arXiv:1103.1172v2 [astro-ph.CO] 16 Apr 2011

Primordial non-Gaussianities in general modified gravitational models of inflation

Antonio De Felice and Shinji Tsujikawa Department of Physics, Faculty of Science, Tokyo University of Science,

1-3, Kagurazaka, Shinjuku-ku, Tokyo 162-8601, Japan (Dated: April 19, 2011)

We compute the three-point correlation function of primordial scalar density perturbations in a general single-field inflationary scenario, where a scalar field ϕ has a direct coupling with the Ricci scalar R and the Gauss-Bonnet term G. Our analysis also covers the models in which the Lagrangian includes a function non-linear in the field kinetic energy X = −(∂ϕ)^2/2, and a Galileon-type field self-interaction G(ϕ, X)□ϕ, where G is a function of ϕ and X. We provide a general analytic formula for the equilateral non-Gaussianity parameter f^{equil}_{NL} associated with the bispectrum of curvature perturbations. A quasi de Sitter approximation in terms of slow-variation parameters allows us to derive a simplified form of f^{equil}_{NL} convenient to constrain various inflation models observationally. If the propagation speed of the scalar perturbations is much smaller than the speed of light, the Gauss-Bonnet term as well as the Galileon-type field self-interaction can give rise to large non- Gaussianities testable in future observations. We also show that, in Brans-Dicke theory with a field potential (including f(R) gravity), f^{equil}_{NL} is of the order of slow-roll parameters as in standard inflation driven by a minimally coupled scalar field.

PACS numbers: 98.80.Cq, 95.30.Cq, 04.62.+v

I. INTRODUCTION

The idea of cosmic acceleration in the early Universe [1, 2] was originally introduced as a way of addressing the flatness and horizon problems plagued in the big bang cosmology. The inflationary paradigm can provide a causal mechanism for generating density perturbations responsible for the Cosmic Microwave Background (CMB) temperature anisotropies [3]. The standard, single-field slow-roll models of inflation predict adiabatic and Gaussian primordial perturbations with a nearly scale-invariant spectrum. This property is consistent with the observed CMB anisotropies [4–6] as well as the large-scale structure data [8].

Over the past 30 years, many models of inflation have been proposed in the framework of particle physics or extended theories of gravity (see e.g., [9] for reviews). From the information of the spectral index n_R of the scalar perturbations as well as the tensor-to-scalar ratio r, the CMB observations by the WMAP satellite have been able to rule out some of those models [5–7]. While the observables n_R and r are derived in linear cosmological perturbation theory, it is also possible to distinguish between a host of inflationary models further by comparing the non-Gaussianity of primordial perturbations with the WMAP data [10–16]. In particular it is expected that the PLANCK satellite [17] will bring us more precise data of non-Gaussianities within a few years.

The amount of non-Gaussianity can be quantified by evaluating the bispectrum of curvature perturbations R, as

⟨R(k_1)R(k_2)R(k_3)⟩ = (2π)^3δ^{(3)}(k_1 + k_2 + k_3)B_R(k_1, k_2, k_3) , (1)

where R(k) is a Fourier component of R with a wave number k. Conventionally the bispectrum B_R translates into a non-linear parameter f_{NL} in order to confront theoretically predicted non-Gaussianities with observations [6, 10]. There are two different shapes of the primordial bispectrum: (1) “local” type [10, 18, 19], and (2) “equilateral” type [20]. The first one arises from a local, point-like non-Gaussianity given by R(x) = R_L(x) + (3/5)f^{local}_{NL} R^2_L(x), where R_L is a linear Gaussian perturbation. In single-field inflation models driven by a slowly varying potential, the predicted value of f^{local}_{NL} is of the order of slow-roll parameters, i.e. |f^{local}_{NL} | ≪ 1 [11–14, 18, 21]. This small amount of non-Gaussianity is consistent with the WMAP 7-year bound: −10 < f^{local}_{NL} < 74 (95 % CL) [6].

In the equilateral shape of non-Gaussianities, the momentum dependence of the function B_R(k_1, k_2, k_3) arising from non-canonical kinetic term models (“k-inflation” [22]) can be approximated in a suitable form [20]. In k-inflation models, including Dirac-Born-Infeld (DBI) inflation [23] and (dilatonic) ghost condensate [24], one can realize the nonlinear parameter f^{equil}_{NL} larger than the order of unity provided that the propagation speed c_s of scalar perturbations is much smaller than 1 (in unit of speed of light) [25–30]. The WMAP 7-year bound is −214 < f^{equil}_{NL} < 266 (95 % CL) [6], but it is expected that the PLANCK satellite can reduce this limit by one order of magnitude. This will provide us an opportunity to distinguish k-inflation from standard slow-roll inflation. We also note that it is possible to give rise to large non-Gaussianities in multiple scalar-field models [31–40], curvaton models [41–45], modulated reheating models [46, 47], models having a preheating stage after inflation [48], and models with a temporal non-slow roll stage [49] (see also Refs. [50]).

In this paper we shall compute the bispectrum B_R and the equilateral-type non-linear parameter f^{equil}_{NL} for general single-field inflation models described by the action (2) below. In low-energy effective string theory there is a scalar field ϕ called dilaton coupled to the Ricci scalar R with a form F (ϕ)R [51]. A field coupling of the form ξ(ϕ)G, where G is the Gauss-Bonnet term, also arises as a higher-order string correction to the low-energy effective string action [52]. Furthermore the higher-order string correction contains a non-canonical kinetic term like (∂ϕ)^4 as well as a field self-interaction of the form g(ϕ)(∂ϕ)^2□ϕ in the action. For constant g(ϕ) the latter is linked to the Lagrangian of a covariant Galileon field that respects the Galilean symmetry ∂_μϕ → ∂_μϕ + b_μ in the Minkowski space-time [53, 54]. The cosmological dynamics in the presence of the Galileon-type interaction g(ϕ)(∂ϕ)^2□ϕ have been extensively studied recently in the context of inflation [55, 56] and dark energy [57]. We accommodate non-linear field derivative terms as the Lagrangian of the form P (ϕ, X) − G(ϕ, X)□ϕ, where P and G are functions in terms of ϕ and X = −(∂ϕ)^2/2. Note that non-Gaussianities in the models described by the Lagrangian F (ϕ)R + P (ϕ, X) without the terms ξ(ϕ)G and G(ϕ, X)□ϕ were recently studied in Ref. [58].

Our action (2) can be also viewed as describing a kind of modified gravitational theories [59]. In fact, this covers the so-called scalar-tensor theories [60] such as Brans-Dicke (BD) theory [61]. Since metric f(R) gravity is equivalent to BD theory with the BD parameter ω_{BD} = 0 [62], our results can be applied also to the Starobinsky’s inflation model f(R) = R + αR^2 [1]. Since the field propagation speed c_s is unity in BD theory, we will show that |f^{equil}_{NL} | ≪ 1 as in conventional slow-roll inflation. On the other hand, the terms ξ(ϕ)G and G(ϕ, X)□ϕ as well as P (ϕ, X) can give rise to c_s much smaller than 1. In such theories it is possible to realize large non-Gaussianities detectable in future high-precision observations.

This paper is organized as follows. In Sec. II the field equations of motion are derived for the action (2) on the flat Friedmann-Lemaître-Robertson-Walker (FLRW) background. In Sec. III we obtain the second-order action for the curvature perturbation R and present the solution of its mode function at linear level on the de Sitter background. In Sec. IV the third-order perturbed action is derived in order to compute the three-point correlation function of R in the interacting Hamiltonian picture. We also present a general analytic formula of f^{equil}_{NL} valid in the quasi de Sitter background. In Sec. V we provide a simpler expression of f^{equil}_{NL} under the expansion of “slow-variation” parameters. This approximate formula is enough to estimate the amount of non-Gaussianities in practical purpose. In Sec. VI we apply our general results to a number of concrete models of inflation: (1) k-inflation, (2) generalized Galileon model, and (3) Brans-Dicke theory. Sec. VII is devoted to conclusions. In Appendix we present the detailed procedure to derive and manipulate the third-order perturbed action.

II. THE MODEL AND BACKGROUND EQUATIONS

We start with the following action S = ∫ d^4x √ −g [ M^2_{pl} 2 F (ϕ)R + P (ϕ, X) − ξ(ϕ)G − G(ϕ, X)□ϕ ] , (2)

where g is the determinant of the space-time metric g_{μν} , M_{pl} = (8πG)^{−1/2} is the reduced Planck mass (G is gravitational constant), and ϕ is a scalar field with a kinetic term X = −(1/2)g^{μν} ∂_μϕ∂_ν ϕ. The functions F (ϕ) and ξ(ϕ) depend on ϕ only, whereas P (ϕ, X) and G(ϕ, X) are functions of both ϕ and X. The field ϕ couples to the Ricci scalar R as well as the Gauss-Bonnet term G defined by G ≡ R^2 − 4R_{αβ} R^{αβ} + R_{αβγδ}R^{αβγδ} , (3) where R_{αβ} is the Ricci scalar and R_{αβγδ} is the Riemann tensor for the metric g_{μν} . As we mentioned in the Introduction, the action (2) covers a wide variety of single-field inflationary models.

We consider the flat FLRW space-time with a scale factor a(t), where t is the cosmic time. Then the background equations are given by

E_1 ≡ 3M^2_{pl}F H^2 + 3M^2_{pl}HḞ + P − 2XP_{,X} − 24H^3ξ̇ − 6Hϕ̇XG_{,X} + 2XG_{,ϕ} = 0 , (4)

E_2 ≡ 3M^2_{pl}F H^2 + 2M^2_{pl}HḞ + 2M^2_{pl}F Ḣ + M^2_{pl}F̈ + P − 16H^3ξ̇ − 16HḢξ̇ − 8H^2ξ̈ − G_{,X}ϕ̇^2ϕ̈ − G_{,ϕ}ϕ̇^2 = 0 , (5) E_3 ≡ (P_{,X} + 2XP_{,XX} + 6Hϕ̇G_{,X} + 6Hϕ̇XG_{,XX} − 2XG_{,ϕX} − 2G_{,ϕ})ϕ̈ + (3HP_{,X} + ϕ̇P_{,ϕX} + 9H^2ϕ̇G_{,X} + 3Ḣϕ̇G_{,X} + 3Hϕ̇^2G_{,ϕX} − 6HG_{,ϕ} − G_{,ϕϕ}ϕ̇)ϕ̇ − P_{,ϕ} − 6M^2_{pl}H^2F_{,ϕ} − 3M^2_{pl}ḢF_{,ϕ} + 24H^4ξ_{,ϕ} + 24H^2Ḣξ_{,ϕ} = 0 , (6)

where H ≡ ȧ/a is the Hubble parameter, and a dot represents a derivative with respect to t. These equations are not independent because of the Bianchi identities, i.e. ϕ̇E_3 + Ė_1 + 3H(E_1 − E_2) = 0. In Eq. (5) the term G_{,X}ϕ̇^2ϕ̈ vanishes for the theories with G_{,X} = 0, in which case the Lagrangian G(ϕ)□ϕ can be regarded as a part of the Lagrangian P (ϕ, X). If G_{,X} ≠ 0, however, the term G(ϕ, X)□ϕ should be treated separately from the term P (ϕ, X).

In order to derive the slowly varying parameter −Ḣ/H^2 we consider the combination (E_2 − E_1)/(M^2_{Pl}H^2F ) = 0, which gives ϵ ≡ − Ḣ H^2 = − Ḟ 2HF + F̈ 2H^2F + XP_{,X} M^2_{pl}H^2F + 4Hξ̇ M^2_{pl}F − 8Ḣξ̇ M^2_{pl}HF − 4ξ̈ M^2_{pl}F + 3ϕ̇XG_{,X} M^2_{pl}HF − ϕ̈XG_{,X} M^2_{pl}H^2F − 2XG_{,ϕ} M^2_{pl}H^2F

. (7)

During inflation the Hubble parameter changes slowly, so that the condition ϵ ≪ 1 is satisfied. Hence, in general, we require that each term on the r.h.s. of Eq. (7) is much smaller than unity. In Sec. V we shall use this property to obtain a simple expression for the equilateral non-linear parameter f^{equil}_{NL} . For later convenience we introduce the following “slow-variation” parameters δ_F ≡ Ḟ HF , δ_ξ ≡ Hξ̇ M^2_{pl}F , δ_{GX} ≡ ϕ̇XG_{,X} M^2_{pl}HF

. (8)

III. SECOND-ORDER ACTION AND LINEAR PERTURBATIONS

In order to compute primordial scalar non-Gaussianities we need to expand the action (2) up to third order in the perturbations, taking into account, up to a gauge choice, both the perturbations in the scalar field, δϕ, and in the scalar modes of the metric. The interacting Hamiltonian of perturbations follows from the third-order Lagrangian, by which the three-point correlation function of curvature perturbations R can be evaluated in the framework of quantum field theory [12]. In order to calculate the vacuum expectation value of the correlation function, the mode function of R should be known in the quasi de Sitter background. Once the mode function is obtained at linear level, one can derive the power spectrum of R generated during inflation. The linear perturbation equation for R is known by the second-order perturbed action.

