arXiv:1103.3439v1 [gr-qc] 17 Mar 2011

Gravitational Waves from Isotropisation process in Quadratic Gravity

Daniel Müller^∗ Instituto de Física UnB Campus Universitário Darcy Ribeiro Cxp 04455, 70919-970, Brasilia DF Brasil

Márcio E.S. Alves^{†‡} and José C. N. de Araujo^§ Instituto Nacional de Pesquisas Espaciais - Divisão de Astrofísica, Av. dos Astronautas 1758, São José dos Campos, 12227-010 SP, Brazil (Dated: March 18, 2011) It is believed that soon after the Planck era, spacetime should have a semi-classical nature. According to this idea, it is unavoidable to modify the General Relativity theory or look for alternative theories of gravitation. An interesting alternative found in the literature is to take into account two geometric counter-terms to regularize the divergences from the effective action. These counter-terms are responsible for a higher derivative metric theory of gravitation. In the present article, our main aim is to investigate if the process of isotropisation, which could well occur naturally in such a higher derivative metric theory, could generate gravitational waves. First of all, in order to proceed with such an investigation, we evaluate the time evolution of the resulting Weyl’s scalars. Then, we follow with a perturbative approach considering that the background metric is given by the Minkowski spacetime. Our entire analysis is restricted to the particular Bianchi I case.

PACS numbers: 98.80.Cq, 98.80.Jk, 05.45.-a

† Present address: Instituto de Ciências Exatas, Universidade Federal de Itajubá, 37500 Itajubá, MG, Brazil.

I. INTRODUCTION

A semi-classical theory considers the back reaction of quantum fields in a classical geometric background. This approach started a long time ago with de Witt [1], and since then, their consequences and applications are still under investigation (see, e.g., Ref. [2]).

Differently from the usual Einstein-Hilbert action, the predicted gravitational action allows differential equations with fourth order derivatives, which is called the full theory [1], see also [3].

The full higher order theory was previously studied by Starobinsky [4], and more recently, also by Shapiro, Pelinson and others [5]. In [5] only the homogeneous and isotropic spacetime is studied.

Here, the full theory with four time derivatives is addressed, which was first investigated for general Bianchi I spacetimes in Tomita’s article [6]. They found that the presence of an anisotropy contributes to the formation of a singularity. Schmidt has a recent and very interesting review on higher order gravity theories in connection to cosmology [7].

For general anisotropic Bianchi I homogeneous spacetimes, the full theory reduces to a system of nonlinear ordinary differential equations. The numerical solutions for this system with derivatives of fourth order in time was previously obtained by one of us and a collaborator [8].

The question of stability of Minkowski space in this quadratic theory of gravity was also addressed and we have obtained that there are many initial conditions that result in Minkowski space asymptotically [9]. The analysis is restricted to Bianchi I type spacetimes. There is a basin of attraction to the Minkowski spacetime. Isotropisation can also occur towards de Sitter spacetime for a non zero cosmological constant. In this sense the above theory is structurally stable, since for a set of non zero measure of initial anisotropic geometries, isotropisation occurs.

It should be mentioned that the isotropisation process for non zero cosmological constant is not a peculiarity of these higher derivatives theories. It also occurs in the Einstein’s theory of General Relativity, as proved in a very interesting article [10], where for Λ > 0 all Bianchi

∗Electronic address: muller@fis.unb.br ‡Electronic address: alvesmes@unifei.edu.br §Electronic address: jcarlos@das.inpe.br

models, except a highly positively curved Bianchi IX, the theory becomes asymptotically a de Sitter spacetime. The remarkable difference between the theory of General Relativity and the higher derivatives theories is that the isotropisation depends on the initial conditions. The occurrence of isotropisation is strongly dependent on the initial conditions for quadratic curvature theories such as those studied here.

