arXiv:1103.3679v1 [gr-qc] 18 Mar 2011

de Sitter relativity: a natural scenario for an evolving Λ

J. P. Beltrán Almeida, C. S. O. Mayor and J. G. Pereira

Instituto de Física Teórica, UNESP-Univ Estadual Paulista Caixa Postal 70532-2, 01156-970 São Paulo, Brazil

Abstract. Both cosmology and quantum gravity seem to require the existence of an invariant

length-parameter at their scales. The most simple and natural way to introduce such parameter without spoiling the Lorentz symmetry is arguably to replace ordinary (Poincaré-based) special relativity by de Sitter special relativity. In fact, the de Sitter group has Lorentz as subgroup, and at the same time involves an invariant length-parameter related to the cosmological term, whose (kinematic) source turns out to be the conformal current of ordinary matter. When applied to the quantum gravity scale, the de Sitter special relativity naturally endows spacetime with a holographic structure. When applied to the whole universe, it provides a natural scenario for the existence of an evolving Λ, as well as an explanation for its currently observed value.

1 Introduction

Cosmological observations and quantum gravity arguments seem to indicate the necessity of an invariant length-parameter on both scales. At the cosmological level, this parameter is related to the accelerated expansion rate of the universe [1], which could be explained by a non-vanishing cosmological term Λ [2]. At the quantum level, this parameter is related to the Planck length l_P , which shows up as the threshold of quantum gravity [3]. Considering that Poincaré—the kinematic group of ordinary special relativity—does not allow the existence of an invariant length-parameter, it turns out necessary to look for another group to replace Poincaré as the group ruling the kinematics at those scales [4].

For the case of physics at the Planck scale, several deformed special relativities have been proposed, as for example those based on a κ-deformed Poincaré group (see Ref. [5] and references therein). These models presuppose a violation of the Lorentz symmetry to allow the existence of an invariant length-parameter. Such violation, however, would break down the causal structure of spacetime [6]. Furthermore, there is an apparent inconsistency in assuming simultaneously the invariance of the speed of light and the breakdown of Lorentz symmetry. It changes also the notion of spin, posing some difficulties for the interpretation of fields and particles as representations of the Poincaré group. Furthermore, because the energy-momentum relations (dispersion relations) are not invariant under change of scale of mass, energy and momentum [7], these relativities would be applicable only at the Planck scale.

For the case of physics at the cosmological scale, a cosmological term Λ can be considered the simplest and most economical explanation for the observed acceleration in the universe expansion rate [8, 9]. On the other hand, a natural way to incorporate a cosmological term into spacetime is to assume that, instead of Poincaré, spacetime kinematics is ruled by the de Sitter group. As is well known, the de Sitter group has Lorentz as subgroup, and consequently preserves the causal structure of spacetime. Furthermore, it involves an invariant lengthparameter related to the cosmological term. Accordingly, we can say that the most simple and natural spacetime kinematics that preserves the Lorentz symmetry and involves an invariant length-parameter—in addition to the speed of light—is that provided by the de Sitter special relativity [10, 11, 12]. Furthermore, since its dispersion relation is invariant under change of scale of mass, energy and momentum, it can be applied at any energy scale, from cosmology to quantum gravity, being in this sense universal. It is, for this reason, a natural alternative to deal with the existence of invariant length-parameters at any scale of energy.

Motivated by the above discussion, the purpose of this paper is to show that the simple replacement of ordinary special relativity by de Sitter special relativity provides a natural mechanism for the existence of an evolving cosmological term in the universe, as well as an explanation for its currently observed value. These issues have already been considered in a previous publication [13], but here we have improved the formalism, as well as obtained a new covariant interpretation of the results in terms of co-moving frames, which allowed us to discuss the cosmological applications on more solid grounds. We have furthermore clarified the role played by the Lorentz transformations in the theory, and compared the notions of inertia-free frames in ordinary and in de Sitter relativity.

2 From Poincaré to de Sitter special relativity

2.1 Ordinary special relativity

Spacetimes with constant scalar curvature R are maximally symmetric in the sense that they can lodge the highest possible number of Killing vectors. Given a metric signature, this spacetime is unique for each value of R [14]. Minkowski spacetime M, with vanishing scalar curvature, is the simplest one. Its group of motion is the Poincaré group P = L ⊘ T , the semi-direct product of Lorentz L = SO(3, 1) and the translation group T . The latter acts transitively on M and its group manifold can be identified with M. Indeed, Minkowski spacetime is a homogeneous space under P, actually the quotient M = P/L. The invariance of M under the transformations of P reflects its uniformity. The Lorentz subgroup provides an isotropy around a given point of M, and the translation invariance enforces this isotropy around any other point. This is the meaning of uniformity: all points of the spacetime are ultimately equivalent.

