arXiv:1103.3495v2 [hep-ph] 22 Apr 2011

A fresh look at double parton scattering

M.G. Ryskin Petersburg Nuclear Physics Institute, Gatchina, St. Petersburg, 188300, Russia

A.M. Snigirev D.V. Skobeltsyn Institute of Nuclear Physics, M.V. Lomonosov Moscow State University, 119991, Moscow, Russia (Dated: April 25, 2011)

A revised formula for the inclusive cross section for double parton scattering in terms of the modified collinear two-parton distributions extracted from deep inelastic scattering is suggested. The possible phenomenological issues are discussed.

PACS numbers: 12.38.-t, 13.85.-t, 13.85.Dz, 14.80.Bn

I. INTRODUCTION

The presence of hard multiple parton interactions in high-energy hadron-hadron collisions has been convincingly demonstrated by the AFS [1], UA2 [2], CDF [3, 4], and D0 [5] Collaborations, using events with the fourjets and γ + 3-jets final states, thus, providing new and complementary information on the proton structure.

In general, four high-E_T jets (or γ + 3-jets) may be produced either in the collision of one pair of partons in 2 → 4 hard subprocess or via the simultaneous interaction of two parton pairs, that is in two 2 → 2 subprocesses. In the last case in each dijet (or γ+ jet) system the transverse momenta of two high-E_T jets more or less balance each other.

The possibility of observing two separate hard collisions was proposed long ago. Their theoretical investigation has a long history and goes back to the early days of the parton model [6–8] with subsequent extension to perturbative QCD [9–43].

Nevertheless, the phenomenology of multiple parton interactions relies on the models that are physically intuitive but involve significant simplifying assumptions. Therefore, it is extremely important to combine theoretical efforts in order to achieve a better description of multiple interactions, in particular, double scattering, which will be the dominant multiple scattering mode at the LHC. In this letter we consider some steps towards this purpose. The cross section formulae currently used to calculate double scattering processes are revised in terms of the modified collinear two-parton distributions extracted from deep inelastic scattering (DIS).

Let us recall, that with only the assumption of factorization of the two hard parton processes A and B, the inclusive cross section of a double parton scattering process in a hadron collision is written in the following form σ^D_{(A,B)} = m 2 ∑ i,j,k,l ∫ Γ_{ij} (x_1, x_2; b_1, b_2; Q^2_1, Q^2)

×σ̂^A_{ik} (x_1, x^′_1, Q^2_1)σ̂^B_{jl} (x_2, x^′_2, Q^2)

×Γ_{kl}(x^′_1, x^′_2; b_1 − b, b_2 − b; Q^2_1, Q^2)

×dx_1dx_2dx^′_1dx^′_2d^2b_1d^2b_2d^2b, (1) where b is the usual impact parameter, that is the distance between centres of incoming (the beam and the target) hadrons in transverse plane. Γ_{ij} (x_1, x_2; b_1, b_2; Q^2_1, Q^2) are the double parton distribution functions, depending on the longitudinal momentum fractions x_1 and x_2 and on the transverse position b_1 and b_2 of the two parton undergoing the hard processes A and B at the scales Q_1 and Q_2. σ̂^A_{ik} and σ̂^B_{jl} are the parton-level subprocess cross sections. The factor m/2 is a consequence of the symmetry of the expression for interchanging parton species i and j. m = 1 if A = B and m = 2 otherwise.

The double parton distribution functions Γ_{ij} (x_1, x_2; b_1, b_2; Q^2_1, Q^2) are the main reason of interest in multiple parton interactions. These distributions contain in fact all the information of probing the hadron in two different points simultaneously, through the hard processes A and B.

