arXiv:1103.1618v2 [hep-th] 31 May 2012

Preprint typeset in JHEP style - HYPER VERSION UCSD PTH-11-03

On the exact R charge for N = 2 CS theories

Antonio Amariti^{1,a},

1Department of Physics, University of California San Diego La Jolla, CA 92093-0354, USA

aantonio.amariti@physics.ucsd.edu

Abstract: Recently it was argued that the exact R charge for three dimensional N = 2 supersymmetric field theories extremizes the partition function localized on S^3. In this paper we check this conjecture by computing the R charge for SU(N)_k YM CS gauge theories at large k for many representations, and we test the agreement with the perturbative results.

Keywords: Chern-Simons Theories, Supersymmetric gauge theory, Matrix Models.

Contents

1. Introduction 1

2. The partition function localized on S^3 3

3. Field theory result 5

4. Exact R in N = 2 SU(N)_k CS matter theories 6 4.1 Fundamental and antifundamental representations 9 4.2 Adjoint representation 10 4.3 Symmetric representation 11 4.4 Antisymmetric representation 12

5. Conclusions 13

A. Conventions on Lie Algebra 14

B. Integrals 15

1. Introduction

In the IR fixed point of a superconformal field theory the U(1)_R charge usually differs from its UV value. Indeed the UV R_0 charge mixes with the global non-R abelian flavor symmetries F_i during the RG flow. At the fixed point the exact R charge that belongs to the superconformal algebra is a combination of these charges. In some cases, like N = 1 4d SQCD in the conformal window, the constraint arising from the superpotential and the requirement of anomaly cancellations determine the exact R charge at the IR fixed point. Anyway in many other cases these constraints are not enough and further informations are necessary. The problem of finding the exact IR R symmetry among all the trial combinations R_t = R_0 + α_iF_i has been solved for N = 1 d = 4 superconformal field theories in [1]. It was shown that the combination of α_i that gives the exact R charge at the fixed point maximizes the conformal anomaly. This is associated with the Euler term in the trace anomaly of the stress tensor, ⟨T^μ_μ ⟩ ≃ c(Weyl)^2 − a(Euler), where a ≃ 3TrR^3−TrR. This result was shown by using the condition that the global U(1)_R is free of ABJ anomalies (or equivalently the condition that the exact NSVZ beta function [2] vanishes for

– 1 – all the gauge groups) and that the U(1)_R ’t Hooft anomalies determine the central charges a and c [3]. By using the ’t Hooft anomaly matching it was indeed possible to compute these central charges in terms of the weakly coupled UV theory, and not from the IR physics, usually strongly coupled.

The same problem of finding the exact R charge at the superconformal fixed point can be formulated in N = 2 d = 3. For higher amount of supersymmetry the U(1)_R symmetry does not mix with the other abelian symmetries of the theory, and R_{IR} = R_{UV} . Unfortunately in the N = 2 case the a-maximization cannot be performed, because the trace anomaly of the stress tensor vanishes in three dimensions. In [4] it was argued that in d dimensional superconformal gauge theories the exact R charge minimizes the coefficient τ of the R-current two point function ⟨J^μ_R(x)J^ν_R(y)⟩ ≃ τ_{RR} ( ∂^2δ^{μν} − ∂^μ∂^ν ) 1 (x − y)^{2(d−2)} . (1.1)

Anyway in three dimensional theories this quantity receives quantum corrections and a perturbative analysis is necessary.

Recently a different approach to this problem has been proposed in [5]. It was argued that in three dimensions the role of the central charge a is played by the three sphere partition function Z. This procedure of putting the theory on a sphere, which is called localization, was already applied on d = 4 N = 2 supersymmetric gauge theories in [6]. It consists of adding some Q-exact operator (where Q represent the supersymmetry generator on the sphere), such that the path integral does not change but the one loop determinants are exact. This is the key point of the computation. Indeed even if the R charge mixes with the abelian flavor symmetries, the partition function at one loop contains all of the information of this mixing. Recently in d = 3 the localized partition functions on S^3 have been investigated for N ≥ 3 supersymmetry [7,8], where it was show that the N^{3/2} entropy scaling expected from the gravitational side of the Ads_4/CFT_3 correspondence [9] can be computed in field theory. Moreover the study of the N = 2 case was started in [10], in theories where there are not quantum corrections. The novelty of [5] is that the quantum corrected partition function computed on S^3 is extremized by the exact IR R symmetry. In [11–13] this conjecture was strengthened by computing the partition function of some N = 2 CS toric quiver gauge theories. Indeed in that case it is possible to compute the exact field theory R-charge by minimizing the volume of the Sasaki Einstein manifold [14]. Actually in four dimensions this function is matched with the conformal anomaly a even before the extremization [15]. The authors showed that a similar relations between the Sasaki Einstein volume and the partition function holds in three dimensions at large N.

In this paper we study the conjectured Z extremization in CS matter theories at large CS level k. In [5] the U(1)_k and SU(2)_k CS gauge theories with flavor were discussed, and the agreement with the field theory perturbative analysis was checked.

