arXiv:1103.1888v2 [hep-ph] 5 May 2011

Prepared for submission to JHEP

Double Parton Scattering Singularity in One-Loop Integrals

Jonathan R. Gaunt, W. James Stirling

Cavendish Laboratory, University of Cambridge, J.J. Thomson Avenue, Cambridge CB3 0HE, U.K.

E-mail: gaunt@hep.phy.cam.ac.uk, wjs2@cam.ac.uk

Abstract: We present a detailed study of the double parton scattering (DPS) singularity, which is a specific type of Landau singularity that can occur in certain one-loop graphs in theories with massless particles. A simple formula for the DPS singular part of a fourpoint diagram with arbitrary internal/external particles is derived in terms of the transverse momentum integral of a product of light cone wavefunctions with tree-level matrix elements. This is used to reproduce and explain some results for DPS singularities in box integrals that have been obtained using traditional loop integration techniques. The formula can be straightforwardly generalised to calculate the DPS singularity in loops with an arbitrary number of external particles. We use the generalised version to explain why the specific MHV and NMHV six-photon amplitudes often studied by the NLO multileg community are not divergent at the DPS singular point, and point out that whilst all NMHV amplitudes are always finite, certain MHV amplitudes do contain a DPS divergence. It is shown that our framework for calculating DPS divergences in loop diagrams is entirely consistent with the ‘two-parton GPD’ framework of Diehl and Schafer for calculating proton-proton DPS cross sections, but is inconsistent with the ‘double PDF’ framework of Snigirev.

Keywords: NLO Computations, Standard Model

ArXiv ePrint: 1103.1888 Cavendish–HEP–11/02

Contents

1 Introduction 1

2 Singularities in the Crossed Box 5

3 Physical Investigation of the Crossed Box 11

4 DPS singularity in Loops with More Than Four Legs 23

5 Conclusions 25

1 Introduction

A necessary part of any one-loop calculation is the loop integration over the undetermined four-momentum k in each diagram contributing to the process considered. A loop integration will become singular if the 4-dimensional real hypercontour over which the integration is performed becomes pinched by two (or more) poles associated with the denominator factors in the integrand. Such singularities are known as Landau singularities, and they have been studied for some time [1].

The denominator of a one-loop integral is equal to the product of propagator denominators in the associated Feynman diagram, which is independent of the nature of the particles in the diagram. Thus, the Landau singularities in a particular Feynman diagram are independent of the nature of the particles in it. The behaviour of the integral at a singular point can however be affected by the nature of the particles in the diagram, which determines the numerator of the loop integral. If the numerator vanishes at the singular point, then the integral could be less singular than expected there, or even finite.

A relevant example of a one-loop calculation in which Landau singularities are encountered is gg → ZZ via massless quark boxes. Three of the six box topologies contributing to this process are sketched in figure 1 – the other three only differ by the direction of the arrow in the closed quark loop, and give the same contributions as the boxes drawn.

Apart from mundane threshold singularities, the loops in figure 1 contain Landau singularities that are associated with the initial state and loop particles being massless. In

Figure 1. Box topologies contributing to gg → ZZ.

– 1 – fact, all of the diagrams in figure 1 contain at least one of these singularities for arbitrary values of the external invariants. Every loop integral contains a collinear singularity (to be more precise, two collinear singularities), which is so named because it is associated with a quark-antiquark pair attached to one of the external gluons becoming on-shell and collinear to that gluon. The first and second loops in figure 1 also contain a soft singularity, which is associated with the four-momentum k_2 or l_2 shrinking to zero.

We shall refer to the final box topology in figure 1 as the crossed box due to its appearance when drawn with initial states on the left and final states on the right (although, for reasons of clarity, we will not draw it in this way elsewhere in this paper – see figure 3 for example). This contains a singularity which is not shared with the other two box topologies, and which only appears when the transverse momenta of the final states in the centre of momentum frame, Q_1 and Q_2, are zero. This singularity is known as the double parton scattering (DPS) singularity [2], and it is associated with all of the loop particles becoming on-shell and collinear with the initial state gluons. The reason why the singularity is known as such is that it corresponds to the physical process in which two gluons each split to produce an on-shell, collinear quark-antiquark pair, and then the four resultant partons interact to produce two Z bosons. The four partons interact in pairs from different gluons in two separate annihilation interactions, which is essentially the definition of a double parton scattering.

None of these singularities are restricted to the box diagrams. The conditions to have a collinear or soft singularity in a one-loop diagram are well-documented [3, 4]. The double parton scattering singularity will occur for any one-loop diagram which satisfies the following criteria. First, the two initial state particles must be massless, and each of these initial state particles should be connected to two loop particles which are also massless. Then, the four massless loop particles should interact in two separate pairs, with particles from different initial state particles interacting. There is no restriction on the final state from each interaction, only that it should have total invariant mass squared which is timelike. Such diagrams will also generically contain collinear singularities.

The collinear and soft singularities in any loop diagram of the Standard Model are completely cancelled by the numerator structure. This has to be the case – otherwise the loop diagrams would be infinite for arbitrary values of the external invariants, and one would get nonsensical infinite values for the differential cross section of various processes. To what extent is the DPS singularity cancelled in Standard Model loops?

This answer to this question is of interest to two groups of people. The first of these is the NLO multileg community, who need to know where the singularities are in a loop integral, and how bad they are, to ensure (for example) accurate numerical evaluation of the loop integral [2, 5, 6]. It is also of interest to the multiple parton interaction (MPI) community, since the nature of the DPS singularity in one loop diagrams determines whether part of these diagrams should be regarded as a leading order (LO) double parton scattering process or not. If the infra-red DPS singularity in one-loop diagrams of the appropriate structure is not integrable at the cross section level, then the singularity should be absorbed into multiparton distributions, and a part of each loop diagram can be associated with LO DPS. On the other hand, if the DPS singularity is integrable at the cross section level, then

– 2 – the one-loop diagrams can simply be regarded as contributing to single parton scattering processes.

The framework suggested by Snigirev for calculating the cross section for double parton scattering processes [7] anticipates that there should be an unintegrable DPS singularity in one-loop diagrams of the appropriate structure. We show this explicitly in the following few paragraphs. Note that from henceforth, we shall refer to the framework of [7] as the ‘dPDF framework’ (for reasons that will become clear shortly).

Very generally, one may write the cross section for the process pp → AB + X via double parton scattering as follows: σ^D_{(A,B)} ∝ ∑ i,j,k,l ∫ d^2r 4∏ a=1 dx_aΓ_{ij}(x_1, x_2, r; Q^2_A, Q^2_B)Γ_{kl}(x_3, x_4, −r; Q^2_A, Q^2_B ) (1.1)

×σ̂_{ik→A}(ŝ = x_1x_3s)σ̂_{jl→B}(ŝ = x_2x_4s) ∝ ∑ i,j,k,l ∫ d^2b 4∏ a=1 dx_aΓ_{ij} (x_1, x_2, b; Q^2_A, Q^2_B )Γ_{kl}(x_3, x_4, b; Q^2_A, Q^2_B )

×σ̂_{ik→A}(ŝ = x_1x_3s)σ̂_{jl→B}(ŝ = x_2x_4s)

The σ̂ symbols represent parton-level cross sections. Γ_{ij}(x_1, x_2, b; Q^2_A, Q^2_B ) is the impact-parameter space two-parton GPD (b-space 2pGPD), whilst Γ_{ij} (x_1, x_2, r; Q^2_A, Q^2_B ) is the transverse momentum space 2pGPD (k-space 2pGPD). Γ_{ij}(x_1, x_2, b; Q^2_A, Q^2_B ) has a probability interpretation as the probability to find a pair of quarks in the proton with flavours ij, momentum fractions x_1x_2, and separated by impact parameter b, at scales Q_A and Q_B respectively [8, 9]. The k-space 2pGPD is the Fourier transform of this with respect to b, and has no probability interpretation.

Under the dPDF framework, it is assumed that Γ_{ij} (x_1, x_2, b; Q^2_A, Q^2_B ) may be approximately factorised into the product of longitudinal and transverse pieces, with the longitudinal piece being given by the double PDF (dPDF) object of [10] for the case in which the two scales Q_A and Q_B are equal. The transverse piece is typically taken to be flavour and scale independent:

Γ_{ij}(x_1, x_2, b; Q^2, Q^2)^{dPDF}−−−−−−→

framework

D^{ij}_p (x_1, x_2; Q^2)F (b) (1.2)

According to [10] the dPDFs evolve with Q^2 at LO according to:

Q^2 dD^{j1j2}_p (x_1, x_2; Q) dQ^2 = α_s(Q^2) 2π [ ∑ j^′_1 ∫_{1−x2} x_1 dx^′_1 x^′_1

D^{j′1j2}_p (x^′_1, x_2; Q)P_j′_{1→j1} ( x_1 x^′_1 )

+ ∑ j^′_2 ∫_{1−x1} x_2 dx^′_2 x^′_2

D^{j1j′2}_p (x_1, x^′_2; Q)P_j′_{2→j2} ( x_2 x^′_2 )

+ ∑ j^′ D^{j′}_p (x_1 + x_2; Q) 1 x_1 + x_2 P_j′_{→j1j2} ( x_1 x_1 + x_2 )] (1.3)

– 3 –

Figure 2. A diagram that apparently contributes to the leading order DPS cross section according to the dPDF framework (see text). The black circles are hard processes, the grey blobs are protons, and the lines are partons.