For the derivation of the action expanded up to third order in the perturbations, it is convenient to work in the ADM formalism [63] with the line element ds^2 = −N^2dt^2 + h_{ij} (N^idt + dx^i)(N^j dt + dx^j ) , (9) where N and N^i are the lapse and shift functions, respectively. Here we consider only scalar metric perturbations about the flat FLRW background. In doing so we expand the lapse N and the shift vector N^i, as N = 1 + α and N_i = ∂_iψ, respectively (i = 1, 2, 3). In fact, in the ADM formalism, the lapse N and the shift N^i are Lagrange multipliers, so that it is sufficient to know N and N^i up to first order. This is because the third-order and the second-order terms in N, N^i multiply the constraint equations at zero-th order and at first order, respectively, so that their contributions vanish [12, 66]. We choose the uniform-field gauge with δϕ = 0, which fixes the time-component of a gauge-transformation vector ξ^μ. We gauge away a field E that appears as a form E_{,ij} inside h_{ij} , by fixing the spatial part of ξ^μ. Then the three-dimensional metric can be written as h_{ij} = a^2(t)e^{2R}δ_{ij} . This results in the following metric ds^2 = − [ (1 + α)^2 − a^{−2}(t)e^{−2R}(∂ψ)^2 ] dt^2 + 2∂_iψ dt dx^i + a^2(t)e^{2R}(dx^2 + dy^2 + dz^2) , (10) where (∂ψ)^2 = (∂ψ_i) (∂ψ_i) ≡ (∂_xψ)^2 +(∂_yψ)^2 +(∂_zψ)^2. Here and in the following, same lower latin indices are summed, unless otherwise specified. At linear level the metric (10) reduces to the standard one used in linear perturbation theory, that is [64] ds^2 = −(1 + 2α) dt^2 + 2∂_iψ dt dx^i + a^2(t) (1 + 2R) (dx^2 + dy^2 + dz^2) . (11) Expanding the action (2) up to second order, one finds

S_2 = ∫ dt d^3x a^3 [ −3w_1Ṙ^2 +

2w_1 a^2

Ṙ∂^2ψ − w^2 a^2 α∂^2ψ − 2w_1 a^2 α∂^2R + 3w_2 α Ṙ + 1 3 w_3α^2 + w_4 a^2 ∂_iR ∂_iR ] , (12)

where w_1 ≡ M^2_{pl} F − 8H ξ̇ , (13) w_2 ≡ M^2_{pl}(2HF + Ḟ ) − 2ϕ̇XG_{,X} − 24H^2ξ̇ , (14) w_3 ≡ −9M^2_{pl}F H^2 − 9M^2_{pl}HḞ + 3(XP_{,X} + 2X^2P_{,XX} ) + 144H^3ξ̇

+ 18Hϕ̇(2XG_{,X} + X^2G_{,XX} ) − 6(XG_{,ϕ} + X^2G_{,ϕX} ) , (15) w_4 ≡ M^2_{pl}F − 8ξ̈ . (16)

In the action (12), both the coefficients of the terms αR and R^2 vanish by using the background equations of motion. This is related to the fact that the field R does not have an explicit mass term. Furthermore, in (12), the term quadratic in ψ vanishes after integrations by parts. The equations of motion for ψ and α, derived from (12), lead to the following two constraints

α = L_1Ṙ , (17) 1 a^2

∂^2ψ =

2w_3 3w_2 α + 3Ṙ − 2w_1 w_2 1 a^2

∂^2R , (18)

where

L_1 ≡

2w_1 w_2 = 2(M^2_{pl}F − 8Hξ̇) M^2_{pl}(2HF + Ḟ ) − 2ϕ̇XG_{,X} − 24H^2ξ̇

. (19)

In k-inflation with F = 1, ξ = 0, and G = 0 one has L_1 = 1/H. In general cases, expansion in terms of the slow-variation parameters defined in Eq. (8) gives

L_1 = 1 H [ 1 − 1 2 δ_F + 4δ_ξ + δ_{GX} + O(ϵ^2) ] . (20)

Plugging the relation α = (2w_1/w_2)Ṙ into Eq. (12) and integrating the term Ṙ∂^2R by parts as

c(t)Ṙ∂^2R = ċ (∂R)^2/2 + total derivatives , (21)

one finds

S_2 = ∫ dt d^3x a^3Q [ Ṙ^2 − c^{2s}

a^2

(∂R)^2 ] , (22)

where Q ≡ w_1(4w_1w_3 + 9w^2)

3w^2

, (23)

c^2_s ≡

3(2w^2_1 w_2H − w^2 w_4 + 4w_1ẇ_1w_2 − 2w^2_1ẇ_2) w_1(4w_1w_3 + 9w^2)

. (24)

More explicit expressions for Q and c^2_s are given in Appendix A. In order to avoid the appearance of ghosts and Laplacian instabilities we require that Q > 0 and c^2_s > 0, respectively. Using Eqs. (17) and (23), we can rewrite Eq. (18) as

ψ = −L_1R + χ , where ∂^2χ = a^2 Q w_1

Ṙ . (25)

We introduce a parameter ϵ_s defined by ϵ_s ≡ Qc^2_s M^2_{pl}F = 2w^2_1w_2H − w^2 w_4 + 4w_1ẇ_1w_2 − 2w^2_1ẇ_2 M^2_{pl}F w^2

. (26)

In k-inflation with F = 1, ξ = 0, and G = 0 this reduces to the slow-roll parameter ϵ = −Ḣ/H^2. In general, one can expand ϵ_s in terms of slow-variation parameters, as

ϵ_s = ϵ + 1 2 δ_F + δ_{GX} − 4δ_ξ + O(ϵ^2) . (27)

The equation of motion for R follows by varying the Lagrangian L_2 = a^3Q[Ṙ^2 − (c^2_s /a^2) (∂R)^2] in terms of R. We define δL_2 δR | | | |_1 ≡ −2 [ d dt (a^3QṘ) − aQc^2_s∂^2R ] . (28)

Then the curvature perturbation obeys the equation δL_2/δR|_1 = 0 at linear level, i.e. d dt (a^3QṘ) − aQc^2_s∂^2R = 0 . (29)

We write R in Fourier space, as R(τ, x) = 1 (2π)^3 ∫ d^3kR(τ, k)e^{ik·x} , R(τ, k) = u(τ, k)a(k) + u^∗(τ, −k)a^†(−k) , (30) where a(k) and a^†(k) are the annihilation and creation operators, respectively, satisfying the commutation relations [ a(k_1), a^†(k_2) ] = (2π)^3δ^{(3)}(k_1 − k_2) , [a(k_1), a(k_2)] = [ a^†(k_1), a^†(k_2) ] = 0 . (31)

Note that τ ≡ ∫ a^{−1}dt is the conformal time, which is given by τ = −1/(aH) in the de Sitter background. The asymptotic past and future correspond to τ → −∞ and τ → −0, respectively.

Let us derive the solution of R during inflation at linear order. The equation for the Fourier mode u is given by

ü +

(a^3Q)^· a^3Q u̇ + c^2_s k^2 a^2 u = 0 . (32)

In the large-scale limit (k → 0) the solution to this equation is u = c_1 +c_2 ∫ (a^3Q)^{−1} dt, where c_1 and c_2 are integration constants. Provided that the variable Q changes slowly in time, u approaches a constant after the perturbations exit the Hubble radius (c_sk ≲ aH). Introducing a field v = zu with z = a √ 2Q the kinetic term in the second-order action (22) can be rewritten as ∫ dτd^3x v^{′2}/2, where a prime represents a derivative with respect to τ. In other words, v is the canonical field that should be quantized. Equation (32) can be written as v^{′′} + ( c^2_s k^2 − z^{′′} z ) v = 0 . (33)

In the de Sitter background with a slow variation of the quantity Q, we can approximate z^{′′}/z ≃ 2/τ^2. In the asymptotic past (kτ → −∞) we choose the Bunch-Davis vacuum characterized by the mode function v = e^{−icskτ} / √ 2c_sk. Then the solution of Eq. (33) is given by u(τ, k) = i H e^{−icskτ} 2(c_sk)^{3/2} √ Q (1 + ic_skτ) . (34)

The deviation from the exact de Sitter background gives rise to a small modification to the solution (34), but this difference appears as a next-order correction to the power spectrum and to the non-Gaussianity parameter [28].

The two-point correlation function, some time after the Hubble radius crossing, is given by the vacuum expectation value ⟨0|R(τ, k_1)R(τ, k_2)|0⟩ at τ ≈ 0. We define the power spectrum P_R(k_1), as ⟨0|R(0, k_1)R(0, k_2)|0⟩ = (2π^2/k^3_1 )P_R(k_1) (2π)^3δ^{(3)}(k_1 + k_2). Using the solution (34), we obtain

P_R =

H^2 8π^2Qc^3_s = H^2 8π^2M^2_{pl}F ϵ_sc_s

, (35)

where we have used ϵ_s defined in Eq. (26). Since the curvature perturbation soon approaches a constant for c_sk < aH, we just need to evaluate the power spectrum (35) at c_sk = aH during inflation [65]. The spectral index of R is given by n_R − 1 ≡ d ln P_R d ln k | | |_{csk=aH} = −2ϵ − δ^F − η^s − s = −2ϵ_s − η_s − s − 8δ_ξ + 2δ_{GX} , (36)

where η_s ≡ ϵ̇_s Hϵ_s , s ≡ ċ_s Hc_s . (37)

Here we assumed that both H and c_s slowly vary, such that d ln k at c_sk = aH is approximated as d ln k = d ln a = Hdt. In the second equality of Eq. (36) we used Eq. (27) to convert ϵ to ϵ_s at linear order.

Let us also derive the spectrum of tensor perturbations generated during inflation. In addition to the threedimensional metric a^2(t)e^{2R}δ_{ij} coming from the scalar part, we consider the intrinsic tensor perturbation h^{(T )}_{ij} . In terms of the two polarization tensors e^+_{ij} and e^×_{ij} we can write h^{(T )}_{ij} = h_+e^+_{ij} + h_×e^×_{ij} , where both the symmetric tensors e_{ij} are transverse and traceless. We also impose the normalization condition, e_{ij} (k) e_{ij} (−k)^∗ = 2, for each polarization, whereas e^+_{ij} (k) e^×_{ij} (−k)^∗ = 0. The second-order action for the tensor modes is given by

S_T = ∑ λ ∫ dt d^3x a^3Q_T [ ḣ^2_λ − c^{2T}

a^2

(∂h_λ)^2 ] , (38)

where λ = +, ×, and

Q_T = 1 4 w_1 = 1 4 M^2_{pl}F (1 − 8δ_ξ) , (39)

c^2_T = w_4 w_1 = M^2_{pl}F − 8ξ̈ M^2_{pl}F − 8Hξ̇

= 1 + 8δ_ξ + O(ϵ^2) . (40)

A canonical field associated with h_λ corresponds to v_T = z_T h_λ and z_T = a √ 2Q_T . Following the same procedure as before, the solution to h_λ recovering the Bunch-Davis vacuum in the asymptotic past is

h_λ = i H e^{−icT kτ} 2(c_T k)^{3/2} √ Q_T (1 + ic_T kτ) , (41)

which approaches h_λ → iH/[2(c_T k)^{3/2} √ Q_T ] after the Hubble radius crossing. According to the chosen normalization for the tensors e^λ_{ij} , the two-point correlation function leads to a tensor power spectrum, whose expression is given by P_T = 4 · k^3|h_λ|^2/(2π^2), i.e.

P_T =

H^2 2π^2Q_T c^3_T ≃ 2H^2 π^2M^2_{pl}F

, (42)

where in the last approximate equality we have used Eqs. (39) and (40) at leading order. The spectral index of P_T is n_T ≡ d ln P_T d ln k | | | |_{cT k=aH} = −2ϵ − δ^F = −2ϵ_s − 8δ_ξ + 2δ_{GX} , (43)

which is valid up to first order of slow-variation parameters.

For those times before the end of inflation (ϵ ≪ 1) when both P_R and P_T remain approximately constants, we can estimate the tensor-to-scalar ratio as r ≡ P_T P_R = 4 Qc^3_s Q_T c^3_T

≃ 16c_sϵ_s , (44)

where in the last approximate equality the terms at second order of slow-variation parameters are not taken into account. Using Eqs. (43) and (44), we obtain the consistency relation

r = 8c_s (−n_T − 8δ_ξ + 2δ_{GX} ) . (45)

The Gauss-Bonnet term, as well as the Galileon term, modifies the consistency relation r = −8c_sn_T valid in k-inflation [65].

IV. THIRD-ORDER ACTION AND PRIMORDIAL NON-GAUSSIANITIES

In order to evaluate the three-point correlation function of curvature perturbations, we need to expand the action (2) up to third order in the perturbation fields. From the computational point of view, the fact that we just need to expand the lapse and shift only up to first order (as already stated in Sec. III) is very useful for deriving the action at cubic order.

After many integrations by parts, the third-order action following from (2) can be written as

S_3 = ∫ dt d^3x a^3 {a_1 α^3 + α^2 (a_2 R + a_3 Ṙ + a_4 ∂^2R/a^2 + a_5∂^2ψ/a^2)

+ α [a_6 ∂_iR∂_iψ/a^2 + a_7 ṘR + a_8 Ṙ∂^2R/a^2 + a_9 (∂_i∂_j ψ∂_i∂_j ψ − ∂^2ψ∂^2ψ)/a^4 + a_{10}(∂_i∂_j ψ∂_i∂_j R − ∂^2ψ∂^2R)/a^4 + a_{11} R ∂^2ψ/a^2 + a_{12} Ṙ ∂^2ψ/a^2 + a_{13} R ∂^2R/a^2 + a_{14} (∂R)^2/a^2 + a_{15}Ṙ^2] + b_1 Ṙ^3 + b_2 R (∂R)^2/a^2 + b_3Ṙ^2 R + c_1 Ṙ∂_iR∂_iψ/a^2 + c_2Ṙ^2∂^2ψ/a^2 + c_3Ṙ R ∂^2ψ/a^2 + (d_1Ṙ + d_2R) (∂_i∂_j ψ∂_i∂_j ψ − ∂^2ψ∂^2ψ)/a^4 + d_3∂_iR∂_iψ ∂^2ψ/a^4} , (46) where

a_1 = 3M^2_{pl}F H^2 + 3M^2_{pl}Ḟ H − XP_{,X} − 4X^2P_{,XX} − 4X^3P_{,XXX} /3 − 80H^3ξ̇

− 2Hϕ̇(10XG_{,X} + 11X^2G_{,XX} + 2X^3G_{,XXX} ) + 2XG_{,ϕ} + 14X^2G_{,ϕX} /3 + 4X^3G_{,ϕXX} /3 , (47) a_2 = w_3 = −9M^2_{pl}F H^2 − 9M^2_{pl}HḞ + 3(XP_{,X} + 2X^2P_{,XX} ) + 144H^3ξ̇ + 18Hϕ̇(2XG_{,X} + X^2G_{,XX} ) − 6(XG_{,ϕ} + X^2G_{,ϕX} ) , (48) a_3 = −3a_5 = −3[2M^2_{pl}F H + M^2_{pl}Ḟ − 48H^2ξ̇ − 2ϕ̇(2XG_{,X} + X^2G_{,XX} )] , (49) a_4 = −16Hξ̇ , (50) a_6 = −a_7/9 = a_{11} = −w_2 = −[M^2_{pl}(2HF + Ḟ ) − 2ϕ̇XG_{,X} − 24H^2ξ̇] , (51) a_8 = 2a_{10} = 2b_1 = −2c_2 = −4d_1 = 16ξ̇ , (52) a_9 = a_{12}/4 = −a_{15}/6 = −(M^2_{Pl}F − 24Hξ̇)/2 , (53) a_{13} = 2a_{14} = 2b_3/9 = −c_1 = −c_3 = −4d_2/3 = d_3 = −2w_1 = −2(M^2_{Pl}F − 8Hξ̇) , (54) b_2 = w_4 = M^2_{Pl}F − 8ξ̈ . (55) In Appendix B we present more details for the derivation of Eq. (46). Terms of the forms R^3 and αR^2 vanish because of the background equations of motion, which is similar to what happens for the terms R^2 and αR in the second-order Lagrangian (12). Another analogy between the two actions S_2 and S_3 consists of the cancellation of the self-coupling term for the field ψ: that is why the cubic term in ψ is absent in Eq. (46). In addition to the curvature perturbation R the action (46) involves the terms α and ψ. Using the constraint equation (17) to eliminate α, the action (46) reduces to