– 2 –

The localization procedure reduces the path integral to a matrix integral over the Cartan subalgebra of the Lie algebra the U(1)_k and SU(2)_k and the integrals are over a single variable. Here we check the conjecture by computing the partition function of non abelian CS theories with higher dimensional Cartan subalgebra, with matter fields in the R + R representation. We study SU(N)_k theories and we see that the computation agree with the perturbative results discussed in field theory. For large k the matrix integral are dominated by a gaussian factor e^{kTru2} , where u_i are the eigenvalues in the Cartan basis. The computations is performed by expanding the partition function at the saddle point, u ∼ 0. This expansion simplifies the integral by giving an overall Vandermonde determinant coming from the one loop determinant of the vector multiplet. By writing this Vandermonde determinant in terms of orthogonal polynomials we have been able to compute the exact partition function at the lowest order in the ’t Hooft coupling.

In section 2 we review the basic aspect of the partition function. In section 3 we review the field theory results. In section 4 explain the strategy of the computation of the partition function for the SU(N)_k theories, and we check that the R charge evaluated with this method agrees with the two loop results for fundamental, adjoint, symmetric and antisymmetric representations. Then we conclude. In appendix A we review the conventions we used on Lie algebra, while in appendix B we summarize some results for the integration of the orthogonal polynomials.

2. The partition function localized on S^3

As explained in the introduction the exact R charge is computed by extremizing the partition function of the localized N = 2 action on S^3 of a YM CS theory with matter fields in the R representation of the gauge group. The computation of the partition function on S^3 follows from the localization techniques of [16]. This technique was first used by [6] for the computation of the partition function of S^4 for N = 2 supersymmetric gauge theories in four dimensions. In three dimensions the first computation was performed in N ≥ 3 by [10]. Then in [5, 17] this computation was extended to the N = 2 case, in which the partition function explicitly depends on the R charge, which is not trivial, because the R-symmetry is abelian, and some regularization is necessary. In the case of a YM-CS in N = 2 three dimensional models they found that the relevant contribution to the partition function is Z ≃ ∫ N∏ i=1 du_ie^{πikTrF u2} det_{adj} (sinh(πu)) det_Re^{l(1−Δ+iu)} (2.1)

The different terms in (2.1) are

• the rk_G integration variables over the gauge group G. They are written in terms of the eigenvalues u_i which correspond to the weight of the fundamental

– 3 – representation. These variables correspond to the scalars σ in the vector multiplet. They transform in the adjoint representation of the gauge group, and this allows the intagrals to be taken over R.

• the determinant over the adjoint is explicitly ∏ i<j sinh^2(πρ_{ij} (u)) and it is related to the one loop contribution of every vector multiplet^1. The weights ρ_{ij} (u) correspond to the roots of the algebra because the vector multiplet is in the adjoint representation;

• the term e^{πikTrF u2} is the contribution of the k-level CS term. The sum is over the fundamental representation and it explicitly becomes Tr_F u^2 = ∑ i u^2_i . On the contrary the YM term does not contributes to the partition function;

• the one loop contribution of the matter fields is det_Re^{l(1−Δ+iu)}. The determinant is over the representation. Explicitly it is

det_Re^{l(1−Δ+iu)} = ∏ R e^{l(1−Δ+iρi(u))} (2.2)

where ρ are the weights of R in terms of the eigenvalues u_i. The function l(z) was introduced in [5] (see also [17] for an independent derivation). It arises from the regularization of the one loop determinant of the matter fields. This one loop determinant is ∞∏ n=1 ( n + 1 − Δ + iρ(u) n + 1 − Δ − iρ(u) )_n (2.3)

If there are not quantum corrections to the conformal dimension Δ the classical value Δ = 1/2 simplifies this expression and the regularized one loop determinant is [10] 1 cosh ρ_i(u)

(2.4)

Anyway in this case we expect the R charge to couple with other flavor symmetry, and the classical result is quantum corrected. By using the Zeta functions the regularized function for the one loop determinant is e^{l(z)} where l(z) = − iπ 12 − zLog ( 1 − e^{2iπz} ) + 1 2 i ( πz^2 +

Li_2 (e^{2iπz} ) π ) (2.5)

and z = 1 − Δ + iρ_i(u).

In this paper we restrict to the SU(N)_k cases in the R + R, with R fundamental, adjoint, symmetric or antisymmetric. In appendix A we give some useful details for the weights of these representations.

1We are omitting a factor 2, which is overall and does not affect the computation of the R charge.

– 4 –

The claim made in [5] is that this partition function is extremized by the exact R charge. This result is based on the assumption that the partition function depends holomorphically on the combination Δ_j − im_j , where m_j is a real mass term for the j-th chiral multiplet, which conformal dimension is Δ_j . From this holomorphy it follows that ∂_ΔZ ≃ ∂_mZ. The one point function of an operator in a CFT over S^3 is 1 Z ∂_mZ|_{m−0,Δ=ΔIR} , and it vanishes at the conformal fixed point if parity is preserved. If parity is broken the 1-point function can be proportional to the identity. The identity is a parity invariant operator, its VEV is real and Im(1/Z∂_{mj} Z) vanishes. The result is that in this case the exact R charge extremizes |Z|^2.

In [5] this conjecture has been checked for cases with a one dimensional Cartan subalgebra. It was shown that R charge computed from the partition function agrees with the perturbative result of [18].

Here we check the conjecture for SU(N)_k CS matter theories at large k, and we observe that the R charge computed from the partition function agrees to the field theory expected result even if the Cartan subalgebra has dimension higher than one.