It is typically taken that the double parton distribution functions may be decomposed in terms of longitudinal and transverse components as follows:

Γ_{ij} (x_1, x_2; b_1, b_2; Q^2_1, Q^2)

= D^{ij}_h (x_1, x_2; Q^2_1, Q^2)f(b_1)f(b_2), (2)

where f(b_1) is supposed to be an universal function for all kind of partons with the fixed normalization, ∫ f(b_1)f(b_1 − b)d^2b_1d^2b = ∫ T (b)d^2b = 1, (3)

and T (b) = ∫ f(b_1)f(b_1 − b)d^2b_1 is the overlap function.

If one makes the further assumptions that the longitudinal components D^{ij}_h (x_1, x_2; Q^2_1, Q^2) reduce to the product of two independent one parton distributions,

D^{ij}_h (x_1, x_2; Q^2_1, Q^2) = D^i_h(x_1; Q^2_1)D^j_h(x_2; Q^2), (4)

the cross section of double parton scattering can be expressed in the simple form

σ^D_{(A,B)} =^m_2^{σS(A) σS(B)}_{σeff} , (5)

σ_{eff} = [ ∫ d^2b(T (b))^2]^{−1}. (6)

In this representation and at the factorization of longitudinal and transverse components, the inclusive cross section of single hard scattering is written as

σ^S_{(A)} = ∑ i,k ∫ Γ_i(x_1; b_1; Q^2_1)σ̂^A_{ik} (x_1, x^′_1)

×Γ_k(x^′_1; b_1 − b; Q^2_1)dx_1dx^′_1d^2b_1d^2b = ∑ i,k ∫ D^i_h(x_1; Q^2_1)f(b_1)σ̂^A_{ik} (x_1, x^′_1)

×D^k_h′ (x^′_1; Q^2_1)f(b_1 − b)dx_1dx^′_1d^2b_1d^2b = ∑ i,k ∫ D^i_h(x_1; Q^2_1)σ̂^A_{ik} (x_1, x^′_1)D^k_h′ (x^′_1; Q^2_1)dx_1dx^′_1. (7)

These simplifying assumptions, even though rather common in the literature and quite convenient from a computational point of view, are not enough justified and should be revised [26, 42, 43], while the starting cross section formula (1) was found (derived) in the momentum representation using light-cone variables in a number of works (see, e.g., Refs. [9, 12, 26, 42, 43]) at the same approximations as in processes with a single hard scattering.

II. MOMENTUM REPRESENTATION

All the previous formulae were written in the mixed (momentum and coordinate) representation. Recall that in general for the case of the multiple parton interactions we have to use the Generalized Parton Distribution Functions (GPDF). In other words in the Feynman diagram (ladder) which describes the GPDF the parton momenta k_L (in the left part of diagram corresponding to the amplitude A^∗) and k_R (in the right part of the diagram corresonding to amplitude A) may be different. Let us denote k_L = k + q/2 and k_R = k − q/2 where q is the momentum transfered through the whole ladder. Since the ladders in Figs. 1 and 2 form a loop we will call q — the loop momentum. In the previous formulae instead of transverse momentum q_t we had used the conjugated coordinate b [62].

For our further goal the momentum representation is more convenient: σ^D_{(A,B)} = m 2 ∑ i,j,k,l ∫ Γ_{ij} (x_1, x_2; q; Q^2_1, Q^2)

×σ̂^A_{ik} (x_1, x^′_1)σ̂^B_{jl} (x_2, x^′_2)

×Γ_{kl}(x^′_1, x^′_2; −q; Q^2_1, Q^2)dx_1dx_2dx^′_1dx^′_2 d^2q (2π)^2

. (8)

The hard subprocesses A and B are originated by two different branches of the parton cascade. Note that only the sum of the parton momenta (in both branches) is conserved, while in each individual branch there may be some difference, q, of transverse (parton) momenta in

FIG. 1: A graph for double parton scattering due to the first term. A and B are the hard parton subprocesses. q is the momemtum transfered through the ladders L1, L2, L1^′ and L2^′.

FIG. 2: A graph for double parton scattering due to the second evolution term. A and B are the hard parton subprocesses. q is the momemtum transfered through the ladders L1, L2, L1^′ and L2^′

the initial state wave function and the conjugated wave function.