S_3 = ∫ dt d^3x a^3{A_1Ṙ^3 + A_2Ṙ^2∂^2R/a^2 + A_3Ṙ^2∂^2ψ/a^2 + A_4RṘ^2 + (A_5Ṙ + A_6R) (∂_i∂_j ψ∂_i∂_j ψ − ∂^2ψ∂^2ψ)/a^4

+ A_7Ṙ(∂_i∂_j ψ∂_i∂_j R − ∂^2ψ∂^2R)/a^4 + A_8R(∂R)^2/a^2 + A_9∂_iR∂_iψ ∂^2ψ/a^4} , (56) where

A_1 = b_1 + L_1a_{15} + L^2_1a_3 + L^3_1a_1 , A_2 = L_1 (L_1a_4 + a_8) , A_3 = c_2 + L_1a_{12} + L^2_1a_5 , A_4 = b_3 + L_1a_7 + L^2_1a_2 , A_5 = L_1a_9 + d_1 , A_6 = d_2 , A_7 = L_1 a_{10} , A_8 = b_2 + a_{13}L̇_1/2 + L_1(ȧ_{13} + Ha_{13})/2 , A_9 = d_3 . (57)

For the derivation of Eq. (56) the term proportional to RṘ∂^2R has been integrated by parts, as

c(t)RṘ∂^2R = ċ(t)R(∂R)^2/2 − c(t)Ṙ(∂R)^2/2 + total derivatives . (58) The next step is to eliminate ψ in the action (56) by using the relation (25). In doing so, we introduce a new perturbation variable X , as X = w_1χ/a^2 (in which case ∂^2X = Q Ṙ). This definition is suitable in order to obtain the contributions proportional to the linear differential equation of R, coming from terms which are in the form ∂^2Ẋ . Substituting the relation ψ = −L_1R + a^2X /w_1 into the action (56), it follows that

S_3 = ∫ dt d^3x ( a^3f_1 + af_2 + f_3/a ) , (59) where

f_1 ≡ ( A_1 + A_3 Q w_1 − A_5 Q^2 w^2_1 ) Ṙ^3 + ( A_4 − A_6

Q^2 w^2_1 ) RṘ^2 + A_9 Q w^2_1 Ṙ∂_iR∂_iX + 1 w^2_1 ( A_5Ṙ + A_6R ) (∂_i∂_j X )(∂_i∂_j X ) , (60)

f_2 ≡ ( A_2 − A_3L_1 + A_5

2L_1Q w_1 − A_7 Q w_1 ) Ṙ^2∂^2R + A_6 2L^1Q w_1

RṘ∂^2R + A_8R(∂R)^2 − A_9

L_1Q w_1 Ṙ(∂R)^2 + A_7 − 2A_5L_1

w_1

Ṙ(∂_i∂_j R)(∂_i∂_j X ) − 2A^6L^1 w_1 R(∂_i∂_j R)(∂_i∂_j X ) − A_9L_1 w_1

∂^2R∂_iR∂_iX , (61)

f_3 ≡ ( A_5L^2_1 − A_7L_1 )˙ R [(∂_i∂_j R)(∂_i∂_j R) − (∂^2R)^2] + A_6L^2_1R [(∂_i∂_j R)(∂_i∂_j R) − (∂^2R)^2] + A_9L^2_1(∂R)^2∂^2R .(62)

In standard inflation with a canonical kinetic term (i.e. F = 1, P = X − V (ϕ), ξ = 0, G = 0) one has A_1 = −M^2_{pl}ϵ/H, A_2 = A_3 = A_7 = 0, A_4 = 3M^2_{pl}ϵ, A_5 = −M^2_{pl}/(2H), A_6 = 3M^2_{pl}/2, A_8 = −M^2_{pl}ϵ, A_9 = −2M^2_{pl}, L_1 = 1/H, Q = M^2_{pl}ϵ, and w_1 = M^2_{pl}, where ϵ = ϕ̇^2/(2H^2M^2_{pl}). It then follows that

f_1 = M^2_{pl}ϵ(1 − ϵ/2)Ṙ^2(3R − Ṙ/H) − 2ϵṘ∂_iR∂_iX + (3R − Ṙ/H)(∂_i∂_j X )(∂_i∂_j X )/(2M^2_{pl}) , (63) f_2 = −M^2_{pl}ϵ(R − 2Ṙ/H)(∂R)^2 + (M^2_{pl}ϵ/H)(3R − Ṙ/H)Ṙ∂^2R − (1/H)(3R − Ṙ/H)(∂_i∂_j R)(∂_i∂_j X ) + (2/H)∂^2R∂_iR∂_iX , (64) f_3 = M^2_{pl}/(2H^2)(3R − Ṙ/H) [ (∂_i∂_j R)(∂_i∂_j R) − (∂^2R)^2 ] − (2M^2_{pl}/H^2)(∂R)^2∂^2R , (65)

which agree with Eq. (114) in Ref. [67] in units where M^2_{pl} = 1.

Although the expressions for the building blocks of the third-order action are correctly given in Eqs. (60)-(62), it is more convenient to perform several integrations by parts to bring each contribution into a simpler and more usable form. In Appendix C we show that the integrand f_3/a in Eq. (59) reduces to

f_3/a = (q_3/a) {(∂R)^2 (∂^2R) − R ∂_i∂_j [(∂_iR) (∂_j R)]} + total derivatives , (66)

where

q_3 = A_6L^2_1 − a 3 d dt ( A_5L^2_1 − A_7L_1 a ) + 2 3 A_9L^2_1 . (67)

Along the same lines the term af_2 can be written as (see Appendix D for details)

af_2 = −

A_7 − 2A_5L_1

2w_1a^2 d dt (a^3Q Ṙ) {(∂R)^2 − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j R)]} + aq_2 2 {(∂_iX ) (∂_iR) (∂^2R) − R ∂_i∂_j [(∂_iR) (∂_j X )]}

− 2aL_1QRṘ∂^2R + a (A_2 − A_3L_1) Ṙ^2∂^2R + a [ A_8 + 1 a d dt (aL_1Q) ] R(∂R)^2 + total derivatives , (68)

where

q_2 = −

4A_6L_1

w_1 − a^2 d dt ( A_7 − 2A_5L_1 a^2w_1 ) − 2A_9L_1

w_1

. (69)

Finally, the term a^3f_1, as shown in Appendix E, is equivalent to

a^3f_1 = a^3 [ A_4 + q_1(Q̇ + 3HQ) − Qq̇_1 ] RṘ^2 − 2q_1RṘ d dt (a^3QṘ)

+ a^3 ( A_1 + A_3 Q w_1

− q_1 Q ) Ṙ^3 + a^3

w_1 [ A_9 Q w_1 + QA_6 w_1 − Qw_1 d dt ( A_5 w^2_1 ) + 3QHA_5 w_1 ] Ṙ∂_iR∂_iX + a^3 2 [ A_6 w^2_1 − d dt ( A_5 w^2_1 ) + 3HA_5 w^2_1 ] (∂^2R)(∂X )^2 −

2A_5 w^2_1 d dt (a^3Q Ṙ) { (∂_kR)(∂_k X ) − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j X )] } + total derivatives . (70)

In what follows we omit to write the terms corresponding to total derivatives. We determine the coefficient q_1 such that the term −2q_1RṘ^d_{dt} (a^3QṘ) in Eq. (70) is merged with the term −2aL_1QRṘ∂^2R in Eq. (68) to give rise to a combination proportional to the linear equation of motion for R [i.e. Eq. (29)]. This can be achieved by demanding

q_1 = −L_1/c^2_s . (71)

Since, in general, we have that

c(t) {(∂_iX ) (∂_iR) (∂^2R) − R ∂_i∂_j [(∂_iR) (∂_j X )]} = c(t){(∂_iX ) (∂_iR) (∂^2R) − (∂^{−2}∂^2R) ∂_i∂_j [(∂_iR) (∂_j X )]} = c(t)∂^2R {(∂_iR)(∂_iX ) − ∂^{−2}∂_i∂_j [(∂_iR) (∂_j X )]} , (72)

the last term in Eq. (70) can be merged with the term including q_2 in Eq. (68) as follows: [ − 2A_5 w^2_1 d dt (a^3Q Ṙ) + aq_2 2 ∂^2R ] {(∂_kR)(∂_k X ) − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j X )]} = A_5 w^2_1

{(∂_kR)(∂_k X ) − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j X )]} δL_2 δR | | | |_1 + a [ q_2 2 − 2c^2_sA_5Q

w^2_1 ] (∂^2R){(∂_kR)(∂_k X ) − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j X )]}, (73)

where δL_2/δR|_1 is defined in Eq. (28). Along the same lines one can show that

c(t){(∂R)^2 (∂^2R) − R ∂_i∂_j [(∂_iR) (∂_j R)]} = c(t){(∂R)^2 (∂^2R) − (∂^{−2}∂^2R) ∂_i∂_j [(∂_iR) (∂_j R)] = c(t)∂^2R {(∂R)^2 − ∂^{−2}∂_i∂_j [(∂_iR) (∂_j R)]} . (74)

We use this result to merge two different contributions, namely the term f_3/a in Eq. (66) and the first term on the r.h.s. of Eq. (68). We have 1 a^2 [ − 1 2w_1

(A_7 − 2A_5L_1) d dt (a^3Q Ṙ) + aq_3∂^2R ] {(∂R)^2 − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j R)]} = 1 4w_1a^2

(A_7 − 2A_5L_1){(∂R)^2 − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j R)]} δL_2 δR | | | |_1 + 1 a [ q_3 − Qc^2_s 2w_1

(A_7 − 2A_5L_1) ] (∂^2R) {(∂R)^2 − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j R)]} . (75)

Finally, merging all the contributions together, the third-order action (56) can be written as

S_3 = ∫ dt L_3 , (76)

where

L_3 = ∫ d^3x { a^3C_1M^2_{pl}RṘ^2 + a C_2M^2_{pl}R(∂R)^2 + a^3C_3M_{pl}Ṙ^3 + a^3C_4Ṙ(∂_iR)(∂_iX ) + a^3(C_5/M^2_{pl})∂^2R(∂X )^2

+ aC_6Ṙ^2∂^2R + (C_7/a) [ ∂^2R(∂R)^2 − R∂_i∂_j (∂_iR)(∂_j R) ] + a(C_8/M_{pl}) [ ∂^2R∂_iR∂_iX − R∂_i∂_j (∂_iR)(∂_j X ) ] + F_1 δL_2 δR | | | 1 } . (77)

The dimensionless coefficients C_i (i = 1, · · · , 8) are given by

C_1 = 1 M^2_{pl} [ A_4 + q_1(Q̇ + 3HQ) − Qq̇_1 ] = Q M^2_{pl} [ 3 − L_1H c^2_s ( 3 + Q̇ HQ ) + d dt ( L_1 c^2_s )] , (78)

C_2 = 1 M^2_{pl} [ A_8 + 1 a d dt (aL_1Q) ] = 1 M^2_{pl} [ M^2_{pl}F − 8ξ̈ + 1 a d dt ( aL_1(Q − w_1) )] , (79)

C_3 = 1 M_{pl} ( A_1 + A_3 Q w_1 − q_1Q ) = 1 M_{pl} { L_1 [ L_1(L_1a_1 + a_3) + a_{15} + (a_{12} + L_1a_5) Q w_1 + Q c^2_s ] + 8ξ̇ ( 1 − Q w_1 )} , (80)

C_4 = Q w_1 [ 1 w_1

(A_6 + A_9) − w_1 d dt ( A_5 w^2_1 ) + 3HA_5 w_1 ] = − Q 2w_1 { 1 + 2w_1 [ d dt ( A_5 w^2_1 ) − 3H A_5 w^2_1 ]} , (81)

C_5 =

M^2_{pl} 2 [ A_6 w^2_1 − d dt ( A_5 w^2_1 ) + 3HA_5 w^2_1 ] = M^2_{pl} 2w^2_1 [ 3 2 M^2_{pl}F (1 − HL_1) − 24Hξ̇ ( 1 − 3 2 HL_1 )] − 1 2 d dt ( A_5 w^2_1 ) M^2_{pl} , (82)

C_6 = A_2 − A_3L_1 = L_1 [ L_1(2M^2_{pl}F − L_1a_5 − 64Hξ̇) + 24ξ̇ ] , (83)

C_7 = q_3 − Qc^2_s 2w_1

(A_7 − 2A_5L_1) = 1 6 L^2_1 [ M^2_{pl}F (1 − HL_1) − 8Hξ̇(4 − 3HL_1) ] − c^2_sQ 2w_1

L_1 [ L_1(M^2_{pl}F − 24Hξ̇) + 16ξ̇ ]

+ 1 6 d dt ( L^2_1 [ L_1(M^2_{pl}F − 24Hξ̇) + 24ξ̇ ]) , (84)

C_8 = M_{pl} ( q_2 2 − 2c^2_sA_5Q

w^2_1 ) = { L_1 w_1

(M^2_{pl}F − 24Hξ̇)(HL_1 − 1) + c^2_sQ w^2_1 [ L_1(M^2_{pl}F − 24Hξ̇) + 8ξ̇ ]

− d dt [ L_1[L_1(M^2_{pl}F − 24Hξ̇) + 16ξ̇] 2w_1 ]} M_{pl} , (85)

with A_5 = −(L_1/2)(M^2_{pl}F − 24Hξ̇) − 4ξ̇. Note that we have used A_4 = 3Q to simplify C_1. The coefficient in front of δL_2/δR|_1 in Eq. (77) is

F_1 =

A_5 w^2_1

{(∂_kR)(∂_k X ) − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j X )]} + q_1RṘ +

A_7 − 2A_5L_1 4w_1a^2

{(∂R)^2 − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j R)]} . (86)

Each contribution to F_1 includes spatial and time derivatives of R, which vanish in the large-scale limit (k → 0). Moreover the term δL_2/δR|_1 survives only at second order in R. When we evaluate the three-point correlation function of R below, we neglect the contribution of the last term in Eq. (77) relative to those coming from other terms. In Refs. [12, 27, 28] the term proportional to R^2 is present in the definition of F_1. After a suitable field redefinition this gives rise to a correction of the order of the slow-roll parameter η = ϵ̇/(Hϵ) in standard inflation [66]. We have absorbed such a contribution to other terms in Eq. (77) [such as C_1] and hence the field redefinition is not required in our method.

