arXiv:1103.2645v3 [gr-qc] 18 Aug 2012

Rindler-type geometry inside a black hole

Hristu Culetu, Ovidius University, Dept.of Physics, B-dul Mamaia 124, 900527 Constanta, Romania, e-mail : hculetu@yahoo.com

August 21, 2012

Abstract

An anisotropic fluid with positive energy density and negative pressures is proposed in the black hole interior. The gravitational field is constant everywhere inside and is given by the horizon surface gravity. Even though the geometry is of Rindler type it is curved because of the spherical symmetry used and is singular at the origin. The Israel junction conditions are studied on the stretched horizon instead of using a matching process on the null surface r = 2M. The entropy of any inner sphere is mass independent, maximally packed and unaffected by the outer layers.

Keywords : surface gravity, inner entropy, surface pressure, junction conditions.

1 Introduction

A wide variety of current data supports the view that the matter content of the Universe consists of two basic components, namely dark matter (DM) and dark energy (DE) with ordinary matter playing a minor role. The nature and composition of DM and DE is not at all understood.

As Mannheim [1] has noticed, what is disturbing is the ad hoc way in which DM is actually introduced. The DE problem is even more severe (its composition and structure is as mysterious as that of DM). The entire motivation for the existence of DM and DE is based on their validity at all distance scales of the standard Newton-Einstein gravitational theory [1].

Recently Grumiller [2] proposed a paradigm for gravitation at large distances. His metric generates a new Rindler acceleration term in a spherically symmetric situation, just as Mannheim stated before in his conformally invariant model of cosmology. The Rindler constant acceleration may depend on the scale of the system under consideration and becomes important at large distances from the source.

Throughout the Letter we consider geometrical units G = c = ℏ = k_B = 1.

2 Spherical Rindler-type metric

We used in [4] Grumiller’s metric without the mass term^1.

ds^2 = −(1 − 2ar)dt^2 + (1 − 2ar)^{−1}dr^2 + r^2dΩ^2 (2.1)

as a geometry valid in the interior of a relativistic star. In (2.1), a is the ”Rindler” acceleration and dΩ^2 stands for the metric on the unit 2-sphere. To be a solution of Einstein’s equations G_{ab} = 8πT_{ab}, one shows that a stress tensor is needed on its r.h.s. , namely

T^t_t = −ρ = − a 2πr , p_r = T^r_r = −ρ, T^θ_θ = T^ϕ_ϕ = p_⊥ = 1 2 p_r (2.2)

where ρ is the energy density of the anisotropic fluid, p_r is the radial pressure and p_⊥ are the tangential pressures. It is worth noting that the anisotropic fluid is comoving with the accelerated observer (the stress tensor is diagonal). We chose a > 0 in order for the metric (2.1) to possess a Rindler horizon. We ask in this paper whether the linear Rindler-type potential may be applied within a gravitational source (specifically, a black hole).

Let us write down the general expression for the energy-momentum tensor for an anisotropic fluid [5, 6], without heat flux

T^b_a = (ρ + p)u_au^b + pδ^b_a + π^b_a. (2.3)

In (2.3), the Latin indices a and b span (t, r, θ, ϕ) coordinates, u^a is the timelike velocity vector of the fluid, with the components u^a = (1/ √ 1 − 2ar, 0, 0, 0), π^b_a is the diagonal anisotropic stress tensor (associated with viscosity effects), with π_{ab} = π_{ba}, π^a_a = 0 and π_{ab}u^a = 0. The anisotropy is rooted from the fact that the radial and tangential pressures are not equal. Following Mannheim et al. [5], we define π^θ_θ = π^ϕ_ϕ = −q and, therefore, π^r_r = 2q. The components of T^b_a acquire now the form [5]

T^t_t = p + 2q = T^r_r, T^θ_θ = T^ϕ_ϕ = p − q. (2.4)

In order Eqs. (2.2) to be in accordance with (2.4), we must have ρ = −p_r = −2p_⊥ = −p − 2q and, therefore, p = 4q. The anisotropic stress tensor becomes now π^b_a = (0, − a/6πr, a/12πr, a/12πr). We conjecture that the previous model may be applied inside a black hole (BH). Our choice is based on a well-known property of the Schwarzschild line element: close to the event horizon the geometry is of Rindler type. That means one is easier to fulfill the first Israel junction condition at r = 2M. Moreover,

