents the classical part of the exact moduli space ^M_C (X_r) in D = 3. It is parametrized by the radius e^{−ϕ}, the NUT potential σ, and the two Wilson lines (ζ^0, ζ̃_0) ≡ (ζ, ζ̃). Although M^{cl}_3 is described by a coset space,

9 In fact, it is also Kähler, a curiosity among quaternion-Kähler manifolds.

instanton corrections will deform the metric, and hence the exact moduli space M^{cl}_3 does not preserve this coset structure.

Upon T-duality, M^{cl}_3 is mapped to the moduli space of the so called “universal hypermultiplet”, parametrized by the dilaton e^ϕ, the NS-axion σ and the RR-scalars (ζ, ζ̃) arising from the periods of the 3-form along the “universal” 3-cycles (A, B) ∈ H_3(X_r, Z) [26, 27, 96].

Despite the fact that the quantum moduli space ^M_C (X_r) is not a coset, we shall assume that it retains an isometric action of an arithmetic subgroup G_3(Z) ⊂ U(2, 1). An analogous phenomenon is known to happen for the hypermultiplet sector in type IIB, where the moduli space M^{IIB}_H (X_r) exhibits an isometric action of the S-duality group SL(2, Z) [97, 32, 42].

In [39, 40] it was proposed that for rigid Calabi-Yau threefolds of CM-type, the quantum theory should be invariant under the arithmetic U-duality group

P U(2, 1; O_d) ≡ U(2, 1) ∩ P GL(3, O_d), (49)

known as the Picard modular group. This group reproduces the correct Heisenberg shifts (12), and is thus consistent with charge quantization For d = 3 mod 4 the group P U(2, 1; O_d) induces a shift of σ with non-trivial cocycle υ(m, n) =^1_2 (m + n + mn) in (12) [40], while for d = 1, corresponding to the Gaussian integers O_1 = Z + iZ, the cocycle is absent [39]. If taken literally, this has the interesting implication that for each rigid Calabi-Yau compactification there is a unique theta line bundle L → T (X_r), and hence a unique NS5-partition function Z^{(k)}_Θ , as was originally proposed by Witten [73].

To further test this proposal one would like to show that it is compatible with the expected form (16) of quantum corrections to the moduli space metric. Following the discussion in section 3.3, we consider a P U(2, 1; O_d)-invariant Eisenstein series in the principal series I(B, s) of U(2, 1), which has the same functional dimension κ = 3 as the number of D2-NS5 charges (q, p, k).^{10} Using the techniques of section 3.1 we obtain [39, 40]

E^{P U(2,1;O}d^) (g; s) = ∑ (x1,x2)∈Q( √ −d)2 P (x1,x2)=0 ρ(g) · [ ∏ p<∞ W_p(x_1, x_2; s) ] W_0(x_1, x_2; s), (50)

where g is a representative in U(2, 1)/(U(2) × U(1)) and P (x_1, x_2) = 0 denotes a certain quadratic constraint on the summation variables (see [39, 40] for details), analogous to the lattice constraints discussed in [5]. The principal series depends on a single parameter s ∈ C , and the Eisenstein series converges absolutely for ℜ(s) > 2. However, it is a famous result by Langlands [98] that EP U(2,1;O_d) (g; s) can be analytically continued to a meromorphic function in the full complex s-plane, away from the poles at s = 0, 2. Indeed, E^{P U(2,1;O}d^) (g; s) satisfies a functional equation relating its value at s to the Weyl-transformed value at 2 − s [39, 40].

The spherical vector W_0 is a function on B\U(2, 1), and hence depends on three real variables, or equivalently on 2 variables (x_1, x_2) ∈ Q( √ −d)^2 subject to a constraint P (x_1, x_2) = 0. The explicit form of W_0 is obtained by taking the unitary norm of the first row of a representative n ∈ P \U(2, 1); the norm ensures that W_0 is U(2) × U(1)-invariant, i.e. spherical. The padic counterpart W_p is similarly obtained by taking the corresponding p-adic norm |z|^{Q(} √ −d) p ≡ √ |zz̄|_p, z ∈ Q( √ −d). For the explicit formulas and more details on this construction, see App.

A. of [39], or references [35, 85, 92] for other examples.

By computing the Fourier expansion of E^{P U(2,1;O}d^) (g; s) one then obtains explicit candidates for the black hole partition function in (42) and the NS5 wave function Ψ_{k,ℓ}(ϕ, ζ) in (44).

10 This is moreover the most naive extension of previous successful results of summing up D(-1)-instantons in type IIB [4, 97] using an SL(2, Z)-invariant Eisenstein series attached to the principal series of SL(2, R).

Extracting first the moduli-dependent part W_{q,p}(ϕ) of E^{P U(2,1;Od)}_{q,p} (ϕ) one finds W_{q,p}(ϕ; s) = K_{2s−2} ( 2πe^{−ϕ} |q + τp| √ ℑ(τ) ) , (51)

where K_{2s−2} is the modified Bessel function and we recall that τ is the period variable of the elliptic curve T (X ) = C /(Z + τZ). For the special value s = 3/2, the Whittaker vector W_{q,p}(ϕ; 3/2) reproduces the known form of the D2-instanton series in type II on a Calabi-Yau threefold [31]. Indeed, upon expanding W_{q,p}(ϕ; 3/2) around the weak-coupling cusp e^ϕ → 0, one finds that the abelian Fourier expansion (42) takes the form E^{P U(2,1;Od)} A (ζ, ζ̃, ϕ)∼ ∑ (p,q)∈Z^2 C_A(p, q; 3/2) exp [ −2πe^{−ϕ} |q + τp| √ ℑτ − 2πi(qζ − pζ̃) ] . (52)

This is indeed of the same form as the BPS-instanton series (8) after noticing that for a rigid Calabi-Yau threefold the D2-brane central charge is [39] Z(γ) = q + τp √ ℑ(τ) , γ = qA + pB ∈ H_3(X_r, Z). (53)

Note in particular that (52) has the expected suppression e^{−1/gs} for D-brane instantons.