In the present work our aim is to investigate how isotropisation is approached, and if this very process could naturally generate gravitational waves. For this reason an initial condition is chosen in such a way that it asymptotically generates the Minkowski spacetime, and the Weyl’s scalars are also obtained for this solution. It must be emphasized that this solution, although numeric, is an exact solution of this particular quadratic gravity in the sense that it depends only on the precision of the machine. We then consider a perturbative approach to investigate if gravitational waves are in fact generated during the isotropisation process.

The article is organized as follows. In section II a brief discussion on the perturbative approach is given. The field tensor is obtained to first order in the perturbation parameter, resulting in the linearized field equation. In section III we evaluate the Weyl invariants Ψ_2 and Ψ_4 and check their time dependence, albeit having a decreasing behavior they are non null which indicate the presence of gravitational waves. Then, two distinct methods are applied to extract the GW amplitudes from the exact numerical solution. It is also shown that the metric perturbation can be understood in the TT gauge as a superposition of the Minkowski space, a pure tensorial perturbation and a pure scalar perturbation. Our conclusions and final remarks are presented in section IV.

The following conventions and units are taken R^a_{bcd} = Γ^a_{bd,c} − ..., R_{ab} = R^c_{acb}, R = R^a, metric signature − + ++, Latin symbols run from 0 − 3, Greek symbols run from 1 − 3 and G = ℏ = c = 1.

II. PERTURBATIVE ANALYSIS

A. The full equations

The Lagrangian density we consider here is L = √ −g [ Λ + R + α ( R^{ab}R_{ab} − 1 3 R^2 ) + βR^2 ] + L_c . (1)

By varying the action I = ∫ Ld^4x with respect to the metric we find the field equations

E_{ab} = G_{ab} + ( β − 1 3 α ) H^{(1)}_{ab} + αH^{(2)}_{ab} − T_{ab} − 1 2 Λg_{ab}, (2)

where

H^{(1)}_{ab} = 1 2 g_{ab}R^2 − 2RR_{ab} + 2R_{;ab} − 2□Rg_{ab}, (3) H^{(2)}_{ab} = 1 2 g_{ab}R_{mn}R^{mn} + R_{;ab} − 2R^{cn}R_{cbna} − □R_{ab} − 1 2 □Rg_{ab}, (4) G_{ab} = R_{ab} − 1 2 g_{ab}R, (5) and T_{ab} is the energy momentum source, which comes from the classical part of the Lagrangian L_c. Only vacuum solutions T_{ab} = L_c = 0 will be considered in this article since it seems the most natural condition soon after the Planck era. The covariant divergence of the above tensors are identically zero due to their variational definition. The following Bianchi Type I line element is considered

ds^2 = −dt^2 + [a_1(t)]^2dx^2 + [a_2(t)]^2dy^2 + [a_3(t)]^2dz^2, (6)

which is a general spatially flat and anisotropic space with proper time t. With this line element all the tensors which enter the expressions are diagonal. The substitution of Eq. (6) in Eq. (2) with T_{ab} = 0 results, for the spatial part of (2), in differential equations of the type d^4 dt^4 a_1 = f_1 ( d^3 dt^3 a_i, ä_i, ȧ_i, a_i ) (7) d^4 dt^4 a_2 = f_2 ( d^3 dt^3 a_i, ä_i, ȧ_i, a_i ) (8) d^4 dt^4 a_3 = f_3 ( d^3 dt^3 a_i, ä_i, ȧ_i, a_i ) , (9)

where the functions f_i involve the a_1, a_2, a_3 and their derivatives in a polynomial fashion (see the Appendix of the Ref. [9]). The Ref. [11] shows that the theory which follows from Eq. (1) has a well posed initial value problem. This issue has some similarities with General Relativity theory since it is necessary to solve the problem of boundary conditions and initial conditions simultaneously. According to Noakes [11], once a consistent boundary condition is chosen initially, the time evolution of the system is uniquely specified. In [11] the differential equations for the metric are written in a form suitable for the application of the theorem of Leray [12].