The tangent bundle is a fundamental structure of spacetime. It is formed by spacetime itself—the base space—at each point of it there is “attached” a tangent-space—the fiber of the bundle. Denoting a general tetrad field by h^a_μ, the quantities

h^a = h^a_μ dx^μ and h_a = h_a^μ ∂_μ (1)

represent Lorentz frames in spacetime. These frames are classified according to the value of the coefficient of anholonomy f^c_{ab}, which is defined by the commutation relation [15]

[h_a, h_b] = f^c_{ab} h_c. (2)

As a simple calculation shows, it is given by

f^a_{cd} = h_c^μ h_d^ν (∂_ν h^a_μ − ∂_μh^a_ν ). (3)

In the presence of gravitation, f^a_{cd} includes both inertial and gravitational effects. In this case, the spacetime metric g_{μν} = η_{ab} h^a_μh^b_ν (4) represents a general (pseudo) Riemannian spacetime. In absence of gravitation, on the other hand, the anholonomy of the frames is entirely related to the inertial forces present in those frames. In this case, h^a_μ becomes trivial and g_{μν} turns out to represent the Minkowski metric in a general coordinate system. The preferred class of inertial frames, denoted h^′_a, is characterized by absence of inertial forces, and consequently represented by frames for which f^{′a}_{cd} = 0. (5) They are called, for this reason, holonomic frames. In cartesian coordinates, an inertial frame has the form h^{′a}_μ = δ^a_μ. (6) In this case, relation (4) assumes the form η_{μν} = η_{ab} δ^a_μδ^b_ν . (7) Starting with an inertial frame, different classes of frames are obtained by performing local (point-dependent) Lorentz transformations Λ_a^b(x^μ). Inside each class, different frames are related through global (point-independent) Lorentz transformations Λ_a^b.

2.2 From Minkowski to de Sitter spacetime The de Sitter spacetime, denoted E^{4,1}, is a hyperbolic, maximally symmetric curved spacetime [16]. It can be defined as a hyper-surface in the “host” pseudo-Euclidean spaces E^{4,1}, inclusion whose points in Cartesian coordinates χ^A (A, B, ... = 0, ..., 4) satisfy η_{AB}χ^Aχ^B = − l^2, where η_{AB} = (+1, −1, −1, −1, −1) and l is the de Sitter length-parameter (or pseudo-radius). Its kinematic group is the pseudo-orthogonal group SO(4, 1), and it can be obtained as the homogeneous space dS(4, 1) = SO(4, 1)/L, with L the Lorentz group. In terms of the stereographic coordinates {x^μ} [17], the line element ds^2 = η_{AB} dχ^Adχ^B of the de Sitter spacetime assumes the form ds^2 = g_{μν} dx^μdx^ν , where g_{μν} = Ω^2(x) η_{μν} (8) is the conformally flat de Sitter metric, with the conformal factor given by

Ω(x) = 1 1 − σ^2/4l^2

, (9)

and σ^2 the Lorentz-invariant quadratic interval σ^2 = η_{μν} x^μx^ν .

The de Sitter invariant version of the relation (7) is g_{μν} = Ω^2(x)η_{ab} δ^a_μ δ^b_ν . (10) This relation can be rewritten in the form g_{μν} = η_{ab} h^a_μ h^b_ν , (11) where h^a_μ = Ω(x) δ^a_μ and h_a^μ = Ω^{−1}(x) δ_a^μ (12)

are respectively the de Sitter tetrad and its inverse. The corresponding de Sitter frames are

h^a = Ω(x) δ^a_μ dx^μ and h_a = Ω^{−1}(x) δ_a^μ ∂_μ. (13)

The coefficient of anholonomy of the frame h_a is then easily found to be

f^a_{cd} = 1 2l^2 (δ_c^a η_{db} − δ_d^a η_{cb}) x^b ≡ − Ω^{−2}(x) 2 R^a_{bcd} x^b, (14) with R^a_{bcd} the Riemann tensor of the de Sitter spacetime. In the limit l → ∞, the frame h_a reduces to an inertial (holonomic) frame in Minkowski spacetime. This means that the anholonomy of the frame is related to the curvature of the de Sitter spacetime only. That is to say, it does not include inertial effects. In this sense, this frame can be considered to be the de Sitter generalization of the inertial frames of special relativity, which are also characterized by absence of inertial forces. The difference is that, whereas the inertial frames in Minkowski spacetime are holonomic, the inertia-free frames in de Sitter spacetime are not holonomic due to the curvature of the de Sitter spacetime. Observers obeying the de Sitter kinematics will always feel the effects of the local cosmological term, expressed by the coefficient of anholonomy f^a_{cd}. 2.3 de Sitter transformations

In stereographic coordinates, an infinitesimal de Sitter transformation is written as

δx^μ =^1_2 ϵ^{ρσ}L_{ρσ}x^μ − ϵ^ρΠ_ρx^μ, (15)

where ϵ^{ρσ} and ϵ^ρ are the transformation parameters. In this expression,

L_{ρσ} = η_{ρλ} x^λ P_σ − η_{σλ} x^λ P_ρ (16)

are the Lorentz generators, and

Π_ρ ≡ L_{ρ4} l = P_ρ − 1 4l^2

K_ρ (17)

are the so-called de Sitter “translation” generators, with

P_ρ = ∂/∂x^ρ and K_ρ = ( 2η_{ρν} x^ν x^μ − σ^2δ_ρ^μ ) ∂/∂x^μ, (18) respectively, the translation and the proper conformal generators. For l → ∞, they reduce to the generators of the Poincaré group, the kinematic group of Minkowski spacetime.