The numerical coefficients in (52) were evaluated explicitly in [39, 40] with the result

C_A(Λ; s) = ∑ ω′∈Od Λ/ω′∈O∗d

| | Λ ω^′ | |^{2s−2} ∑ z∈Od Λ/(zω′)∈O∗d |z|^{4−4s}, (54)

where ω is a primitive vector in O_d and Λ = (q + τp)/ℑ(τ). As a first consistency check we note that for purely electric or purely magnetic charges, i.e. when either q = 0 or p = 0, the Fourier coefficients C_A(q, 0; 3/2) reproduce the sum over divisors ∑ d|q d^{−2} which is known to provide the instanton measure for D(-1)-instantons [4, 97].

Let us now turn to the non-abelian Fourier coefficients (44). The wave function Ψ_{k,ℓ} extracted from E^{P U(2,1;Od)}

NA takes the form [39] Ψ^{P U(2,1;Od)} k,ℓ (ϕ, ζ̃−p) = ∞∑ r=0 C_{NA}(r, k, ℓ; s) e^{−π|k|(ζ̃−p)2} H_r (√ 2π|k|(ζ̃ − p) ) W_{−r− 12 ,s−1} ( 4π|k|e^{−2ϕ} ) , (55) where H_r is a Hermite polynomial and W_{r,s} is the Whittaker function. Inserting s = 3/2 and expanding the Whittaker function for weak coupling yields Ψ^{P U(2,1;Od)} k,ℓ (ϕ, ζ̃ − p) ∼ ∞∑ r=0 C_A(r, k, ℓ; 3/2) H_r (√ 2π|k|(ζ̃ − p) ) e^{−2π|k|e−2ϕ−π|k|(ζ̃−p)2} , (56) which is indeed suppressed by e^{−1/g2s} as befits NS5-brane instantons.^{11} Moreover, for fixed value of r the dependence of Ψ_{k,ℓ} on (ζ̃ − p) matches the general structure of the NS5-brane partition function found in [42], where it was argued that the insertion of a power of (ζ̃ − p) in the generalized theta series (27) was related to the insertion of (J_3)^2 in the second helicity supertrace (2), as is required in order to get a non-vanishing result for N = 2 theories. Unfortunately, as of yet there is no explicit expression for the numerical non-abelian Fourier coefficients C_{NA}(r, k, ℓ; s).

11 To be more accurate, in the special case of the Gaussian integers O1 = Z + iZ the periodicity of the NS-axion is slightly different from (44), forcing the charge k to be a multiple of 4 [39].

5. The Extended Universal Hypermultiplet For generic Calabi-Yau compactifications there is in general no known candidate for the spectrum generating symmetry G_3(Z). However, it was suggested in [38] that the S-duality symmetry SL(2, Z) of the hypermultiplet moduli space in type IIB extends to an isometric action of SL(3, Z). The motivation behind this can be understood in the T-dual picture of the vector multiplet sector in type IIA on X × S^1. As already mentioned, the associated moduli space ^M_K (X ) lifts to M-theory on X × T 2, thus carrying an action of SL(2, Z). However, it is wellknown that upon toroidal compactification to D = 3 the naive mapping class group SL(n, Z) of an n-torus is enhanced to the “Ehlers symmetry” SL(n + 1, Z). This suggests that the moduli space ^M_K (X ) carries a hidden isometric action of SL(3, Z).

To make this explicit, one can identify a 5-dimensional subspace SL(3, R)/SO(3) ⊂ ^M_K (X ) parametrized by the volume modulus t of X , the RR-scalars (ζ^0, ζ̃_0) ≡ (ζ, ζ̃) which couple to the (D0, D6)-branes, and the gravity scalars (e^{−ϕ}, σ). In the T-dual picture the role of the modulus t is unchanged, while (ζ, ζ̃) couple to D(-1)-D5 instantons, σ to NS5-instantons, while the radius is as usual identified with the 4d string coupling g_s = e^ϕ. By analogy with the standard universal hypermultiplet discussed section 4, the subspace {t, ζ, ζ̃, σ, ϕ} is referred to as the “extended universal hypermultiplet”.

It was further argued in [38] that in the weak coupling, large volume limit, the full quaternionic moduli space decomposes locally into a product:

^M_K (X ) ∼ SL(3, R)/SO(3) × R_K (X ) × (R^3 )^{⊗h}1,1^{(X )}, (57)

where R_K (X ) is the vector multiplet moduli space of M-theory on X , of real dimension h_{1,1} − 1. The action of SL(3, R) on ^M_K (X ) leaves this factor invariant but acts linearly on the vector space (R^3 )^{⊗h1,1(X )}.

By a similar philosophy as in Section 4 one can now attempt to sum up the contributions from D(-1)-D5 and NS5-brane instantons to the metric on ^M_K (X ) using an SL(3, Z)-invariant Eisenstein series E^{SL(3,Z)}(g; s_1, s_2), depending on two parameters which are fixed to the values (s_1, s_2) = (3/2, 3/2). The Eisenstein series can be constructed using similar methods as in Section 4 (see [85, 99, 92]), and may also be written as a Poincaré series E^{SL(3,Z)}(t, ϕ, ζ, ζ̃, σ; s_1, s_2) = ∑ γ∈B(Z)\SL(3,Z) (γ · t)^{s1−s2} ( γ · e^{−2ϕ} )_{s1+s2} , (58)

where t^{s1−s2} e^{−2ϕ(s1+s2)} ≡ δ_ρ(p; s_1, s_2) is the infinitesimal character of the principal series I(B, s_1, s_2), and B is the Borel subgroup. Using old results by Vinogradov-Takhtajan [100] and Bump [101], one may extract the explicit form of the Fourier coefficients of E^{SL(3,Z)}(g; s_1, s_2). After taking the weak-coupling limit, the abelian contribution is of the form E^{SL(3,Z)} A (t, ϕ, ζ, ζ̃; s_1, s_2) ∼ ∑ (p,q)∈Z^2 C(p, q; s_1, s_2) exp [ −2πe^{−ϕ}|Z(p, q)| − 2πi(qζ − pζ̃) ] . (59)

As a non-trivial consistency check we note that the first term in the exponential reproduces the central charge for D0-D6 BPS-bound states [102]: |Z(p, q)| = ( t|p|^{2/3} + t^{−1}|q|^{2/3} )_{3/2} . (60)

The numerical coefficients C(p, q; s_1, s_2) are given by a generalized sum over divisors of the charges (p, q) whose explicit form can be found in [38].