The main problem is in the correct calculation of these two-parton functions Γ_{ij} (x_1, x_2; q; Q^2_1, Q^2) without the simplifying assumptions (2) and (4). The case is that they are known in the current literature [44–48] only at q = 0 in the collinear approximation. In this approximation the two-parton distribution functions, Γ_{ij} (x_1, x_2; q = 0; Q^2, Q^2) = D^{ij}_h (x_1, x_2; Q^2, Q^2) with the two hard scales set equal, satisfy the generalized Dokshitzer-Gribov-Lipatov- Altarelli-Parisi (DGLAP) evolution equations, derived for the first time in Refs. [44, 45], as well as single distributions satisfy more known and cited DGLAP equations [49–52]. The functions in question have a specific interpretation in the leading logarithm approximation of perturbative QCD: they are inclusive probabilities that in a hadron h one finds two bare partons of types i and j with the given longitudinal momentum fractions x_1 and x_2.

The evolution equation for Γ_{ij} contains two terms. The first term describes independent (simultaneous) evolution of two branches of parton cascade: one branch contains the parton x_1 and another branch — the parton x_2. The second term accounts for the possibility to split the one parton evolution (one branch k) into the two different branches, i and j. It contains the usual splitting function P_{k→ij} (z). The solutions of the generalized DGLAP evolution equations with the given initial conditions at the reference scales μ^2 may be written [24, 29, 53] in the form:

D^{j1j2}_h (x_1, x_2; μ^2, Q^2_1, Q^2) = D^{j1 j2}_{h1} (x_1, x_2; μ^2, Q^2_1, Q^2) + D^{j1 j2}_{h2} (x_1, x_2; μ^2, Q^2_1, Q^2), D^{j1j2}_{h1} (x_1, x_2; μ^2, Q^2_1, Q^2) = ∑ j_1^′j_2^′

1−x_2∫

x_1 dz_1 z_1 1−z_1∫

x_2 dz_2 z_2

D^{j1 ′j2 ′}_h (z_1, z_2; μ^2) ×D^{j1}_{j1}′ ( x_1 z_1

; μ^2, Q^2_1)D^{j2}_{j2}′ ( x_2 z_2

, μ^2, Q^2),

D^{j1j2}_{h2} (x_1, x_2; μ^2, Q^2_1, Q^2) = ∑ j^′ j_1^′j_2^′ min(Q^2_1,Q^2 ) ∫ μ^2 dk^2 α_s(k^2) 2πk^2 1−x_2∫

x_1 dz_1 z_1 1−z_1∫

x_2 dz_2 z_2

×D^{j′}_h (z_1 + z_2; μ^2, k^2) 1 z_1 + z_2

P_j′_{→j1} ′_{j2} ′ ( z_1 z_1 + z_2 )

×D^{j1}_{j1}′ ( x_1 z_1

; k^2, Q^2_1)D^{j2}_{j2} ′ ( x_2 z_2

; k^2, Q^2), (9) where α_s(k^2) is the QCD coupling, D^{j1}_{j1} ′ (z; k^2, Q^2) are the known single distribution functions (the Green’s functions) at the parton level with the specific δ-like initial conditions at Q^2 = k^2. D^{j′1 ,j′2}_h (z_1, z_2, μ^2) is the initial (input) two-parton distribution at a relatively low scale μ. The one parton distribution (before the slitting into the two branches at some scale k^2) is given by D^{j′}_h (z_1 + z_2, μ^2, k^2).

Note that in Eq. (9) we assume that the loop momentum q < μ is small and due to a strong ordering of parton transverse momenta during the collinear DGLAP evolution it may be neglected.