The Hamiltonian in the interacting picture is given by H_{int} = −L_3 [12, 27, 28]. The vacuum expectation value of R for the three-point operator at the conformal time τ = τ_f can be expressed as

⟨R(k_1)R(k_2)R(k_3)⟩ = −i ∫_{τf} τ_i dτ a ⟨0| [R(τ_f , k_1)R(τ_f , k_2)R(τ_f , k_3), H_{int}(τ)] |0⟩ , (87)

where τ_i is the initial time when the perturbations are deep inside the Hubble radius. Since τ ≃ −1/(aH) during inflation it is a good approximation to take τ_i → −∞ and τ_f → 0, where the latter corresponds to some time after the Hubble radius crossing.

In order to evaluate the vacuum expectation value (87) we use the curvature perturbation (30) in Fourier space with the mode function u(τ, k) given in Eq. (34). Each term in the third-order Lagrangian (77) includes the phase factor of the form ∫ d^3x e^{i(k4 +k5 +k6)·x}, which gives rise to the delta function (2π)^3 δ^{(3)}(k_4 + k_5 + k_6). Among the combination of the annihilation and creation operators, the non-vanishing components are

⟨0|a(k_1)a(k_2)a(k_3)a^†(−k_4)a^†(−k_5)a^†(−k_6)|0⟩ = ⟨0|a(k_4)a(k_5)a(k_6)a^†(−k_1)a^†(−k_2)a^†(−k_3)|0⟩

= (2π)^9 { δ^{(3)}(k_4 + k_1) [ δ^{(3)}(k_5 + k_2) δ^{(3)}(k_6 + k_3) + δ^{(3)}(k_5 + k_3) δ^{(3)}(k_6 + k_2) ]

+ δ^{(3)}(k_4 + k_2) [ δ^{(3)}(k_5 + k_1) δ^{(3)}(k_6 + k_3) + δ^{(3)}(k_5 + k_3) δ^{(3)}(k_6 + k_1) ]

+ δ^{(3)}(k_4 + k_3) [ δ^{(3)}(k_5 + k_1) δ^{(3)}(k_6 + k_2) + δ^{(3)}(k_5 + k_2) δ^{(3)}(k_6 + k_1) ]} . (88)

When we carry out the integral in terms of τ we assume that all the terms C_i (i = 1, · · · , 8) slowly vary in time relative to the scale factor a, so that it is a good approximation to treat them as constants for the integration. If this condition is not satisfied, one needs to numerically solve the integrals without approximations. In the following we present each contribution of the three-point correlation function coming from the integrals given in Eq. (77).

• (1) H^{(1)}_{int} = − ∫ d^3x a^3C_1M^2_{pl}RṘ^2

⟨R(k_1)R(k_2)R(k_3)⟩^{(1)} = (2π)^3δ^{(3)}(k_1 + k_2 + k_3)

C_1M^2_{pl}H^4 16Q^3c^6_s 1 (k_1k_2k_3)^3 ( k^2 k^2_3 K + k_1k^2 k^2_3 K^2

+ sym ) , (89)

where K = k_1 + k_2 + k_3. The symbol “sym” means the symmetric terms with respect to k_1, k_2, k_3.

• (2) H^{(2)}_{int} = − ∫ d^3x aC_2M^2_{pl}R(∂R)^2

⟨R(k_1)R(k_2)R(k_3)⟩^{(2)} = (2π)^3δ^{(3)}(k_1 + k_2 + k_3)

C_2M^2_{pl}H^4 16Q^3c^8_s 1 (k_1k_2k_3)^3 × [ (k_1 · k_2 + k_2 · k_3 + k_3 · k_1) ( −K + k_1k_2 + k_2k_3 + k_3k_1 K + k_1k_2k_3 K^2 )] . (90)

• (3) H^{(3)}_{int} = − ∫ d^3x a^3C_3M_{pl}Ṙ^3

⟨R(k_1)R(k_2)R(k_3)⟩^{(3)} = (2π)^3δ^{(3)}(k_1 + k_2 + k_3)

3C_3M_{pl}H^5

8Q^3c^6_s 1 k_1k_2k_3 1 K^3

. (91)

• (4) H^{(4)}_{int} = − ∫ d^3x a^3C_4Ṙ(∂_iR)(∂_iX )

⟨R(k_1)R(k_2)R(k_3)⟩^{(4)} = (2π)^3δ^{(3)}(k_1 + k_2 + k_3)

C_4H^4 32Q^2c^6_s 1 (k_1k_2k_3)^3 [ (k_1 · k_2)k^2_3 K ( 2 + k_1 + k_2 K ) + sym ] . (92)

• (5) H^{(5)}_{int} = − ∫ d^3x a^3(C_5/M^2_{pl})∂^2R(∂X )^2

⟨R(k_1)R(k_2)R(k_3)⟩^{(5)} = (2π)^3δ^{(3)}(k_1 + k_2 + k_3)

C_5H^4 16QM^2_{pl}c^6_s 1 (k_1k_2k_3)^3 [ k^2_1 (k_2 · k_3) K ( 1 + k_1 K ) + sym ] . (93)

• (6) H^{(6)}_{int} = − ∫ d^3x aC_6Ṙ^2∂^2R

⟨R(k_1)R(k_2)R(k_3)⟩^{(6)} = (2π)^3δ^{(3)}(k_1 + k_2 + k_3)

3C_6H^6 4Q^3c^8_s 1 k_1k_2k_3 1 K^3

. (94)

• (7) H^{(7)}_{int} = − ∫ d^3x (C_7/a) [ ∂^2R(∂R)^2 − R∂_i∂_j (∂_iR)(∂_j R) ]

⟨R(k_1)R(k_2)R(k_3)⟩^{(7)} = (2π)^3δ^{(3)}(k_1 + k_2 + k_3)

C_7H^6 8Q^3c^{10}_s 1 (k_1k_2k_3)^3 1 K [ 1 + k_1k_2 + k_2k_3 + k_3k_1 K^2 + 3k_1k_2k_3 K^3 ]

× [ k^2_1 (k_2 · k_3) − (k_1 · k_2)(k_1 · k_3) + sym ] . (95)

• (8) H^{(8)}_{int} = − ∫ d^3x a(C_8/M_{pl}) [ ∂^2R∂_iR∂_iX − R∂_i∂_j (∂_iR)(∂_j X ) ]

⟨R(k_1)R(k_2)R(k_3)⟩^{(8)} = (2π)^3δ^{(3)}(k_1 + k_2 + k_3)

C_8H^5 32Q^2M_{pl}c^8_s 1 (k_1k_2k_3)^3 1 K × {( 2 + 2k_1 + k_2 + k_3 K + 2k_1(k_2 + k_3) K^2 ) [ k^2_1 (k_2 · k_3) − (k_1 · k_2)(k_1 · k_3) ] + sym } . (96)

We write the three-point correlation function of the curvature perturbation, as

⟨R(k_1)R(k_2)R(k_3)⟩ = (2π)^3δ^{(3)}(k_1 + k_2 + k_3)B_R(k_1, k_2, k_3) , (97)

where

B_R(k_1, k_2, k_3) =

(2π)^4 (P_R)^2 ∏_3

i=1 k^3_i

A_R(k_1, k_2, k_3) . (98)

Recall that the power spectrum P_R is given by Eq. (35). Collecting all the terms in Eqs. (89)-(96), it follows that

A_R =

M^2_{pl} Q { 1 4 2 K ∑ i>j k^2_i k^2_j − 1 K^2 ∑ i≠j k^2_i k^3_j

C_1 + 1 4c^2_s 1 2 ∑ i k^3_i + 2 K ∑ i>j k^2_i k^2_j − 1 K^2 ∑ i≠j k^2_i k^3_j C_2

+ 3 2 H M_{pl}

(k_1k_2k_3)^2

K^3

C_3 + 1 8 Q M^2_{pl} ∑ i k^3_i − 1 2 ∑ i≠j k_ik^2_j − 2 K^2 ∑ i≠j k^2_i k^3_j C_4

+ 1 4 ( Q M^2_{pl}

)_2 1 K^2 ∑ i k^5_i + 1 2 ∑ i≠j k_ik^4_j − 3 2 ∑ i≠j k^2_i k^3_j − k_1k_2k_3 ∑ i>j k_ik_j C_5 + 3 c^2_s ( H M_{pl}

)_2

(k_1k_2k_3)^2 K^3

C_6

+ 1 2c^4_s ( H M_{pl}

)_2 1 K 1 + 1 K^2 ∑ i>j k_ik_j +

3k_1k_2k_3

K^3 3 4 ∑ i k^4_i − 3 2 ∑ i>j k^2_i k^2_j C_7

+ 1 8c^2_s H M_{pl} Q M^2_{pl} 1 K^2 3 2 k_1k_2k_3 ∑ i k^2_i − 5 2 k_1k_2k_3K^2 − 6 ∑ i≠j k^2_i k^3_j − ∑ i k^5_i + 7 2 K ∑ i k^4_i C_8 } , (99)

which has an explicit dependence on the wave numbers. The bispectrum (99) is the central result of our work.

In general the non-linear parameter f_{NL} associated with non-Gaussianities of the curvature perturbation is defined as [5, 6, 49]

f_{NL} = 10 3 A_R ∑_3

i=1 k^3_i

, (100)

which matches with the notation of the WMAP group. For the equilateral configuration with k_1 = k_2 = k_3 one has

f^{equil}_{NL} = 40 9 M^2_{pl} Q [ 1 12 C_1 + 17 96c^2_s

C_2 + 1 72 H M_{pl}

C_3 − 1 24 Q M^2_{pl}

C_4 − 1 24 ( Q M^2_{pl}

)_2

C_5 + 1 36c^2_s ( H M_{pl}

)_2

C_6

− 13 96c^4_s ( H M_{pl}

)_2

C_7 − 17 192c^2_s H M_{pl} Q M^2_{pl}

C_8 ] , (101)

which is independent of the wave numbers. Recall that the coefficients C_i (i = 1, · · · , 8) can be evaluated by Eqs. (78)- (85).

V. EXPANSION IN TERMS OF SLOW VARIATION PARAMETERS

Let us derive a simpler form of f^{equil}_{NL} by using the approximation that the slow-variation terms defined in Eq. (8) are much smaller than 1. We also use the expansion of L_1 and ϵ_s given in Eqs. (20) and (27), respectively. First we write the variables Q and c^2_s in the forms Q = 4M^4_{pl}Σ

w^2

, c^2_s =

2w^2_1 w_2H − w^2 w_4 + 4w_1ẇ_1w_2 − 2w^2_1ẇ_2 4M^4_{pl}Σ

, (102)

where Σ ≡ w_1(4w_1w_3 + 9w^2 )

12M^4_{pl}

. (103)

We also define the following quantities λ ≡ F^2 [ X^2P_{,XX} + 2X^3P_{,XXX} /3 + ϕ̇H(XG_{,X} + 5X^2G_{,XX} + 2X^3G_{,XXX} ) − 2(2X^2G_{,ϕX} + X^3G_{,ϕXX} )/3 ] , (104) and λ_G ≡ X G_{,XX} /G_{,X} . (105) It is convenient to introduce Σ and λ in order to obtain a compact expression of f^{equil}_{NL} . Note that these parameters have been already introduced in the context of k-inflation [27, 28].

We first replace w_3 with respect to Σ, which in turn can be written in terms of ϵ_s. Using Eq. (26), the parameter ϵ_s can be expressed in terms of other slow-variation parameters. Then we replace F as F = Qc^2_s/(ϵ_sM^2_{pl}). Finally we expand the coefficients C_i (i = 1, · · · , 8) in terms of the slow-variation parameters, by keeping c^2_s and λ_G as unknown parameters. A similar method is applied to all the other terms, except for C_3. In this case the terms P_{,X} and G_{,XXX} are expressed in terms of Σ and λ, respectively. We replace any left G_{,XX} with λ_G. We also multiply and divide λ by Σ, and we consider the ratio λ/Σ as a free parameter of the theories (as we do for c^2_s and λ_G). Then, as done for the other terms, we replace Σ in terms of Q, and any left F in terms of Q and ϵ_s. Finally we use the relation between ϵ and other slow-variation parameters. By following this procedure, the final expression of each f^{equil (i)}_{NL} (i = 1, · · · , 8) only depends on ϵ_s, η_s, s, δ_F , δ_ξ, δ_{GX} , and the free parameters c^2_s, λ_G, and λ/Σ. This form allows an expansion with respect to the slow-variation parameters. Then the leading contributions to each f^{equil (i)}_{NL} coming from the coefficients C_i are given by

f^{equil (1)}

NL = 10 9 ( 1 − 1 c^2_s ) − 10 27c^2_s

(8 δ_ξ + η_s + 4 δ_{GX} − ϵ_s) , (106)

f^{equil (2)}

NL = 85 108 ( 1 c^2_s − 1 ) + 85 108c^2_s

(ϵ_s + 8 δ_ξ − 2 s + η_s) , (107)

f^{equil (3)}

NL = 5 81 ( 1 c^2_s − 1 ) − 10 81 λ Σ + 5 162c^2_s

(8 δ_ξ + 2 δ_{GX} − δ_F ) − 5 162 (6 δ_{GX} − δ_F + 4 λ_G δ_{GX} + 8 δ_ξ) + 5 27 δ_{GX} ϵ_s c^2_s (1 + λ_G) (δ_F − 8 δ_ξ − 2 δ_{GX} ) , (108)

f^{equil (4)}

NL = 10 27 ϵ_s c^2_s

, (109)

f^{equil (5)}

NL = − 5 108c^2_s

(ϵ_s − 4 δ_{GX} + 16 δ_ξ) ϵ_s, (110)

f^{equil (6)}

NL = 20 81 (1 + λ_G) δ_{GX} ϵ_s , (111)

f^{equil (7)}

NL = 65 162c^2_s δ_{GX} ϵ_s , (112)

f^{equil (8)}

NL = − 85 108 δ_{GX} c^2_s

. (113)

Let us now add up all the contributions together. In doing so we take the largest contributions, that is, we discard the corrections of the order of slow-variation parameters relative to other existent terms. For example, if a term δ_{GX} /(ϵ_sc^2_s) already exists, we ignore the terms like δ_{GX} /c^2_s. Then we have that

f^{equil}_{NL} ≃ 85 324 ( 1 − 1 c^2_s ) − 10 81 λ Σ + 55 36 ϵ_s c^2_s + 5 12 η_s c^2_s − 85 54 s c^2_s + 5 162 δ_F ( 1 − 1 c^2_s ) − 10 81 δ_ξ ( 2 − 29 c^2_s ) + δ_{GX} [ 20 (1 + λ_G) 81ϵ_s + 65 162c^2_sϵ_s ] , (114) where we have tacitly assumed that c^2_s < O(1). The result (114) is valid for any quasi de Sitter background.

VI. CONCRETE MODELS

In this section we apply the results derived in previous sections to concrete models of inflation. This includes (i) k-inflation, (ii) generalized Galileon model, and (iii) models based on BD theories.