3. Field theory result

Here we briefly review the basic aspect of the field theory that we are considering, discussed in [18].. The theory is a N = 2 CS theory coupled with matter fields. The vector superfield V is composed by the gauge field A_μ, the auxiliary scalars σ and D and the two component Dirac spinor χ. The CS term in the action (in the WZ gauge) is S_{CS} = k 4π ∫ Tr ( A ∧ dA + 2 3 A^3 − χχ + 2Dσ ) (3.1)

where k is an integer denoting the CS level. The matter field Φ = (ϕ, ψ) is coupled to this vector multiplet by the action

S_{matter} = ∫ D_μϕD^μϕ + iψγ^μD_μψ − ϕσ^2ϕ + ϕDϕ − ψσψ + iϕχψ − iψχϕ (3.2) By integrating out χ and D the authors observed that this action is not only classically but also quantum mechanically marginal. By adding a N = 3 coupling of Φ with Q and Q̃, in the R + R of the gauge group, they showed that the model reduces to a WZ model at large k. In the N = 2 case the coefficient of the two loops beta function is b_0(R + R̄) = 2 |R| (( Tr T^aT^b

)_2

+ Tr T^aT^bT^aT^b ) (3.3)

and the R charge for these matter fields is

R_{Q,}~_Q = 1 2 − b_0 4k^2 + O ( 1 k^4 ) (3.4)

– 5 – where we are normalizing the trace of the fundamental such that T (F ) = 1. The traces appearing in (3.3) are

Tr T^aT^bTr T^aT^b = |G|T(r)^2

Tr T^aT^bT^aT^b = |G|T(r) ( T(r)|G| |r| − T(G) 2 ) (3.5)

In the case of N_f flavor in the fundamental and antifundamental of SU(N)_k we have R_{SU(N)k} (Q, Q̃) = 1 − (N_f N − 1) (N^2 − 1) 2k^2N^2

(3.6)

In the next sections we will show that the same result is obtained by extremizing the partition function.

4. Exact R in N = 2 SU(N)_k CS matter theories

In this section we explain general aspects of the computation of the exact R charge from the extremization of Z. We concentrate on representation R + R, at large k, because we want to compare with the perturbative field theory results. By restricting to large values for the CS level k the matrix integral (2.1) is dominated by the saddle point u_i = 0. In the SU(N) case there are N − 1 independent variables u_i, because of the traceless condition. The gaussian measure is Exp ( 2iπk (_N ∑ i=1 u^2_i + ∑ i<j u_iu_j )) (4.1)

It is possible to operate a coordinate transformation on the eigenvalues to diagonalize this term, but this procedure complicates the one loop contributions of the vector and the matter fields in terms of the eigenvalues. We followed a different strategy: we integrate over N and not N − 1 eigenvalues, by imposing the traceless condition on the weights, Tr u = 0. We show this procedure with an example. If we consider the gaussian integral ∫ R e^{−2αx2} dx = √ π 2α (4.2)

we can write this as ∫ R ∫ R e^{−2α(x2 +y2)}δ(x + y) = ∫ R ∫ R e^{−2α(x2+y2)} 1 2π +∞∑ m=−∞ e^{im(x+y)} (4.3)

where we used the Fourier expansion for the delta function^2. The gaussian integrations on x and y can be separately performed by completing the squares in the

2Alternatively one can use the Fourier transform of the δ function and observe that the two results agree because the integral receives contributions only at u_i ≃ 0 .

– 6 – exponentials. By comparing the integral in (4.2) with the one in (4.3) we obtain

S_0 ≡ ∞∑ m=−∞ e^{− m22α} = √ 2πα (4.4)

We will use this procedure to compute the partition function for the SU(N) gauge theory, by imposing the constraint with a delta function. Moreover we will explicitly use the series S_0 and his derivative to respect to α. The partition function becomes Z = ∞∑ m=−∞ e^{−iNm24kπ} ∫ N∏ i=1 du_ie^{iπk}(^{ui+ m2kπ} )^2 ∏ i<j sinh^2(u_i−u_j ) det_Re^{Nf (l(1+Δ+iρ(u))+l(1+Δ−iρ(u)))}

(4.5) Observe that the restriction to R+R simplifies the weight dependence of the partition function. Indeed here we use the relation ρ(u) = −ρ(u), i.e. the weights of the conjugate representation R are opposite to the weights of R.

Then we shift the eigenvalues by a factor^m_{2πk} . This shift does not affect the one loop contribution of the vector field. By expanding this term around u_i ∼ 0 we have

Δ^2 (sinh(πu)) ≃ Δ^2(πu) ∏ i<j ( 1 + π^2 3 (u_i − u_j)^2 +

2π^4 45 (u_i − u_j)^4 ) (4.6)

≃ Δ^2(πu)

1 + π^2 3 ∑ i<j (u_i − u_j)^2 − π^4 90 ∑ i<j (u_i − u_j)^4 + π^4 18 ( ∑ i<j (u_i −u_j)^2

)_2

where we used the same strategy of [19, 20], computing the partition functions of matrix integrals with sinh^2 Δ kernel. Formula (4.6) can be written in a more suitable way to perform the integration over the gauge group. The final result that we get is 3

Δ^2 (sinh(πu)) ≃ Δ^2 (πu) ( 1 − π^2(N − 1) 3 N∑ i=1 u^2_i −

2π^2 3 ∑ i<j u_iu_j + π^4(5N^2 −11N +6) 90 ∑ i u^4_i]! −

2π^4(5N^2 −6) 45 ∑ i<j ( u^3_i u_j +u_iu^3_j ) − 2π^2(N −3) 9 ∑ j<k u^2_i u_ju_k

+ π^4(5N^2 − 10N + 12) 45 ∑ i<j u^2_i u^2_j +

4π^4 3 ∑ u_iu_ju_lu_k ) (4.7)

All the terms in the parenthesis are integrated over du_i by writing the Vandermonde determinant in terms of Hermite polynomials, orthogonal to respect to the measure

3Here we fix a convention which holds in all the paper. When a term like u_{iA} u_{iB} appears in the sum, if we don’t’ specify any condition (like i_A < i_B), the constraint i_A ≠ i_B is understood. For example the term u_iu_j u_ku_l refers to the combination of four different weights.