For homogeneous spaces the differential equations derived from Eq. (2) reduce to a set of non linear ordinary differential equations. Then, instead of going through the general construction given in Ref. [11], in this particular case, the existence and uniqueness of the solutions of Eqs. (7)-(9) reduce to the well known problem of existence and uniqueness of solutions of ordinary differential equations. For a proof on local existence and uniqueness of solutions of differential equations see, for instance [13].

Besides the Eqs. (7)-(9), we have the temporal part of Eq. (2). To understand the role of this equation we have first to study the covariant divergence of the Eq. (2),

∇_aE^{ab} = ∂_aE^{ab} + Γ^a_cE^{cb} + Γ^b_{ac}E^{ac} = 0. (10)

Recall that the coordinates that we are using are those specified by the metric (6) and that T_{ab} = 0. Since the differential equations (7)-(9) are solved numerically E^{αα} ≡ 0,

∂_0E^{00} + Γ^a_0E^{00} + Γ^0_0E^{00} = 0, (11) E^{00}(t) ≡ 0, (12)

where E_{00} is the 00 component of Eq. (2). If E_{00} = 0 initially, it will remain zero at any instant. Therefore the equation E_{00} acts as a constraint on the initial conditions and we use it to test the accuracy of our results. The full numerical solution to this problem was worked out in the Ref. [9].

B. Perturbative Approximation

Following MTW [14] we consider metric perturbations in the form

g_{ab} = g^{(B)}_{ab} + εh_{ab} (13) g^{ab} = g^{ab}_{(B)} − εh^{ab} + ε^2h^{ac}h^b_c + ... (14)

In a free falling frame we have g^{(B)}_{ab} = η_{ab} for the background metric and locally Γ^{(B)a}_{bc} = 0 so that the connection compatible with g_{ab} is identical to Γ^c_{ab} = εS^c_{ab} and then

∇_aT_b = T_{a;b} = T_{a|b} − εS^c_{ab}T_c (15) S^c_{ab} = 1 2 g^{cs}_{(B)} ( h_{sa|b} + h_{sb|a} − h_{ab|s} ) , (16) where | is the covariant derivative with respect to the background metric g^{(B)}_{ab} and ∇_a =; a is the covariant derivative with respect to g_{ab}. The tensors which appear in Eqs. (2), (3)-(5) can be expanded in powers of ε to first order, namely

G^1_{ab} = R^1_{ab} − 1 2 h_{ab}R^{(B)} − 1 2 g^{(B)}_{ab} R^1 (17) H^{(1)1}_{ab} = 2R^1_{|ab} − 2□^{(B)}R^1g^{(B)}_{ab} (18) H^{(2)1}_{ab} = R^1_{|ab} − □^{(B)}R^1_{ab} − 1 2 □^{(B)}R^1g^{(B)}_{ab} . (19)

where R^1, R^1_{ab}, are the Ricci scalar and the Ricci tensor to first order in ε, R^1_{abcd} is the Riemann tensor to first order (see [14]) and □^B T^a = g^{Bmn}∇^B_m∇^B_n T^a = T^{a |c}_{|c} .

These expressions are combined to give a perturbative sum for E_{ab}, to first order

E_{ab} = E^{(B)}_{ab} + εE^1_{ab} + .. E^1_{ab} = G^1_{ab} + ( β − 1 3 α ) H^{(1)1}_{ab} + αH^{(2)1}_{ab} − 1 2 Λh_{ab} (20)

where E^{(B)}_{ab} correspond to the background equations which is supposed to be exactly E^{(B)}_{ab} ≡ 0. By imposing E^1_{ab} = 0 it is possible to obtain linearized partial differential equations for h_{ab}.

III. NUMERICAL RESULTS

In what follows we apply two distinct methods in order to obtain a GW solution as a final result of isotropisation. Our initial ansatz is that after some arbitrary time interval we can consider the full solution as asymptotically Minkowskian. With this is mind, it is possible to split the asymptotic solution in a flat background metric plus a perturbative quantity. Thus, in the first approach we numerically extract the metric perturbation from the full solution, while in the second approach we explicitly write down the governing equations for the perturbations.