The first term is the solution of homogeneous evolution equation (independent evolution of two branches) where in general the input two-parton distribution at low scale μ is not known. For this non-perturbative two-parton function at low z_1, z_2 one may assume the factorization D^{j1 ′j2 ′}_h (z_1, z_2, μ^2) ≃ D^{j1 ′}_h (z_1, μ^2)D^{j2 ′}_h (z_2, μ^2) neglecting the influence of momentum conservation (z_1 + z_2 < 1).

This leads to D^{ij}_{h1}(x_1, x_2; μ^2, Q^2_1, Q^2) ≃ D^i_h(x_1; μ^2, Q^2_1)D^j_h(x_2; μ^2, Q^2). (10) Since the multiple interactions take place at relatively low transverse momenta, the contribution to the cross section from double scattering can be separated experimentally in the region of relatively low longitudinal momentum fraction x_1 and x_2, where the factorization hypothesis (10) for the first term is a good approximation. In this case the cross section for double parton scattering can be estimated, using the two-gluon form factor of the nucleon F_{2g} (q) [26, 54] for the dominant gluon-gluon scattering mode (or something similar for other parton scattering modes), σ^{D,1×1} (A,B) = m 2 ∑ i,j,k,l ∫ D^i_h(x_1; μ^2, Q^2_1)D^j_h(x_2; μ^2, Q^2)

×σ̂^A_{ik}(x_1, x^′_1)σ̂^B_{jl} (x_2, x^′_2)D^k_h′ (x^′_1; μ^2, Q^2_1)D^l_h′ (x^′_2; μ^2, Q^2) ×dx_1dx_2dx^′_1dx^′_2 ∫ F^4_{2g} (q) d^2q (2π)^2 . (11)

From the dipole fit F_{2g} (q) = 1/(q^2/m^2_g +1)^2 to the twogluon form factor follows that the characteristic value of q is of the order of gluon mass m_g, and therefore the initial conditions for the single distributions can be fixed at some reference scale μ ∼ m_g because of the weak logarithmic dependence of these distributions on the scale value. In this approach ∫ F^4_{2g} (q)^{d2q}_{(2π)2} gives the estimation of [σ_{eff} ]^{−1}.

The second term in Eq. (9) is the solution of complete evolution equation with the evolution from one “nonperturbative” parton at the reference scale. Here the independent evolution of two branches starts at scale k^2 from a point-like parton j^′. Therefore we have no the form factor F_{2g} (q) which suppresses the large q_t domain. The corresponding contribution to the cross section reads σ^{D,2×2} (A,B) = m 2 ∑ i,j,k,l ∫ dx_1dx_2dx^′_1dx^′_2

∫_{min(Q}2_{1,Q}2_) d^2q (2π)^2

× ∑ j^′ j_1^′j_2^′ min(Q^2_1 ,Q^2) ∫ q^2 dk^2 α_s(k^2) 2πk^2 1−x_2∫

x_1 dz_1 z_1 1−z_1∫

x_2 dz_2 z_2

×D^{j′}_h (z_1 + z_2; μ^2, k^2) 1 z_1 + z_2

P_j′_{→j1} ′_{j2} ′ ( z_1 z_1 + z_2 )

×D^i_{j1} ′ ( x_1 z_1

; k^2, Q^2_1)D^j_2 ′ ( x_2 z_2

; k^2, Q^2)

×σ̂^A_{ik}(x_1, x^′_1)σ̂^B_{jl} (x_2, x^′_2) × ∑ j^′ j_1^′j_2^′ min(Q^2_1 ,Q^2) ∫ q^2 dk^{′ 2} α_s(k^{′2}) 2πk^{′2} 1−x^′_2∫

x^′_1 dz_1 z_1 1−z_1∫

x^′_2 dz_2 z_2

×D^{j′}_h′ (z_1 + z_2; μ^2, k^{′ 2}) 1 z_1 + z_2

P_j′_{→j1} ′_{j2} ′ ( z_1 z_1 + z_2 )