– 7 – e^{πiku2} du [21]. These polynomials are

p_n(u) = ( 1 iπk )_n e^{− iπku22} d^n du^n e^{iπku22} (4.8)

normalized such that h_n = ⟨p_n, p_n⟩ is

h_n = 1 √ 2π^{n+1} ( − i k )_{n+} 1_2 n! (4.9)

The Vandermonde determinant in term of these polynomials is Δ(πu) = det (p_{N−1}(u)) or explicitly

Δ(πu) = det

1 1 . . . 1 πu_1 πu_2 . . . πu_N . . . . . . . . . . . . (πu_1)^{N−1} (πu_2)^{N−1} . . . (πu_N )^{N−1} (4.10)

= det p_0(u_1) p_0(u_2) . . . p_0(u_N ) p_1(u_1) p_1(u_2) . . . p_1(u_N ) . . . . . . . . . . . . p_{N−1}(u_1) p_{N−1}(u_2) . . . p_{N−1}(u_N )

The integration is performed by applying the recursion relation of the normalized polynomials P_n(u) = p_n(u)/ √ h_n, uP_n(u) = √ r_{n+1}P_{n+1}(u) + √ r_nP_{n−1}(u) (4.11)

where r_n = h_n/h_{n−1} = n/(iπk). In the appendix B we list all the integrals necessary to complete the computation. After the expansion of the Vandermonde we have to expand the 1-loop determinant contribution of the matter fields. In the large k limit we expand this term around Δ = 1/2 because we expect a small deviation from the classical result. From now on we define Δ = 1/2 + a and expand at a ∼ 0.

The shift on the eigenvalues modifies the function l(z). Indeed in a generic representation a shift of a constant value ξ on the eigenvalues modifies the weights from ρ(u) to ρ(u + ξ) (an exception is the adjoint representation, as we already observed). The effect of the shift becomes

ρ(u) → ρ(u + ξ) = ρ(u) + T ξ (4.12)

because the weights are linear functions of ρ(u); T represents the number of boxes in the Young tableaux associated to the representation that we are considering, or equivalently the number of u_i in the weights. In our case ξ =^m_{2πk} . The one loop

– 8 – determinant is eventually expanded for large k and for u_i ∼ 0 and a ∼ 0. This expansion is formally written as N∏ i=1 e^{Nf} (^l(^{1−Δ+i}(^{ui− m2kπ} ))^{+l}(^{1−Δ−i}(^{ui− m2kπ} ))) = ∑ i,j ∑ α,β f_{αβγ} (a)u^α_i u^β_j u^γ_{(m)} (4.13)

The u_i dependence is determined by the knowledge of ∑ ρ^2_i and ∑ ρ^4_i , where the sums run only over the weights of R, if the representation is R + R . Moreover we defined u_{(m)} = m/k, because this term has a similar role than u_i in the large k expansion. Indeed the u_m expansion adds some powers on m^2, which modify some of the series over m. The modified series are

S_2 = ∞∑ m=−∞ m^2 k^2 e^{− iNm24kπ} = − 4πi N ∂_kS_0 , S_4 = ∞∑ m=−∞ m^4 k^4 e^{− iNm24kπ} = − 16π^2 N ( ∂^2_k + 2 k ∂_k ) S_0

(4.14) By computing the relevant terms in the product of (4.7) and (4.13) and by using the integrals in the appendix B and the series S_0, S_2 and S_4 we obtain the partition function. The last step for finding the exact R charge is then solving the equation ∂_a|Z|^2 = 0. In the rest of this section we apply this procedure top many representation of R+R, showing the agreement of this technique and the expected perturbative results.

4.1 Fundamental and antifundamental representations

Here we compute the partition function for a generic SU(N)_k gauge theory with N ≪ k and with N_f fundamental and N_f antifundamental quarks^4. The partition function is Z = ∫ N∏ i=1 du_ie^{iπku2i +Nf (l(1−Δ+iui)+l(1−Δ−iui))} ∏ i<j sinh^2(u_i − u_j)δ(u_1 + · · · + u_n) (4.15)

As we anticipated above we write the delta function in terms of his Fourier series and then we make a change of variables, by completing the squares in the exponential. The partition function that we obtain is

Z = ∞∑ m=−∞ e^{−iNm2}4k^2π ∫ N∏ i=1 du_ie^{iπku2i+Nf} (^l(^{1−Δ+i}(^{ui− m2kπ} ))^{+l}(^{1−Δ−i}(^{ui− m2kπ} ))) ∏ i<j sinh^2(u_i −u_j )

(4.16) We then factor out the Vandermonde determinant Δ^2(πu) as in (4.7), and we write it in terms of orthogonal Hermite polynomials. The 1 loop determinants are expanded

4In [5] the author used a different convention, N^{his}_f = NN^{our}_f .