The first two terms on the right hand side of (1.3) are associated with changes in the dPDF due to independent branching processes – processes in which there are a pair of partons, one of which has the appropriate x and flavour, and the other of which splits, either giving rise to the other parton of the appropriate x and flavour, or removing it. The final inhomogeneous term represents the increase in the dPDF due to a single parton with momentum fraction x_1 + x_2 splitting into a pair with the appropriate x values and flavours. We call this the ‘sPDF feed term’ for obvious reasons. The functions P_{j→j1j2} (x) that appear in this term are known as the 1 → 2 splitting functions, and may be obtained trivially at LO from the real splitting parts of the usual splitting functions.

Say we wish to calculate the cross section for a DPS process for which Q_A = Q_B (A = W^±, B = W^±, for example). It is clear that if we use (1.2) in (1.1) with the dPDFs at arbitrary scale being obtained from some inputs at a low scale according to (1.3), then the result for the cross section will contain a term which contains the accumulated sPDF feed parts of two dPDFs being multiplied together. Pictorially, this term corresponds to a sum of terms with the structure of figure 2.

Since the dPDF framework includes figure 2 in the LO DPS cross section, this framework predicts that the loop process of figure 2 should contain a piece which is proportional to [α_S log(Q^2)]^N at the cross section level (where N is the sum total of branchings that occur on either side of the two hard processes A and B). For such a piece to exist, each branching in the diagram has to be associated with a transverse momentum integration ∫ d|k|/|k| at the cross section level – even the vertices at which the branches on either side of the diagram split into two. The leading log part of the cross section is then associated with the region in which the transverse momenta are strictly ordered along the branchings on either side of the diagram.

The ( ∫ d|k|/|k|)^2 factor that is to be assigned to the two 1 → 2 branching vertices in the diagram must originate in the DPS singularity of the loop integral, which must therefore be infra-red divergent like a logarithm squared at the cross section level prior to subtractions. At the amplitude level, the DPS singularity in the loop integral would have to be (log(p^2_T )/p^2_T )^{0.5} to give such a divergence at the cross section level (where p_T is equal to the absolute value of the transverse momentum of all of the particles on the upper (or

– 4 – the lower) leg of the loop, in the centre of momentum frame of the two particles initiating the loop).

On the other hand, explicit calculations of certain four- and six-point amplitudes within the Standard Model, which contain diagrams of the appropriate character, show that these diagrams at least do not contain unintegrable DPS singularities [11–15]. The general impression one gets from the literature is that the DPS singularity in any Standard Model one-loop diagram is completely cancelled, such that the loop integral is finite in the limit p_T → 0.

In this paper, we present a detailed and general study of the DPS singularity in oneloop integrals. To begin with, we only focus on the four-point diagram that can contain a DPS singularity – i.e. the crossed box. In section 2, we present results for the DPS singular parts of certain crossed box diagrams, which have been obtained using traditional loop integral techniques. Some of these have been extracted from the available literature, whilst others are derived by us. We show that in certain Standard Model crossed box diagrams, the DPS singularity is not completely cancelled, but is instead relegated to an integrable logarithm.

It is not efficient to evaluate the DPS singular part of a given four-point (or n-point) diagram using traditional loop integral techniques, since such techniques involve the full calculation of the rest of the integral (which we are not interested in here). Further, we can gain little insight from these techniques as to why a particular box integral has a DPS divergence of a given nature (in particular, why the Standard Model boxes have a DPS divergence which is at most a logarithm of Q_2). In section 3 we derive a framework for evaluating the DPS singular part of a crossed box diagram which only requires the calculation of simple leading order light-cone wavefunctions and tree-level matrix elements. Using this framework, we reproduce and provide physical explanations for all of the crossed box results found in section 2.

The framework that we derive for calculating the DPS divergence of a crossed box has the advantage that it is very easily generalised to loops with arbitrary numbers of external particles. In section 4, we use the generalised framework to check and generalise the results of [14, 15] for the DPS divergence in six-photon helicity amplitudes. We also use it to determine the nature of the DPS singularity in figure 2, and compare the result with the predictions of the dPDF framework. Based on the outcome of this comparison, we comment on the validity of the dPDF framework versus the ‘two-parton GPD’ framework for calculating proton-proton DPS recently introduced by Diehl and Schafer [9].

2 Singularities in the Crossed Box

We consider a generic crossed box diagram with the momenta and helicities labelled as in figure 3 (note that any or all of the helicities could be zero in general). For the moment, we do not specify the nature of the external and loop particles. We do however impose the conditions that are necessary for the crossed box to contain a DPS singularity – namely, that the incoming particles (with momenta p_1 and p_2) should be on-shell and massless, whilst the outgoing particles (with momenta Q_2 and Q_2) should either be on-shell and

– 5 –

Figure 3. The crossed box topology, with annotations that demonstrate our labelling conventions for the particle names, helicity and momenta. The particle names are written in bold in this figure, whilst the helicity labels are accompanied by grey arrows. The arrows on the lines merely indicate the direction of momentum flow, and do not necessarily signify a fermion line. The thin lines represent massless particles, whereas the thick lines represent particles with invariant mass squared equal to M^2.

massive, or off-shell such that Q^2_1 and Q^2 > 0. For the purposes of calculational simplicity, the squared four momenta of Q_1 and Q_2 shall be taken to be equal in all of the boxes studied. The common four momentum squared Q^2_1 = Q^2 will be denoted by M^2. Further, we work at all times in the centre of momentum frame, and choose the z axis to be aligned with the spatial part of p_1. We define:

s ≡ (p_1 + p_2)^2 t ≡ (p_1 − Q_1)^2 u ≡ (p_1 − Q_2)^2 (2.1)

The d dimensional loop integral associated with the crossed box has the following generic form: L = ∫ d^dk N [k^2 + iϵ][(k − Q_2)^2 + iϵ][(p_1 + k − Q_2)^2 + iϵ][(p_2 − k)^2 + iϵ]

(2.2)

The nature of the external and loop particles determines the numerator factor N , but not the denominator. L is defined such that N only includes the trace structure of the crossed box amplitude, and does not include overall factors such as coupling constants and colour factors. For future reference, we write here the numerator factors for each of the specific crossed boxes that we will consider as examples in this paper, and which are drawn in figure 4:

N = Tr[/ε^∗_{μ2} /k/ε_{λ1} (/p_2 − /k)/ε^∗_{μ1} (/p_1 + /k − /Q_2)/ε_{λ2} ( /Q_2 − /k)] for Fig 4(a) Tr[/k/ε_{λ1} (/p_2 − /k)(/p_1 + /k − /Q_2)/ε_{λ2} ( /Q_2 − /k)] for Fig 4(b) Tr[/k(/p_2 − /k)(/p_1 + /k − /Q_2)( /Q_2 − /k)] for Fig 4(c) 1 for Fig 4(d)

(2.3)

– 6 –

Figure 4. The crossed boxes that we shall consider as examples in this paper. The helical lines represent gluons, the wavy lines Z bosons, the dashed lines scalars, and the lines with arrows represent fermions.

where ϵ_λ is the polarisation vector corresponding to helicity λ (λ = ±1 for gluons, and ±1, 0 for Z bosons). The numerator factor for figure 4(a) written above is of course not the initial expression you would write down, which would contain contain factors of v_q + a_qγ^5 before /ε^∗_{μ1} and /ε^∗_{μ2} (where we use the notation of [12] – v_q (a_q) is the vector (axial) coupling of the quarks in the loop to Z bosons). However, the terms in this initial expression proportional to v_qa_q cannot contribute to the loop integral according to charge conjugation invariance [12], whilst the terms proportional to v^2_q and a^2_q can both be shown to have the trace structure written above (some anticommutation of the γ^5 matrices plus use of (γ^5)^2 = 1 is required in the latter case). Thus, the numerator of the gg → ZZ loop integral is equal to the above trace structure, times some overall coupling constant which we drop.

We recall that a crossed box contains collinear and double parton scattering Landau singularities. In the case of ϕ^3 theory in four dimensions, these nominal singularities both correspond to actual infinite values of the integral. We may calculate the most divergent part of the crossed box in this theory (drawn in figure 4(d)) using the elegant method presented in [4]. Note that we must work in 4 + 2ε dimensions to regulate the collinear divergence which appears for arbitrary values of the kinematic invariants. The result of the calculation is: L_{ϕ,4D} = − 4π^3 (ut − M^4)ε + less divergent terms = − 4π^3 sQ_2^2ε

+ less divergent terms (2.4)

where Q_2^2 is the transverse momentum squared of the second massive particle (= ut−M^4 = Q_1^2). We note that the result obtained here corresponds to minus the expression presented in equation (4.101) of [4] – the latter result is out by a factor of (-1) because the two poles in equation (4.99) of [4] are on the wrong sides of the real axis. One observes the appearance of a factor 1/ε in the expression (2.4) which corresponds to the collinear singularity and is infinite in the limit ε → 0, and a factor 1/Q_2^2 which corresponds to the DPS singularity and is infinite in the limit Q_2 → 0. A critical point to note is that the DPS singular part of the 4D scalar crossed box is not integrable – that is, if ones takes its modulus squared

– 7 – and integrates it over the final state phase space, then one obtains an infinite contribution to the cross section (the result is proportional to dQ_2^2/Q_2^4).

In more complex four dimensional theories, there exists the possibility that the collinear and DPS singularities in crossed box integrals may exhibit less singular behaviour, due to the fact that there is now a nontrivial numerator factor N which may vanish at the singular points. Indeed, this seems to be the case for every Standard Model crossed box one can construct obeying the appropriate conditions (i.e. p^2_1 = p^2 = 0, massless particles in the loop, and Q^2_1 and Q^2 > 0). In all of these boxes, the collinear divergence vanishes, and the DPS singularity is relegated to a logarithm in Q_2^2 at most.