A. k-inflation

Let us first consider k-inflation models with F = 1, ξ = 0, and G = 0. Since ϵ_s = ϵ = −Ḣ/H^2 = XP_{,X} /(M^2_{pl}H^2) and L_1 = 1/H in those models, it is possible to derive an exact expression of f^{equil}_{NL} without employing the approximation in terms of slow-variation parameters. The coefficients (78)-(85) are given by

C_1 = ϵ c^4_s

(ϵ − 3 + 3c^2_s − η) , C_2 = ϵ c^2_s

(1 − c^2_s + ϵ + η − 2s) , C_3 = − 1 H^3M_{pl} [( 1 − 1 c^2_s ) Σ + 2λ ] , C_4 = ϵ c^2_s ( −2 + 1 2 ϵ ) , C_5 = 1 4 ϵ , C_6 = C_7 = C_8 = 0 , (115)

where η ≡ η_s = ϵ̇/(Hϵ), Σ = XP_{,X} + 2X^2P_{,XX} and λ = X^2P_{,XX} + 2X^3P_{,XXX} /3.

The field propagation speed squared is

c^2_s = P_{,X} P_{,X} + 2XP_{,XX} = XP_{,X} Σ = M^2_{pl}H^2ϵ Σ . (116)

Plugging the coefficients (115) into Eq. (101), it follows that

f^{equil}_{NL} = 85 324 ( 1 − 1 c^2_s ) − 10 81 λ Σ + 55 36 ϵ c^2_s + 5 12 η c^2_s − 85 54 s c^2_s

, (117)

where we have ignored the second-order term ϵ^2/(2c^2_s) in the expression of C_4. The non-linear parameter (114) derived under the slow-variation approximation also gives the same result. Note that this coincides with the result in Refs. [27, 28].

In standard inflation driven by a potential energy V (ϕ) of the field ϕ, i.e. P = X − V (ϕ), one has c^2_s = 1, λ = 0, and s = 0. Then the equilateral non-linear parameter (117) reduces to

f^{equil}_{NL} = 55 36 ϵ + 5 12 η , (118)

which means that |f^{equil}_{NL} | ≪ 1.

B. Generalized Galileon model

Let us consider the generalized Galileon model with F = 1 and ξ = 0. Since the exact formula of f^{equil}_{NL} is complicated, we employ the result (114) derived under the slow-variation approximation:

f^{equil}_{NL} ≃ 85 324 ( 1 − 1 c^2_s ) − 10 81 λ Σ + 55 36 ϵ_s c^2_s + 5 12 η_s c^2_s − 85 54 s c^2_s + δ_{GX} ϵ_s [ 20 (1 + λ_G) 81 + 65 162c^2_s ] . (119)

Using the background equation (7), the term δ_{GX} /ϵ_s can be expressed as δ_{GX} ϵ_s ≃ δ_{GX} ϵ + δ_{GX} = Hϕ̇ G_{,X} P_{,X} + (4Hϕ̇ − ϕ̈)G_{,X} − 2G_{,ϕ} . (120)

In the limit that c^2_s ≪ 1 the dominant contribution to f^{equil}_{NL} is

f^{equil}_{NL} ≃ − 85 324 1 c^2_s − 10 81 λ Σ + Hϕ̇ G_{,X} P_{,X} + (4Hϕ̇ − ϕ̈)G_{,X} − 2G_{,ϕ} [ 20 (1 + λ_G) 81 + 65 162c^2_s ] . (121)

This matches with the result of Ref. [56] in which the authors ignored the terms ϕ̈ G_{,X} and G_{,ϕ} relative to Hϕ̇ G_{,X} . The last term in the parenthesis of Eq. (121) gives rise to an additional contribution to the terms appearing in k-inflation.

C. Brans-Dicke theories

The action in BD theory with a field potential V (ϕ) is given by S = ∫ d^4x √ −g [ 1 2 M_{pl}ϕR +

M_{pl} ϕ ω_{BD}X − V (ϕ) ] , (122)

where ω_{BD} is the BD parameter. Compared to the original paper [61] we have introduced the reduced Planck mass M_{pl}, so that the field ϕ has a dimension of mass. In this theory the background equation (7) gives

2ϵ_1 = −ϵ_2 + ϵ_2ϵ_3 + ω_{BD} ϵ^2 , (123) where

ϵ_1 ≡ − Ḣ H^2

, ϵ_2 ≡ ϕ̇ Hϕ , ϵ_3 ≡ ϕ̈ Hϕ̇ . (124)

Let us derive a full expression of f^{equil}_{NL} without using the slow-variation approximation. From Eqs. (23) and (24) it follows that Q = (3 + 2ω_{BD})ϵ^2ϕM_{pl}

(2 + ϵ_2)^2

, c^2_s = 1 . (125)

The time-derivatives appearing in the coefficients C_i can be expressed in terms of ϵ_i (i = 1, 2, 3) by using the relation ϵ̇_2 = Hϵ_2(ϵ_1 − ϵ_2 + ϵ_3) . (126) Then the coefficients C_i (i = 1, · · · , 8) are given by

C_1 = − ϕ M_{pl}

(3 + 2ω_{BD})ϵ^2 [ (2ω_{BD} − 3)ϵ^2 + 4(ϵ_3 − 3)ϵ_2 + 8ϵ_3 ] (2 + ϵ_2)^4

, (127)

C_2 = ϕ M_{pl}

(3 + 2ω_{BD})ϵ^2 [ 8ϵ_3 + (4ϵ_3 − 12)ϵ_2 + (3 + 6ω_{BD})ϵ^2 ] (2 + ϵ_2)^4

, (128) C_3 = C_6 = C_7 = C_8 = 0 , (129)

C_4 =

(3 + 2ω_{BD})ϵ^2 [ −16 − 16ϵ_2 + (2ω_{BD} − 1)ϵ^2 ] 2(2 + ϵ_2)^4

, (130)

C_5 =

M_{pl} ϕ (3 + 2ω_{BD})ϵ^2 4(2 + ϵ_2)^2

, (131)

which lead to

f^{equil}_{NL} = 5 18 48ϵ_3 − 72(1 − ϵ_3)ϵ_2 − (6 − 68ω_{BD} − 36ϵ_3)ϵ^2 + (48 + 68ω_{BD} + 6ϵ_3)ϵ^3_2 + (12 + 11ω_{BD} − 2ω^2_{BD})ϵ^4_2 (2 + ϵ_2)^4

. (132)

Since |ϵ_2| ≪ 1 and |ϵ_3| ≪ 1 during inflation, we have

f^{equil}_{NL} ≃ − 5 4 ϵ_2 + 5 6 ϵ_3 , (133)

which gives |f^{equil}_{NL} | ≪ 1. It is worth mentioning that the same result as Eq. (133) follows by using the approximated expression of f^{equil (i)}_{NL} (i = 1, · · · , 8) derived in Sec. V. The above analysis covers the case of f(R) gravity in which the BD parameter is ω_{BD} = 0. Hence, the Starobinsky’s inflation model, f(R) = R + R^2/(6M^2), leads to |f^{equil}_{NL} | ≪ 1 as in standard inflation.

D. Potential driven inflation in the presence of the nonminimal coupling and the Gauss-Bonnet term

The result (114) shows that, in the limit c^2_s ≪ 1, the terms coming from the nonminimal coupling and the Gauss- Bonnet coupling are suppressed relative to the term proportional to 1/c^2_s. The effect of those couplings on f^{equil}_{NL} appears indirectly through the change of c^2_s.

Let us consider the following action S = ∫ d^4x √ −g [ M^2_{pl} 2 F (ϕ)R + ω(ϕ)X − V (ϕ) − ξ(ϕ)G ] , (134)

which corresponds to inflation driven by the field potential V (ϕ). Expanding the scalar propagation speed (24) up to second order, we obtain

c^2_s ≃ 1 −

2δ_ξ(δ_F − 8δ_ξ)(3δ_F − 24δ_ξ − 4δ_{P X} ) δ_{P X} , (135)

where δ_{P X} = ωX/(M^2_{pl}H^2F ) is another slow-variation parameter. Since {|δ_ξ|, |δ_F |, |δ_{P X} |} ≪ 1, the scalar propagation speed is very close to 1, i.e. |c^2_s − 1| = O(ϵ^2). From Eq. (114) we have

f^{equil}_{NL} ≃ 55 36 ϵ_s + 5 12 η_s + 10 3 δ_ξ , (136)

and hence the non-Gaussianity is small.

The non-Gaussianity can be large for the kinetically driven inflation in the presence of the terms P (ϕ, X), ξ(ϕ)G, and G(ϕ, X)□ϕ. We will study such models in a separate publication [68].

VII. CONCLUSIONS

For the general single-field models described by the action (2) we have calculated the three-point correlation function of curvature perturbations R generated during inflation. This covers the inflationary models motivated by low-energy effective string theory, scalar-tensor theories, and Galileon-inspired gravity. The Gauss-Bonnet term ξ(ϕ)G and the generalized Galileon term G(ϕ, X)□ϕ give rise to the scalar propagation speed c_s different from 1, as it happens in k-inflation. These models can lead to large non-Gaussianities of primordial perturbations detectable in future observations.

Using the ADM metric in uniform-field gauge (δϕ = 0), we have expanded the action (2) up to third order in the perturbations. The second-order action associated with linear curvature perturbations is given by Eq. (22), where both Q and c^2_s need to be positive to avoid the appearance of ghosts and Laplacian instabilities respectively. In the quasi de Sitter background we have solved the equation for curvature perturbations and derived the scalar power spectrum and its spectral index. The tensor spectrum as well as the tensor-to-scalar ratio is also evaluated to confront the models with observations.

After the derivation of the third-order perturbed action (46), we have expressed it in a more convenient form for the calculation of non-Gaussianities by making a lot of integrations by parts. The coefficient F_1 in front of δL_2/δR|_1 includes only the derivative terms of R, which vanish in the large-scale limit. Moreover the term δL_2/δR|_1 survives only at second order of perturbations. When the vacuum expectation value of R for the three-point operator is evaluated, we just need to compute the contributions coming from the 8 terms in Eq. (77) by treating the coefficients C_i (i = 1, · · · , 8) as slowly varying parameters relative to the scale factor. Finally we have derived the three-point correlation function as in the form (99). For the equilateral configuration (k_1 = k_2 = k_3) the non-linear parameter f^{equil}_{NL} reduces to Eq. (101), which does not have any momentum dependence.

Under the approximation in terms of slow-variation parameters we showed that f^{equil}_{NL} reduces to a simple form (114). Provided that c^2_s ≪ 1, one can realize large non-Gaussianities with |f^{equil}_{NL} | ≫ 1. For c^2_s ≪ 1 the terms involving δ_F and δ_ξ are sub-dominant contributions with respect to the first two terms in Eq. (114), but the last term in Eq. (114), coming from the Galileon-type self interaction, can be comparable to the dominant contributions. Compared to k-inflation the presence of the terms ξ(ϕ)G and G(ϕ, X)□ϕ leads to different values of c_s, so that f^{equil}_{NL} is subject to change.

We have applied our results of the equilateral non-linear parameter to a number of concrete models of inflation. In k-inflation and in the generalized Galileon model, our formula of f^{equil}_{NL} reproduces the previous results known in literature. In the inflationary models based on Brans-Dicke theories, including f(R) gravity, the non-linear parameter is of the order of slow-roll parameters. This is associated with the fact that the scalar propagation speed is unity in those models.

It will be of interest to distinguish between various inflationary models observationally by using our formula of f^{equil}_{NL} as well as n_R and r. Especially the potential detectability of non-Gaussianities by the PLANCK satellite may open up a new opportunity to approach the origin of inflation.

ACKNOWLEDGEMENTS

We thank Kazuya Koyama, Shuntaro Mizuno, and Takahiro Tanaka for useful discussions. The work of A. D. F. and S. T. was supported by the Grant-in-Aid for Scientific Research Fund of the JSPS Nos. 10271 and 30318802. S. T. also thanks financial support for the Grant-in-Aid for Scientific Research on Innovative Areas (No. 21111006).

Appendix A: Explicit expression of Q and cs

Using the expressions for w_1, w_2, w_3 and w_4, it is possible to write down explicitly the form of Q defined in Eq. (23). Namely we have Q ≡ w_1 w^2

[3 M_{Pl}^4Ḟ^2 − 2 ϕ̇^4M_{Pl}^2F G_{,ϕX} − 4 M_{Pl}^2F G_{,ϕ}ϕ̇^2 + 2 P_{,X}ϕ̇^2M_{Pl}^2F − 48 ϕ̇^5H^2G_{,XX}ξ̇

+ 2 ϕ̇^4P_{,XX} M_{Pl}^2F + 12 ϕ̇^3G_{,X} M_{Pl}^2F H + 6 ϕ̇^5HG_{,XX} M_{Pl}^2F − 48 M_{Pl}^2Ḟ H^2ξ̇ − 6 M_{Pl}^2Ḟ ϕ̇^3G_{,X} − 48 H^2ξ̇ϕ̇^3G_{,X} + 16 ϕ̇^4Hξ̇G_{,ϕX} − 16 P_{,X}ϕ̇^2Hξ̇ − 16 P_{,X}ϕ̇^2Hξ̇ + 192 H^4ξ̇^2 + 32 ϕ̇^2Hξ̇G_{,ϕ} + 3 ϕ̇^6G_{,X}^2 − 16 ϕ̇^4P_{,XX} Hξ̇] . (A1) Along the same lines the speed of propagation c^2_s given in Eq. (24) can be written as

c^2_s =

L_3 ϕ̈ + L_4 L_2

, (A2)