A. Decomposition of the asymptotic solution

First consider the full numerical solution of the Eqs. (7), (8) and (9). In FIG. 1 we show a particular solution for which isotropisation occurs, the parameters chosen are α = 2, β = −1, Λ = 0 with initial conditions ȧ_1 = 0.1, ȧ_2 = 0.3, a_1 = 1, a_2 = 1, a_3 = 1; ȧ_3 is

FIG. 1: The numerical solution of Eqs. (7)(8)(9) for a_1(t), a_2(t) and a_3(t) together with a linear regression. The parameters are α = 2.0, β = −1.0, Λ = 0 and the initial condition is ȧ_1 = 0.1, ȧ_2 = 0.3, a_1 = 1, a_2 = 1, a_3 = 1. The numerical value of ȧ_3 is chosen in accordance with (12), and all the other higher derivatives are chosen to be zero. The linear regression is done for a time interval around t ≃ 8 × 10^7 in natural units, and the resulting values for the coefficients are, see (21) b_1 = 0.0002293455, b_2 = 0.0007793157, b_3 = 0.0005822617, c_1 = 9173.663, c_2 = 31171.99, c_3 = 23289.99.

chosen in accordance with Eq. (12), and all the other higher order derivatives are chosen to be zero.

We can check the existence of gravitational waves in that solution by evaluating the resulting Ψ_4 Weyl’s invariant that has spin 2 (see, e.g., [15]). The time dependency of Ψ_4 is displayed in FIG. 2, where, for completeness, we are also showing the Ψ_2 invariant that has spin 0. They were evaluated for the initial condition and parameters considered above and, as can be seen, both of them decay with time albeit being non zero. For the particular line element chosen here we have Ψ_0 ≡ Ψ_4 and Ψ_1 ≡ Ψ_3 ≡ 0.

Since the existence of tensor gravitational waves is evidenced by the presence of a nonnull Ψ_4 invariant, and a scalar perturbation is also present as shown by the invariant Ψ_2, the next step is to find the time evolution of the amplitudes of the metric perturbations.

In a first approach we consider an arbitrary time interval around t ≃ 8 × 10^7 in which we

FIG. 2: Time decaying behaviour of the Weyl’s invariants Ψ_4 and Ψ_2, respectively of spin 2 and 0, for the full solution for a_1(t), a_2(t) and a_3(t) shown in FIG. 1.

have applied a linear regression (see FIG. 1) and the following asymptotic expressions were obtained

a_1 ≃ c_1 + b_1t a_2 ≃ c_2 + b_2t (21) a_3 ≃ c_3 + b_3t,

where b_1 = 0.0002293455, b_2 = 0.0007793157, b_3 = 0.0005822617, c_1 = 9173.66, c_2 = 31171.99 and c_3 = 23289.99.

After the subtraction of Eq. (21) from the exact numerical solution of the Eqs. (7), (8) and (9), it can be seen that the metric of the complete solution can be rearranged in the following way g_{ab} = g̃^{(B)}_{ab} + h̃_{ab}, (22) where g̃^{(B)}_{ab} is a constant background given by g̃^{(B)}_{ab} = diag(−1, c^2_1, c^2, c^2_3) and h̃_{ab} is a superposition of the time oscillating functions h̃_1(t), h̃_2(t) and h̃_3(t) plus a term that gives

FIG. 3: The oscilating part h̃_i(t) = [a_i(t)]^2 − [c_i + b_it]^2. The values of a_i are the numerical solutions of Eqs. (7)-(9). The values of c_i and b_i are shown in FIG. 1. Note that the time origin was changed to t = 8.0001 × 10^7 + t^∗.

a quadratic in time contribution

h̃_{ab}(t) =

0 0 0 0 0 h̃_1(t) + 2c_1b_1t + b^2_1t^2 0 0 0 0 h̃_2(t) + 2c_2b_2t + b^2t^2 0 0 0 0 h̃_3(t) + 2c_3b_3t + b^2_3t^2