Let us give some examples of this logarithmic behaviour of the DPS singularity drawing from the established literature. The first example we shall consider is gg → HH via a massless quark loop. Glover and van der Bij have calculated the crossed box integral for this process [11]. However, they only present results for the helicity matrix elements calculated using a general quark mass m_q in the loop. The helicity matrix elements are equal to the sum over loop integrals for the six different loop topologies contributing to gg → HH, all multiplied by various factors (coupling constants, colour factors). We can nevertheless extract the leading low Q_2 behaviour of a single gg → HH crossed box from these results as follows. First, we strip the multiplying factors from the helicity matrix elements to obtain expressions for the loop integrals summed over topologies. This turns out to require extreme care since the authors of [11] have chosen to factor some constants out of their matrix elements and into their expression for dσ/dt. Then, we take the expansions for the scalar loop integrals in the low m_q limit (found in Appendix B of [12]), insert them into these expressions, and take m_q → 0 to obtain the sums over loop topologies for the massless quark case^1. Such a limit is perfectly well defined since the loop integrals do not contain collinear singularities. Finally, we isolate any low Q_2 divergences in the resulting expressions – these can be equated to twice the leading low Q_2 behaviour of the relevant crossed boxes. The reason for this is that only the crossed box loop integral can contain a DPS singularity, and there are two crossed box topologies that contribute equally to gg → HH. Performing this procedure, we find that there are two helicity configurations for which the crossed box diverges as Q_2 → 0 – these are the ++ and −− configurations. The corresponding leading low Q_2 behaviour of the crossed box integral with either of these helicity configurations is: L_{DP S}(++) = L_{DP S}(−−) = − 8M^2_H π^3 log(Q_2^2) s (2.5)

This result may be directly checked by decomposing the gg → HH crossed box loop integral to scalar integrals using FeynCalc [17], before inserting the low m_q expansions of the scalar integrals and taking m_q → 0. We obtain the same expression using this method.

1An alternative approach would be to insert the dimensionally regulated scalar loop integrals with massless internal lines found in [3]. One has to exercise some care in analytically continuing the results of [3] to the region of present interest however – see the detailed discussion in [16]. Of course, either method gives the same result.

– 8 –

Another example of a crossed box satisfying the appropriate conditions is gg → ZZ, again via a massless quark loop. Glover and van der Bij have calculated the loop integrals for this process as well [12]. As in the gg → HH case, they only present amplitudes summed over all box topologies and for the case of general quark mass – however we can extract the leading low Q_2 behaviour of the m_q = 0 gg → ZZ crossed boxes from these results using the same technique as was applied in the gg → HH case.

We denote the helicity configuration in a crossed box integral by λ_1λ_2μ_1μ_2 where λ_1 and λ_2 correspond to the helicities of gluons 1 and 2, and μ_1 and μ_2 correspond to the helicities of Z bosons 1 and 2. Then only the + + ++,− − −−, + + −− and − − ++ integrals are divergent in the limit Q_2 → 0:

L_{DP S}(+ + ++) = L_{DP S} = (− − −−) =

8π^3 [ s − 2M^2_Z + s √ 1 − 4M^2_Z /s ] log(Q_2^2) s (2.6)

L_{DP S}(+ + −−) = L_{DP S} = (− − ++) =

8π^3 [ s − 2M^2_Z − s √ 1 − 4M^2_Z /s ] log(Q_2^2) s (2.7)

Unfortunately we cannot check this result using FeynCalc as it requires the Passarino- Veltman reduction [18] of tensor integrals of index 4, which FeynCalc cannot handle. We remark in passing that the same results for L_{DP S} are obtained if the final state Z bosons are replaced by off-shell photons (with Q^2_1 = Q^2_1 = M^2) or W bosons, except that M_Z in (2.6) should be replaced by M or M_W . The coupling constant factor that multiplies L_{DP S} in the full expression for the amplitude is (v^2_q +a^2_q)g^2_Z g^2_s in the gg → ZZ case. The coupling constant factor for gg → γ^∗γ^∗ may be obtained from this by setting v_q = Q_q, a_q = 0 and replacing g_Z by e, whilst that for gg → W^+W^− is obtained by setting v_q = −a_q = 1 and replacing g_Z by g_w/(2 √ 2). Despite assertions to the contrary that exist in the literature [13], some of the Standard Model crossed box loop integrals are divergent in the limit Q_2 → 0. However, a key point is that they are not sufficiently divergent to cause the cross section for gg → ZZ or gg → HH to diverge ( ∫ dQ_2^2 log^2(Q_2^2) = finite). In particular, the log squared singularity in the cross section that would be anticipated by Snigirev [7] does not exist.

The phenomenon by which the numerator of Standard Model crossed box integrals always vanishes at the DPS singular point such that the DPS singularity is integrable demands explanation. In [4, 15], it is suggested that ‘gauge dynamics’ is the physical cause. If this is the case, then we should not see similar behaviour in a 4 dimensional theory which does not have a gauge symmetry – for example, scalar gluon theory (also known as massless Yukawa theory). Therefore, to test the hypothesis of [4], we examined the crossed box loop integral associated with the process g_sg_s → g^∗_s g^∗_s in scalar gluon theory, where the final state scalars are off-shell by the same timelike amount. The Feynman diagram corresponding to the integral is figure 4(c).

To calculate the leading low Q_2 behaviour of the g_sg_s → g^∗_s g^∗_s crossed box loop integral, we use two methods. First, we perform the Passarino-Veltman reduction of the integral ‘by hand’ in Maple [19], before inserting the expansions of the scalar integrals for small loop particle mass found in [12], and then taking the limit of zero loop particle mass. The

– 9 – other approach involves using FeynCalc to perform the Passarino-Veltman reduction. Both approaches return the same result:

L_{DP S} = 4π^3 log(Q_2^2) (2.8)

We see that the singular behaviour of this box is exactly the same as the Standard Model boxes – i.e. the DPS singularity becomes an integrable logarithm (and the collinear singularity disappears). This example indicates that we cannot uniquely associate a logarithmic DPS singularity with gauge theories, and therefore that gauge symmetries are not the direct driving force behind this behaviour.

Although the scalar crossed box integral in four dimensions has a very different singular behaviour to the Standard Model and Yukawa boxes, the same integral in six dimensions (corresponding to 6D ϕ^3 theory) has exactly the same singular behaviour as the 4D SM and Yukawa boxes. We can calculate the most singular part of the 6D scalar box by applying the method found in section 4.6.2 of [4] to D = 6. In this case, we do not need to deform the number of dimensions to D = 6 + 2ε since there are no collinear singularities in the integral.

Repeating the steps (4.95)-(4.97) of [4] with D = 6, we obtain: L_{DP S,ϕ,6D} = π^3i ∫_1 0 dαdβ [sα + u − M^2 − iϵ]β + [(u − M^2)α − u − iϵ] (2.9)

where α and β are Feynman parameters. It is simple to perform the integration over β, which gives: L_{DP S,ϕ,6D} = π^3i ∫_1 0 dα sα + u − M^2 − iϵ [ ln(sα − M^2 + (u − M^2)α − iϵ) (2.10) − ln((u − M^2)α − u − iϵ) ] The real part of this integral is finite as Q_2 → 0, and so for the purposes of extracting the leading low Q_2 singularity we can ignore it: L_{DP S,ϕ,6D} ≃π^3i ∫_1 0 dα sα + u − M^2 [ −iπΘ(M^2 − sα − (u − M^2)α) + iπΘ(u − (u − M^2)α) ]

= 2π^4 log(Q_2^2) s (2.11)

As asserted, the 6D scalar box has a logarithmic DPS singularity in its crossed box.

There must exist some characteristic that is common to 6D scalar theory, 4D scalar gluon theory, and the Standard Model that ensures that the leading DPS singularity in these theories is converted from a single inverse power of Q_2^2 to a logarithm (and that the collinear singularity vanishes). Using traditional techniques for handling loops, it is exceedingly difficult to elucidate the mechanism by which this occurs. The reason for this is that we lose contact with the original structure of the loop integral when we start introducing Feynman parameters (and, in the Yukawa and SM cases, even before this when we perform the Passarino-Veltman reduction). In the next section, we shall introduce a

– 10 – technique for directly calculating the portion of a crossed box loop integral which contains the DPS singular point when Q_2 = 0 (i.e. the point at which all of the internal lines go on shell). As the evaluation of the portion of the integral is direct, neither Passarino-Veltman reduction nor introduction of Feynman parameters needs to be performed. By use of this method, we will discover the physical origin of the logarithmic DPS singularity in 6D scalar theory, 4D scalar gluon theory, and the Standard Model.

3 Physical Investigation of the Crossed Box

We would like to investigate the nature and origin of the part of the amplitude L which is most singular as the transverse momenta of the produced particles goes to zero. This part of the amplitude is associated with the region of the loop integration in which the transverse part of the loop variable, k, is small (i.e. much less than √ s and masses of produced particles). The reason for this is that, when the transverse momentum of the produced particles is zero, the small k region contains the point in which all four of the loop particles go on shell simultaneously.

Therefore we study the contribution to L coming from the small k region in the case in which the transverse momenta of the produced particles is also small. The method we use is similar to that described in section V of [20], although we fix some errors and address some subtleties of which the author of [20] did not seem to be aware.