The non-abelian Fourier coefficients E^{SL(3,Z)}_{NA} give rise to a wave function Ψ_{k,ℓ} whose weakcoupling expansion reads Ψ^{SL(3,Z)} k,ℓ (ϕ, ζ̃−p) ∼ ∑ (kn)^3 d^2 ∈Z C ( d,^{(nk)3}_{d2} ; s_1, s_2 ) exp [ −^{2π|k|e−ϕ} (_{e−2ϕ+t3(ζ̃−p)2+tn2})_{3/2} e^{−2ϕ}+t^3(ζ̃−p)^2 + 2πikt^3n^3(ζ̃−p) e^{−2ϕ}+t^3(ζ̃−p)^2 ]

(61) where d = gcd(k, ℓ). We note the interesting fact that the numerical Fourier coefficients in (61) are equivalent to the abelian coefficients C(p, q; s_1, s_2) with the magnetic charge p replaced by d and the electric charge q is replaced by the combination (nk)^3/d^2, thus representing an “induced” electric charge. This meshes well with the recent results of [42], which revealed that the instanton measure for bound states of D(-1)-D1-D3 instantons with D5-NS5-instantons is given by the generalized Donaldson-Thomas invariants Ω(q_Λ, p^Λ) with p^0 replaced by gcd(p, k), where (p, 0) represents pure D5-branes and (0, k) represents pure NS5-branes. Moreover, the exponential in (61) matches the general NS5-brane instanton action found in [42].

6. Supersymmetry, Representation Theory and Twistors We shall now outline how to add the final piece of the puzzle, namely the proper implementation of the constraints from supersymmetry. The degree of supersymmetry imposes constraints on the charges (q_Λ, p^Λ, k) as well as on the geometry of the moduli spaces. We now discuss these constraints in turn, focussing first on charges in sections 6.1-6.3, while treating the moduli space geometry in sections 6.4 and 6.5.

6.1. N = 8 Charge Orbits and Representation Theory Although we are primarily interested in the N = 2 case, it is again useful to first draw lessons from theories with a higher degree of supersymmetry. For N = 8 supersymmetry in D = 4 a generic electric-magnetic charge vector γ = (q_Λ, p^Λ) is valued in a 56-dimensional symplectic lattice Γ, invariant under Sp(56; Z) [1]. These charges fit into the 56-representation of E_{7(7)}(Z). The entropy of a BPS black hole is [12]

S^{N =8}_{BH} (γ) = π √ I_4(γ), (62)

where I_4(γ) is the quartic E_{7(7)}(Z)-invariant. BPS-solutions require I_4 ≥ 0. Generic 1/8-BPS black holes satisfy I_4 ≠ 0, while states with I_4 = 0 but ∂_γ I_4 ≠ 0 correspond to 1/8 BPS black holes with vanishing entropy [103]. States for which I_4 = ∂_γ I_4 = 0 but ∂^2_γ I_4|_{Ad} ≠ 0 preserve 1/4 supersymmetries, while states with ∂^2_γ I_4|_{Ad} = 0 preserve the maximal amount of 1/2 supersymmetries.^{12}

The above conditions impose constraints on the BPS-index Ω(γ), and consequently, via (11), also on the Fourier coefficients of the automorphic form F . This further translates into a choice of automorphic representation (π, ρ) of the U-duality group G_3(Z), since the number of charges determine the functional dimension κ of π.

As an example, we note that the constraint ∂^2_γ I_4|_{Ad} = 0 implies that 1/2 BPS-states in N = 8 supergravity has support on 28 electric and magnetic charges. Combined with the NUTcharge k this yields precisely the functional dimension κ = 29 of the minimal representation π_{min} of E_{8(8)}(Z) [19]. Indeed, it was conjectured in [15] that the minimal theta series of E_{8(8)} provides the partition function of 1/2 BPS-states in N = 8 supergravity. This is also consistent with recent results revealing that the same theta series captures the non-perturbative

12 The expression ∂^2_γ I4|_{Ad} should be understood as the irreducible component of the Hessian of I4, transforming in the adjoint representation of E_{7(7)} (see [103, 104, 24]).

contributions to the E_{8(8)}(Z)-invariant coefficient of the 1/2-BPS saturated R^4-coupling in type II string theory on T^7 [10] (see also [11]). Concretely this implies that when F is in the minimal representation, the associated Fourier coefficients C(q_Λ, p^Λ) in (42) vanish unless their arguments satisfy ∂^2I_4(q_Λ, p^Λ)|_{Ad} = 0. A simple example of this phenomenon is the minimal representation of SL(3, R) for which the Fourier coefficients vanish unless pq = 0 (see, e.g., [38]).

6.2. Magic N = 2 Supergravities and Quaternionic Representations Let us now turn to N = 2 theories. The general form of the Bekenstein-Hawking entropy is given by S^{N =2}_{BH} (γ) = π √ Q_4(γ) (63)

where Q_4(γ) is a quartic polynomial in the charges. For example, for 1/2 BPS black holes in M-theory on X × S^1, corresponding to M2-branes wrapped on 2-cycles with p^0 = 0, the polynomial is given by Q_4 = d_{ABC} p^Ap^B p^C q_0, A = 1, . . . , h_{1,1}, and d_{ABC} ∼ ∫ J_A ∧ J_B ∧ J_C , with J_A ∈ H^{1,1}(X , Z) a generator of the Kähler cone [13].

Whenever the N = 2 theory exhibits a symmetry G_4 in D = 4, the quartic polynomial Q_4(γ) is again identified with the associated quartic invariant I_4(γ). An interesting class of toy models where this happens is provided by the magic N = 2 supergravity theories [43, 44], which are classified by degree 3 Jordan algebras J, equipped with a cubic norm N_3 (see [20] for a survey). The classical moduli spaces in D = 4 are special Kähler coset spaces,

M^{cl}_4 = Conf(J)/(U(1) × M) (64)

with cubic prepotentials of the form F (X) = N_3(X)/X^0. Here, Conf(J) is the conformal group leaving the “cubic lightcone” N_3 = 0 invariant [18], and K_4 = U(1) × M is its maximal compact subgroup. The factor M is known as the “reduced structure group” of J.