where

L_2 = (M^2_{Pl}F − 8H ξ_{,ϕ}ϕ̇) [3 M_{Pl}^4F_{,ϕ}^2 − 2 M_{Pl}^2F ϕ̇^2G_{,ϕX} − 4 M_{Pl}^2F G_{,ϕ} + 2 M_{Pl}^2F P_{,X} + 2 M_{Pl}^2F ϕ̇^2P_{,XX} + 12 M_{Pl}^2F ϕ̇ H G_{,X} + 6 M_{Pl}^2F ϕ̇^3HG_{,XX} − 48 M_{Pl}^2F_{,ϕ}H^2ξ_{,ϕ} − 6 M_{Pl}^2F_{,ϕ}ϕ̇^2G_{,X} − 48 H^2ξ_{,ϕ}ϕ̇^2G_{,X} + 16 ϕ̇^3Hξ_{,ϕ}G_{,ϕX} − 16 P_{,X}ϕ̇ H ξ_{,ϕ} + 192 H^4ξ_{,ϕ}^2 + 32 ϕ̇ H ξ_{,ϕ}G_{,ϕ} + 3 ϕ̇^4G_{,X}^2 − 16 ϕ̇^3P_{,XX} H ξ_{,ϕ} − 48 ϕ̇^4H^2G_{,XX} ξ_{,ϕ}] , (A3) L_3 = 1536 H^4ξ_{,ϕ}^3 + 640 H^2ξ_{,ϕ}^2ϕ̇^2G_{,X} + 128 H^2ξ_{,ϕ}^2ϕ̇^4G_{,XX} + 2 M_{Pl}^4F^2ϕ̇^2G_{,XX} − 384 M_{Pl}^2ξ_{,ϕ}^2F_{,ϕ}H^2 − 48 M_{Pl}^2ξ_{,ϕ}ϕ̇^2F_{,ϕ}G_{,X} + 24 ϕ̇^4G_{,X}^2ξ_{,ϕ} + 4 M_{Pl}^4F^2G_{,X} + 24 M_{Pl}^4F_{,ϕ}^2ξ_{,ϕ} − 32 M_{Pl}^2F H ξ_{,ϕ}ϕ̇^3G_{,XX} − 64 M_{Pl}^2F H ξ_{,ϕ}ϕ̇ G_{,X} , (A4) L_4 = 8 G_{,X}^2ξ_{,ϕϕ} ϕ̇^6 − 48 G_{,X}^2Hξ_{,ϕ} ϕ̇^5 + [32 ξ_{,ϕ}G_{,X} G_{,ϕ} − M_{Pl}^2F G_{,X}^2 + 256 ξ_{,ϕ}G_{,X} H^2ξ_{,ϕϕ} − 16 M_{Pl}^2F_{,ϕ}G_{,X} ξ_{,ϕϕ} − 16 ξ_{,ϕ}G_{,X} P_{,X} + 128 H^2ξ_{,ϕ}^2G_{,ϕX} − 16 M_{Pl}^2ξ_{,ϕ}G_{,X} F_{,ϕϕ}] ϕ̇^4 − 32 ξ_{,ϕ}H ( 8 ξ_{,ϕ}G_{,X} H^2 + M_{Pl}^2F G_{,ϕX} − 3 M_{Pl}^2F_{,ϕ}G_{,X} )˙ ϕ^3 + [−112 M_{Pl}^2F H^2ξ_{,ϕ}G_{,X} + 16 M_{Pl}^2ξ_{,ϕ}F_{,ϕ}P_{,X} + 8 M_{Pl}^4F_{,ϕ}^2ξ_{,ϕϕ} − 2 M_{Pl}^4F F_{,ϕ}G_{,X} − 256 M_{Pl}^2ξ_{,ϕ}F_{,ϕ}H^2ξ_{,ϕϕ} + 16 M_{Pl}^4ξ_{,ϕ}F_{,ϕ}F_{,ϕϕ} − 128 M_{Pl}^2H^2ξ_{,ϕ}^2F_{,ϕϕ} + 2 M_{Pl}^4F^2G_{,ϕX} − 32 M_{Pl}^2ξ_{,ϕ}F_{,ϕ}G_{,ϕ} + 1536 H^4ξ_{,ϕ}^2ξ_{,ϕϕ}] ϕ̇^2 + [8 H (−384 ξ_{,ϕ}^3H^4 + 96 M_{Pl}^2ξ_{,ϕ}^2F_{,ϕ}H^2 + 8 M_{Pl}^2F ξ_{,ϕ}G_{,ϕ} − 6 M_{Pl}^4F_{,ϕ}^2ξ_{,ϕ} + M_{Pl}^4F^2G_{,X} − 4 M_{Pl}^2F P_{,X} ξ_{,ϕ})] ϕ̇ + M_{Pl}^2F ( 2 M_{Pl}^2F P_{,X} − 4 M_{Pl}^2F G_{,ϕ} + 192 H^4ξ_{,ϕ}^2 + 3 M_{Pl}^4F_{,ϕ}^2 − 48 M_{Pl}^2F_{,ϕ}H^2ξ_{,ϕ} ) . (A5)

Appendix B: Third-order action

In the Appendices B, C, D, and E we shall use the symbol .= for the quantities which are valid up to total derivatives.

We first perturb the action S = ∫ d^4x √ −g L given in Eq. (2) up to third order. Since we choose the gauge in which the scalar field ϕ is unperturbed (δϕ = 0), the functions P and G are expanded due to their X dependence. After the Taylor-expansion of the action up to third order, we can perform the following steps in order to simplify the result.

1. We start by removing the cubic term in ψ. One can employ the following relations c(t, x) ∂^3_î ψ .= −(∂_îc)(∂^2_î ψ) for î = 1, 2, 3 , (B1) c(t, x) (∂_{îĵ}ψ)(∂_ĵ∂^2_î ψ) .= −(∂_îc) (∂_{îĵ}ψ) (∂_{îĵ}ψ)/2 for î ≠ ĵ , (B2) where c depends on other perturbation variables, and a hatted index is not summed. The ψ-cubic term automatically cancels out after the integration by parts.

2. Now we simplify the term cubic in α. This can be done by employing the following relations c(t)α^2α̇ .= −ċ α^3/3 , c(t, x) ∂^2_î α .= −(∂_îα)(∂_îc) . (B3) 3. Next, we simplify the cubic term in R. In this case we can make use of the following relations c(t)Ṙ^2R̈ .= −ċ Ṙ^3/3 , c(t)R^2R̈ .= c̈ R^3/3 − 2cRṘ^2 , c(t, x)ṘR̈ .= −ċ Ṙ^2/2 , c(t)R^2Ṙ .= −ċ R^3/3 . (B4) Other useful relations are c(t)R̈(∂_îR)^2 .= −Ṙ [ċ (∂_îR)^2 + 2c∂_îR∂_îṘ] , c(t)Ṙ^2∂^2_î R .= −2cṘ(∂_îR)(∂_îṘ) , c(t)RR̈∂^2_î R .= c R(∂_îṘ)^2 + ċ [Ṙ(∂_îR)^2 + R(∂_îR)(∂_îṘ)] + 3c Ṙ(∂_îR)(∂_îṘ) , c(t, x) ∂^2_î R .= −(∂_îc)(∂_îR) , c(t, x)(∂_îR)(∂_îṘ) .= −ċ (∂_îR)^2/2 . (B5) After performing these integrations by parts, we find that the R-cubic term can be written in the form c_1(t)R^3 + c_2(t)RṘ^2 + c_3(t)Ṙ^3 + c_4(t)R (∂_iR)^2.

4. Now let us simplify the term quadratic in ψ and linear in R. First we integrate by parts any derivative for the field R, so that these terms can be written as R × (quadratic term in ψ). Afterwards, we use the following relations (where î ≠ ĵ)

c(t, x)(∂^2_î ψ)(∂^2_ĵ ψ̇) .= −c(∂^2_î ψ̇)(∂^2_ĵ ψ) − ċ(∂^2_î ψ)(∂^2_ĵ ψ) , c(t, x)(∂_{îĵ}ψ)(∂_{îĵ}ψ̇) .= −ċ (∂_{îĵ}ψ)(∂_{îĵ}ψ)/2 , c(t, x)∂^3_î ψ .= −(∂_îc)(∂^2_î ψ) , c(t, x)(∂_ĵ∂^2_î ψ) .= −(∂^2_î ψ)(∂_ĵc) . (B6) 5. Along the same lines we can simplify the term quadratic in ψ and linear in α after integrating by parts any derivative of α.

6. Let us next consider the term quadratic in α and linear in R. In this case one can first integrate by parts all the second derivatives for the field α. Then one can integrate the following first derivative terms c(t, x)αα̇ .= −ċ α^2/2 , c(t, x)α∂_îα .= −α^2∂_îc/2 . (B7) 7. Now we consider the term quadratic in R. First of all we can remove any derivative from the subset of terms which possess the field α. Then we eliminate the second derivatives for the field R by using c(t, x)ṘR̈ .= −ċ Ṙ^2/2 c(t, x)RR̈ .= −c Ṙ^2 + c̈ R^2/2 , c(t, x)R̈ .= −ċṘ , c(t)(∂_îψ̇)(∂_îR)(∂^2_î R) .= −c (∂^2_î ψ̇)(∂_îR)^2/2 , c(t)(∂_{îĵ}ψ̇)(∂_îR)(∂_ĵR) .= −cR(∂_{îĵ}R)(∂_{îĵ}ψ̇) + c R^2(∂^2_î ∂^2_ĵ ψ̇)/2 , c(t)R(∂^2_î R)(∂^2_ĵ ψ̇) .= −c(∂_îR)^2(∂^2_ĵ ψ̇) + c R^2(∂^2_î ∂^2_ĵ ψ̇)/2 , c(t)(∂_{îĵ}R)(∂_ĵR)(∂_îψ̇) .= −c (∂_ĵR)^2(∂^2_î ψ̇)/2 , (B8) where î ≠ ĵ. The remaining terms can be simplified by using the following expressions c(t, x)Ṙ(∂_îṘ) .= −Ṙ^2(∂_îc)/2 , c(t, x)R(∂_îR) .= −R^2(∂_îc)/2 , c(t, x)RṘ .= −ċ R^2/2 , c(t)Ṙ(∂_îR)(∂_îψ) .= ċ R^2∂^2_î ψ/2 + c R^2∂^2_î ψ̇/2 − cR(∂_îṘ)(∂_îψ) , c(t, x)(∂_îṘ) .= −Ṙ(∂_îc) . (B9) 8. For the terms which consist of a combination of three different fields, we can integrate by parts any derivative of α.

Appendix C: Integration of the term f3/a We rewrite the integrand f_3/a in Eq. (59) in a more convenient form. We define X̃ = c(t) R [(∂^2R)^2 − (∂_i∂_j R)(∂_i∂_j R)] , (C1) X̃_k = c(t) Ṙ [∂_kR (∂^2R) − ∂_iR(∂_i∂_kR)] − c(t) R [(∂_kṘ) (∂^2R) − (∂_iṘ) (∂_i∂_kR)] . (C2) Then, for any function c(t) dependent on t, we find ˙X̃ + 2∂_kX̃_k = ċ R [(∂2R)2 − (∂_i∂_j R)(∂_i∂_j R)] + 3c Ṙ [(∂2R)2 − (∂_i∂_j R)(∂_i∂_j R)] , (C3) which implies that c(t) Ṙ [(∂^2R)^2 − (∂_i∂_j R)(∂_i∂_j R)] .= −ċ R [(∂^2R)^2 − (∂_i∂_j R)(∂_i∂_j R)]/3 . (C4) Let us also define Y = c(t) (∂R)^2 (∂^2R) , (C5) Y_k = c(t) [2R ∂_j R∂_k ∂_j R − 2R∂_kR∂^2R − ∂_kR (∂R)^2] . (C6) It then follows that 3Y + ∂_kY_k = −2c R [(∂^2R)^2 − (∂_i∂_j R)(∂_i∂_j R)] , (C7) so that c(t) (∂R)^2 (∂^2R) .= −2c R [(∂^2R)^2 − (∂_i∂_j R)(∂_i∂_j R)]/3 . (C8) By using Eqs. (C4) and (C8), one finds

f_3 a .= 1 a [( A_5L^2_1 − A_7L_1 )˙ R + A_6L^2_1R ] [(∂_i∂_j R)(∂_i∂_j R) − (∂^2R)^2] +

A_9L^2_1 a (∂R)^2∂^2R .= 1 a [ A_6L^2_1 − 1 3 d dt (A_5L^2_1 − A_7L_1) + H 3 (A_5L^2_1 − A_7L_1) + 2 3 A_9L^2_1 ] R [(∂_i∂_j R)(∂_i∂_j R) − (∂^2R)^2] . (C9)

Employing the following relation

c(t) R [(∂_i∂_j R)(∂_i∂_j R) − (∂^2R)^2] .= −c (∂_iR) (∂_j R)(∂_i∂_j R) − c (∂_iR) R (∂_i∂^2R) − c R (∂^2R)^2 .= −c R ∂_i∂_j [(∂_iR) (∂_j R)] + c (∂R)_2 (∂_2R) , (C10)

we obtain the form of f_3/a given in Eq. (66).

Appendix D: Integration of the term af2 Regarding the integrands of the term af_2 in Eq. (59), we start by considering the contribution written in the form c(t) Ṙ(∂_i∂_j R)(∂_i∂_j X ). We define Z = c(t) R (∂_i∂_j R)(∂_i∂_j X ) , (D1) Z_k = c(t) (Ṙ∂_iR − R∂_iṘ) (∂_k∂_iX ) , (D2) so that

Ż + ∂_kZ_k = ċ R (∂_i∂_j R)(∂_i∂_j X ) + 2cṘ(∂_i∂_j R)(∂_i∂_j X ) + cR (∂_i∂_j R)(∂_i∂_jẊ ) + c Q (Ṙ∂_iR − R∂_iṘ) ∂_iṘ . (D3) This gives

c(t) Ṙ(∂_i∂_j R)(∂_i∂_j X ) .= −[(ċ + aq_2) R (∂_i∂_j R)(∂_i∂_j X ) + c R (∂_i∂_j R)(∂_i∂_jẊ ) + c Q (Ṙ∂_iR − R∂_iṘ) ∂_iṘ]/2 + aq_2 R (∂_i∂_j R)(∂_i∂_j X )/2 . (D4)

For later convenience we added and subtracted the quantity aq_2 R (∂_i∂_j R)(∂_i∂_j X )/2.