1It is worth noting that the corresponding metric with the mass term, namely g_{tt} = −g^{−1}_{rr} = −1 + 2m/r + 2ar has motivated Mannheim [3] and Grumiller on their studies on the galactic rotation curves. Mannheim’s constant γ_0 is related to the critical MOND acceleration a_0 = γ_0 ≈ 10^{−8}cm/s^2. In Mannheim’s view, the linearly rising potential shows that a local matter distribution can actually have a global effect at infinity and gravity theory becomes global

in our view we may not extend the exterior Schwarzschild geometry beyond the horizon because it has been initially obtained using a Newtonian approximation at r >> 2M. In addition, the signature flip at the event horizon is avoided. We shall see later that the above recipe leads to a model for the BH interior very similar with the Davidson-Gurwich prescription [7].

3 Black hole interior geometry

Take now an observer located at some distance r from the BH center. The gravitational field there depends only on the mass m(r) up to the radius r, i.e. it is given by [8] m(r) = ∫_r 0 4πr^2 √ −g_{tt} g_{rr} ρ(r)dr = ar^2. (3.1) (The same result would have been obtained by using the Padmanabhan formula [9]). Therefore, one may remove the mass ”above” the observer and the metric becomes ”of Schwarzschild type”. This interpretation is in accordance with the result for A(r) obtained by Mannheim [1] in his study on anisotropic fluids in Robertson-Walker universe

A^{−1}(r) = 1 − 2m(r) r , (3.2)

where A(r) = g_{rr}. It yields in our situation A(r) = 1/(1 − 2ar), while for the time-time component of the metric tensor we could make use of [1] 1 B dB dr = 2 r m(r) + 4πr^3p_r r − 2m(r) (3.3)

with B = −g_{tt}. By means of m(r) from (3.1) and p_r from (2.2), one obtains g_{tt} = −1 + 2ar.

For a BH of mass M, a - being constant everywhere inside - should equal the surface value. Our choice is to take for a the surface gravity, namely a = 1/4M (it equals the modulus of the radial acceleration obtained from a^b = u^a∇_au^b = (0, −a, 0, 0) on the BH horizon. We must remind that a^r = −a < 0 is the acceleration needed to keep a test particle fixed at r = const. in the interior, otherwise it will go away from the center. The behavior is a consequence of the repulsive nature of the inner dark energy). With m(r) from (3.1), one obtains g_{tt} = −1 + 2ar = −1 + r/2M. Consequently, the BH inner metric appears as

ds^2 = −(1 − r 2M ) dt^2 + (1 − r 2M )^{−1}dr^2 + r^2dΩ^2, r < 2M, (3.4)

with a horizon at r = 2M. Being a particular case of the metric (2.1), the above spacetime is an exact solution of Einstein’s equation, with the stress tensor (2.2) on its r.h.s. In addition, it is curved and the Kretschmann scalar K = 2/M^2r^2 is divergent at the origin r = 0.

We stress again that the exterior metric is obtained using a Newtonian condition at infinity that cannot be applied in the inner part (that is the reason why, in our view, we may not simply replace r with t and vice versa when the Schwarzschild horizon r = 2M is crossed and the inner geometry would become non-static (see [10, 11, 12, 13])). At r = 2M, the energy density acquires the value ρ_H = a^2/π, namely ρ_H is proportional to the intensity of the field squared [14], as for the electromagnetic field. Moreover, at the horizon the mass m(r) from (3.1) becomes M, as expected.

4 Israel junction conditions

The inner metric (3.4) matches the Schwarzschild outer metric

ds^2 = −(1 − 2M r )dt^2 + (1 − 2M r )^{−1}dr^2 + r^2dΩ^2, r > 2M (4.1)

at the interface r = 2M (we note here that (1−r/2M) may be directly obtained from (1 − 2M/r) by means of an inversion r → (2M)^2/r). We further stress that the norm of the timelike Killing vector does not change its sign when the horizon is crossed, having a single zero at r = 2M (the horizon is nonextremal due to the nonzero surface gravity). The function −g_{tt}(r), r > 0 is continuous at r = 2M but not differentiable and the norm should not flip from the outside to the inside.