×D^k_{j1} ′ ( x^′_1 z_1

; k^{′2}, Q^2_1)D^l_{j2} ′ ( x^′_2 z_2

; k^{′2}, Q^2), (12) or in less transparent, but substantially shorter form: σ^{D,2×2} (A,B) = m 2 ∑ i,j,k,l ∫ dx_1dx_2dx^′_1dx^′_2

∫_{min(Q}2_{1,Q}2_) d^2q (2π)^2

×D^{ij}_{h2}(x_1, x_2; q^2, Q^2_1, Q^2)σ̂^A_{ik} (x_1, x^′_1)

×σ̂^B_{jl} (x_2, x^′_2)D^{kl}_h′_2(x^′_1, x^′_2; q^2, Q^2_1, Q^2). (13)

There is yet the combined (“interference”) contribution, which is written by analogy, σ^{D,1×2} (A,B) = m 2 ∑ i,j,k,l ∫ dx_1dx_2dx^′_1dx^′_2

∫_{min(Q}2_{1 ,Q}2_) F^2_{2g} (q) d^2q (2π)^2

×[D^i_h(x_1; μ^2, Q^2_1)D^j_h(x_2; μ^2, Q^2)σ̂^A_{ik} (x_1, x^′_1)

×σ̂^B_{jl} (x_2, x^′_2)D^{kl}_h′_2(x^′_1, x^′_2; q^2, Q^2_1, Q^2)

+D^{ij}_{h2}(x_1, x_2; q^2, Q^2_1, Q^2)σ̂^A_{ik} (x_1, x^′_1)

×σ̂^B_{jl} (x_2, x^′_2)D^k_h′ (x^′_1; μ^2, Q^2_1)D^l_h′ (x^′_2; μ^2, Q^2)]. (14)

The equations (11), (13) and (14) are our solution of the problem — the estimation of the inclusive cross section for double parton scattering, taking into account the QCD evolution, in terms of the well-known collinear distributions extracted from deep inelastic scattering. However, here one should note that the input two-parton distribution D^{j′1 ,j′2}_h (z_1, z_2, μ^2) may be more complicated than that given by factorization ansatz (10). Let us discuss in more detail the second term, that is the 2 × 2 contribution.

III. DISCUSSION AND CONCLUSIONS

The contribution to the cross section from the second term induced by the QCD evolution does not reduce to the simple contribution with a some new, other, constant effective cross section σ_{eff} , as it was done in first estimations [35, 40, 41]. The QCD evolution effects for the cross section are anticipated to be larger than for the two-parton distribution functions, for which they were estimated in Refs. [24, 47] on the level of 10% -30% in comparison with the “factorization” components at x ∼ 0.1 and Q ∼ 100 GeV. Indeed, in Eq. (12) the integration over q has no a strong suppression factor F_{2g} (q) and the phase space integral may be estimated as,

∫_Q2 dq^2 ∫_Q2

q^2 dk^2 k^2

∫_Q2

q^2 dk^{′2} k^{′2} ≃ 2Q^2, Q^2 ≫ μ^2, (15)

where within the leading order (LO) accuracy we take q^2 as the lower limit in k^2 and k^{′2} integrations; at q^2 > k^2 the loop momentum q_t destroys the logarithmic structure of the integrals in collinear evolution from k^2 to Q^2.

We see that for a large final scale Q^2 the second (2 × 2) contribution dominates being proportional to Q^2 in comparison with the 1 × 1 or 1 × 2 components which contributions ∼ m^2_g ∼ 1/σ_{ef f} are limited by the nucleon (hadron) form factor F_{2g} [63].

The real gain is, of course, less, since the running coupling constant and the distribution functions are logarithmically dependent on the integration variables and we have the additional suppression factor, which is inversely proportional [55] to the initial gluon and quark multiplicities squared; due to the different “normalization”: the second term evolves from one “nonperturbative” parton unlike the first factorization term having the two initial independent “nonperturbative” partons at the reference scale.