– 9 – as in (4.13). Explicitly the weights are ρ_i = u_i and the u_i dependence of the expansion is ∑ F und. ρ^2 = N∑ i=1 u^2_i , ∑ F und. ρ^4 = N∑ i=1 u^4_i (4.17)

The partition function at the leading order in a at large k becomes

Z ≃ 288k^2N(2 + a^2N_f Nπ^2) + 24iπkN(N^2 − 1)(4N + N_f (a(24 + a(N^2 − 3N_f N −6)π^2)−6)) − (N^2 −1)π^2(8N^5 +18(4a−1)^2N^2_f N(N^2 +1)−12N_f (3+2N^4 −8a(N^4 −N^2 +3))−a^2N_f (144 − N(9N^2_f N(N^2 + 1) + 6N_f (2N^4 −6N^2 −3)−4N(N^4 − 6N^2 + 18)))π^2) (4.18)

where we omitted the overall factors, which do not modify the extremization. By extremizing |Z|^2 to respect to a we finally obtain

R = Δ = 1 2 − a = 1 2 − (N_f N − 1)(N^2 − 1) 2k^2N^2

(4.19)

exactly as expected from the perturbative computation.

4.2 Adjoint representation

Here we discuss the case of matter fields in the adjoint representation. By observing that the adjoint is self conjugate R_{Adj} = R_{Adj} the g adjoints fields can be thought as g/2 fields and g/2 conjugate fields^5. By applying this observation to the field theory computation we expect that for g adjoint the R charge is

R = 1 −

N^2(g + 1) k^2

. (4.20)

In this case the shift introduced by the delta function does not affect the integrations because the weights appearing in the one loop determinant are in the adjoint representation. Indeed the shift u_i → u_i − m 2πk (4.21)

gives an overall factor, but cancels in the differences u_i − u_j.

The rk_G zero-weights of the adjoint contribute to the partition function. In SU(N)_k they are N −1 and they add to the 1-loop determinant a factor rk_G ×l(1−Δ). The partition function for the SU(N)_k gauge theory with g adjoint matter fields is Z ≃ ∫ N∏ i=1 du_i e^{iπku2i} ∏ i<j sinh^2 (π(u_{ij})) ( e^{g(l(1−Δ+iuij )+l(1−Δ−iuij ))} ) e^{g(N−1)l(1−Δ)} (4.22)

5We restrict to an even number of adjoint, such that we can use the formula (3.3) as explained in [18].

– 10 – where u_{ij} = u_i−u_j , and we omitted the overall series introduced by the delta function. The one loop determinant for the vector field is expanded as above. Moreover the weights ρ(u) = u_i − u_j contribute to the one loop determinant of the matter field as ∑ Adj. ρ^2(u) = (N − 1) N∑ i=1 u^2_i − 2 ∑ i<j u_iu_j (4.23)

and ∑ Adj. ρ^4(u) = (N − 1) N∑ i=1 u^4_i + 6 ∑ i<j u^2_i u^2_j + 4 ∑ i<j (u^3_i u_j + u_iu^3_j ) (4.24)

The partition function is proportional to

288k^2(4 + a^2g(N^2 − 1)π^2) + 24iπkN(N^2 − 1)(8 + g(a(48 + a(3g(1 − N^2) + 2N^2 − 14)π^2) − 12)) −π^2N^2(N^2 −1)(12g(6−64a + 3(4a−1)^2g) + 4(2 + 3(4a − 1)g)^2N^2 + a^2g(9(48 − (g − 6)g) + 2(51g −26)N^2 + (3g − 2)^2N^4)π^2) (4.25)

where we omitted the overall factor. The R-charge obtained from the extremization of this partition function coincides with (4.20).

4.3 Symmetric representation

Here we consider a matter field in the M-index symmetric representation and its conjugate. The weights are

ρ_i(u) = u_{i1} + · · · + u_{iM} (4.26)

without any restrictions on the u_i. We compute the sums ∑ ρ^2 and ∑ ρ^4 of the

weights in terms of the eigenvalues u_i. By defining C^j_i = ( i j ) we obtained

∑ Sym. ρ^2 = M∑ i=0 (M − i)^2C^i_{N+i−2} N∑ i=1 u^2_i + 2 M−1∑ i=1 (M − i)C^{i−1}_{N+i−2} ∑ i<j u_iu_j (4.27)

where the coefficients in the sum over i can be written in terms of the dimension of the representation |R| as M∑ i=0 (M − i)^2C^i_{N+i−2} =

M(N + 2M − 1) N(N + 1) |R| , M−1∑ i=1 (M − i)C^{i−1}_{N+i−2} = M(M − 1) N(N + 1) |R| (4.28)

– 11 –

The expansion of ∑ ρ^4 is ∑ Sym. ρ^4 = M∑ i=0 (M − i)^4C^i_{N+i−2} N∑ i=1 u^4_i + 4 M−1∑ i=1 (M − i)^3C^{i−1}_{N+i−2} ∑ i<j ( u^3_i u_j + u_iu^3_j )

+6 M−1∑ i=1 (M −i)^2(C^{i−1}_{N+i−2}+2C^{i−2}_{N+i−2}) ∑ i<j u^2_i u^2_j +12 M−2∑ i=2 (M −i)^2C^{i−2}_{N+i−2} ∑ j<k u^2_i u_ju_k

+24 M−3∑ i=3 (M − i)C^{i−3}_{N+i−2} ∑ u_iu_ju_lu_k (4.29)