. (23)

The oscillating behavior of the functions h̃_1(t), h̃_2(t) and h̃_3(t) are shown in FIG. 3. Therefore, we can say that the sum g̃^{(B)}_{ab} + h̃_{ab} is identical to the metric g_{ab} = diag(−1, a_1(t)^2, a_2(t)^2, a_3(t)^2). Now, we must ask ourselves if the perturbation h̃_{ab} indeed represents gravitational waves. We see that h̃_{ab} is spatially divergenceless since h̃_{ab} depends only on time. Also, its time components are null as can be seen from the matrix (23), but it is not traceless. Thus, in order to obtain a gravitational wave signal in TT gauge we need to subtract the trace of h̃_{ab} generating the new quantity h_{ab} = h̃_{ab} − 1 4 g̃^{(B)}_{ab} h̃, (24)

which finally has the properties

h^{ab}_{|b} = h^{a0} = h = 0, (25)

FIG. 4: This is the plot of the spatial trace g̃^{B ij}h̃_{ij} . It can be seen that the trace of h̃ is almost constant in comparison with the individual amplitudes of the components of h̃_{ab}. Note that the scalar component is smaller than the tensor component. Here also a new time origin was chosen to be t = 8.0 × 10^7 + t^+.

and therefore we conclude that h_{ab} represents tensor gravitational waves. The trace h̃ = g̃ab_{(B)}h̃_{ab} represents a scalar perturbation (related to Ψ_2) that evolves smoothly with time and is smaller than the tensor perturbation h_{ab} as can be seen in FIG. 4.

B. The linearized solution

Now, let us formally write the linearized system of equations which is asymptotically consistent with the full numerical solution. Considering the metric as g_{ab} = ĝ^{(B)}_{ab} + ĥ_{ab}, the linear system to be solved is obtained by setting E^1_{ab} ≡ 0, resulting in d^4 dt^4 ĥ_1 = f^3_{1j} (t) d^3 dt^3 ĥ_j + f^2_{1j} (t)^̈h_j + f^1_{1j} (t)^̇h_j + f^0_{1j} (t)ĥ_j d^4 dt^4 ĥ_2 = f^3_{2j} (t) d^3 dt^3 ĥ_j + f^2_{2j} (t)^̈h_j + f^1_{2j} (t)^̇h_j + f^0_{2j} (t)ĥ_j d^4 dt^4 ĥ_3 = f^3_{3j} (t) d^3 dt^3 ĥ_j + f^2_{3j} (t)^̈h_j + f^1_{3j} (t)^̇h_j + f^0_{3j} (t)ĥ_j (26)

where ĥ is defined as the oscillatory part of the metric perturbation and the coefficients f^k_{ij}(t), also depend on the parameters α, β, and Λ as can be seen in the Appendix. Now consider

FIG. 5: The numerical time evolution of ĥ_i for the linearized system given in Eqs. (26) for an initial condition consistent with the one shown in FIG. 3. It can be seen that the solution is indistinguishable from FIG. 3. Again, note that the time origin was changed to t = 8.0001×10^7 +t^∗.

an initial condition for the linearized differential equations for ĥ_i(t). Once the numerical values of the a_i and their derivatives up to the third order are initially known, the numerical values of the ĥ_i and their derivatives up to the third order can also be obtained. Then a numerical solution of the above linearized system is specified uniquely and is shown in FIG. 5. As can be seen, the solution of the linearized system is exactly equal to the oscillatory solution found in our preceding analysis, which corroborate our initial ansatz that the full solution can be treated as being asymptotically Minkowski.

Again, ĥ_{ab} cannot be regarded as tensor GWs since it contains a scalar component. Thus we extract its trace as we did in the preceding section and we can say that the remaining quantity h_{ab} = ĥ_{ab} − g^{(B)}_{ab} ĥ/4 represents the GW perturbations.