As a result, the experimental effective cross section, σ^{exp}_{eff} , which is not measured directly but is extracted, using the normalization to the product of two single cross sections: σ^{γ+3j}_{DP S} σ^{γj} σ^{jj} = [σ^{exp}_{eff} ]^{−1} (16)

in both the CDF and D0 experiments, should be dependent on the probing hard scale. It should decrease with the growth of the resolution scale due to the fact that all additional contributions to the cross section of double parton scattering are positive and increase. Here σ^{γj} and σ^{jj} are the inclusive γ+ jet and dijets cross sections, σ^{γ+3j}_{DP S} is the inclusive cross section of the γ +3 jets events produced in the double parton process. It is worth noticing that the CDF and D0 Collaborations extract σ^{exp}_{eff} without any theoretical predictions on the γ+ jet and dijets cross sections, by comparing the number of observed double parton γ + 3 jets events in one pp̄ collision to the number of γ + 3 jets events with hard interactions occurring in the case of two separate pp̄ collisions.

The recent D0 measurement [5] of this effective cross section, σ^{exp}_{eff} , done as a function of the second (ordered in the transverse momentum p_T ) jet p_T , p^{jet2}_T , that can serve as a resolution scale, shows a tendency to be dependent on this scale. In Ref. [56] this fact was interpreted as the first indication to the QCD evolution of double parton distributions.

We have to emphasize that the dominant contribution to the phase space integral (15) comes from a large q^2 ∼ Q^2 and strictly speaking we have no place for the collinear (DGLAP) evolution of two independent branches of the parton cascade (i.e., in the ladders L1, L2, L1^′ and L2^′) in the 2 × 2 term. Formally in the framework of collinear approach this contribution should be considered as that caused by the interaction of one pair of partons with the 2 → 4 hard subprocess [64]. Recall however that in the estimate (15) we neglect the anomalous dimension, γ, of the parton distributions D^k_j (x/z, k^2, Q^2) ∝ (Q^2/k^2)^γ . In collinear appoach the anomalous dimensions γ ∝ α_s << 1 are assumed to be small. On the other hand in a low x region the value of anomalous dimension is enhanced by the ln(1/x) logarithm and may be rather large numerically. So the integral over q^2 is slowely convergent and the major contribution to the cross section is expected to come actually from some characteristic intermediate region, m^2_g << q^2 << Q^2_1(Q_1 < Q_2), with the not such strong sensitivity to the upper limit of q-integration as in the case of the phase space integral. Therefore it makes sense to consider the numerical contribution of the 2 × 2 term even within the collinear approach at the LHC kinematics with the available large enough Q_1 and Q_2 with respect to m_g (providing the wide enough integration region and the characteristic intermediate momenta q).

Next in a configuration with two quite different scales (say, Q^2_1 << Q^2) the upper limit of q^2 integral is given by a smaller scale (at q > Q_1 the hard matrix element corresponding to σ^A starts to fall down with q_t). In this case the collinear evolution from the scale q = Q_1 up to the scale Q_2 in the ladders (parton branches) L2 and L2^′ is well justified.

Moreover the integrals over z_1, z_2 in Eq. (12) are concentrated at a rather large z giving enough space for the Balitsky-Fadin-Kuraev-Lipatov (BFKL) evolution [57–60]. Thus it may be intersting (and even more justified theoretically) to consider the multiple parton interactions in the framework of the BFKL approach (see the recent paper [61]).

In summary, we suggest a practical constructive method how to estimate the inclusive cross section for double parton scattering, taking into account the QCD evolution, in terms of the well-known collinear distributions extracted from deep inelastic scattering. We support also the conclusion of Refs. [56, 61] that the experimentally measured effective cross section, σ^{exp}_{eff} , at a normalization (16) and the presence of the evolution (correlation) term in the two-parton distributions, should decrease with the growth of the resolution scale Q^2.