Even in this case the coefficients can be written in terms of |R|. The partition function is proportional to

288k^2N^2(a^2|R|π^2 +2)(N + 1) + 24ikπN(N^2 − 1)(4N^2(N + 1) + 6(4a−1)|R|M(M + N) − a^2|R| (3(|R|+2)(M +N)M −2N^2(N +1))π^2)−(N −1)π^2(8N^6(N +1)^2 +9a^2|R|^3M^2(M +N)^2(N^2 +1)π^2 −4|R|(N +1)(3M(M +N)(3(8a−1)M(N−1)(M +N)+N^2(3+2N^2−8a(N^2+2)))+a^2(6M^2(N−3)^2 N^2−N^6(N +1)−36M^3(N−1)(M +2N)6MN^3(N^2 +3))π^2)+6|R|^2M(M +N)(3(4a−1)^2M(M +N) (N^2 +1) + a^2(3M(M + N)(3N^2 + 1) − N^2(N + 1)(2N^2 + 3))π^2)) (4.30)

where we are omitting the overall term. By extremizing |Z|^2 to respect to a we found R = 1 2 − a = 1 2 − M(N − 1)(M + N)((N + 1)M^2 + M(N + 1)(|R| + |G|)) 2k^2N^2(N + 1)

(4.31)

By observing that for a M-index symmetric representation

T (r) = M(N + M) N(N + 1)

|R| (4.32)

our result agrees with the two loop field theory computation.

4.4 Antisymmetric representation Here we compute the partition function for matter fields in the L index antisymmetric representation and its conjugate L = N − L. The weights ρ(u) are

ρ(u) = u_{i1} + · · · + u_{iL} with i_j ≠ i_k if j ≠ k (4.33)

The u_i dependence of the one loop determinant for the antisymmetric matter field is is computed from the relation ∑ Antisym. ρ^2(u) = C^{L−1}_{N−1} ∑ u^2_i + 2C^{L−2}_{N−2} ∑ i<j u_iu_j (4.34)

– 12 – and ∑ Antisym. ρ^4(u) = C^{L−1}_{N−1} ∑ u^4_i + 4 C^{L−2}_{N−2} ∑ i<j ( u^3_i u_j + u_iu^3_j ) + 6 C^{L−2}_{N−2} ∑ i<j u^2_i u^2_j

+ 12 C^{L−3}_{N−3} ∑ j<k u^2_i u_ju_k + 24 C^{L−4}_{N−4} ∑ u_iu_ju_ku_l (4.35)

Even in this case we can write the binomial coefficients in terms of the dimension of the representation. We then computed the partition function, it is proportional to

288k^2N^2(a^2|R|π^2 + 2)(N − 1) + 24ikπN(N^2 − 1)(4(N − 1)N^2 + 6(4a − 1)|R|L(N −L) − a^2|R| (3(|R|+2)L(N −L)−2(N −1)N^2)π^2)−(N +1)π^2(8(N −1)^2N^6 + 9a^2|R|^3 L^2(N − L)^2(N^2 + 1)π^2 −4|R|(N − 1)(3L(N −L)(3(8a−1)L(N −L)(N +1)+N^2(2N^2 +3−8a(N^2 + 2)))+a^2((N − 1)N^6 −6L^2N^2(N +3)^2 −6LN^3(N^2 +3))π^2)+6|R|^2L(N −L)(3(4a−1)^2L(N −L)(N^2 +1) − a^2((N − 1) N^2(2N^2 + 3) + 3L(N − L)(3N^2 + 1))π^2)) (4.36)

By extremizing |Z|^2 to respect to a we found R = 1 2 − a = 1 2 − L(N + 1)(N − L)((N − 1)L^2 − L(N − L)(|R| + |G|)) 2k^2N^2(N − 1)

(4.37)

which agrees with the field theory computation once we observe that

T (r) = L(N − L) N(N − 1) |R| (4.38)

5. Conclusions

In this paper we checked that the extremization of the partition function of N = 2 three dimensional YM CS theories leads to the correct R charge, by matching the results of SU(N)_k theories with the perturbative results. We explicitly computed the partition function and the R charge for the fundamental, adjoint, symmetric and antisymmetric representations. It would be interesting to check this agreement for other representations and gauge groups.

Another interesting problem is the application of this procedure to N = 2 CS matter theories conjectured to be dual to M theory on AdS_4×SE_7, where SE_7 is a seven dimensional Sasaki Einstein manifold [22]. Indeed in that case the exact R symmetry is known from the minimization of the volumes. In [11] this study has been started, and the authors showed that at large N the results agree for some two and three gauge group theory. It would be interesting extend the computation to theories with more gauge groups and check if the partition functions coincide for the proposed Seiberg and toric dualities of [23].

A last observation concerns the existence of a c-theorem in three dimensions. In four dimensions the Cardy conjecture [24] argues that the central charge is the

– 13 – analogous of the Virasoro central charge of two dimensional gauge theories [25]. It takes into account the reduction of the massless degrees of freedom of the theory between the UV and the IR fixed point. In its strongest version the conjectured atheorem states that a is a positive monotonic decreasing function in an RG flow from the UV to the IR. Many checks of this conjecture exist, confirming the prediction of a monotonic decreasing behavior of a during the RG flow, by using some refined version of a-maximization out of the fixed point [26]. Here we observe that in all the examples we computed the extremized value of the R charge is a minimum of the partition function. By supposing that the actual procedure of finding the exact R charge is the minimization of the partition function, this last quantity may play the role of the central charge a (or its inverse) in four dimension, and a c-theorem may be formulated (see [13] for a recent discussion on this possibility).