After compactification to D = 3 the moduli space is enhanced to a quaternionic coset space

M^{cl}_3 = QConf(J)/(SU(2) × ~Conf(J), (65)

where ~

Conf(J) is a compact form of Conf(J), and QConf(J) is the quasi-conformal group of J which leaves invariant a “quartic lightcone” N_4 = 0 inside the complex vector space g^C_1 ⊕ g^C_2 . In terms of formal complexified “charges” (q^C_Λ , p^Λ_C , kC ) one can write the N_4 as [105, 37]

N_4(q^C_Λ, p^Λ_C , kC ) = I_4 ( q^C_Λ − q̄^C_Λ , p^Λ_C − p̄^Λ_C ) + 2 ( kC − k̄C + p^Λ_C q̄^C_Λ − p̄^Λ_C q^C_Λ

)_2 , (66)

where I_4 is the quartic Conf(J)-invariant. This expression will play a role in section 6.5 below.

In general it is not known whether these magic theories arise from string compactifications. Nevertheless, it has been speculated that they have well-defined quantum completions which are invariant under discrete subgroups QConf(J, Z) ⊂ QConf(J) (see for instance [20, 36, 37, 105]). An example of particular interest is when J = R and Conf(J) = SL(2, R), in which case M^{cl}_3 = G_{2(2)}/SO(4). This exceptional coset space also arises as the classical vector multiplet moduli space in type IIA compactified on X × S^1, with n_V = h_{1,1}(X ) = 1, or, equivalently, as the hypermultiplet moduli space in type IIB on X [27, 106].

For the quasiconformal groups QConf(J) there exist a distinguished class of unitary representations leading to a similar classification of charges as was given above for N = 8. This is the quaternionic discrete series π_ν of Gross and Wallach [107, 108]. The representation π_ν depends on a single parameter ν, and for ν ≥ 2n_V + 3, it is irreducible and has functional dimension κ = 2n_V + 3, which is the same as for the principal series. In fact, the quaternionic discrete series can be embedded as a submodule in a degenerate principal series I(P, s), for which the parameter s is restricted to be integer. For smaller values of ν, π_ν is no longer irreducible, but admits unitary irreducible sub-representations π^′_ν of smaller functional dimension. For instance, when ν = (n_V + 2)/3 one obtains the quaternionic analogue of the minimal representation π_{min}, of functional dimension κ = n_V + 2. Following [107] we denote this minimal quaternionic representation by π_Z , with Z referring to the locus ∂^2_γ I_4|_{Ad} = 0.

The physical relevance of the quaternionic discrete series in magic N = 2 theories has been pointed out in a series of works [36, 24, 109, 65, 105, 38]. In particular, it was shown that the BPS Hilbert space H^{BPS} furnishes a unitary irreducible representation in the quaternionic discrete series of QConf(J). Concretely, this means that physical “BPS wave functions” should have support on 2n_V + 3 charges (q_Λ, p^Λ, k). Based on these obervations it is suggestive that the total instanton partition function Ztot for magic supergravities should be attached to the quaternionic discrete series π_ν of the symmetry group QConf(J), rather than the degenerate principal series I(P, s), as was tentatively assumed in the analysis of sections 4 and 5 following a naive extrapolation of known results in N = 8 theories. These ideas have been advocated in various earlier works [36, 24, 65, 105, 38, 39], although the lack of sufficiently explicit results in the mathematical literature has hindered progress.

6.3. Minimal Theta Series and NS5-Branes To provide some evidence for the above speculations let us now revisit the analysis of section 5 for the extended universal hypermultiplet. Although the group SL(3, R) does not afford any quaternionic representations, the coset space SL(3, R)/SO(3) embeds naturally into the quaternionic symmetric space G_{2(2)}/SO(4) discussed above. Assuming that the associated Calabi-Yau compactification preserves a discrete subgroup G_{2(2)}(Z), one could hope to sum up the complete series of D(-1)-D1-D3-D5 and NS5-instanton corrections into an automorphic form in the quaternionic discrete series of G_{2(2)}.

As a first step in this direction, it was noticed in [38] that Ψ^{SL(3,Z)}_{k,ℓ} in fact corresponds to a restriction of the spherical vector W_0 in the minimal quaternionic representation π_Z of G_{2(2)} [110, 105]. It was then conjectured that the automorphic theta series attached to the minimal representation of any group QConf(J) should capture the (vector-valued) non-abelian NS5-brane partition function (27): Z^{(k,ℓΛ)}(g) = ⟨ W^{k,ℓΛ}_Z | |ρZ (g) · W^{k,ℓΛ}_0 ⟩ . (67)

Indeed, the wave function Ψ_{k,ℓ}Λ (p^Λ) depends on n_V + 2 variables (p^Λ, k), which is precisely the functional dimension of the minimal representation π_Z .

The conjecture (67) is also consistent with the observations in (2.5) that the wave function Ψ_{1,0}(p^Λ) should be identified with the topological string amplitude Ψ_{top} on X . For magic supergravities, the holomorphic anomaly equations satisfied by Ψ_{top} are equivalent to the operator equations associated with the Joseph ideal, and thus intimately connected with the minimal representation [37]. For k > 1 the minimal wave function Ψ_{k,ℓ}Λ (p^Λ) provides a candidate for the one-parameter extension of the topological string amplitude proposed in [36, 37].

Although these results are encouraging, the theta series in the minimal quaternionic representation can at most capture part of the quantum corrections to the moduli space metric, notably those states whose charges obey the constraint ∂^2_γ I_4|_{Ad} = 0. Physically, this translates into the fact that the associated Fourier coefficients have support on “very small charges”, meaning that there are no independent D1-D(-1) charges, but only those induced by the D3- D5 states. To include the contributions from more general BPS states one must consider automorphic representations attached to the generic quaternionic discrete series π_ν , where the Fourier coefficients have support on all charges with I_4(γ) > 0 [111, 112, 113]. This is the quaternionic generalization of the familiar fact that the Fourier coefficients ∑ a(n)q^n of the holomorphic SL(2, Z)-Eisenstein series E_{2r}(τ) = ∑ (m_1 + m_2τ)^{−2r} vanish unless n ≥ 0.