IV. CONCLUSIONS

In the present article it is considered general anisotropic Bianchi I homogeneous spacetimes given by the line element given by Eq. (6). For this line element, the theory given in Eq. (1), reduces to a system of ordinary nonlinear differential equations with four time derivatives. This system is numerically investigated. The assumption of a homogeneous Universe is artificial, and still presents a first generalization for its very primordial stages.

There is a well known conjecture that dissipative processes can take place in an infinite dynamical system reducing the number of degrees of freedom to just a few. In some sense, this argument reduces the artificiality of the assumption of a homogeneous Universe.

Only the vacuum energy momentum classical source is considered. It should be valid soon after the Planck era in which vacuum classical source seems the most natural condition.

We have found that the Weyl’s invariants Ψ_4 and Ψ_2 are non-null for the full numerical solution, although they have a decaying behavior. This is an indication of the existence of gravitational waves due to an initially anisotropic Universe. Then, we have adopted two distinct approaches in order to obtain a description for the linearized gravitational wave tensor h_{ab}. The two methods have coincided in the prediction of the oscillatory pattern of the tensor component of gravitational waves. A scalar component is also present, that evolves smoothly in the time interval considered and is smaller than the tensor component. We conclude that the asymptotic geometry of an initially anisotropic spacetime is a superposition of Minkowski space and gravitational waves with tensor and scalar components.

Acknowledgments

D. M. wishes to thank the Brazilian projects: Nova Física no Espaço and INCT-A. JCNA would like to thank CNPq and FAPESP for the financial support

Appendix A: Linearized System

Recall that the perturbation is linearly related to the metric while the scale factors are quadratic, then

ĥ_1 = a^2_1 − (c_1 + b_1t)^2 ĥ_2 = a^2 − (c_2 + b_2t)^2 ĥ_3 = a^2_3 − (c_3 + b_3t)^2 ^̇h_1 = 2a_1ȧ_1 − 2b_1(c_1 + b_1t) ^̇h_2 = 2a_2ȧ_2 − 2b_2(c_2 + b_2t) ^̇h_3 = 2a_3ȧ_3 − 2b_3(c_3 + b_3t) ^̈h_1 = 2a_1ä_1 + 2 ˙(a_1)2 − 2b2_1 ^̈h_2 = 2a_2ä_2 + 2 ˙(a_2)2 − 2b2 ^̈h_3 = 2a_3ä_3 + 2 ˙(a_3)_2 − 2b_{23} d^3 dt^3 ĥ_1 = 2a_1 d^3 dt^3 a_1 + 6ȧ_1ä_1 d^3 dt^3 ĥ_2 = 2a_2 d^3 dt^3 a_2 + 6ȧ_2ä_2 d^3 dt^3 ĥ_3 = 2a_3 d^3 dt^3 a_3 + 6ȧ_3ä_3 d^4 dt^4 ĥ_1 = 2a_1 d^4 dt^4 a_1 + 8ȧ_1 d^3 dt^3 a_1 + 6(ȧ_1)^2 d^4 dt^4 h_2 = 2a_2 d^4 dt^4 a_2 + 8ȧ_2 d^3 dt^3 a_2 + 6(ȧ_2)^2 d^4 dt^4 h_3 = 2a_3 d^4 dt^4 a_3 + 8ȧ_3 d^3 dt^3 a_3 + 6(ȧ_3)^2.