Acknowledgments

It is a great pleasure to thank Ken Intriligator for many helpful discussions and clarifications. A.A. is supported by UCSD grant DOE-FG03-97ER40546.

A. Conventions on Lie Algebra

In this appendix we review the conventions on Lie algebra that we used to perform the computation. We computed the partition functions in terms of the weights of the fundamental representation. The weights of the other representations are expressed in terms of these weights. We choose the following basis for the weights of the fundamental representation

u_1 = (1, 0, . . . , 0), u_2 = (−1, 1, 0, . . . , 0), . . . u_N = (0, . . . , −1) (A.1)

with N − 1 elements in each weight. The weights of the antifundamental are the same with opposite sign. The highest weight, u_1 is associated to the A_{N−1} Dynkin diagram describing SU(N). There is a correspondence between the highest weight and the representations, because the i − th element N_i in the highest weight is the number of column of length N_i in the Young tableaux. A generic representation is always described by its highest weight, and its knowledge is enough to construct all the other weights. These other weights are computed by acting with the raws of the Cartan matrix on the highest weight. Moreover it is possible to express the raws of the Cartan matrix to respect of the weights of the fundamental representation. Indeed they are simply u_i − u_{i+1}. By subtracting these quantities to the highest weight of a generic representation the other weights are computed. If we consider the adjoint representation its highest weight is (1, 0, . . . , 0, 1), which in terms of the fundamental representation is u_1 − u_n, the action of u_i − u_{i+1} gives the usual u_i − u_j

– 14 –

Figure 1: Weights of the Adjoint of SU(3)

N(N − 1)/2 non zero weights and in addiction there are N − 1 zero weights. For example for SU(3) the highest weight is u_1 − u_3 = (1, 1). Then we subtract the raws u_1 − u_2 = (2, −1) and u_2 − u_3 = (−1, 2) obtaining the other weights. Usually it is not necessary to introduce this specific basis for the u_i and the weights of the representation are derived as in figure 1. Anyway here we choose the basis u_i because it is more convenient for the integrations over the gauge group. In the paper we studied also the M-index symmetric representation (M, 0, . . . , 0) (with his conjugate (0, . . . , M)) and the L-index antisymmetric (0, . . . , 1_L, . . . , 0) ( with its conjugate). We computed the weights for these representations by starting from the highest one, and finally we expressed the sum ∑ ρ^2 and ∑ ρ^4 in term of (A.1).

B. Integrals

In this appendix we list the integrals that we used to perform the computation for the U(N)_k theory. The generic integral is I = ∫ ∏ i du_ie^{ikπTru2} f({u_i})Δ^2(πu) (B.1)

If f({u_i}) = 1 we obtain

I_1 = √ (−1)^N e^{− 14 iN 2π}k^{− N22} (π 2 ) 1_{2 (N−1)N}

G_2(N + 2) (B.2)

where G_2 is the Barnes function defined by G_2(z + 1) = Γ(z)G_2(z), and G_2(1) = 1. This integral differs from the usual integral of the Vandermonde by a power of 2^{N(N−1)}, because we omitted a factor of 2 in front of sinh^2(π(u_i − u_j )) in the original partition function. For different values of the function f({u_i}) the integrals are computed from the recursive relation of the orthogonal polynomials. The integrals

– 15 – that are necessary for our computation are listed below. f({u_i}) I/I_1 ∑ u^2_i^{iN 2}_{2πk} ∑ i<j u_iu_j −^{iN(N−1)}_{4πk} ∑ i u^4_i −^{N(2N 2 +1)}_{4π2k2} ∑ i<j u^2_i u^2_j −^{N(N−1)(N 2 −N+1)}

8π^2k^2 ∑ j<k u^2_i u_ju_k^{N(N−1)(N−2)2}_{8π2k2} ∑ i<j(u^3_i u_j + u^3_j u_i)^{N(N−1)(2N−1)}_{4π2k2} ∑ u_iu_ju_ku_l −^{N(N−1)(N−2)(N−3)} 32π^2k^2

(B.3)

References

[1] K. A. Intriligator and B. Wecht, Nucl. Phys. B 667, 183 (2003)

[arXiv:hep-th/0304128].

[2] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, ‘Nucl. Phys. B 229, 381 (1983).

[3] D. Anselmi, J. Erlich, D. Z. Freedman and A. A. Johansen, Phys. Rev. D 57, 7570 (1998) [arXiv:hep-th/9711035]. D. Anselmi, D. Z. Freedman, M. T. Grisaru and A. A. Johansen, Nucl. Phys. B 526, 543 (1998) [arXiv:hep-th/9708042].

[4] E. Barnes, E. Gorbatov, K. A. Intriligator, M. Sudano and J. Wright, Nucl. Phys. B 730 (2005) 210 [arXiv:hep-th/0507137].

[5] D. L. Jafferis, arXiv:1012.3210 [hep-th].

[6] V. Pestun, arXiv:0712.2824 [hep-th].

[7] N. Drukker, M. Marino and P. Putrov, arXiv:1007.3837 [hep-th].

[8] C. P. Herzog, I. R. Klebanov, S. S. Pufu, T. Tesileanu, Phys. Rev. D83 (2011) 046001. [arXiv:1011.5487 [hep-th]].