To begin, we apply a Sudakov decomposition to all of the vectors in (2.2). We define lightlike vectors n and p as follows: p = 1 √ 2 (1, 0, 0, 1) n = 1 √ 2 (1, 0, 0, −1) (3.1)

An arbitary four vector A may be written in terms of these vectors plus a transverse part A (which only has x and y components) as follows:

A = A^+p + A^−n + A (3.2)

such that:

A · B = A^+B^− + A^−B^+ − A · B (3.3)

Writing out all of the four momenta in (2.2) in terms of n, p, and a transverse part, (2.2) becomes: L = ∫ d^{d−2}kdk^+dk^− N (2k^+k^− − k^2 + iϵ)[2(k^+ − Q^+_2 )(k^− − Q^−_2 ) − (k − Q_2)^2 + iϵ] × 1 [2(k^+ + Q^+_1 )(k^− − Q^−_2 ) − (k − Q_2)^2 + iϵ][2k^+(k^− − Q^−_1 − Q^−_2 ) − k^2 + iϵ]

(3.4)

In deriving (3.4), we have used the fact that, in our chosen reference frame for which p_1 ∝ p, p_2 ∝ n, conservation of four momentum implies:

p_1 = (Q^+_1 + Q^+_2 )p p_2 = (Q^−_1 + Q^−_2 )n (3.5)

– 11 –

In the following discussion, an important point to bear in mind is that Q^+_i and Q^−_i are always positive (provided the masses of the produced particles are not zero).

The part of L that we are interested in is the low k portion of the integral, which we shall denote as L_{DP S}. Our strategy to evaluate L_{DP S} will be to perform the k^−, k^+ and k integrals in that order, making copious use of the fact that k in the integration is small.

The k^− integration is straightforward. When 0 < k^+ < Q^+_2 , only the second k^− pole in the denominator lies on the upper half complex plane, so we close the contour on the upper half plane and pick up the pole at:

k^−_2 = Q^−_2 +

(k − Q)^2 2(k^+ − Q^+_2 )

(3.6)

When −Q^+_1 < k^+ < 0, only the third k^− pole in the denominator is located in the lower half complex plane, so in this case we close the contour on the lower half plane and pick up the pole at: k^−_3 = Q^−_2 +

(k − Q)^2 2(k^+ + Q^+_1 )

(3.7)

Finally, when k^+ < −Q^+_1 or k^+ > Q^+_2 , all of the poles lie on one side of the real axis, so we close the contour on the other side and get zero for the value of the integral. Putting it all together, we find that the result of the k^− integration is the following: L_{DP S} = − 2πi ∫ |k|≪Q^+_i ,Q^−_i d^{d−2}k ∫_0

−Q^+_1 dk^+ N |_{k−=k}−_3 ( 2k^+Q^−_2 +^{k+(k−Q2)2}

(k^++Q^+_1 ) − k 2 + iϵ ) (3.8)

× 1 2(−Q^+_1 − Q^+_2 )(k − Q_2)^2 ( −2k^+Q^−_1 +^{k+(k−Q2)2}

(k^++Q^+_1 ) − k 2 + iϵ )

+2πi ∫ |k|≪Q^+_i ,Q^−_i d^2k

∫_Q+_2 0 dk^+ N |_{k−=k}−_2 ( 2k^+Q^−_2 +^{k+(k−Q2)2}

(k^+−Q^+_2 ) − k 2 + iϵ )

× 1 2(Q^+_1 + Q^+_2 )(k − Q_2)^2 ( −2k^+Q^−_1 +^{k+(k−Q2)2}

(k^+−Q^+_2 ) − k 2 + iϵ )

We note that the terms k^+(k − Q_2)^2/(k^+ + Q^+_1 ) and k^+(k − Q_2)^2/(k^+ − Q^+_2 ) appear in some of the denominator factors. These terms are negligible except where k^+ ∼ −Q^+_1 or k^+ = Q^+_2 . However, the region of k^+ which is relevant to the leading Q_2 singularity in L is |k^+| ≪ Q^+_i , Q^−_i . This is because, when Q_2 vanishes, the configuration in which all of the loop particles are on shell corresponds to k = Q^−_2 n (i.e. k^+ = 0). Therefore, for the purposes of finding the leading singularity in L, we can drop the k^+(k − Q_2)^2/(k^+ + Q^+_1 ) and k^+(k − Q_2)^2/(k^+ −Q^+_2 ) terms in the denominator. For similar reasons, we can replace k^−_2 and k^−_3 by Q^−_2 and set k^+ = 0 in the numerator. Then, L_{DP S} becomes: L_{DP S} ≃ 2πi 2(Q^+_1 + Q^+_2 ) ∫ |k|≪Q^+_i ,Q^−_i d^{d−2}k (k − Q_2)^2

(3.9)

× ∫_Q+_2

−Q^+_1 dk^+ N |_{k−=Q}−_{2 ,k+=0} ( 2k^+Q^−_2 − k^2 + iϵ ) ( −2k^+Q^−_1 − k^2 + iϵ )

– 12 –

Given that |k| ≪ Q^+_i , Q^−_i , the integrand of the k^+ integration in (3.9) is strongly peaked near the origin, and falls off rapidly before either of the two endpoints of integration are reached. We can replace the limits of the integration by ±∞ without affecting the leading singularity in the integral. This allows us to perform the k^+ integral using contour integration, closing in the lower half plane and picking up the pole at k^+ = k^2/(2Q^−_2 ): L_{DP S} ≃ (2πi)^2 4(Q^+_1 + Q^+_2 )(Q^−_1 + Q^−_2 ) ∫ |k|≪Q^+_i ,Q^−_i d^{d−2}k N |_{k−=Q}−_{2 ,k+=0} (k − Q_2)^2k^2

(3.10)

Noticing that 4(Q^+_1 + Q^+_2 )(Q^−_1 + Q^−_2 ) is simply equal to 2s, we obtain a compact expression for the leading Q_2 singularity in L: L_{DP S} ≃ (2πi)^2 2s ∫ |k|≪Q^+_i ,Q^−_i d^{d−2}k N |_{k−=Q}−_{2 ,k+=0} (k − Q_2)^2k^2

(3.11)

The same result may be obtained by closing the k^+ integration in the upper half plane.

Using (3.11), we can reproduce the leading low Q_2 behaviour of all of the DPS boxes described in the previous section. To obtain the 4D scalar box result (2.4) , we set N = 1 and d = 4 + 2ε (note that, just as in section 2, we must perform the calculation here in slightly more than 4 dimensions to regulate the collinear divergence in the loop integral): L_{DP S,ϕ,4D} = (2πi)^2 2s ∫ |k|≪Q^+_i ,Q^−_i d^{2+2ϵ}k (k − Q_2)^2k^2

(3.12) ≃ (2πi)^2 2s ∫ d^{2+2ε}k (k − Q_2)^2k^2 = − 4π^3 sεQ_2^2 We can expand the domain of integration to infinity because the integrand is strongly peaked at k = 0 when Q_2 is small. The usual method of Feynman parameters has been used to arrive at the final result.

The form of the integrand in (3.12) makes particularly clear the interplay between the collinear and DPS divergences in the 4D scalar box integral, and their origins. When Q_2 ≠ 0, there are effectively two distinct poles in the k integration, producing an overall logarithmic divergence in the integral. One of these is associated with the loop particles on the right hand side of figure 3 becoming collinear (k = 0) whilst the other is associated with the particles on the left hand side becoming collinear (k − Q_2 = 0). As Q_2 is reduced to zero, the two poles merge to form a double pole and the divergence in the integral becomes stronger (single inverse power rather than logarithmic). The double pole is now associated with all of the particles in the loop becoming collinear, and the stronger divergence in the integral is precisely the DPS divergence.

Let us next consider the 6D scalar box: L_{DP S,ϕ,6D} = (2πi)^2 2s ∫ |k|≪Q^+_i ,Q^−_i d^4k (k − Q_2)^2k^2

(3.13)

– 13 –

From this expression, we can clearly see that the 6D scalar box does not possess any collinear divergences.

In the 6D case, we cannot straightforwardly apply the method of extending the integration region to infinity that we used in the 4D case. The reason for this is that the integrand no longer falls away sufficiently quickly as |k| → ∞, and we would get infinity if we extended the integration region.

We could evaluate the integral (3.13) by imposing a sharp cutoff Λ on the integration over |k|, where |Q_2| ≪ Λ ≪ Q^+_i , Q^−_i . However, in practical terms it is simpler to use dimensional regularisation to extract the leading low Q_2 behaviour in L_{DP S,ϕ,6D}. We evaluate the integral in 6 − 2ε dimensions – this allows us to extend the integration region to infinity without getting an infinite result. The previously infinite contribution from the high k end of the integral now manifests itself as a term containing a single pole in 1/ε. This can simply be dropped, since we only want the contribution from the low k end of the integral. Indeed, we discard every term except for the most singular term in Q_2. As is typical, the dimensional regularisation approach is conceptually more difficult to handle – but it produces the same result as the sharp cut-off for the leading singularity in Q_2.

Applying the method, we obtain a result which agrees with (2.11): L_{DP S,ϕ,6D} = (2πi)^2 2s ∫ d^{4−2ε}k (k − Q_2)^2k^2

− UV pole ≃

2π^4 log(Q_2^2) s (3.14)

It turns out that we must use the dimensional regularisation method to evaluate the integral (3.11) for the Yukawa ϕϕ → ϕ^∗ϕ^∗, SM gg → HH and SM gg → ZZ cases as well. We evaluated the numerator factors for these integrals using FORM [21]. The results of the calculations are listed below – for the gg → HH and gg → ZZ cases, we only list results for the helicity amplitudes which give a nonzero result for L_{DP S} (i.e. are divergent in the limit Q_2 → 0):

Yukawa g_sg_s → g^∗_s g^∗_s : L_{DP S} = (2πi)^2 2s ∫ d^{2−2ε}kTr[(Q^−_2 γ^+ − /k)(Q^−_1 γ^+ + /k)(Q^+_1 γ^− − /k + /Q_2)(Q^+_2 γ^− + /k − /Q_2)] (k − Q_2)^2k^2 (3.15) − UV pole ≃4π^3 log(Q_2^2) SM gg → HH: L_{DP S}(++) = L_{DP S} (−−) ≃ − 8M^2_H π^3 log(Q_2^2) s (3.16)

– 14 –

SM gg → ZZ:

L_{DP S}(+ + ++) = L_{DP S} = (− − −−) =

4π^3 [ s − 2M^2_Z + s √ 1 − 4M^2_Z /s ] log(Q_2^2) s (3.17)

L_{DP S}(+ + −−) = L_{DP S} = (− − ++) =

4π^3 [ s − 2M^2_Z − s √ 1 − 4M^2_Z /s ] log(Q_2^2) s (3.18)

The results (3.15)-(3.17) agree with those presented in section 2, both in terms of dependence on kinematical variables, and in terms of the numerical prefactors.