Now the differential equations given in Eq. (26)

y_1 =ĥ_1 y_2 =^̇h_1 y_3 =^̈h_1 y_4 = d^3 dt^3 ĥ_1 y_5 =ĥ_2 y_6 =^̇h_2 y_7 =^̈h_2 y_8 = d^3 dt^3 ĥ_2 y_9 =ĥ_3 y_{10} =^̇h_3 y_{11} =^̈h_3 y_{12} = d^3 dt^3 ĥ_3 d^4 dt^4 ĥ_1 = (12 β Λ c_1^2c_2^2y_9 − α Λ c_1^2c_2^2y_9 − α Λ c_2^2c_3^2y_1 + 12 Λ c_1^2c_3^2y_5β − Λ c_1^2c_3^2y_5α− 24 β Λ c_2^2c_3^2y_1 − 2 α Λ c_2^2c_3^2b_1c_1t − 2 α Λ c_1^2c_2^2b_3c_3t + 24 β Λ c_1^2c_2^2b_3c_3t− 48 β Λ c_2^2c_3^2b_1c_1t + 24 Λ c_1^2c_3^2b_2c_2tβ − 2 Λ c_1^2c_3^2b_2c_2tα + c_1^2c_2^2y_{11}α+ 6 β c_1^2c_3^2y_7 + α c_1^2c_3^2y_7 − 12 c_2^2c_3^2y_3β + 12 c_1^2c_2^2b_3^2β + 2 c_2^2c_3^2b_1^2α− 24 c_2^2c_3^2b_1^2β + c_2^2c_3^2y_3α + 2 α c_1^2c_3^2b_2^2 + 2 c_1^2c_2^2b_3^2α + 12 β c_1^2c_3^2b_2^2+ 6 c_1^2c_2^2y_{11}β − α Λ c_1^2c_2^2b_3^2t^2 − α Λ c_2^2c_3^2b_1^2t^2 + 12 Λ c_1^2c_3^2b_2^2t^2β− 24 β Λ c_2^2c_3^2b_1^2t^2 + 12 β Λ c_1^2c_2^2b_3^2t^2 − Λ c_1^2c_3^2b_2^2t^2α ) / ( 18 Gc_3^2c_2^2α β ) d^4 dt^4 ĥ_2 = (12 β Λ c_1^2c_2^2y_9 − α Λ c_1^2c_2^2y_9 − α Λ c_2^2c_3^2y_1 − 24 Λ c_1^2c_3^2y_5β − Λ c_1^2c_3^2y_5α+ 12 β Λ c_2^2c_3^2y_1 − 2 α Λ c_2^2c_3^2b_1c_1t − 2 α Λ c_1^2c_2^2b_3c_3t + 24 β Λ c_1^2c_2^2b_3c_3t+ 24 β Λ c_2^2c_3^2b_1c_1t − 48 Λ c_1^2c_3^2b_2c_2tβ − 2 Λ c_1^2c_3^2b_2c_2tα + c_1^2c_2^2y_{11}α− 12 β c_1^2c_3^2y_7 + α c_1^2c_3^2y_7 + 6 c_2^2c_3^2y_3β + 12 c_1^2c_2^2b_3^2β + 2 c_2^2c_3^2b_1^2α+ 12 c_2^2c_3^2b_1^2β + c_2^2c_3^2y_3α + 2 α c_1^2c_3^2b_2^2 + 2 c_1^2c_2^2b_3^2α− 24 β c_1^2c_3^2b_2^2 + 6 c_1^2c_2^2y_{11}β − α Λ c_1^2c_2^2b_3^2t^2 − α Λ c_2^2c_3^2b_1^2t^2− 24 Λ c_1^2c_3^2b_2^2t^2β + 12 β Λ c_2^2c_3^2b_1^2t^2 + 12 β Λ c_1^2c_2^2b_3^2t^2− Λ c_1^2c_3^2b_2^2t^2α ) / ( 18 Gc_1^2c_3^2α β )