The second Israel junction condition must be satisfied, namely the jump of the extrinsic curvature when the matching surface r = 2M is crossed, should equal the surface stress tensor. To avoid a gluing process on a null surface we take advantage of the Myung prescription [15] and replace the horizon r = 2M with the so-called ”stretched horizon”, located not at r = 2M + l^2_P /2M (as he did), where l_P is the Planck length (see also [16]), but at r = 2M + l^2/2M, where l^2/2M ≡ ϵ << 2M. l is related to the proper distance ρ from the horizon [17, 18, 19, 20], that results from (4.1) by means of the transformation dρ = dr √ 1 −^{2M}_r ≈ √ 2M r − 2M dr. (r ≈ 2M, r > 2M). (4.2)

One obtains ρ = 2 √ 2M(r − 2M) = 2 √ 2Mϵ = 2l. Being close to the horizon r = 2M, we replace 1 − r/2M with 1 − (r − ϵ)/2M in (3.4) and 1−2M/r with 1−2M/(r+ϵ) in (4.1). Once the matching conditions are written, we finally take the limit r → 2M and then neglect ϵ/2M = (l/2M)^2 with respect to unity.

As far as the second junction condition is concerned, we shall use the Kolekar et al. [21] expression of the extrinsic curvature tensor K_{μν} = − f^′ 2 √ f u_μu_ν + √ f r q_{μν} , K = h^{μν} K_{μν} = f^′ 2 √ f + 2 √ f r (4.3) for the metric ds^2 = −f(r)dt^2 + f^{−1}(r)dr^2 + r^2dΩ^2. (4.4) We have here μ, ν = 0, 2, 3, f^′ = df/dr, u_μ = ( √ f, 0, 0) is the normal to t = const. hypersurface, h_{μν} = (g_{ab} − n_an_b)δ^a_μδ^b_ν represents the induced metric on r = const. surface, n_a = (0, 1/ √ f, 0, 0) is its normal vector and q_{μν} = h_{μν} +u_μu_ν - the induced metric on the level surfaces of constant time hypersurfaces [21].

The Lanczos equation gives the r = const. surface stress tensor S_{μν}

[−K_{μν} + h_{μν} K] = 8πS_{μν} (4.5)

with its perfect fluid form

S_{μν} = ρ_S u_μu_ν + p_S q_{μν} . (4.6)

ρ_S is the surface energy on r = 2M, p_S is the surface pressure and [K_{μν} ] = K^+_{μν} −K^−_{μν} is the jump of the extrinsic curvature when the thin layer of thickness (2M + ϵ) − (2M − ϵ) = 2ϵ is crossed. With f_+ = 1 − 2M/(r + ϵ) and f_− = 1 − (r − ϵ)/2M, Eqs. (4.3) yield [−K_{tt} + h_{tt}K] = − 2 r (( 1 − 2M r + ϵ )_{3/2} − ( 1 − r − ϵ 2M )_{3/2})

[−K_{θθ} + h_{θθ}K] = +r (( 1 − 2M r + ϵ )_{1/2} − ( 1 − r − ϵ 2M )_{1/2})

+Mr^2 ( 1 (r + ϵ)^2 ( 1 − 2M r + ϵ )_{−1/2} + 1 4M^2 ( 1 − r − ϵ 2M )_{−1/2}) ,

(4.7)

evaluated at r = 2M. If one neglects ϵ/2M w.r.t. unity, one finds from (4.6) and (4.7) that S_{tt} = 0, 8πS_{θθ} = 2M √ 2M ϵ , S_{ϕϕ} = sin^2θ S_{θθ} (4.8)

Keeping now in mind that we have chosen ϵ = l^2/2M, Eqs. (4.8) lead to

ρ_S = 0, p_S = 1 8πl (4.9)

in the approximation used. A null surface energy ρ_S has also been obtained by Kolekar et al. [21] in their study of the entropy of spherically symmetric gravitational shells on the verge of forming a BH. p_S diverges, of course, when ϵ tends to zero. A good choice to avoid that would be to take l = l_P , as Myung did. Quantum geometry does not give a better choice. We would also like to stress that the surface pressure p_S contributes to the gravitational energy as the integrand in the expression of the Tolman-Komar energy [22] contains both the energy density and pressures.