In the numerator factor of each of these box integrals, the terms with the smallest number of powers of k and/or k − Q_2 are proportional to k · (k − Q_2) – the coefficients of the terms with lower powers of k and/or k − Q_2 are all zero. A consequence of the numerators having this structure is that the leading Q_2 singularity in each amplitude is demoted from a single inverse power of Q_2 to a logarithm. A further consequence is that the amplitudes are free from collinear singularities.

Let us consider the broad features of the method that we have just introduced for isolating the low Q_2 singularity of a box. It consists of performing two sequential integrations over the full real axis, picking up the contribution from exactly one pole each time, and then performing the integration over k. Picking up the contribution for a particular pole is equivalent to replacing the denominator factor corresponding to the pole by a delta function (×2πi). Essentially, our method is equivalent to replacing the k^2 and (k − Q_2)^2 factors in the denominator by 2πiδ(k^2) and 2πiδ[(k − Q_2)^2] respectively, before multiplying by −1. We then neglect all the numerator terms during the k integration other than the ones with the lowest powers of k and/or k − Q_2, such that we pick up the leading singularity in Q_2. It is not hard to show the equivalence explicitly:

− (2πi)^2 ∫ d^dk N [(p_1 + k − Q_2)^2 + iϵ][(p_2 − k)^2 + iϵ] δ(k^2)δ((k − Q_2)^2) (3.19)

= − (2πi)^2 ∫ d^{d−2}kdk^+dk^− N [(p_1 + k − Q_2)^2 + iϵ][(p_2 − k)^2 + iϵ] × 1 2k^− δ ( k^+ = k^2 2k^− ) 1 2[(k^+ − Q^+_2 ) − (k^− − Q^−_2 )k^+/k^−] δ ( k^− = Q^−_2 +

(k − Q_2)^2 2(k^+ − Q^+_2 ) )

=(2πi)^2 ∫ d^{d−2}kdk^+dk^− N 2sk^2(k − Q_2)^2 δ ( k^+ = k^2 2k^− ) δ ( k^− = Q^−_2 +

(k − Q_2)^2 2(k^+ − Q^+_2 ) )

+ higher order in Q_2 = (2πi)^2 2s ∫ d^{d−2}k N_{k+=0,k−=Q}−_2 k^2(k − Q_2)^2

+ higher order in Q_2

It should not be a surprise that the leading Q_2 singularity of a box can be obtained by replacing the k^2 and (k − Q_2)^2 denominator factors by delta functions. Notice that the leading Q_2 singularity always appears in the real part of L. This corresponds to the

– 15 –

Figure 5. The two cuts of the crossed box that can give rise to on-shell particles.

imaginary part of a box amplitude M since L is always multiplied by −i (along with vertex factors etc.) to make an amplitude. But we can obtain the imaginary part of an amplitude by using the Cutkosky rules [22, 23]. Thus, twice the real part of L is given by minus the sum over all cuts for which the cut propagators may be put on shell (the minus comes from the fact that M ∝ −iL). There are two such cuts for the box diagram, which we have drawn in figure 5. They give equivalent contributions in the small k and k − Q_2 limit, with both contributions being equal to minus (3.19). Putting everything together, we see that the Cutkosky rules predict that the leading Q_2 singularity in the real part of L (= the leading singularity in L) is given by (3.19).

Inserting the values for d and N for the 6D scalar, 4D Yukawa, and 4D Standard Model crossed boxes into (3.19), one might get the impression that the real parts of the loop integrals L for these boxes are all ultraviolet divergent. It is well-known that an ultraviolet divergence exists in the 4D Yukawa and Standard Model crossed boxes – however, this occurs in the imaginary part, as can be verified by examining the loop integral expressions in the large k limit, and remembering that that a factor of i appears during Wick rotation. What we have not written down explicitly in (3.19), but is easy to show, is that for large k both delta functions cannot be satisfied simultaneously. Therefore the integral is effectively cut off at large k and the real part of L for any crossed box is UV finite. The appropriate integration region in k space for the real part of L is an ellipse with the foci at 0 and Q_2 and semi-minor axis length M/2. This approximates to a circle of radius M/2 centred at the origin when Q_2 is small.

In the presence of the two delta functions, the remainder of the integrand in (3.19) can be decomposed into two factors, corresponding to the two Feynman diagrams of figure 6(b). Given that the lines with momentum p_1 + k − Q_2 and p_2 − k are almost on shell when k and k − Q_2 are small, we can use completeness relations to further decompose the upper diagram of figure 6(b) into three smaller diagrams (divided by two propagator factors) – see figure 6(c). This procedure is very similar to, say, the textbook decomposition of the matrix element for e^−X → γY into e^− → γe^−, e^−X → Y (divided by a propagator factor) in the collinear limit (see Chapter 17 of [24]).

Applying the decomposition of figure 6, the leading low Q_2 divergence of a general crossed box may be written as follows (recall that our labelling conventions are given in

– 16 –

Figure 6. Decomposition of the box integrand.

figure 3):

L_{DP S}(λ_1λ_2μ_1μ_2) = ∑ s_i,L_i ∫ d^dkδ(k^2)δ((k − Q_2)^2)Φ^{λ2→s2s3}_{b→L2L3} (p_2; p_2 − k, k) (3.20) ×Φ^{λ1→s1s4} a→L_1L_4 (p1; p1 + k − Q2, Q2 − k)M s_3s_4→μ_2 L_3L_4→B(k, Q2 − k; Q2) ×M^{s1s2→μ1} L_1L_2→A(p1 + k − Q2, p2 − k; Q1) Φ^{λ→s1s2} a→bc is essentially the light-cone wavefunction to find the pair bc with helicities s1s2

inside the particle a with helicity λ [25]. Each of these functions in (3.20) is composed from three ingredients – the matrix element from the relevant Feynman diagram in figure 6(c), the propagator factor nearest to this diagram, and one further factor R. The last factor is equal to the square rooted ratio of the collinear momentum fractions of the upper and lower outgoing particles in the relevant Feynman diagram. In the spirit of [24], the matrix elements in the Φ factors of (3.20) should be evaluated using the following approximate expressions for the loop vectors:

k = Q^−_2 n + k; Q_2 − k = Q^+_2 p − (k − Q_2) (3.21) p_1 + k − Q_2 = Q^+_1 p + (k − Q_2); p_2 − k = Q^−_1 n − k M^{s3s4→μ2} L_3L_4→B is the matrix element for the ‘hard process’ in which the pair L3L4 with

helicities s_3s_4 interact to make particle B with helicity μ_2. Given that we are only interested in extracting the leading Q_2 singularity of L_{DP S}, it is actually acceptable to evaluate this ingredient of (3.20) with all transverse momenta set to zero.

It should be pointed out that the formula (3.20) only strictly applies when the masses of A and B are equal. The reason for this is that to introduce the R factors which are a part of the Φ functions into the box integrand, we have used the fact that R for the left hand Φ is the reciprocal of the R for the right hand Φ. Then we can introduce the R functions via 1 = R_{left}R_{right}. This relation only actually holds when M_A = M_B . In the more general case in which M_A is not necessarily equal to M_B , there will be a prefactor equal to M_B /M_A in front of (3.20).

From our experience of the QCD light cone wavefunction, we can say that Φ^{λ→s1s2}_{a→bc} will in general factorise into two parts, one of which is only dependent on the transverse

– 17 – momentum of b relative to a, and the other of which is only dependent on the collinear fraction of the momentum of a that is carried by b. So, for Φ_{a→L1L4} for example: Φ^{λ1→s1s4} a→L_1L_4 (p1; p1 + k − Q2, Q2 − k) = X λ_1→s_1s_4 a→L_1L_4 ( Q^+_1 Q^+_1 + Q^+_2 ) K^{λ1→s1s4} a→L_1L_4 (k − Q2) (3.22)

The factor X in (3.22) can be interpreted as the square root of the real splitting part of a helicity dependent splitting function. In scalar field theory, the function K_{ϕ→ϕϕ}(k) is simply the 1/k^2 coming from the propagator factor since the splitting matrix element is proportional to 1 in this theory. On the other hand, all of the K functions for QCD, QED and scalar gluon theory only diverge like 1/k for small k. The reason for this is that all of the 1 → 2 splittings in these theories are forbidden in the absolute collinear limit due to nonconservation of J_z. This means that the splitting matrix elements must all be proportional to k, which goes together with the 1/k^2 from the propagator factor to produce a 1/k dependence for K. In QED/QCD, J_z is not conserved for the g/γ → qq̄ collinear splitting because the initial state must have helicity ±1, and the structure of the theory forces the quark and antiquark in the final state to have opposite helicities (i.e. total J_z = 0). In scalar gluon theory, J_z is not conserved for the g_s → qq̄ collinear splitting because the initial state has helicity 0, and the structure of the theory in this case forces the outgoing fermions to both have the same helicity (i.e. total J_z = ±1).