[9] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, JHEP 0810, 091 (2008) [arXiv:0806.1218 [hep-th]]. J. Bagger and N. Lambert, Phys. Rev. D 75, 045020 (2007) [arXiv:hep-th/0611108]. J. Bagger and N. Lambert, Phys. Rev. D 77, 065008 (2008) [arXiv:0711.0955 [hep-th]]. J. Bagger and N. Lambert, JHEP 0802, 105 (2008) [arXiv:0712.3738 [hep-th]]. A. Gustavsson, Nucl. Phys. B 811, 66 (2009) [arXiv:0709.1260 [hep-th]].

[10] A. Kapustin, B. Willett and I. Yaakov, JHEP 1003, 089 (2010) [arXiv:0909.4559 [hep-th]].

[11] D. Martelli, J. Sparks, [arXiv:1102.5289 [hep-th]].

[12] S. Cheon, H. Kim and N. Kim, arXiv:1102.5565 [hep-th].

– 16 –

[13] D. L. Jafferis, I. R. Klebanov, S. S. Pufu, B. R. Safdi arXiv:1103.1181 [hep-th].

[14] D. Martelli, J. Sparks and S. T. Yau, Commun. Math. Phys. 268, 39 (2006) [arXiv:hep-th/0503183]. D. Martelli, J. Sparks and S. T. Yau, Commun. Math. Phys. 280, 611 (2008) [arXiv:hep-th/0603021]. J. P. Gauntlett, D. Martelli, J. Sparks and S. T. Yau, Commun. Math. Phys. 273, 803 (2007) [arXiv:hep-th/0607080].

[15] A. Butti and A. Zaffaroni, JHEP 0511, 019 (2005) [arXiv:hep-th/0506232].

[16] N. A. Nekrasov, Adv. Theor. Math. Phys. 7 (2004) 831-864. [hep-th/0206161].

[17] N. Hama, K. Hosomichi, S. Lee, [arXiv:1012.3512 [hep-th]].

[18] D. Gaiotto and X. Yin, JHEP 0708, 056 (2007) [arXiv:0704.3740 [hep-th]].

[19] M. Marino, Commun. Math. Phys. 253 (2004) 25 [arXiv:hep-th/0207096].

[20] M. Aganagic, A. Klemm, M. Marino and C. Vafa, JHEP 0402 (2004) 010 [arXiv:hep-th/0211098].

[21] M. L. Mehta, Random matrices, 2nd edition, Academic Press, 1991

[22] D. Martelli and J. Sparks, Phys. Rev. D 78, 126005 (2008) [arXiv:0808.0912 [hep-th]]. A. Hanany and A. Zaffaroni, JHEP 0810, 111 (2008) [arXiv:0808.1244 [hep-th]]. K. Ueda, M. Yamazaki, JHEP 0812, 045 (2008). [arXiv:0808.3768 [hep-th]]. A. Hanany, D. Vegh and A. Zaffaroni, JHEP 0903, 012 (2009) [arXiv:0809.1440 [hep-th]]. S. Franco, A. Hanany, J. Park and D. Rodriguez-Gomez, JHEP 0812 (2008) 110 [arXiv:0809.3237 [hep-th]]. A. Hanany and Y. H. He, arXiv:0811.4044 [hep-th]. M. Aganagic, Nucl. Phys. B 835 (2010) 1 [arXiv:0905.3415 [hep-th]]. D. L. Jafferis, arXiv:0911.4324 [hep-th]. F. Benini, C. Closset and S. Cremonesi, JHEP 1002 (2010) 036 [arXiv:0911.4127 [hep-th]].

[23] O. Aharony, O. Bergman and D. L. Jafferis, JHEP 0811, 043 (2008) [arXiv:0807.4924 [hep-th]]. A. Giveon and D. Kutasov, Nucl. Phys. B 812, 1 (2009) [arXiv:0808.0360 [hep-th]]. V. Niarchos, JHEP 0811, 001 (2008) [arXiv:0808.2771 [hep-th]]. A. Amariti, D. Forcella, L. Girardello and A. Mariotti, JHEP 1005, 025 (2010) [arXiv:0903.3222 [hep-th]]. S. Franco, I. R. Klebanov and D. Rodriguez-Gomez, JHEP 0908 (2009) 033 [arXiv:0903.3231 [hep-th]]. J. Davey, A. Hanany, N. Mekareeya and G. Torri, JHEP 0906 (2009) 025 [arXiv:0903.3234 [hep-th]]. K. Jensen and A. Karch, JHEP 0909 (2009) 004 [arXiv:0906.3013 [hep-th]]. J. Davey, A. Hanany, N. Mekareeya and G. Torri, arXiv:0910.4962 [hep-th]. A. Kapustin, B. Willett and I. Yaakov, JHEP 1010, 013 (2010) [arXiv:1003.5694 [hep-th]].

[24] J. L. Cardy, Phys. Lett. B 215, 749 (1988).

[25] A. B. Zamolodchikov, JETP Lett. 43, 730 (1986) [Pisma Zh. Eksp. Teor. Fiz. 43, 565 (1986)].

– 17 –

[26] D. Kutasov, arXiv:hep-th/0312098. E. Barnes, K. A. Intriligator, B. Wecht, J. Wright, Nucl. Phys. B702 (2004) 131-162. [hep-th/0408156].

– 18 –