6.4. Twistor Space and Deformations of Quaternionic Manifolds Having identified the quaternionic discrete series π_ν as the physically relevant automorphic representation for N = 2 supergravity theories, the next step is to implement the G_3(Z)- symmetry while preserving the quaternion-Kähler property of the metric on the moduli space. To this end we shall require some new technology.

A quaternion-Kähler manifold M is conveniently described through its twistor space Z [114]: P^1 −→ Z −→ M (68) where the fiber P^1 corresponds to the S^2 worth of almost complex structures carried by M. If M is real 4(n_V + 1)-dimensional, the twistor space Z is a complex contact manifold of complex dimension 2n_V + 3. The contact structure is encoded in a one-form X_Z such that the top form X_Z ∧ (dX_Z )^nV^{+1} is nowhere vanishing. Infinitesimal deformations of M can be realized as deformations of the complex contact structure of Z, which are classified by H^1(Z, O(2)) [115, 116]. Compatibility with N = 2 supersymmetry is therefore ensured if quantum corrections (16) to the metric on the moduli space M are implemented in terms of deformations of the contact one-form X_Z [117, 31]. This situation corresponds to a supergravity generalization of the analysis in [30], where quantum corrections to the hyperkähler metric on the moduli space of N = 2 field theory on R^3 × S^1 was studied.

Following [117, 31], one introduces a set of 2n_V + 3 local Darboux coordinates (ξ^Λ, ξ̃_Λ, α) on some open patch of Z, such that infinitesimal deformations of the contact structure (“contactomorphisms”) are realized as holomorphic sections H(ξ, ξ̃, α) ∈ H^1(Z, O(2)). The Darboux coordinates can formally be viewed as complexifications of the axions (ζ^Λ, ζ̃_Λ, σ) and hence the N(Z) Heisenberg action lifts to an isometric action on Z:

ξ^Λ → ξ^Λ + m^Λ, ξ̃_Λ → ξ̃_Λ + n_Λ, α → α + 2r − n_Λξ^Λ + m^Λξ̃_Λ + 2υ(m, n). (69)

The pair (ξ^Λ, ξ̃_Λ) therefore parametrize a complex symplectic torus T_C = Γ^∗ ⊗_Z C (Γ^∗ being the dual of the charge lattice Γ). This is the complex torus introduced by Kontsevich and Soibelman [30, 28]. The additional coordinate α then parametrizes the fiber of a “contact line bundle” L_C → T_C [42].

When NS5-brane effects are absent the continuous shift symmetry of α is unbroken and the general contactomorphism H(ξ, ξ̃, α) reduces to a symplectomorphism acting on T_C , which takes the following form [31, 30]: H(ξ, ξ̃) = ∑ γ∈Γ Ω(t; γ)Li_2 ( λ(γ)e^{−2πi(qΛ ξΛ−pΛξ̃Λ)} ) = ∑ γ∈Γ λ(γ)Ω(t; γ)e^{−2πi(qΛ ξΛ−pΛξ̃Λ)}. (70)

This is the infinitesimal version of the Kontsevich-Soibelman symplectomorphism K_γ [28]. A key observation for what follows is that H(ξ, ξ̃) can also be viewed as a twistor space realization of the BPS instanton partition function ZBPS in (8). We now turn to discuss the expected structure of the general contactomorphism H(ξ, ξ̃, α) in the presence of NS5-effects.

6.5. Instanton Partition Function on Twistor Space Following the logic of section 3, we wish to construct holomorphic sections H(ξ, ξ̃, α) ∈ H^1(Z, O(2)) which transform nicely under an arithmetic Lie group G(Z), such that the resulting metric on the quaternionic-Kähler base M is invariant. Some results for SL(2, Z) have been obtained in [32, 42], though a general prescription is lacking.

From the point of representation theory, there is a proposal for how to implement these ideas when the moduli space M_3 is a coset space G/K. In [108] it was shown that the quaternionic discrete series π_ν can be realized as the action of G on holomorphic sections on the twistor space

Z → G/K. The reason for this can be understood quite naturally by noting that Z ∼= P_C \G_C , i.e. it is the complexification of the coset P \G discussed in section 3.3. Morally, this is the complexification of the axions (ζ^Λ, ζ̃_Λ, σ) → (ξ^Λ, ξ̃_Λ, α) mentioned above. The quaternionic discrete series therefore corresponds to the holomorphic quasi-conformal action of G on g^C_1 ⊕ g^C_2 [105, 118, 119]. Moreover, in terms of the Darboux coordinates, the quartic lightcone (66) provides a Kähler potential for the twistor space according to

K_Z (ξ, ξ̃, α) = log N_4(ξ, ξ̃, α), (71)

which makes the G-invariance of Z manifest.

By identifying the twistor fiber as P^1 = SU(2)/U(1), the fibration in (68) is such that the twistor space takes the form Z = G/(M × U(1)). Analogous to the realization of holomorphic modular forms for SL(2, Z) as holomorphic sections of a line bundle over SL(2, R)/U(1), automorphic forms in the quaternionic discrete series of G have a realization in terms of holomorphic sections of G-equivariant vector bundles over Z. Moreover, as a module, one may identify the representation π_ν with the sheaf cohomology group [108]:

π_ν = H^1(Z, O(−ν)). (72)

In terms of the Darboux coordinates (ξ^Λ, ξ̃_Λ, α) ∈ Z, automorphic forms in the quaternionic discrete series π_ν correspond to holomorphic sections F (ξ, ξ̃, α) ∈ H^1(Z, O(−ν)). This is tantalizingly close to what we are after in describing deformations of the complex contact structure of the twistor space Z itself.

We then propose that the total instanton partition function (16) can be lifted to a holomorphic section Ztot (ξ, ξ̃, α) ∈ H^1(Z, O(−ν)) attached to the quaternionic discrete series π_ν of G_3, whose Fourier-Jacobi expansion with respect to G^J (Z) = G_4(Z) ⋉ N(Z) exhibits the general structure Ztot (ξ, ξ̃, α) = ∑ (q_Λ,p^Λ)∈Γ

λ(q_Λ, p^Λ)Ω(q_Λ, p^Λ)e^{−2πi(qΛξΛ−pΛξ̃Λ)} + ∑ k≠0 ∑ ℓ^Λ∈Γ_m/(|k|Γ_m) ∑ p^Λ∈Γ_m+ℓ^Λ/|k| Ψ_{k,ℓ}Λ (ξ^Λ − p^Λ) e^{2πikpΛξ̃Λ−πik(α−ξΛξ̃Λ)}. (73)

While the abelian contribution in (73) corresponds to an infinitesimal symplectomorphism of T_C , the non-abelian term provides the generating function of a generic contactomorphism of the twistor space Z [31, 42].