Let us focus on the term containing q_2 alone. Then we have

aq_2(t) R [(∂_i∂_j R)(∂_i∂_j X )]/2 .= [−aq_2 (∂_iX ) (∂_j R)(∂_i∂_j R) − aq_2 (∂_iX ) R (∂_i∂^2R)]/2 .= aq_2 {(∂_iX ) (∂_iR) (∂_2R) − R ∂_i∂_j [(∂_iR) (∂_j X )]}/2 + aq_2 Q RṘ(∂_2R)/2 . (D5)

For the term (∂_iR) (∂_iX ) (∂^2R) the following equalities hold c(t) (∂_iR) (∂_iX ) (∂^2R) .= −c∂_{ik}R∂_iX ∂_k R − c∂_iR∂_{ik} X ∂_kR .= 2cR∂_{ik}R∂_{ik} X + cR∂_i∂^2R∂_iX + cR∂_iR∂_i∂^2X .= 2cR∂_{ik}R∂_{ik} X − c∂_iR∂_iX ∂_2R − cR∂_2R∂_2X + cR∂_iR∂_i∂_2X , (D6) so that c(t) (∂_iR) (∂_iX ) (∂^2R) .= cR∂_{ik} R∂_{ik} X − cQ R(∂^2R)Ṙ/2 + cQ R(∂_iR)(∂_iṘ)/2 .= c R (∂_i∂_j R)(∂_i∂_j X ) + c Q R(∂_iR)(∂_iṘ) + cQ Ṙ (∂R)_2/2 , (D7)

where we have defined ∂_{ij} A ≡ ∂_i∂_j A. Putting all these partial results together, it follows that a [ − 2A_6L_1

w_1

R(∂_i∂_j R)(∂_i∂_j X ) + 1 w_1

(A_7 − 2A_5L_1) Ṙ(∂_i∂_j R)(∂_i∂_j X ) −

A_9L_1 w_1 ∂^2R∂_iR∂_iX ]

.= −a [ 2A_6L_1 w_1 + d dt ( A_7 − 2A_5L_1 2w_1 ) + H ( A_7 − 2A_5L_1 2w_1 ) + q_2 2 + A_9L_1 w_1 ] R(∂_i∂_j R)(∂_i∂_j X ) − a 2w_1

(A_7 − 2A_5L_1) R (∂_i∂_j R)(∂_i∂_jẊ ) + aq_2 2 {(∂_iX ) (∂_iR) (∂^2R) − R ∂_i∂_j [(∂_iR) (∂_j X )]} − aQ 2w_1

(A_7 − 2A_5L_1) (Ṙ∂_iR − R∂_iṘ) ∂_iṘ + aq_2Q 2 RṘ(∂^2R) − a w_1

A_9L_1 QR(∂_iR)(∂_iṘ) − a 2w_1

A_9L_1 QṘ (∂R)^2 . (D8)

We choose q_2 such that

2A_6L_1

w_1 + d dt ( A_7 − 2A_5L_1 2w_1 ) + H ( A_7 − 2A_5L_1

2w_1 ) + q_2 2 + A_9L_1 w_1 = 3H 2w_1

(A_7 − 2A_5L_1) . (D9)

In this case we have a [ − 2A_6L_1

w_1

R(∂_i∂_j R)(∂_i∂_j X ) + 1 w_1

(A_7 − 2A_5L_1) Ṙ(∂_i∂_j R)(∂_i∂_j X ) −

A_9L_1 w_1 ∂^2R∂_iR∂_iX ]

.= − a 2w_1

(A_7 − 2A_5L_1) [R (∂_i∂_j R)(∂_i∂_jẊ ) + 3HR(∂_i∂_j R)(∂_i∂_j X )] + aq_2 2 {(∂_iX ) (∂_iR) (∂^2R) − R ∂_i∂_j [(∂_iR) (∂_j X )]} − aQ 2w_1

(A_7 − 2A_5L_1) (Ṙ∂_iR − R∂_iṘ) ∂_iṘ + aq_2Q 2 RṘ(∂^2R) − a w_1

A_9L_1 QR(∂_iR)(∂_iṘ) − a 2w_1

A_9L_1 QṘ (∂R)^2 . (D10)

Consider the following combination ac(t) R(∂_i∂_j R)(∂_i∂_jẊ ) + 3aH c(t) R(∂_i∂_j R)(∂_i∂_j X ) .= −ac(∂_iR) [(∂_j R)(∂_i∂_jẊ ) + R∂_i∂_2Ẋ ] − 3aHc(∂_iR) [(∂_j R)(∂_i∂_j X ) + R∂_i∂_2X ] .= −acẊ ∂_i∂_j [(∂_iR)(∂_j R)] + ac (∂_2Ẋ ) [(∂R)_2 + R∂_2R] − 3aHcX ∂_i∂_j [(∂_iR)(∂_j R)] + 3aHc (∂_2X ) [(∂R)_2 + R∂_2R] .= ac (∂R)_2 [∂_2(Ẋ + 3HX )] − ac (Ẋ + 3HX )∂_i∂_j [(∂_iR)(∂_j R)] + ac R∂_2R (∂_2Ẋ ) + 3aH Q c R Ṙ∂_2R .= c a^2 d dt (a^3Q Ṙ) {(∂R)^2 − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j R)]} + ac R∂^2R (∂^2Ẋ ) + 3aH Q c R Ṙ∂^2R , (D11)

where we have used the properties

X = Q∂^{−2}Ṙ , and ∂^2(Ẋ + 3HX ) = ( d dt + 3H ) (QṘ) = a^{−3} d dt (a^3Q Ṙ) . (D12)

The reason why we have introduced this combination is that it is a part of the linear equation of motion (29). Then Eq. (D10) reduces to a [ − 2A_6L_1 w_1

R(∂_i∂_j R)(∂_i∂_j X ) + 1 w_1

(A_7 − 2A_5L_1) Ṙ(∂_i∂_j R)(∂_i∂_j X ) −

A_9L_1 w_1 ∂^2R∂_iR∂_iX ]

.= − A7 − 2A5L1 2w_1a^2 d dt (a^3Q Ṙ) {(∂R)^2 − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j R)]} + aq_2 2 {(∂_iX ) (∂_iR) (∂^2R) − R ∂_i∂_j [(∂_iR) (∂_j X )]} − a 2w_1

(A_7 − 2A_5L_1) R∂^2R (∂^2Ẋ ) − 3aH 2w_1

Q (A_7 − 2A_5L_1) R Ṙ∂^2R − aQ 2w_1

(A_7 − 2A_5L_1) (Ṙ∂_iR − R∂_iṘ) ∂_iṘ + aq_2Q 2 RṘ(∂^2R) − a w_1

A_9L_1 QR(∂_iR)(∂_iṘ) − a 2w_1

A_9L_1 QṘ (∂R)^2 . (D13)

Combining these terms with the other ones in the af_2 term, we find af_2 .= − A_7 − 2A_5L_1

2w_1a^2 d dt (a^3Q Ṙ) {(∂R)^2 − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j R)]} + aq_2 2 {(∂_iX ) (∂_iR) (∂^2R) − R ∂_i∂_j [(∂_iR) (∂_j X )]} + a [ A_6

2L_1Q w_1 − 3H 2w_1

Q (A_7 − 2A_5L_1) + q_2Q 2 ] RṘ∂^2R − 3a 2w_1

A_9L_1 QṘ(∂R)^2 + a A_8R(∂R)^2 + a ( A_2 − A_3L_1 + A_5

2L_1Q w_1 − A_7 Q w_1 ) Ṙ^2∂^2R − a

2w_1

(A_7 − 2A_5L_1) R (∂^2R) (∂^2Ẋ ) − aQ 2w_1

(A_7 − 2A_5L_1) (Ṙ∂_iR − R∂_iṘ) ∂_iṘ − a w_1

A_9L_1 QR(∂_iR)(∂_iṘ). (D14)

This is similar to the formula (131) of Ref. [67]. Let us define

A = RṘ∂^2R , B = Ṙ(∂R)^2 , C = R (∂R)^2 , D = Ṙ^2(∂^2R) , E = R (∂^2R)(∂^2Ẋ ) , F = Ṙ∂_iR∂_iṘ , H = R∂_iṘ∂_iṘ , I = R∂_iR∂_iṘ , J = R^2∂^2R , K = R^2∂^2Ṙ . (D15)

Then the following relations hold B .= −A − I , D .= −2F , K .= −2I , J .= −2C , cB .= −ċ C − 2cI , c E .= cR (∂^2R)(Q̇Ṙ + QR̈) .= c Q̇A − Ṙ [(ċ Q + c Q̇)R∂^2R + c QṘ∂^2R + c QR∂^2Ṙ] .= −ċ QA − c QD + c Q∂_iṘ (R∂_iṘ + Ṙ∂_iR) .= Q(−ċ A − c D + cH + cF) . (D16) Because of these identities, we can rewrite Eq. (D14) in the form af_2 .= − A_7 − 2A_5L_1

2w_1a^2 d dt (a^3Q Ṙ) {(∂R)^2 − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j R)]} + aq_2 2 {(∂_iX ) (∂_iR) (∂^2R) − R ∂_i∂_j [(∂_iR) (∂_j X )]} + a [ A_6

2L_1Q w_1 − 3H 2w_1

Q (A_7 − 2A_5L_1) + q_2Q 2 + Q d dt ( A_7 − 2A_5L_1 2w_1 ) + QH 2w_1

(A_7 − 2A_5L_1) ] RṘ∂^2R − 3aA_9 2 L_1Q w_1

Ṙ(∂R)^2 + a A_8R(∂R)^2 + a (A_2 − A_3L_1) Ṙ^2∂^2R − aA_9 L^1Q w_1

R(∂_iR)(∂_iṘ) . (D17)

Using the relations A_9 = −2w_1, c I .= −ċ C + c A, c B .= ċ C − 2c A and the definition of q_2, we obtain the form of af_2 given in Eq. (68).

Appendix E: Integration of the term a^3f1

By defining

W = c(t) R (∂_{kl} X )(∂_{kl}X ) , (E1) W_k = c(t) R (∂_j X )(∂_{kj} Ẋ ) − c(t)∂_k R(∂_j X )(∂_jẊ ) + c(t) Ẋ ∂_j [(∂_j R)(∂_kX )] , (E2)

we have 2∂_kW_k − Ẇ − 2cR∂_kX ∂_k ∂^2Ẋ − 2cẊ ∂_{kl}(∂_kR∂_lX ) + cṘ(∂_{ik} X )(∂_{ik} X ) = −ċR(∂_{ik} X )(∂_{ik} X ) . (E3)

It follows that c(t) Ṙ(∂_{ik} X )(∂_{ik} X ) .= −ċR(∂_{ik} X )(∂_{ik} X ) + 2cR(∂_kX )(∂_k ∂^2Ẋ ) + 2cẊ ∂_{kl}(∂_kR∂_lX ) .= −ċR(∂_{ik} X )(∂_{ik} X ) + 2cẊ ∂_{kl}(∂_kR∂_lX ) − 2c(∂_kR)(∂_k X )∂_2Ẋ − 2cR(∂_2X )(∂_2Ẋ ) . (E4)

There is also another relation d(t) R(∂_{kl}X )(∂_{kl} X ) .= −d(∂_kX )(∂_lR)(∂_{kl}X ) − d(∂_k X )R(∂_k ∂^2X ) .= −dX ∂_{kl}[(∂_kX )(∂_lR)] + d(∂_kX )(∂_k R)(∂_2X ) + dR (∂_2X )(∂_2X ) . (E5)

We study the contribution of the last term in Eq. (60), i.e. (c_1Ṙ + c_2R)(∂_i∂_j X )(∂_i∂_j X ), where c_1 = A_5/w^2_1 and c_2 = A_6/w^2_1 . Using Eqs. (E4) and (E5), we have

a^3c_1Ṙ(∂_{ik}X )(∂_{ik} X ) + a^3 (c_2 − p_1) R(∂_{kl}X )(∂_{kl}X ) + a^3 p_1R(∂_{kl}X )(∂_{kl}X ) .= −a_3(ċ_1 + 3Hc_1 − p_1)R(∂_{ik} X )(∂_{ik} X ) + a_3[2c_1Ẋ ∂_{kl}(∂_kR∂_lX ) − 2c_1∂_kR∂_k X ∂_2Ẋ − 2c_1R(∂_2X )(∂_2Ẋ )]

+ a^3[(p_1 − c_2)X ∂_{kl}[(∂_k X )(∂_lR)] + (c_2 − p_1)(∂_k X )(∂_k R)(∂^2X ) + (c_2 − p_1)R (∂^2X )(∂^2X )] , (E6)

where we added and subtracted the term a^3p_1R(∂_{kl}X )(∂_{kl}X ). Let us define p_1 such that

p_1 − c_2 = 6Hc_1 , (E7)

in which case

a^3c_1Ṙ(∂_{ik} X )(∂_{ik} X ) + a^3 (c_2 − p_1) R(∂_{kl}X )(∂_{kl}X ) + a^3 p_1R(∂_{kl}X )(∂_{kl} X ) .= −a_3(ċ_1 + 3Hc_1 − p_1)R(∂_{ik} X )(∂_{ik} X )

+ 2c_1a^3{(Ẋ + 3HX )∂_{kl}(∂_kR∂_lX ) − (∂_kR)(∂_k X )∂^2(Ẋ + 3HX ) − R(∂^2X )[∂^2(Ẋ + 3HX )]} .= −a_3(ċ_1 + 3Hc_1 − p_1)R(∂_{ik} X )(∂_{ik} X ) − 2c_1 d dt (a^3Q Ṙ) {(∂_kR)(∂_k X ) − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j X )]} − 2c_1 Q R Ṙ d dt (a^3Q Ṙ) , (E8)

where we used Eq. (D12). The last term of Eq. (E8) is expressed as − 2c_1 Q R Ṙ d dt (a^3Q Ṙ) .= − c_1 a^3 R d dt [(a^3Q Ṙ)^2] .= (a^3Q Ṙ)^2 d dt ( c_1R a^3 ) .= a_3c_1 Q_2Ṙ_3 + a_3 (ċ_1 − 3Hc_1)Q_2 RṘ_2 . (E9)

The integrand a^3f_1 can be written as

a^3f_1 .= a^3 ( A_1 + A_3 Q w_1

− q_1 Q ) Ṙ^3 + a^3 [ A_4 − A_6

Q^2 w^2_1

+ Q^2 d dt ( A_5 w^2_1 ) − 3HA_5Q^2 w^2_1 ] RṘ^2 + a^3q_1QṘ^3

+ a^3 [ A_6 w^2_1 − d dt ( A_5 w^2_1 ) + 3HA_5 w^2_1 ] R(∂_{ik} X )(∂_{ik} X ) − 2A_5 w^2_1 d dt (a^3Q Ṙ)[(∂_kR)(∂_k X ) − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j X )]] + a^3 w_1 ( A_9 Q w_1 ) Ṙ∂_iR∂_iX , (E10)

where we added and subtracted the quantity a^3q_1QṘ^3. Finally we integrate this term by parts as follows

a^3q_1QṘ^3 .= −R [ q̇_1a^3QṘ^2 + q_1 d dt (a^3Q)Ṙ^2 + 2q_1a^3QṘR̈ ]

.= −RṘ [ q̇_1a^3QṘ + q_1 d dt (a^3Q)Ṙ + 2q_1a^3QR̈ ] .= −RṘ [ 2q_1 d dt (a^3QṘ) − q_1 d dt (a^3Q)Ṙ + q̇_1a^3QṘ ]

.= −2q_1RṘ d dt (a^3QṘ) + a^3[q_1(Q̇ + 3HQ) − Qq̇_1]RṘ^2 . (E11)

Then Eq. (E10) reads

a^3f_1 .= a^3 [ A_4 − A_6

Q^2 w^2_1

+ Q^2 d dt ( A_5 w^2_1 ) − 3HA_5Q^2 w^2_1

+ q_1(Q̇ + 3HQ) − Qq̇_1 ] RṘ^2 +a^3 ( A_1 + A_3 Q w_1

− q_1 Q ) Ṙ^3 − 2q_1RṘ d dt (a^3QṘ) + a^3 w_1 ( A_9 Q w_1 ) Ṙ∂_iR∂_iX +a^3 [ A_6 w^2_1 − d dt ( A_5 w^2_1 ) + 3HA_5 w^2_1 ] R(∂_{ik} X )(∂_{ik} X ) − 2A_5 w^2_1 d dt (a^3QṘ)[(∂_kR)(∂_k X ) − ∂^{−2}∂_i∂_j [(∂_iR)(∂_j X )]].(E12)

The value of q_1 is chosen to match another term in af_2, see Eq. (71). Using the following relation

c(t) (∂_j X )(∂_iR)(∂_{ij} X ) .= −c (∂^2R)(∂X )^2/2 , (E13)

into the following equality

c(t) R(∂_{ik} X )(∂_{ik} X ) .= −c (∂_j X )[∂_iR∂_{ij} X + R∂_j ∂^2X ] .= c (∂^2R)(∂X )^2/2 + c (∂^2X )[R(∂^2X ) + (∂_iR)(∂_iX )] .= c (∂_2R)(∂X )_2/2 + c Q_2RṘ_2 + c Q Ṙ (∂_iR)(∂_iX ) , (E14)

we finally obtain the expression of a^3f_1 given in Eq. (70).