Recall that we can consider M as being independent of k, since we can calculate it in the limit in which k is zero. Thus, ignoring M and the X parts of Φ in (3.20), which will only contribute to the prefactor of the leading Q_2 divergence in L_{DP S}, we can write L_{DP S} schematically as:

L_{DP S}(λ_1λ_2μ_1μ_2) ∼ ∑ s_i ∫ d^{d−2}kK^{λ1→s1s4} a→L_1L_4 (k − Q2)K λ_2→s_2s_3 b→L_2L_3 (−k) (3.23)

This integral bears a strong resemblance to the integral that one would use to investigate what kind of scaling violations a theory has in its parton distributions, which schematically is ∫ d^{d−2}k|K(k)|^2 (if this integral diverges logarithmically, then the theory has logarithmic scaling violations, etc.). It is reasonably clear from this connection that if a theory has logarithmic scaling in its parton distributions, then it will also have logarithmic DPS singularities in its crossed boxes. The disappearance of the 1/Q_2^2 singularity in the gg → ZZ and gg → HH boxes may be traced to the fact that the K functions in QCD have numerator factors proportional to k. This in turn is caused by the vector nature of the QCD theory resulting in a vanishing of the matrix elements for collinear splittings, and is not directly related to the gauge nature of the theory as was suggested in [4, 15].

For the process g → qq̄, we present below explicit expressions for the functions Φ for all possible helicity configurations. Overall numerical prefactors are emitted in these expressions – we give only the dependence on the transverse momentum of the quark k and the collinear fraction of the gluon’s momentum that goes to the quark x:

Φ^{+→+−} g→qq̄ (x, k) ∝ x(ϵ + · k)/k^2 Φ^{+→−+}_{g→qq̄} (x, k) ∝ (1 − x)(ϵ^+ · k)/k^2 (3.24) Φ^{−→−+} g→qq̄ (x, k) ∝ x(ϵ − · k)/k^2 Φ^{−→+−}_{g→qq̄} (x, k) ∝ (1 − x)(ϵ^− · k)/k^2

– 18 – ϵ^+ (ϵ^−) is the transverse part of the polarisation vector with positive (negative) helicity along the gluon direction.

The unpolarised and polarised g → q splitting functions divided by |k| are formed from appropriate linear combinations of the mod squares of these Φ functions: ∑ λ,s_1,s_2 |Φ^{λ→s1s2} g→qq̄ | 2 ∝ x^2 + (1 − x)^2 k^2 ∝ P_{qg}(x) k^2

(3.25) ∑ λ,s_1,s_2 λ s_1 |s_1| |Φ^{λ→s1s2} g→qq̄ | 2 ∝ x^2 − (1 − x)^2 k^2 ∝ ΔP_{qg}(x) k^2

(3.26)

Let us consider the box integral (3.20) for the process gg → AB with arbitrary final states, and ignore the M and X functions in (3.20) which do not depend on k. If the two initial state gluons have the same helicity, then in the limit Q_2 = 0 this integral looks like ∫ d^2k(ϵ^{+z} · k)(ϵ^{−z} · k)/k^4 [ϵ^{+z} = (1, i) and ϵ^{−z} = (1, −i)]. This is logarithmically divergent. On the other hand, when the gluon helicities are opposite, we get ∫ d^2k(ϵ^{±z} · k)(ϵ^{±z} · k)/k^4 which evaluates to zero. Thus, the gg → AB crossed box will not contain a logarithmic DPS singularity if the initial state gluons have opposite helicities. It is important to emphasise that this statement is totally independent of the final states AB. Note this general rule is obeyed for the case of the gg → ZZ and gg → HH crossed boxes – see (3.16) and (3.17).

The physical explanation for this phenomenon is as follows. The structure of the QCD theory forces the qq̄qq̄ intermediate state in the crossed box process gg → qq̄qq̄ → AB (which is essentially real in the collinear limit) to have total J_z = 0 in the collinear limit. Then, if the initial state gluons have opposing helicities J_z = ±2, there is an issue with total J_z nonconservation aside from local J_z nonconservation at each g → qq̄ vertex. This manifests itself as a further suppression of the gg → AB box integral numerator in the limit k, Q_2 → 0, which makes the integral convergent.

If the final state particles AB have spin, then there is one further way in which a gg → AB crossed box can become convergent in the limit Q_2 = 0 contrary to naive expectations. If the helicities of A and B are such that there is no assignment of helicities to the internal lines which simultaneously conserves helicity at the g → qq̄ vertices, and conserves J_z at the qq̄ → A and qq̄ → B vertices in the collinear limit, then the crossed box integral will not contain a DPS singularity. The extra numerator suppression in the limit k, Q_2 → 0 comes from one or both of the factors M in this case. This rule can be seen to hold in the case gg → ZZ.

We can make some sense of the prefactors in (3.15) - (3.17) in terms of products of square roots of helicity dependent splitting functions using our decomposition (3.20). Where the factors M are nonzero, they can only be proportional to M regardless of the final state. We also find ∫ d^4kδ(k^2)δ((k − Q_2)^2) ∝ ∫ d^2k/M^2 for small k, Q_2. Taking d = 4

– 19 –

Figure 7. Possible configurations of internal helicity for the gg → AB crossed box in the collinear limit, where we have taken Q^+_1 > Q^−_1 , Q^−_2 > Q^+_2 , both initial state gluons have positive helicity, and the final state is (a) a pair of Z bosons with positive helicity (b) a pair of Higgs bosons. Note that the permitted internal helicity configurations would be the same for both (a) and (b) if the helicities of the gluons were both negative instead.

in L_{DP S}:

L_{DP S} (λ_1λ_2μ_1μ_2) ∝ ∑ s_i,L_i X^{λ1→s1s4} g→L_1L_4 (x) X λ_2→s_2s_3 g→L_2L_3 (1 − y) δ s_1s_2→μ_1 L_1L_2→Aδ s_3s_4→μ_2 L_3L_4→B (3.27) × ∫ d^2kK^{λ1→s1s4} g→L_1L_4 (k − Q2)K λ_2→s_2s_3 g→L_2L_3 (−k)

where δ^{s1 s2→μ1}

L_1L_2→A is simply a function that is equal to 1 if Jz is conserved in the ‘hard process’

producing final state A, and zero otherwise. Here x is defined to be equal to Q^+_1 /(Q^+_1 +Q^+_2 ) and y = Q^−_2 /(Q^−_1 + Q^−_2 ). Since we have taken the masses of A and B equal and work in the centre of mass frame, Q^+_1 = Q^−_2 , Q^−_1 = Q^+_2 , and y = x.

It is clear that the second line of (3.27) provides the factor of log(Q_2^2), whilst the first line provides the prefactor that depends on M and s. Without loss of generality, let us take Q^+_1 > Q^−_1 , Q^−_2 > Q^+_2 – i.e. we take A to be the final state particle that travels along the +z axis in the collinear limit.

Consider the ++++ helicity configuration for the gg → ZZ box. In the collinear limit there is only one possible assignation of helicities to the internal lines which is permitted by the structure of the theory and conserves J_z at the hard processes. This is presented in figure 7(a). In this diagram, the internal lines with positive helicity both have collinear momentum fraction of parent equal to x. Bearing this in mind, and using the formulae (3.24), we see that the prefactor of the + + ++ crossed box must be proportional to x^2, which in turn is proportional to (s − 2M^2_Z + s √ 1 − 4M^2_Z /s)/s.

This process can be repeated for all other processes and helicity configurations. The internal helicity configuration is the same for the gg → ZZ − − ++ process – looking at (3.24) we can then clearly see that the prefactor must be proportional to (1 − x)^2 ∝

– 20 –

(s − 2M^2_Z − s √ 1 − 4M^2_Z /s)/s. For the gg → HH diagram, the two possible arrangements of internal helicities are always the same regardless of the gluon helicities (figure 7(b)). For both of these arrangements, the internal lines with the same helicity always have complementary momentum fractions (this is different from the gg → ZZ case, in which internal lines with the same helicity always have the same momentum fraction). As a result of this, the prefactor for the gg → HH process is proportional to x(1−x) ∝ M^2_H /s. Finally, the g_s → qq̄ light cone wavefunctions do not contain any dependence on x (a consequence of this being that that P_{qgs} does not depend on x [26]), so the prefactor of the g_sg_s → g^∗_s g^∗_s crossed box does not contain any dependence on s or M.

Actually, we can also justify the prefactor for the 6D scalar box (3.14) using the framework of (3.20). For the 6D scalar case M is now independent of M, so the equivalent expression to (3.27) in this case has a prefactor of 1/M^2, besides having d^2k replaced by d^4k and all helicity labels removed. As there are no complications involving spin for 6D scalar theory, we can straightforwardly associate the function X_{ϕ→ϕϕ}(x) with the square root of the real splitting part of the ϕ → ϕ splitting function in 6D ϕ^3 theory, which is given by P_{ϕϕ}(x) ∝ x(1 − x) [27]. Putting everything together, we find that the prefactor for the crossed box in 6D ϕ^3 theory is proportional to x(1 − x)/M^2 = 1/s.

It is not hard to show that equation (3.27) continues to hold even when the masses of A and B are not equal, although one has to bear in mind that x is not necessarily equal to y in general. It is easy to use this expression (or the scalar 4D/6D equivalent) to generalise the results (3.12) - (3.17) to arbitrary masses for A and B. We only write down one of these generalisations here – gg → AB, where A and B are scalars – and leave the others as exercises for the reader. The log Q_2^2 prefactors of the DPS divergent graphs in this case (++ and −−) are identical and proportional to x(1 − y) + y(1 − x) ∝ (M^2_A + M^2_B )/s. The two terms in this result are associated with the two diagrams of figure 7(b).