In the spirit of [109, 65, 42], the partition function Ztot (t, ζ, ζ̃, σ, ϕ) on the base M is defined by quaternionic Penrose transform of (73): Ztot (t, ζ, ζ̃, σ, ϕ) ≡ e^{−ϕ} ∮ C dz 2πi z Ztot ( ξ(z), ξ̃(z), α(z) ) , (74)

where z is a coordinate on the twistor fiber P^1, and C is a suitable contour. Using the explicit form of the Darboux coordinates (ξ^Λ, ξ̃_Λ, α) in terms of (x, z) ∈ M × P^1 found in [109], one can verify that the Penrose transform of the abelian term in (73) reproduces the moduli dependence K_1(2πe^{−ϕ}|Z(t; γ)|) as expected on general grounds for D-brane instantons [31]. Indeed, for rigid Calabi-Yau threefolds, one recovers the Whittaker vector W_{q,p}(ϕ; 3/2) in (51). The saddle-point approximation of the non-abelian term in (73) has furthermore been evaluated in [42], revealing a generalized theta series with insertions as in (56).

7. Concluding Discussion In this note we have reviewed proposals for implementing quantum corrections to the moduli space metric in N = 2 supergravities on R^3 × S^1, consistently with supersymmetry and G_3(Z)- invariance. In particular, we provided arguments that the complete instanton partition function Ztot is an automorphic form attached to the quaternionic discrete series of G_3.

In light of this it would be interesting to revisit the analysis of section 4 for compactifications on a rigid Calabi-Yau manifold X_r. In this case the relevant twistor space is a complex 3-dimensional coset space of the form Z = U(2, 1)/(U(1) × U(1)). Some of the relevant representation theoretic ingredients for constructing U(2, 1; O_d)-automorphic forms on Z in the quaternionic discrete series, such as the K-finite vectors W^{(ϵ)}_K , have been analyzed in [111, 105]. One would like to construct Ztot (ξ, ξ̃, α) explicitly and extract the Fourier coefficients C(p, q) which should provide an explicit form for the generalized Donaldson-Thomas invariants of X_r.

In order to clarify the relation between the automorphic form F (ξ, ξ̃, α) ∈ H^1(Z, O(−ν)) and the infinitesimal deformation H(ξ, ξ̃, α) ∈ H^1(Z, O(2)), a possibly useful tool is the twistor transform [120, 24, 109, 105]. This is an involutive integral operator T that takes elements in H^1(Z, O(−m)) to elements in H^1(Z, O(m − 4)). Consider for instance the example of G_{2(2)}/SO(4) associated to a type IIB compactification on X with n_V = h_{1,1} = 1. The functional dimension of the quaternionic discrete series of G_{2(2)} is κ = 5, corresponding to the number of D(- 1)-D1-D3-D5-NS5 charges (q_Λ, p^Λ, k). Ideally, one should then construct an automorphic form F (ξ, ξ̃, α) ∈ H^1(Z, O(−6)), and take the twistor transform T(F ) ∈ H^1(Z, O(2)) as a candidate for the deformation H(ξ, ξ̃, α) of the complex contact structure of Z = G_{2(2)}/(U(1) × SU(2)). We note that the Fourier coefficients of modular forms on G_{2(2)} generating the quaternionic discrete series have been analyzed in the mathematical literature [88, 112]; it would be very interesting to work out the underlying physics along the lines suggested above.

Finally we offer some remarks on the issue of wall crossing. For the Fourier coefficients in (73) to be identified with the BPS-index (2), one must verify that they are compatible with known wall crossing behaviour [28, 30]. In the absence of NS5-brane effects, k = 0, this is guaranteed since the abelian terms (70) coincide with infinitesimal Kontsevich-Soibelman symplectomorphisms. However, in the generic case, k ≠ 0, it is presently unknown how to exponentiate the generating function H(ξ, ξ̃, α) into a finite contactomorphism of the twistor space Z. The non-abelian wall crossing problem would then involve a generalization of the KS formula to an infinite product of such contactomorphisms. Although this formulation is presently out of reach, the recent results of [42] provide a suggestive hint: since the NS5-charge k can be formally identified with a quantization parameter ℏ, i.e. with the center of a Heisenberg algebra, one might speculate that these contactomorphisms would act on the quantum torus of [28], and the finite version of (73) would then presumably involve a product of quantum dilogarithms [121].

Acknowledgments I am grateful to Sergei Alexandrov, Ling Bao, Axel Kleinschmidt, Bengt E.W. Nilsson and Boris Pioline for extremely stimulating collaborations over the last few years on the results presented herein. I also wish to thank Matthias Gaberdiel, Stefan Hohenegger, Pär Kurlberg, Jan Manschot and Stefan Vandoren for related discussions. A special thanks goes out to Sergei Alexandrov, Christoffer Petersson and Boris Pioline for very helpful comments on a previous draft. Finally, I thank Eugen Paal and Alexander Stolin for organizing a stimulating workshop in a fantastic location. My research is supported in part by the Swiss National Science Foundation.