Acknowledgments

Discussions with D.V. Bandurin, E.E. Boos, S.V. Molodtsov, M. Strikman, D. Treleani, G.M. Zinovjev and N.P. Zotov are gratefully acknowledged. This work is partly supported by Russian Foundation for Basic Research Grants No. 10-02-93118, the President of Russian Federation for support of Leading Scientific Schools Grant No 4142.2010.2. and by the Federal Program of the Russian State RSGSS=65751.2010.2.

[1] T. Akesson, et al. (AFS Collaboration), Z. Phys. C 34, 163 (1987).

[2] J. Alitti, et al. (UA2 Collaboration), Phys. Lett., B 268, 145 (1991).

[3] F. Abe, et al. (CDF Collaboration), Phys. Rev. D 47, 4857 (1993).

[4] F. Abe, et al. (CDF Collaboration), Phys. Rev. D 56, 3811 (1997).

[5] V.M. Abazov, et al. (D0 Collaboration), Phys. Rev. D 81, 052012 (2010).

[6] P.V. Landshoff and J.C. Polkinghorne, Phys. Rev. D 18, 3344 (1978).

[7] F. Takagi, Phys. Rev. Lett. 43, 1296 (1979). [8] C. Goebel, F. Halzen, and D.M. Scott, Phys. Rev. D 22, 2789 (1980).

[9] N. Paver and D. Treleani, Nuovo Cimento A 70, 215 (1982).

[10] B. Humpert, Phys. Lett. 131B, 461 (1983). [11] B. Humpert and R. Odorico, Phys. Lett. 154B, 211 (1985).

[12] M. Mekhfi, Phys. Rev. D 32, 2371 (1985); Phys. Rev. D 32, 2380 (1985).

[13] L. Ametller, N. Paver, and D. Treleani, Phys. Lett.

169B, 289 (1986).

[14] F. Halzen, P. Hoyer, and W.J. Stirling, Phys. Lett. 188B, 375 (1987).

[15] T. Sjostrand and M. van Zijl, Phys. Rev. D 36, 2019 (1987).

[16] M.L. Mangano, Z. Phys. C 42, 331 (1989). [17] R.M. Godbole, S. Gupta, and J. Lindfors, Z. Phys. C 47,

69 (1990).

[18] M. Drees and T. Han, Phys. Rev. Lett. 77, 4142 (1996). [19] G. Calucci and D. Treleani, Nucl. Phys. B (Proc. Suppl.)

71, 392 (1999).

[20] G. Calucci and D. Treleani, Phys. Rev. D 60, 054023 (1999).

[21] T. Sjostrand and P.Z. Skands, JHEP 0403, 053 (2004). [22] T. Sjostrand and P.Z. Skands, Eur. Phys. J. C 39, 129 (2005).

[23] T. C. Rogers and M. Strikman, Phys. Rev. D 81, 016013 (2010).

[24] J.R. Gaunt and W.J. Stirling, JHEP 1003, 005 (2010). [25] G. Calucci and D. Treleani, Phys. Rev. 83, 016012 (2011).

[26] B. Blok, Yu. Dokshitzer, L. Frankfurt, and M. Strikman, arXiv:1009.2714 [hep-ph].

[27] M. Strikman and W. Vogelsang, arXiv:1009.6123 [hepph].

[28] I.M. Dremin and V.A. Nechitailo, Phys. Rev. D 70, 034005 (2004).

[29] F.A. Ceccopieri, Phys. Lett. B697, 482 (2011). [30] A. Del Fabbro and D. Treleani, Phys. Rev. D 61, 077502 (2000).

[31] A. Del Fabbro and D. Treleani, Phys. Rev. D 66, 074012 (2002).

[32] M.Y. Hussein, Nucl. Phys. B (Proc. Suppl.) 174, 55 (2007).

[33] M.Y. Hussein, arXiv:0710.0203 [hep-ph] [34] A. Kulesza and W.J. Stirling, Phys. Lett. B 475, 168 (2000).