Let us consider the part of the pp → AB + X cross section associated with two gluons splitting almost collinearly into quark and antiquark pairs, and then these pairs interacting to form A and B. Suppressing helicity and colour indices: σ_{pp→gg→AB+X,DP S}(s) = ∫ dXdX̄f_g(X)f_g(X̄)σ̂_{gg→AB,DP S}(ŝ = sXX̄) (3.28) σ̂_{gg→AB,DP S}(s) ∝ 1 s ∫ d^4q_1d^4q_2δ(q^2_1 − M^2)δ(q^2 − M^2)δ^{(4)}(q_1 + q_2 − p_1 − p_2) (3.29) × |L_{DP S,gg→AB}|^2 By decomposing L_{DP S} according to (3.20) and (3.22), and then making a few substitutions for the integration variables in (3.28),(3.29), one finds that one can bring (3.28) into the form of a double parton scattering cross section expressed in terms of the two-parton GPDs Γ of [9]: σ_{pp→gg→AB+X,DP S} ∝ ∫ 2∏ i=1 dx_idx̄_iσ̂_{qq̄→A}(ŝ = x_1x̄_1s)σ̂_{qq̄→B}(ŝ = x_2x̄_2s) (3.30) × ∫ d^2r (2π)^2

Γ_{qq̄}|_{g→qq̄}(x_1, x_2, r)Γ_{qq̄}|_{g→qq̄}(x̄_1, x̄_2, −r)

– 21 –

Figure 8. The six-photon loop diagram.

The Γ factors in (3.30) are not the full two-parton GPDs – rather they are the contributions to these objects coming from a g → qq̄ splitting, as defined in section 12 of [9]. Equation (3.30) is somewhat schematic, in that our full result (and the full expression for the DPS cross section in [9]) is actually a sum over terms containing helicity-dependent cross sections and helicity-dependent two-parton GPDs that are either both diagonal or both off-diagonal in helicity space. The same formula (3.30) is obtained for the close-to-collinear part of the pp → gg → AB + X cross section if the masses of A and B are not equal.

Thus, it appears that the close-to-collinear part of the pp → gg → AB+X cross section can be described using double parton scattering formulae involving two-parton GPDs. This is an interesting result that is not obvious from looking at the basic expression for the box integral (2.2).

The transverse momentum integrals in (3.30) are not divergent at the infra-red end (note that there is actually one transverse momentum integration ‘hidden’ in each 2pGPD factor of (3.30)). This is because the DPS singularity in SM crossed boxes is integrable. If one extends all of the transverse momentum integrations to infinity, the result is ultraviolet divergent – but one might argue that it is not reasonable to do such a thing. We have seen that (3.30) corresponds to the contribution to the cross section from the imaginary part of the gg → AB crossed box matrix element, which is UV finite. The r integral and two transverse momentum integrals inside the Γ factors of (3.30) can be mapped via a linear change of variables to the Q_2 integral and two transverse momentum integrals inside the L_{DP S} factors of (3.29). All of the transverse momentum integrations (3.29) are naturally cut off at finite values, implying that the ones in (3.30) should be also.

We would suggest that the key property of SM crossed boxes, which is correctly anticipated by the two-parton GPD framework, is that they give rise to a cross section which is infrared finite. Thus there are no infra-red singularities in these objects which need to be absorbed into double parton distributions – they should be regarded entirely as a contribution to the single parton scattering process.

– 22 –

4 DPS singularity in Loops with More Than Four Legs

An example of a loop diagram with more than four legs which contains a DPS singularity is the six-photon amplitude displayed in figure 8. For the diagram to contain a DPS singularity, we must take the initial state particles to be the photons with momenta p_1 and p_4, whilst the remaining particles are in the final state. All of the external particles are taken to be on-shell (i.e. p^2_i = 0). The DPS singularity occurs when the total transverse momentum P_Σ of photons 3 and 5 (or equivalently 2 and 6) becomes zero. It is associated with the point in the loop integration at which k_1 and k_6 become collinear with p_4, whilst k_3 and k_4 become collinear with p_1.

The first result for a six-photon helicity amplitude, summed over loop topologies, was obtained by Mahlon [28] for the MHV helicity configuration. Since then, numerical techniques have been developed for performing the loop integration for arbitrary values of the external momentum and helicity [2, 5, 6] and analytical expressions for all of the six photon helicity amplitudes have been obtained in [29, 30]. In [14, 15], the behaviour of an MHV and an NMHV helicity amplitude (in particular the latter) close to a DPS singular point is investigated. The helicity configuration in the MHV amplitude is − + + − ++ , whilst that for the NMHV amplitude is − − − + ++ (the ordering of the helicities here corresponds to the numbering of the external momenta, and all helicities are defined relative to incoming external momenta). Detailed plots are presented in [14, 15] illustrating the approach of the NMHV amplitude to the following phase space point satisfying P_Σ = 0:

−→p_2 = (−33.5, −15.9, −25.0) −→p_3 = (−12.5, 15.3, 22.0) (4.1) −→p_5 = (12.5, −15.3, −0.3) −→p_6 = (33.5, 15.9, 3.3)

The values given above for each photon are the (x, y, z) components of the four momentum – the remaining t component is fixed by the on shellness condition. The momenta −→p_1 and −→p_4 are taken to be along the positive and negative z axis respectively.

The conclusion drawn from the plots is that the NMHV amplitude is finite at the DPS singular point, at least for the configuration of external momenta (4.1). It is also inferred that the MHV amplitude is finite at the singular point, from the fact that the amplitude does not contain any sharp structure when the Nagy-Soper final state momentum configuration [2] is rotated around the y axis (with some rotation angles corresponding to quite a close approach to the DPS singular point). It is implied in [15] that this behaviour is somewhat surprising, given that simple power counting arguments indicate that the amplitude should diverge at the DPS singular point as 1/P_Σ^2 (similar to (2.4)).

The loop decomposition technique developed in the last section can be very straightforwardly applied to the present situation, to check the results of [14, 15] and investigate in more generality the low P_Σ behaviour of the six-photon loop integral. One thing we can say straight away, bearing in mind our experience with the box integrals and recalling that QED is a vector theory like QCD, is that the DPS divergence in the loop integral can be no worse that the logarithm of P_Σ. Thus there is certainly no danger of the 2γ → 4γ cross section being infinite.

– 23 –

We can actually reproduce the results of [14, 15] without doing any further calculations. The DPS singularity in a particular − + + − ++ MHV diagram will cancel when we add on all other loop topologies which have their DPS singularity in the same place. The reason for this is that when we decompose all of these topologies according to (3.20), and then add all of the decomposed integrals together, then one finds that one can extract two factors from the result which are equal to the full tree-level matrix element for qq̄ → γγ (i.e. the sum of both possible Feynman diagrams). This is, of course, not unexpected. For the MHV helicity configuration considered the helicity of both final state photons in these matrix elements will be the same. But it is well known that the amplitude for a quark and an antiquark to produce two photons with the same helicity is zero (see for example [31]). So the leading DPS singularity in the − + + − ++ MHV diagram goes to zero – i.e. the amplitude is convergent.

The − − − + ++ NMHV amplitude cannot contain a DPS singularity simply because the J_z of the initial state is not equal to zero. We showed in the last section that a crossed box loop integral with two gluons in the initial state does not contain a DPS singularity unless the total J_z of the gluons is equal to zero. This result obviously generalises to any one-loop integral that can potentially contain a DPS singularity, and still applies when the initial state gluons are swapped for photons. Thus, the DPS singularity in the NMHV amplitude vanishes on a diagram by diagram basis.

Note that these results serve as a generalisation of the results of [14, 15] to the case of arbitrary initial and final state momenta. Aside from using our loop decomposition framework to do this, we can also use it to make some interesting statements about the singular behaviour of the other NMHV and MHV amplitudes. First, we can say that no NMHV six-photon amplitude can ever contain a logarithmic DPS singularity. The reason for this is that, however one distributes the helicities, one always ends up either with the initial state photons having opposite helicities, or with one of the pairs of the final state photons having the same helicity. On the other hand, there are MHV amplitudes that do have logarithmic DPS singularities – for example, the + − − + ++ configuration.

In section 1, we saw that according to the ‘dPDF framework’ for calculating DPS cross sections, we should be able to associate a ( ∫ d|k|/|k|)^2 factor at the cross section level with the DPS singularity of figure 2. However, using the loop decomposition technique developed in section 3, we can readily see that no such factor may be associated with the DPS singularity of the loop. At most, we will be able to associate an integration of the form ∫ d^2k log^2(k^2) with the DPS singularity at the cross section level, which is not infra-red divergent.

We may deduce that diagrams which have the structure of figure 2 should not be included in the leading logarithmic DPS cross section, and thus that the dPDF framework of section 1 is not sound theoretically. Given our discussion of the crossed box in the last section, this result is hardly a surprise. The dPDF framework incorrectly predicts the singular behaviour of even the simple gg → AB crossed box, and we have to use a framework in terms of two-parton GPDs (which have an extra transverse momentum or impact parameter argument) to get the behaviour right.

At the heart of the problem with the dPDF framework is the assumption that the

– 24 – two parton GPD may be factorised into a longitudinal and a transverse piece, with the longitudinal piece being given by the dPDF object of [10]. In [9], the evolution of twoparton GPDs is carefully studied using perturbative QCD, and it is established that the ‘single PDF feed’ does not make any contribution to the two-parton GPD for parton pair separations b ≠ 0. This means that the two-parton GPD evolves very differently for b = 0 and b ≠ 0, which is inconsistent with the factorisation hypothesis.

Finally, we must point out that even following the breakdown of the dPDF framework for describing proton-proton DPS, the dPDF object of [10] (which we also studied and provided explicit leading order forms for in [32]) appears to retain validity as the integral of the (colour singlet) two-parton GPD over b [9]. This is not probed directly in protonproton collisions, but is probed in proton–heavy nucleus collisions (see [33, 34]).