References

[1] Hull C M and Townsend P K 1995 Nucl. Phys. B438 109–137 (Preprint hep-th/9410167) [2] Obers N A and Pioline B 1999 Phys. Rept. 318 113–225 (Preprint hep-th/9809039) [3] Cremmer E and Julia B 1979 Nucl. Phys. B159 141

[4] Green M B and Gutperle M 1997 Nucl. Phys. B498 195–227 (Preprint hep-th/9701093) [5] Obers N A and Pioline B 2000 Commun. Math. Phys. 209 275–324 (Preprint hep-th/9903113) [6] Lambert N and West P C 2007 Phys. Rev. D75 066002 (Preprint hep-th/0611318) [7] Bao L, Cederwall M and Nilsson B E W 2008 Class. Quant. Grav. 25 095001 (Preprint 0706.1183) [8] Bao L, Bielecki J, Cederwall M, Nilsson B E W and Persson D 2008 JHEP 07 048 (Preprint 0710.4907) [9] Green M B, Russo J G and Vanhove P 2010 Phys. Rev. D81 086008 (Preprint 1001.2535) [10] Pioline B 2010 JHEP 03 116 (Preprint 1001.3647) [11] Green M B, Miller S D, Russo J G and Vanhove P 2010 (Preprint 1004.0163) [12] Kallosh R and Kol B 1996 Phys. Rev. D53 5344–5348 (Preprint hep-th/9602014) [13] Maldacena J M, Strominger A and Witten E 1997 JHEP 12 002 (Preprint hep-th/9711053) [14] Dabholkar A, Denef F, Moore G W and Pioline B 2005 JHEP 10 096 (Preprint hep-th/0507014) [15] Pioline B 2005 JHEP 0508 071 (Preprint hep-th/0506228) [16] Kinnersley W 1973 J. Math. Phys. 14, no. 5 651–653 [17] Breitenlohner P, Gibbons G W and Maison D 1988 Commun. Math. Phys. 120 295 [18] Günaydin M, Koepsell K and Nicolai H 2001 Commun. Math. Phys. 221 57–76 (Preprint hep-th/0008063) [19] Günaydin M, Koepsell K and Nicolai H 2002 Adv. Theor. Math. Phys. 5 923–946 (Preprint hep-th/0109005) [20] Günaydin M 2005 AIP Conf. Proc. 767 268–287 (Preprint hep-th/0502235) [21] Bagger J and Witten E 1983 Nucl. Phys. B222 1 [22] Becker K, Becker M and Strominger A 1995 Nucl. Phys. B456 130–152 (Preprint hep-th/9507158) [23] Aspinwall P S 2000 (Preprint hep-th/0001001) [24] Pioline B 2006 Class. Quant. Grav. 23 S981 (Preprint hep-th/0607227) [25] Seiberg N and Witten E 1996 (Preprint hep-th/9607163) [26] Cecotti S, Ferrara S and Girardello L 1989 Int. J. Mod. Phys. A4 2475 [27] Ferrara S and Sabharwal S 1990 Nucl. Phys. B332 317 [28] Kontsevich M and Soibelman Y (Preprint 0811.2435) [29] Joyce D and Song Y 2008 (Preprint 0810.5645) [30] Gaiotto D, Moore G W and Neitzke A 2010 Commun. Math. Phys. 299 163–224 (Preprint 0807.4723) [31] Alexandrov S, Pioline B, Saueressig F and Vandoren S 2009 JHEP 03 044 (Preprint 0812.4219) [32] Alexandrov S and Saueressig F 2009 JHEP 09 108 (Preprint 0906.3743) [33] Candelas P, de la Ossa X C, Green P S and Parkes L 1991 Nucl. Phys. B359 21–74 [34] Kontsevich M 1995 Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Zürich, 1994) [35] Kazhdan D, Pioline B and Waldron A 2002 Commun. Math. Phys. 226 1–40 (Preprint hep-th/0107222) [36] Günaydin M, Neitzke A, Pioline B and Waldron A 2006 Phys. Rev. D73 084019 (Preprint hep-th/0512296) [37] Günaydin M, Neitzke A and Pioline B 2006 JHEP 12 070 (Preprint hep-th/0607200) [38] Pioline B and Persson D 2009 Commun. Num. Th. Phys. 3 697–754 (Preprint 0902.3274) [39] Bao L, Kleinschmidt A, Nilsson B, Persson D and Pioline B 2010 Commun. Num. Theor. Phys. 4 187–266 [40] Bao L, Kleinschmidt A, Nilsson B E W, Persson D and Pioline B 2010 (Preprint 1005.4848) [41] Alexandrov S, Persson D and Pioline B 2010 (Preprint 1009.3026) [42] Alexandrov S, Persson D and Pioline B 2010 (Preprint 1010.5792) [43] Günaydin M, Sierra G and Townsend P K 1983 Phys. Lett. B133 72 [44] Günaydin M, Sierra G and Townsend P K 1984 Nucl. Phys. B242 244 [45] Douglas M R 2002 ICM proceedings (Preprint math/0207021) [46] Bridgeland T 2007 Ann. of Math. (2) 166 317–345 ISSN 0003-486X [47] Ooguri H, Strominger A and Vafa C 2004 Phys. Rev. D70 106007 (Preprint hep-th/0405146) [48] Kiritsis E 1997 (Preprint hep-th/9708130) [49] Aspinwall P S 2004 (Preprint hep-th/0403166) [50] Denef F and Moore G W 2007 (Preprint hep-th/0702146) [51] Alexandrov S 2009 J. Phys. A42 335402 (Preprint 0902.2761) [52] de Wit B, Kappeli J, Lopes Cardoso G and Mohaupt T 2006 JHEP 03 074 (Preprint hep-th/0601108) [53] Manschot J 2010 (Preprint 1003.1570) [54] Manschot J, Pioline B and Sen A 2010 (Preprint 1011.1258) [55] Gaiotto D, Strominger A and Yin X 2007 JHEP 08 070 (Preprint hep-th/0607010) [56] Manschot J 2010 Commun. Math. Phys. 299 651–676 (Preprint 0906.1767) [57] Cortes V, Mayer C, Mohaupt T and Saueressig F 2005 JHEP 06 025 (Preprint hep-th/0503094) [58] Green M B and Gutperle M 1998 JHEP 01 005 (Preprint hep-th/9711107) [59] Yi P 1997 Nucl. Phys. B505 307–318 (Preprint hep-th/9704098) [60] Sethi S and Stern M 1998 Commun. Math. Phys. 194 675–705 (Preprint hep-th/9705046) [61] Kostov I K and Vanhove P 1998 Phys.Lett. B444 196–203 (Preprint hep-th/9809130) [62] Moore G W, Nekrasov N and Shatashvili S 2000 Commun.Math.Phys. 209 77–95 (Preprint hep-th/9803265)