To find the explicit form of the induced metric on the horizon r = 2M, we take firstly in (3.4) or (4.1) a surface Σ of constant r and then replace r with 2M ± ϵ, to have

ds^2 = − ϵ 2M dt^2 + 4M^2(1 ± ϵ 2M )^2dΩ^2. (4.10)

Taking the limit ϵ → 0, Eq. (4.10) yields on the horizon

ds^2|_H = 4M^2(dθ^2 + sin^2θdϕ^2). (4.11)

A similar result has been obtained by Gourgoulhon and Jaramillo [23] (their Eq. (4.86)), in the study on null hypersurfaces. (4.11) is a two-dimensional surface and that is in accordance with the well-known idea that there is no time on the BH horizon (everything, even light, stands still on it). An extra support for this interpretation comes from the fact that S_{tt} = 0, ρ_S = 0 on the horizon.

For the normal accelerations to the stretched horizons we have, respectively

a^+ ≡ n^+_b a^b_+ = M (r + ϵ)^2 ( 1 − 2M r + ϵ )_{−1/2}

a^− ≡ n^−_b a^b_− = − 1 4M ( 1 − r − ϵ 2M )_{−1/2} . (4.12)

n^±_b are expressed in terms of f_+ and, respectively, f_−, and the accelerations a^b = u^a∇_au^b are obtained from u^b = ( √ f, 0, 0, 0). With r = 2M, one obtains

a^+ = 1 4M √ 2M ϵ , a^− = − 1 4M √ 2M ϵ (4.13)

When ϵ = l^2/2M is substituted in (4.13), we get a^+ = −a^− = 1/2l = 1/ρ. What we carried out here was to remove the divergence of the proper acceleration at the Schwarzschild horizon by means of the stretched horizons, located close to the event horizon, at r = 2M ± l^2/2M. We so rendered the acceleration finite, which reaches half of its Planck value when l = l_P . The discontinuity of K_{μν} implies a discontinuity of the normal accelerations [24, 25]. The fact that a^− < 0 is rooted from the repulsive nature of the dark energy from the BH interior (characterized by negative pressures).

To test whether the assumed inner BH metric (3.4) is valid, we may consider a Schwarzschild observer O, freely falling radially into the BH. He/she finds nothing special when the horizon r = 2M is crossed. Once inside, O will move according to a timelike inward geodesic obtained from (3.4) r(t) = 2M ( 1 − E^2 cosh^{2 t}_{4M} ) , (4.14)

under suitable initial conditions (0 < E < 1 is a constant related to observer’s energy and t ∈ (−∞, ∞)). Notice that there is a r_{min} = 2M(1 − E^2), as if O were rejected by a central core, due to the repulsive character of the inner dark energy. At r = r_{min}, O sends a light signal to the center r = 0 , that will travel according to the ingoing null radial geodesic

r_n(t) = 2M ( 1 − e^{− |t|2M} ) , t ∈ (−∞, ∞), (4.15) where the index ”n” refers to ”null”. Once the signal reaches the central singularity, it will become outgoing and will meet the observer O after some moment t_0 obtained from r(t_0) = r_n(t_0), namely t_0 = −ln(2E − 1) > 0, (1/2 < E < 1). Measuring t_0 gives O the possibility to check the validity of the geometry (3.4). It is worth noting that a static observer from the Schwarzschild region cannot get informations from O because the outgoing light signal will never cross the horizon. We also mention that all geodesic are complete since they do not terminate at the singularity but continue to infinite time.

5 Interior entropy

As we already have observed, Davidson and Gurwich [7] have obtained a similar expression for m(r), proportional to the radius squared, in their model on holographic entropy inside a black hole. They showed that the inner metric has no signature flip at the transition surface r = 2M. The same property is valid for the couple of geometries (3.4) - (4.1).

Our purpose is now to compute the entropy S(r) inside the BH. We shall use their prescription, taking advantage of the fact that our metric (3.4) is of Rindler type. Therefore, we recover the Hawking temperature T_H = 1/8πM from this Rindler structure [7]. Keeping in mind that we must take into account the inner pressures, the energy balance should be written as δm(r) = T_H δS(r) − (p_r − p_⊥)δV, (5.1) when m(r) undergoes a tiny variation δm(r). We have m(r) = r^2/4M, p_r = 2p_⊥ = −1/8πMr and V = 4πr^3/3. One obtains S(r) = 8πM r^2 8M = πr^2, (5.2)

independent of the BH mass M.