[1] A. A. Starobinsky, Phys. Lett. B 91, 99 (1980).

[2] D. Kazanas, Astrophys. J. 241 L59 (1980); K. Sato, Mon. Not. R. Astron. Soc. 195, 467 (1981); Phys. Lett. 99B, 66 (1981); A. H. Guth, Phys. Rev. D 23, 347 (1981).

[3] V. F. Mukhanov and G. V. Chibisov, JETP Lett. 33, 532 (1981); A. H. Guth and S. Y. Pi, Phys. Rev. Lett. 49 (1982) 1110; S. W. Hawking, Phys. Lett. B 115, 295 (1982); A. A. Starobinsky, Phys. Lett. B 117 (1982) 175; J. M. Bardeen, P. J. Steinhardt and M. S. Turner, Phys. Rev. D 28, 679 (1983).

[4] G. F. Smoot et al., Astrophys. J. 396, L1 (1992).

[5] D. N. Spergel et al. [WMAP Collaboration], Astrophys. J. Suppl. 148, 175 (2003); E. Komatsu et al. [ WMAP Collaboration ], Astrophys. J. Suppl. 180, 330-376 (2009).

[6] E. Komatsu et al., Astrophys. J. Suppl. 192, 18 (2011).

[7] S. M. Leach and A. R. Liddle, Phys. Rev. D 68, 123508 (2003); W. H. Kinney, E. W. Kolb, A. Melchiorri and A. Riotto, Phys. Rev. D 69, 103516 (2004); L. Alabidi and D. H. Lyth, JCAP 0605, 016 (2006); JCAP 0608, 013 (2006); L. Alabidi and J. E. Lidsey, Phys. Rev. D78, 103519 (2008); L. Alabidi and I. Huston, JCAP 1008, 037 (2010); J. Martin and C. Ringeval, JCAP 0608, 009 (2006); L. Lorenz, J. Martin and C. Ringeval, JCAP 0804, 001 (2008); J. Martin, C. Ringeval and R. Trotta, arXiv:1009.4157 [astro-ph.CO].

[8] M. Tegmark et al. [ SDSS Collaboration ], Phys. Rev. D69, 103501 (2004); U. Seljak et al. [ SDSS Collaboration ], Phys.

Rev. D71, 103515 (2005); J. K. Adelman-McCarthy et al. [ SDSS Collaboration ], Astrophys. J. Suppl. 175, 297-313 (2008); K. N. Abazajian et al. [SDSS Collaboration], Astrophys. J. Suppl. 182, 543 (2009).

[9] D. H. Lyth and A. Riotto, Phys. Rept. 314, 1 (1999); A. D. Linde, arXiv:hep-th/0503203; B. A. Bassett, S. Tsujikawa and D. Wands, Rev. Mod. Phys. 78, 537 (2006).

[10] E. Komatsu and D. N. Spergel, Phys. Rev. D63, 063002 (2001). [11] N. Bartolo, S. Matarrese, A. Riotto, Phys. Rev. D65, 103505 (2002). [12] J. M. Maldacena, JHEP 0305, 013 (2003). [13] P. Creminelli, JCAP 0310, 003 (2003).

[14] G. I. Rigopoulos and E. P. S. Shellard, Phys. Rev. D 68, 123518 (2003); JCAP 0510, 006 (2005). [15] D. H. Lyth and Y. Rodriguez, Phys. Rev. Lett. 95, 121302 (2005); D. H. Lyth and Y. Rodriguez, Phys. Rev. D 71, 123508 (2005); D. H. Lyth, K. A. Malik and M. Sasaki, JCAP 0505, 004 (2005).

[16] C. T. Byrnes, M. Sasaki and D. Wands, Phys. Rev. D 74, 123519 (2006). [17] [PLANCK Collaboration], arXiv:astro-ph/0604069.

[18] A. Gangui, F. Lucchin, S. Matarrese and S. Mollerach, Astrophys. J. 430, 447 (1994). [19] L. Verde, L. M. Wang, A. Heavens and M. Kamionkowski, Mon. Not. Roy. Astron. Soc. 313, L141 (2000). [20] P. Creminelli, A. Nicolis, L. Senatore, M. Tegmark and M. Zaldarriaga, JCAP 0605, 004 (2006). [21] D. S. Salopek and J. R. Bond, Phys. Rev. D 42, 3936 (1990).

[22] C. Armendariz-Picon, T. Damour and V. F. Mukhanov, Phys. Lett. B 458, 209 (1999). [23] E. Silverstein and D. Tong, Phys. Rev. D 70, 103505 (2004).

[24] N. Arkani-Hamed, H. C. Cheng, M. A. Luty and S. Mukohyama, JHEP 0405, 074 (2004); N. Arkani-Hamed, P. Creminelli, S. Mukohyama and M. Zaldarriaga, JCAP 0404, 001 (2004); F. Piazza and S. Tsujikawa, JCAP 0407, 004 (2004).

[25] A. Gruzinov, Phys. Rev. D 71, 027301 (2005).

[26] M. Alishahiha, E. Silverstein and D. Tong, Phys. Rev. D 70, 123505 (2004).

[27] D. Seery and J. E. Lidsey, JCAP 0506, 003 (2005).

[28] X. Chen, M. x. Huang, S. Kachru and G. Shiu, JCAP 0701, 002 (2007). [29] X. Chen, R. Easther and E. A. Lim, JCAP 0706, 023 (2007); JCAP 0804, 010 (2008). [30] C. Cheung et al., JHEP 0803, 014 (2008).

[31] A. D. Linde and V. F. Mukhanov, Phys. Rev. D 56, 535 (1997). [32] F. Bernardeau and J. P. Uzan, Phys. Rev. D 66, 103506 (2002). [33] D. Seery and J. E. Lidsey, JCAP 0509, 011 (2005).

[34] F. Arroja, S. Mizuno and K. Koyama, JCAP 0808, 015 (2008); Phys. Rev. D 80, 083517 (2009); S. Mizuno, F. Arroja, K. Koyama and T. Tanaka, Phys. Rev. D 80, 023530 (2009).

[35] D. Langlois, S. Renaux-Petel, D. A. Steer and T. Tanaka, Phys. Rev. Lett. 101, 061301 (2008); Phys. Rev. D 78, 063523 (2008).

[36] S. Yokoyama, T. Suyama and T. Tanaka, JCAP 0707, 013 (2007); Phys. Rev. D 77, 083511 (2008). [37] C. T. Byrnes, K. Y. Choi and L. M. H. Hall, JCAP 0810, 008 (2008); C. T. Byrnes and G. Tasinato, JCAP 0908, 016 (2009).

[38] M. Sasaki, Prog. Theor. Phys. 120, 159 (2008); A. Naruko and M. Sasaki, Prog. Theor. Phys. 121, 193 (2009). [39] X. Gao, JCAP 0806, 029 (2008).

[40] H. R. S. Cogollo, Y. Rodriguez and C. A. Valenzuela-Toledo, JCAP 0808, 029 (2008); C. A. Valenzuela-Toledo and Y. Rodriguez, Phys. Lett. B685, 120-127 (2010).

[41] N. Bartolo, S. Matarrese and A. Riotto, Phys. Rev. D 69, 043503 (2004).

[42] K. A. Malik and D. H. Lyth, JCAP 0609, 008 (2006); D. H. Lyth, C. Ungarelli and D. Wands, Phys. Rev. D67, 023503 (2003); D. H. Lyth and Y. Rodriguez, Phys. Rev. D 71, 123508 (2005).

[43] M. Sasaki, J. Valiviita and D. Wands, Phys. Rev. D 74, 103003 (2006). [44] K. Ichikawa, T. Suyama, T. Takahashi and M. Yamaguchi, Phys. Rev. D 78, 023513 (2008). [45] Q. G. Huang, Phys. Lett. B 669, 260 (2008).

[46] G. Dvali, A. Gruzinov and M. Zaldarriaga, Phys. Rev. D 69, 083505 (2004).

[47] T. Suyama and M. Yamaguchi, Phys. Rev. D 77, 023505 (2008); K. Ichikawa, T. Suyama, T. Takahashi and M. Yamaguchi, Phys. Rev. D 78, 063545 (2008).

[48] K. Enqvist et al., Phys. Rev. Lett. 94, 161301 (2005); JCAP 0503, 010 (2005); N. Barnaby and J. M. Cline, Phys. Rev.

D 73, 106012 (2006); Phys. Rev. D 75, 086004 (2007); K. Kohri, D. H. Lyth, and C. A. Valenzuela-Toledo, JCAP 1002, 023 (2010).

[49] Y. i. Takamizu, S. Mukohyama, M. Sasaki and Y. Tanaka, JCAP 1006, 019 (2010).

[50] M. P. Salem, Phys. Rev. D 72, 123516 (2005); J. Khoury and F. Piazza, JCAP 0907, 026 (2009); Y. F. Cai, S. Li and Y. S. Piao, Phys. Lett. B 671, 423 (2009); K. Izumi and S. Mukohyama, JCAP 1006, 016 (2010).

[51] M. Gasperini and G. Veneziano, Astropart. Phys. 1, 317 (1993); M. Gasperini and G. Veneziano, Phys. Rept. 373, 1 (2003).

[52] R. R. Metsaev and A. A. Tseytlin, Nucl. Phys. B 293, 385 (1987); I. Antoniadis, J. Rizos and K. Tamvakis, Nucl. Phys. B 415, 497 (1994); M. Gasperini, M. Maggiore and G. Veneziano, Nucl. Phys. B 494, 315 (1997); R. Brustein and R. Madden, Phys. Rev. D 57, 712 (1998); S. Kawai, M. Sakagami and J. Soda, Phys. Lett. B 437, 284 (1998); C. Cartier, E. J. Copeland and R. Madden, JHEP 0001, 035 (2000); Z. K. Guo, N. Ohta and S. Tsujikawa, Phys. Rev. D75, 023520 (2007).

[53] A. Nicolis, R. Rattazzi and E. Trincherini, Phys. Rev. D 79, 064036 (2009).

[54] C. Deffayet, G. Esposito-Farese and A. Vikman, Phys. Rev. D 79, 084003 (2009); C. Deffayet, S. Deser and G. Esposito- Farese, Phys. Rev. D 80, 064015 (2009).

[55] P. Creminelli, A. Nicolis and E. Trincherini, JCAP 1011, 021 (2010); T. Kobayashi, M. Yamaguchi and J. Yokoyama, Phys.

Rev. Lett. 105, 231302 (2010); C. Burrage, C. de Rham, D. Seery and A. J. Tolley, JCAP 1101, 014 (2011); P. Creminelli et al., JCAP 1102, 006 (2011); A. Naruko and M. Sasaki, Class. Quant. Grav. 28, 072001 (2011); K. Kamada, T. Kobayashi, M. Yamaguchi and J. Yokoyama, arXiv:1012.4238 [astro-ph.CO].

[56] S. Mizuno and K. Koyama, Phys. Rev. D 82, 103518 (2010).

[57] N. Chow and J. Khoury, Phys. Rev. D 80, 024037 (2009); F. P. Silva and K. Koyama, Phys. Rev. D 80, 121301 (2009);

T. Kobayashi, H. Tashiro and D. Suzuki, Phys. Rev. D 81, 063513 (2010); T. Kobayashi, Phys. Rev. D 81, 103533 (2010); R. Gannouji and M. Sami, Phys. Rev. D 82, 024011 (2010); A. De Felice and S. Tsujikawa, JCAP 1007, 024 (2010); A. De Felice, S. Mukohyama and S. Tsujikawa, Phys. Rev. D 82, 023524 (2010); C. Deffayet, O. Pujolas, I. Sawicki and A. Vikman, JCAP 1010, 026 (2010); A. Ali, R. Gannouji and M. Sami, Phys. Rev. D 82, 103015 (2010); A. De Felice and S. Tsujikawa, Phys. Rev. Lett. 105, 111301 (2010); A. De Felice and S. Tsujikawa, arXiv:1008.4236 [hep-th]; S. Nesseris, A. De Felice and S. Tsujikawa, Phys. Rev. D 82, 124054 (2010); D. F. Mota, M. Sandstad and T. Zlosnik, JHEP 1012, 051 (2010); A. De Felice, R. Kase and S. Tsujikawa, Phys. Rev. D 83, 043515 (2011); R. Kimura and K. Yamamoto, arXiv:1011.2006 [astro-ph.CO].

[58] T. Qiu and K. C. Yang, arXiv:1012.1697 [hep-th].

[59] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451 (2010); A. De Felice and S. Tsujikawa, Living Rev. Rel. 13, 3 (2010); S. Tsujikawa, Lect. Notes Phys. 800, 99 (2010); arXiv:1004.1493 [astro-ph.CO].

[60] Y. Fujii and K. Maeda, “The Scalar-Tensor Theory of Gravitation”, Cambridge University Press (2003). [61] C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961).

[62] J. O’Hanlon, Phys. Rev. Lett. 29, 137 (1972); T. Chiba, Phys. Lett. B 575, 1 (2003). [63] R. L. Arnowitt, S. Deser and C. W. Misner, Gen. Rel. Grav. 40, 1997-2027 (2008) [arXiv:gr-qc/0405109]. [64] J. M. Bardeen, Phys. Rev. D 22, 1882 (1980); H. Kodama and M. Sasaki, Prog. Theor. Phys. Suppl. 78, 1 (1984);

V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, Phys. Rept. 215, 203 (1992); K. A. Malik and D. Wands, Phys. Rept. 475, 1-51 (2009).

[65] J. Garriga and V. F. Mukhanov, Phys. Lett. B 458, 219 (1999). [66] K. Koyama, Class. Quant. Grav. 27, 124001 (2010). [67] H. Collins, arXiv:1101.1308 [astro-ph.CO].

[68] A. De Felice, J. Elliston, R. Tavakol, and S. Tsujikawa, in preparation.