[63] Pioline B and Vandoren S 2009 JHEP 07 008 (Preprint 0904.2303) [64] Behrndt K, Gaida I, Lüst D, Mahapatra S and Mohaupt T 1997 Nucl. Phys. B508 659–699 [65] Gunaydin M, Neitzke A, Pioline B and Waldron A 2007 JHEP 09 056 (Preprint 0707.0267) [66] Antoniadis I, Ferrara S, Minasian R and Narain K S 1997 Nucl. Phys. B507 571–588 [67] Günther H, Herrmann C and Louis J 2000 Fortsch. Phys. 48 119–123 (Preprint hep-th/9901137) [68] Antoniadis I, Minasian R, Theisen S and Vanhove P 2003 Class. Quant. Grav. 20 5079–5102 [69] Ooguri H and Vafa C 1996 Nucl. Phys. B463 55–72 (Preprint hep-th/9511164) [70] Kapustin A 2004 JHEP 09 034 (Preprint hep-th/0404041) [71] Dijkgraaf R, Verlinde E P and Vonk M 2002 (Preprint hep-th/0205281) [72] Callan Curtis G J, Harvey J A and Strominger A 1991 Nucl. Phys. B367 60–82 [73] Witten E 1997 J. Geom. Phys. 22 103–133 (Preprint hep-th/9610234) [74] Henningson M, Nilsson B E W and Salomonson P 1999 JHEP 09 008 (Preprint hep-th/9908107) [75] Belov D and Moore G W 2006 (Preprint hep-th/0605038) [76] Nekrasov N A, Ooguri H and Vafa C 2004 (Preprint hep-th/0403167) [77] Bao L, Cederwall M and Nilsson B E W 2008 JHEP 06 100 (Preprint hep-th/0603120) [78] Bengtsson V and Cederwall M 2008 (Preprint 0805.1782) [79] Moore G W 2005 Comptes Rendus Physique 6 251–259 (Preprint hep-th/0409158) [80] Monnier S 2010 (Preprint 1011.5890) [81] Minasian R and Moore G W 1997 JHEP 11 002 (Preprint hep-th/9710230) [82] Eichler M and Zagier D 1985 The theory of Jacobi forms vol 55 (Boston, MA: Birkhäuser Boston Inc.) [83] Berndt R and Schmidt R 1998 Elements of the representation theory of the Jacobi group vol 163 (Birkhäuser) [84] Weissmann M H 2003 Representation Theory, AMS Journal 7 275–299 [85] Pioline B and Waldron A 2003 (Preprint hep-th/0312068) [86] Green M B and Sethi S 1999 Phys. Rev. D59 046006 (Preprint hep-th/9808061) [87] Ginzburg D, Rallis S and Soudry D 1997 Israel J. Math. 100 61–116 ISSN 0021-2172 [88] Gan W T 2000 Canad. J. Math. 52 737–756 ISSN 0008-414X [89] Joseph A 1974 Comm. Math. Phys. 36 325–338 ISSN 0010-3616 [90] Kazhdan D and Savin G 1990 (Israel Math. Conf. Proc. vol 2) (Jerusalem: Weizmann) pp 209–223 [91] Kazhdan D and Polischuk A 2002 (Preprint math.RT/0209315) [92] Persson D 2010 (Preprint 1001.3154) [93] Ishikawa Y h 1999 J. Math. Sci. Univ. Tokyo 6 477–526 ISSN 1340-5705 [94] Yui N Calabi-Yau varieties and mirror symmetry (Toronto, ON, 2001) (Fields Inst. Commun. vol 38) [95] Moore G W 1998 (Preprint hep-th/9807087) [96] Becker K and Becker M 1999 Nucl. Phys. B551 102–116 (Preprint hep-th/9901126) [97] Robles-Llana D, Roček M, Saueressig F, Theis U and Vandoren S 2007 Phys. Rev. Lett. 98 211602 [98] Langlands R P On the functional equations satisfied by Eisenstein series [99] Pioline B and Waldron A 2004 JHEP 06 009 (Preprint hep-th/0404018) [100] Vinogradov A I and Takhtajan L A Analytic number theory and the theory of functions [101] Bump D W 1982 Automorphic forms on GL(3, R) PhD Thesis – The University of Chicago [102] Dhar A and Mandal G 1998 Nucl.Phys. B531 256–274 (Preprint hep-th/9803004) [103] Ferrara S and Maldacena J M 1998 Class. Quant. Grav. 15 749–758 (Preprint hep-th/9706097) [104] Ferrara S and Günaydin M 1998 Int. J. Mod. Phys. A13 2075–2088 (Preprint hep-th/9708025) [105] Gunaydin M, Neitzke A, Pavlyk O and Pioline B 2008 Commun. Math. Phys. 283 169–226 [106] Bodner M and Cadavid A C 1990 Class. Quant. Grav. 7 829 [107] Gross B H and Wallach N R 1994 (Progr. Math. vol 123) (Birkhäuser Boston) pp 289–304 [108] Gross B H and Wallach N R 1996 J. Reine Angew. Math. 481 73–123 ISSN 0075-4102 [109] Neitzke A, Pioline B and Vandoren S 2007 JHEP 04 038 (Preprint hep-th/0701214) [110] Vogan Jr D A 1994 Invent. Math. 116 677–791 ISSN 0020-9910 [111] Wallach N R 2003 Comment. Math. Helv. 78 266–307 ISSN 0010-2571 [112] Gan W T, Gross B and Savin G 2002 Duke Math. J. 115 105–169 ISSN 0012-7094 [113] Weissman M H 2006 Amer. J. Math. 128 849–898 [114] Salamon S M 1982 Invent. Math. 67 143–171 ISSN 0020-9910 [115] LeBrun C 1988 Proceedings of the American Mathematical Society 103 1205–1208 [116] LeBrun C and Salamon S 1994 Inventiones Mathematicae 118 109–132 [117] Alexandrov S, Pioline B, Saueressig F and Vandoren S 2010 Commun. Math. Phys. 296 353–403 [118] Gunaydin M and Pavlyk O 2009 (Preprint 0904.0784) [119] Gunaydin M and Pavlyk O 2010 JHEP 04 070 (Preprint 0901.1646) [120] Eastwood M G and Ginsberg M L 1981 Duke Math. J. 48 177–196 ISSN 0012-7094 [121] Alexandrov S, Persson D and Pioline B work in progress.