Let us remark that the entropy and volume increase in (5.1) comes from a tiny augment of r, after adding some mass δm(r). The expression (5.2) for the entropy corresponds exactly to that one obtained by the authors of [7]. When r = 2M, the Bekenstein-Hawking formula S = 4πM^2 is recovered.

From (3.1) and (5.2) we have S(r)/m(r) = 4πM = S/M where S is the BH entropy. We also note that M = 2T S, as Padmanabhan [26] obtained before, keeping track of the pressure term in the expression of the first law. As Davidson and Garwich already noticed, the entropy S(r) of any BH inner sphere is maximally packed, being unaffected by the outer layers. In other words, the degrees of freedom are spread in the whole BH interior (see also [27]).

6 Penrose diagram

Let us now study the global structure of the spacetime (3.4). We have a singularity at r = 0 (the Kretschmann scalar diverges there) and a horizon at r = 2M. Keeping in mind that the Weyl tensor vanishes in the geometry (3.4), there will be a coordinate system where it is conformally flat. This feature will prove to be useful in drawing the conformal diagram.

We follow Kiselev [28] method for to transform the metric (3.4) in a conformally flat form. With the help of the coordinate transformation χ = (−1/2)ln(1− r/2M), it may be expressed as

ds^2 = 1 a^2 e^{−2χ}(−a^2dt^2 + dχ^2 + sinh^2χdΩ^2) (6.1)

where a = 1/4M is the horizon surface gravity. Kiselev further makes the Fock transformation from the hyperbolic coordinates to the flat ones τ = e^{at}coshχ, ρ = e^{at}sinhχ, (6.2) to find ds^2 = 1 a^2(τ + ρ)^2

(−dτ^2 + dρ^2 + ρ^2dΩ^2), (6.3)

which has the desired conformally flat structure. We have above χ > 0, τ > 0 and 0 < ρ < τ. The last equation reveals ρ = 0 as a singular point (it corresponds to r = 0 in the original metric). In addition, the condition ρ + τ → ∞ is equivalent to r → 2M in (3.4) (we note that (6.2) is not spatially homogeneous due to the ρ-dependence of the conformal factor). Hence, in contrast to the conformally flat de Sitter universe the geometry (6.3) does not allow a FRW type evolution [28].

We are now in a position to represent the conformal diagram of the spacetime (3.4), taking advantage of its conformally flat form from (6.3). Keeping in mind that the causal structure of a spacetime is unchanged by a conformal compactification, we drop the conformal factor 1/a^2(τ + ρ)^2 and obtain the Minkowski metric in spherical coordinates. We further follow up the standard procedure [29, 30, 31], suppress the angular coordinates and define T = arctan(τ + ρ) + arctan(τ − ρ), R = arctan(τ + ρ) − arctan(τ − ρ), (6.4) with 0 < T < π, 0 < R < π/2. The corresponding Penrose diagram is depicted in Fig.1. We observe that the r = 0 singularity is timelike because no signature flip occurs when the horizon r = 2M is crossed. The boundaries of the diagram are the ”past null horizon” (PH) and, respectively, ”the future null horizon” (FH), both located at r = 2M. A light ray emerging from PH bounces at the singularity r = 0 and then reaches FH after infinite time t, as can be seen from the null geodesics (4.15).

A free massive particle emerging from i^− is rejected by the singularity at a distance depending on the initial conditions (as per Eq. (4.14) for the timelike geodesics) and then approach i^+ at T = π (the line T = π/2 corresponds to the time t = 0).

7 Conclusions

To summarize, we proposed in this Letter a model for the BH interior leading to several similar conclusions with that of Davidson and Gurwich. In spite of the central singularity, the mass m(r) is finite everywhere inside and the entropy function S(r) is maximal for any radius r, that is it equals the BH entropy. The metric is continuous at the horizon and the singularity at the origin contributes nothing to the expressions of m(r) and S(r). We have also studied the Israel junction conditions on the stretched horizon so avoiding the matching process on the null surface r = 2M. A conformal diagram is represented for r < 2M in fig. 1, with a timelike singularity at r = 0 where the null particles are repelled because of the repulsive character of the inner gravitational field.