[35] E. Cattaruzza, A. Del Fabbro and D. Treleani, Phys. Rev.

D 72, 034022 (2005).

[36] E. Maina, JHEP 0904, 098 (2009); JHEP 0909, 081 (2009).

[37] E.L. Berger, C.B. Jakson, and G. Shaughnessy, Phys.

Rev. D 81, 014014 (2010).

[38] M. Bahr, S. Gieseke and M.H. Seymour, JHEP 0807, 076 (2008).

[39] R. Corke and T. Sjostrand, arXiv:1101.5953 [hep-ph]. [40] J.R. Gaunt, C.-H. Kom, A. Kulesza, and W.J. Stirling, Eur. Phys. J. C 69, 53 (2010).

[41] E. Maina, arXiv:1010.5674 [hep-ph].

[42] M. Diehl and A. Schafer, arXiv:1102.3081 [hep-ph]. [43] J.R. Gaunt and W.J. Stirling, arXiv:1103.1888 [hep-ph]. [44] R. Kirschner, Phys. Lett. 84B, 266 (1979). [45] V.P. Shelest, A.M. Snigirev, and G.M. Zinovjev, Phys.

Lett. 113B, 325 (1982); Theor. Math. Phys. 51, 523 (1982) [Teor. Mat. Fiz.51, 317 (1982)].

[46] A.M. Snigirev, Phys. Rev. D 68, 114012 (2003). [47] V.L. Korotkikh and A.M. Snigirev, Phys. Lett. B 594, 171 (2004).

[48] A.M. Snigirev, arXiv:0809.4377 [hep-ph].

[49] V.N. Gribov and L.N. Lipatov, Sov. J. Nucl. Phys. 15, 438 (1972) [Yad. Fiz. 15, 781 (1972)]; 15, 675 (1972) [Yad. Fiz. 15, 1218 (1972)].

[50] L.N. Lipatov, Sov. J. Nucl. Phys. 20, 94 (1974) [Yad. Fiz.

20, 181 (1974)].

[51] Yu.L. Dokshitzer, Sov. Phys. JETP 46, 641 (1977) [Zh.

Eksp. Teor. Fiz. 73, 1216 (1977)].

[52] G. Altarelli and G. Parisi, Nucl. Phys. B126, 298 (1977) [53] A.M. Snigirev, Phys. At. Nucl. 74, 158 (2011) [Yad. Fiz.

74, 158 (2011)].

[54] L. Frankfurt and M. Strikman, Phys. Rev. D 66, 031502 (2002).

[55] A.M. Snigirev, Phys. Rev. D 83, 034028 (2011). [56] A.M. Snigirev, Phys. Rev. D 81, 065014 (2010). [57] E.A. Kuraev, L.N. Lipatov, and V.S. Fadin, Sov. Phys.

JETP 44, 443 (1976) [Zh. Eksp. Teor. Fiz. 71, 840 (1976)].

[58] E.A. Kuraev, L.N. Lipatov, and V.S. Fadin, Sov. Phys.

JETP 45, 199 (1977) [Zh. Eksp. Teor. Fiz. 72, 377 (1977)].

[59] I.I. Balitsky and L.N. Lipatov, Sov. J. Nucl. Phys. 28, 822 (1978) [Yad. Fiz. 28, 1597 (1978)].

[60] L.V. Gribov, E.M. Levin, and M.G. Ryskin, Phys. Rep.

100, 1 (1983).

[61] C. Flensburg, G. Gustafson, L. Lonnblad, and A. Ster, arXiv:1103.4320 [hep-ph].

[62] In the case of conventional DIS the cross section is given by the integral over b corresponding to qt = 0.

[63] In terms of impact parameters b this means that in the second (2 × 2) term two pairs of partons are very close to each other; |b1 − b2| ∼ 1/Q.

[64] This is in agreement with the statement [43] that “the structure of Fig. 2 should not be included in the leading logarithmic double parton scattering cross section”.