5 Conclusions

In this paper, we have demonstrated that the DPS singular part of any one-loop diagram of the appropriate structure may be simply expressed in terms of the transverse momentum integral of two light cone wavefunctions and two hard matrix elements. An explicit derivation of this expression was given for the four-point case, but it is clear that such an expression will continue to be applicable for larger numbers of external particles.

A naive treatment of Standard Model one-loop diagrams initiated by QED/QCD vertices connected to massless particles indicates that the DPS singularities in these diagrams should be of the same strength as those in the corresponding diagrams with scalars – i.e. 1/p_T^2, where p_T is the transverse momentum sum of all of the final state particles on one of the loop lines extending between the initial state particles. Using our expression for the DPS singularity, we have shown that if the theory that determines the vertices at which the initial particles attach has logarithmic scalings in its parton distributions (e.g. QED, QCD, scalar gluon theory, 6D ϕ^3), then the DPS singularity in the one-loop diagram cannot be stronger than a logarithm of p_T^2. There is clearly a suppression of the numerator in the Standard Model loops at the DPS singular point which causes their DPS singularity to go from 1/p_T^2 to log(p_T^2). This can be traced to the vector nature of the QED and QCD theories forcing J_z nonconservation in, and therefore suppression of, the decay of a massless particle to a collinear pair of massless particles.

We exploited our framework to show that an arbitrary one-loop diagram initiated by gluons/photons with fermions running around the loop does not contain a DPS singularity if the total J_z of the initial state is not zero. The physical reason for this is that the total J_z of the ff̄ff̄ intermediate state in the loop, which becomes real at the DPS singular point, is constrained to have J_z = 0 at the DPS singular point by the structure of QED/QCD. If initial J_z ≠ 0 there is then an issue of total J_z nonconservation (aside from local J_z nonconservation at each vertex), which suppresses the loop numerator further at the DPS singular point and completely removes the DPS singularity. The DPS singularity in a given diagram will also disappear if one or both of the hard matrix elements happen to vanish in the limit of collinear, on-shell initial state particles.

– 25 –

These general principles were applied to explain why the gg → ZZ and gg → HH box integrals only contain logarithmic DPS divergences for certain configurations of the external helicity. In both cases, a necessary condition for the box to have a DPS divergence is that the gluons should have the same helicity (ensuring total J_z = 0). In the gg → ZZ case, the Z bosons must have the same helicity otherwise there is no configuration of internal helicity which ensures J_z conservation at both qq̄ → Z vertices in the collinear limit, and the DPS singularity vanishes. It was shown that the prefactors of log(Q_2^2) in the diagrams with DPS divergences could be rationalised as the products of square rooted helicity dependent splitting functions (the prefactors of the scalar gluon and 6D ϕ^3 boxes could also be understood in this way).

We also applied our general rules to explain why the particular MHV and NMHV sixphoton amplitudes discussed in [14, 15] contain no DPS divergence. The MHV amplitude does not contain a DPS divergence since its hard matrix elements correspond to diagrams in which a qq̄ pair go to two photons of the same helicity, which are zero according to the MHV rules for QED. There is no DPS divergence in the NMHV amplitude because the total J_z of the initial state is not zero. We pointed out that no NMHV six-photon diagram can ever contain a DPS divergence, whilst there are MHV helicity amplitudes that do contain a DPS divergence.

Finally, we showed that the behaviour of the DPS singular part of a one-loop amplitude (i.e. the close-to-collinear part) is inconsistent with the behaviour anticipated by the ‘dPDF framework’ of Snigirev [7] for calculating proton-proton DPS. On the other hand, it is entirely consistent with the ‘2pGPD framework’ of Diehl and Schafer [9]. The root of the problem in the dPDF framework is the assumption that a 2pGPD may be approximately factorised into a longitudinal and a transverse piece, which is not valid. The dPDF objects of [10] are the integrals of the b-space 2pGPDs over b. These are not directly accessed in proton-proton DPS – however, they seem to be directly accessed in proton-heavy nucleus DPS.

Acknowledgements

JG acknowledges financial support from the UK Science and Technology Facilities Council. All the figures in this paper were generated using JaxoDraw [35].

References

[1] R. J. Eden, P. V. Landshoff, D. I. Olive, and J. C. Polkinghorne, The Analytic S Matrix.

Cambridge University Press, 1966.

[2] Z. Nagy and D. E. Soper, Numerical integration of one-loop Feynman diagrams for N-photon amplitudes, Phys.Rev. D74 (2006) 093006, [hep-ph/0610028].

[3] R. Ellis and G. Zanderighi, Scalar one-loop integrals for QCD, JHEP 0802 (2008) 002, [arXiv:0712.1851].

[4] L. D. Ninh, One-Loop Yukawa Corrections to the Process pp → bb̄H in the Standard Model at the LHC: Landau Singularities, arXiv:0810.4078.

– 26 –

[5] G. Ossola, C. G. Papadopoulos, and R. Pittau, Numerical evaluation of six-photon amplitudes, JHEP 0707 (2007) 085, [arXiv:0704.1271].

[6] W. Gong, Z. Nagy, and D. E. Soper, Direct numerical integration of one-loop Feynman diagrams for N-photon amplitudes, Phys.Rev. D79 (2009) 033005, [arXiv:0812.3686].

[7] A. M. Snigirev, Double parton distributions in the leading logarithm approximation of perturbative QCD, Phys. Rev. D68 (2003) 114012, [hep-ph/0304172].

[8] B. Blok, Y. Dokshitzer, L. Frankfurt, and M. Strikman, The four jet production at LHC and Tevatron in QCD, arXiv:1009.2714.

[9] M. Diehl and A. Schafer, Theoretical considerations on multiparton interactions in QCD,

arXiv:1102.3081.

[10] G. M. Zinovev, A. M. Snigirev, and V. P. Shelest, Equations for many parton distributions in quantum chromodynamics, Theor. Math. Phys. 51 (1982) 523–528.

[11] E. Glover and J. van der Bij, Higgs boson pair production via gluon fusion, Nucl.Phys. B309 (1988) 282.

[12] E. Glover and J. van der Bij, Z boson pair production via gluon fusion, Nucl.Phys. B321 (1989) 561.

[13] T. Binoth, M. Ciccolini, N. Kauer, and M. Kramer, Gluon-induced W-boson pair production at the LHC, JHEP 0612 (2006) 046, [hep-ph/0611170].

[14] C. Bernicot, The six-photon amplitude, arXiv:0804.1315.

[15] NLO Multileg Working Group Collaboration, Z. Bern et. al., The NLO multileg working group: Summary report, arXiv:0803.0494.

[16] G. Duplancic and B. Nizic, Dimensionally regulated one loop box scalar integrals with massless internal lines, Eur.Phys.J. C20 (2001) 357–370, [hep-ph/0006249].

[17] R. Mertig and M. Böhm and A. Denner, FeynCalc - Computer-algebraic calculation of Feynman amplitudes, Computer Physics Communications 64 (1991), no. 3 345 – 359.

[18] G. Passarino and M. Veltman, One Loop Corrections for e^+e^− Annihilation Into μ^+μ^− in the Weinberg Model, Nucl.Phys. B160 (1979) 151.

[19] Maple 14. Maplesoft, a division of Waterloo Maple Inc., Waterloo, Ontario. [20] H. H. Liu, Double parton scattering of hadron hadron interaction and its gluonic contribution, hep-ph/9704395.

[21] J. A. M. Vermaseren, New features of FORM, math-ph/0010025.

[22] R. Cutkosky, Singularities and discontinuities of Feynman amplitudes, J.Math.Phys. 1 (1960) 429–433.

[23] M. Veltman, Diagrammatica : the path to Feynman rules. Cambridge University Press, 1994. [24] M. E. Peskin and D. V. Schroeder, An Introduction to quantum field theory. Addison-Wesley Publishing Co., 1995.

[25] A. Harindranath, R. Kundu, and W.-M. Zhang, Deep inelastic structure functions in light front QCD: Radiative corrections, Phys.Rev. D59 (1999) 094013, [hep-ph/9806221].

[26] Y. Tosa, Masses in scalar dynamics, Nuovo Cim. A55 (1980) 485. [27] K. Konishi, A. Ukawa, and G. Veneziano, Jet Calculus: A Simple Algorithm for Resolving

– 27 –

QCD Jets, Nucl.Phys. B157 (1979) 45–107.

[28] G. Mahlon, Use of recursion relations to compute one loop helicity amplitudes,

hep-ph/9412350.

[29] T. Binoth, G. Heinrich, T. Gehrmann, and P. Mastrolia, Six-Photon Amplitudes, Phys.Lett.

B649 (2007) 422–426, [hep-ph/0703311].

[30] C. Bernicot and J.-P. Guillet, Six-Photon Amplitudes in Scalar QED, JHEP 0801 (2008) 059, [arXiv:0711.4713].

[31] K. J. Ozeren and W. J. Stirling, MHV techniques for QED processes, JHEP 11 (2005) 016, [hep-th/0509063].

[32] J. R. Gaunt and W. J. Stirling, Double Parton Distributions Incorporating Perturbative QCD Evolution and Momentum and Quark Number Sum Rules, JHEP 1003 (2010) 005, [arXiv:0910.4347].

[33] M. Strikman and D. Treleani, Measuring double parton distributions in nucleons at proton nucleus colliders, Phys.Rev.Lett. 88 (2002) 031801, [hep-ph/0111468].

[34] E. Cattaruzza, A. Del Fabbro, and D. Treleani, Heavy-quark production in proton-nucleus collision at the CERN LHC, Phys.Rev. D70 (2004) 034022, [hep-ph/0404177].

[35] D. Binosi and L. Theußl, JaxoDraw: A graphical user interface for drawing Feynman diagrams, Computer Physics Communications 161 (2004) 76 – 86.

– 28 –