References

[1] P. D. Mannheim, Prog. Part. Nucl. Phys. 56, 340 (2006) (arXiv:

astro-ph/0505266).

[2] D. Grumiller, Phys.Rev.Lett.105: 211303, 2010 (arXiv : 1011.3625 [gr-qc]).

[3] P. D. Mannheim, arXiv: astro-ph/9511045.

[4] H. Culetu, Int. J. Mod. Phys. Conf. Ser., vol.3, pp. 455 (2011).

[5] P. D. Mannheim, J. G. O’Brien and D. E. Cox, Gen. Relativ. Grav. 42, 2561 (2010) (arXiv: 0903.4381 [gr-qc]).

[6] G. F. R. Ellis, Relativistic Cosmology, in Proceedings of the International School of Physics ”Enrico Fermi”, Course XLVII, 1969, B. K. Sachs, Editor, Academic Press, New York, N. Y. (1971).

[7] A. Davidson and I. Gurwich, Phys. Rev. Lett. 106:151301 (2011) (arXiv :

1008.2196 [gr-qc]).

[8] S. Weinberg, Gravitation and Cosmology, Wiley (1972), pp. 302.

[9] T. Padmanabhan, Mod. Phys. Lett. A19 2637 (2004) (arXiv :

gr-qc/0405072) ; Phys. Rev. D81, 124040 (2010) (arXiv : 1003.5665 [grqc]).

[10] R.W. Brehme, Am.J.Phys. 45, 423 (1977).

[11] R. Doran, F.S.N. Lobo and P. Crawford, Found. Phys. 38, 160 (2008) (arXiv: gr-qc/0609042).

[12] H. Culetu, Cent. Eur. J. Phys. 6, 317 (2008); arXiv: hep-th/0703168.

[13] D.N. Vollick, Gen. Rel. Grav. 35, 1511 (2003); arXiv: hep-th/0102187.

[14] H. Culetu, Phys. Lett. B703, 641 (2011) (arXiv : 1011.3343 [gr-qc]); arXiv:

1101.2980 [gr-qc].

[15] Y. S. Myung and Y.-W. Kim, Phys. Rev. D81, 105012 (2010) (rXiv:

1002.2292 [hep-th]).

[16] M. Parikh and F. Wilczek, Phys.Rev. D58, 064011 (1998) (arXiv:

gr-qc/9712077).

[17] A. Ghosh and A. Perez, arXiv: 1107.1320 [gr-qc]. [18] E. Bianchi, arXiv: 1204.5122 [gr-qc].

[19] H. Culetu, Int. J. Mod. Phys. D15, 2177 (2006); arXiv: 0903.3548. [20] L. Susskind and J. Uglum, Phys. Rev. D50, 2700 (1994). [21] S. Kolekar, D. Kothawala and T. Padmanabhan, Phys. Rev. D85, 064031 (2012) (arXiv: 1111.0973 [gr-qc]).

[22] T. Padmanabhan, Class. Quant. Grav.21, 4485 (2004) (arXiv:

gr-qc/0308070).

[23] E. Gourgoulhon and J. L. Jaramillo, Physics Reports 423, 159 (2006) (arXiv: gr-qc/0503113).

[24] S. K. Blau, E. I. Guendelman and A. H. Guth, Phys. Rev. D35, 1747 (1987). [25] J. Ipser and P. Sikivie, Phys. Rev. D30, 712 (1984).

[26] T. Padmanabhan, Class. Quant. Grav. 21, 4485 (2004) (arXiv : 0308070 [gr-qc]).

[27] A. Edery and H. Beauchesne, arXiv: 1205.3410 [hep-th]. [28] V. V. Kiselev, Class. Quant. Grav. 20, 1187 (2003) (arXiv: gr-qc/0210040). [29] P. C. W. Davies, ”Quantum fields in curved space”, Cambridge University Press (1982).

[30] P. Townsend, arXiv: gr-qc/9707012. [31] H. Culetu, J. Korean Phys. Soc. 57, 17 (2010).