d^4 dt^4 ĥ_3 = (−24 β Λ c_1^2c_2^2y_9 − α Λ c_1^2c_2^2y_9 − α Λ c_2^2c_3^2y_1 + 12 Λ c_1^2c_3^2y_5β − Λ c_1^2c_3^2y_5α+ 12 β Λ c_2^2c_3^2y_1 − 2 α Λ c_2^2c_3^2b_1c_1t − 2 α Λ c_1^2c_2^2b_3c_3t − 48 β Λ c_1^2c_2^2b_3c_3t+ 24 β Λ c_2^2c_3^2b_1c_1t + 24 Λ c_1^2c_3^2b_2c_2tβ − 2 Λ c_1^2c_3^2b_2c_2tα + c_1^2c_2^2y_{11}α+ 6 β c_1^2c_3^2y_7 + α c_1^2c_3^2y_7 + 6 c_2^2c_3^2y_3β − 24 c_1^2c_2^2b_3^2β + 2 c_2^2c_3^2b_1^2α+ 12 c_2^2c_3^2b_1^2β + c_2^2c_3^2y_3α + 2 α c_1^2c_3^2b_2^2 + 2 c_1^2c_2^2b_3^2α + 12 β c_1^2c_3^2b_2^2− 12 c_1^2c_2^2y_{11}β − α Λ c_1^2c_2^2b_3^2t^2 − α Λ c_2^2c_3^2b_1^2t^2 + 12 Λ c_1^2c_3^2b_2^2t^2β+ 12 β Λ c_2^2c_3^2b_1^2t^2 − 24 β Λ c_1^2c_2^2b_3^2t^2 − Λ c_1^2c_3^2b_2^2t^2α ) / ( 18 Gc_2^2c_1^2α β )

[1] B. S. De Witt, The Dynamical Theory of Groups and Fields, Gordon and Breach, New York, (1965).

[2] B. L. Hu, E. Verdaguer, Living Rev. Rel. 7, 3, (2004).

[3] A. A. Grib, S. G. Mamayev and V. M. Mostepanenko, Vacuum Quantum Effects in Strong Fields, Friedmann Laboratory Publishing, St. Petersburg (1994), N. D. Birrel and P. C. W. Davies, Quantum Fields in Curved Space, Cambridge University Press, Cambridge (1982).

[4] A. A. Starobinsky, Phys. Lett. 91B, 99 (1980);Ya. B. Zeldovich and A. A. Starobinsky, Sov.

Phys. - JETP(USA), 34, 1159 (1972), V. N. Lukash and A. A. Starobinsky, Sov. Phys. - JEPT(USA), 39, 742 (1974).

[5] A. M. Pelinson, I. L. Shapiro, F. I. Takakura, Nucl. Phys. B648, 417, (2003); J. C. Fabris, A. M. Pelinson, I. L. Shapiro, Nucl.Phys.B597 539 (2001), Erratum-ibid. B602 644 (2001); J. C. Fabris, A. M. Pelinson, I. L. Shapiro, Nucl.Phys.Proc.Suppl. 95 78 (2001); J. C. Fabris, A. M. Pelinson, I. L. Shapiro, Grav.Cosmol.6 59 (2000) [6] A. L. Berkin, Phys. Rev. D 44, p. 1020 (1991), J. D. Barrow and S. Hervik, Phys. Rev. D 73, 023007 (2006), K. Tomita et al. Prog. of Theor Phys 60 (2), p403 (1978), T. Clifton and J. D. Barrow, Class. Quant. Grav. 23, 2951 (2006).

[7] H. J. Schmidt, gr-qc/0602017, (2006).

[8] S. D. P. Vitenti and D. Müller, Phys. Rev. D 74 063508 (2006) [9] D. Müller and S. D. P. Vitenti, Phys. Rev. D 74 083516 (2006). [10] R. M. Wald, Phys. Rev. D 28, 2118 (1983). [11] D. E. Noakes, J. Math. Phys. 24, 1846 (1983).

[12] J. Leray, Hyperbolic Differential Equations, Institute for Advanced Study, Princeton, NJ (1953).

[13] M. Reed and B. Simon, Methods of Modern Mathematical Physics I: Functional Analysis, Academic Press, NY, p. 153 (1972).

[14] C. Misner, K. Thorne, J. A. Wheeler, Gravitation, W. H. Freeman and Company, New York (1973).

[15] H. Stephani, J.M. Stewart, General Relativity: An Introduction to the Theory of the Gravitational Field Cambridge University Press, Caambridge (1990).