We see from the generators (16) and (17) that, from the algebraic point of view, the only difference between Minkowski and de Sitter spacetimes is the notion of uniformity. In Minkowski, the uniformity is defined by ordinary translations. In de Sitter spacetime, on the other hand, the uniformity is defined by a combination of translation and proper conformal transformation. This means that in the presence of Λ, ordinary special relativity, whose kinematics is ruled by the Poincaré group, is no longer valid and must be replaced by de Sitter special relativity. In this theory, the isotropy of spacetime, as well as the relation between equivalent frames (boosts), are still governed by the Lorentz group. The uniformity, however, is no longer given by ordinary translations, but by a combination of translation and proper conformal transformation—the so-called de Sitter “translations”.

2.4 Killing vectors and conservation laws Substituting the generators (16) and (17) in the transformation (15), and writing separately the Lorentz and the de Sitter “translations”, they acquire the form

δ_Lx^μ = −ξ^μ_{(ρσ)} ϵ^{ρσ} and δ_Πx^μ = −ξ^μ_{(ρ)} ϵ^ρ, (19)

where ξ^μ_{(ρσ)} = ( η_{ρλ} δ^μ_σ − η_{σλ} δ^μ_ρ ) x^λ (20) are the Lorentz Killing vectors, and

ξ^μ_{(ρ)} = δ^μ_ρ − 1 4l^2 δ̄_ρ^μ (21)

are the “translational” de Sitter Killing vectors, with

δ̄_ρ^μ = 2η_{ρν} x^ν x^μ − σ^2δ_ρ^μ (22)

a Lorentz-covariant tensor, which is a kind of conformal Kronecker delta.

Due to the change in the spacetime uniformity, the notions of energy and momentum will also change in de Sitter relativity. To see that, let us consider an infinitesimal de Sitter “translation” of the de Sitter spacetime coordinates

δ_Πx^μ = − ξ^μ_{(ρ)} ϵ^ρ, (23)

with ξ^μ_{(ρ)} the “translational” de Sitter Killing vector (21). Under such transformation, the metric changes according to

δg_{μν} = − ξ^{(ρ)}_μ ∇_ν ϵ_ρ − ξ^{(ρ)}_ν ∇_μϵ_ρ, (24)

with ∇_μ a covariant derivative in the Christoffel connection of the de Sitter metric (8). Now, from Noether’s theorem, the invariance of any matter Lagrangian under this transformation yields the conservation law [13] ∇_μΠ^{ρμ} = 0, (25) where Π^{ρμ} ≡ ξ^{(μ)}_λ T^{ρλ} = T^{ρμ} − 1 4l^2

K^{ρμ}, (26)

with T^{ρμ} the energy–momentum tensor, and K^{ρμ} the proper conformal current [18] K^{ρμ} ≡ δ̄_λ^μ T^{ρλ} = ( 2η_{λν} x^ν x^μ − σ^2δ_λ^μ ) T^{ρλ}. (27)

We see in this way that, in de Sitter spacetime, instead of the energy-momentum tensor, the conserved quantity is the projection of the energy-momentum tensor T^{ρλ} along the Killing vector ξ^{(μ)}_λ .

3 On the origin of the cosmological term

Ordinary Einstein equation can be written in the form

G^{ρλ} δ^{(μ)}_λ = 8πG c^4

T^{ρλ} δ^{(μ)}_λ , (28)

where G^{ρλ} = R^{ρλ} −^1_2 g^{ρλ}R is the Einstein tensor, and δ^{(μ)}_λ are the Killing vectors of translations, which is the group defining the homogeneity of the local (or tangent) Minkowski spacetime. Consistency with de Sitter special relativity, therefore, whose local homogeneity is defined by the Killing vectors ξ^{(μ)}_λ , requires that Einstein equation be generalized to [13]

G^{ρλ} ξ^{(μ)}_λ = 8πG c^4

T^{ρλ} ξ^{(μ)}_λ . (29)

In the limit l → ∞, the Killing vectors ξ^{(μ)}_λ reduce to δ^{(μ)}_λ , and Eq. (29) reduces to the usual Einstein equation, which is consistent with ordinary (Poincaré-based) special relativity. Using the Killing vectors (21), the left-hand side of this equation can be rewritten as

G^{ρλ} ξ^{(μ)}_λ = G^{ρμ}_T − 1 4l^2

G^{ρμ}_K , (30)

with G^{ρμ}_T = G^{ρλ} δ^{(μ)}_λ and G^{ρμ}_K = G^{ρλ} δ̄^{(μ)}_λ . (31) Making then use of Eq. (26), the field equation (29) assumes the form G^{ρμ}_T − 1 4l^2 G^{ρμ}_K = 8πG c^4 ( T^{ρμ} − 1 4l^2 K^{ρμ} ) . (32)

Now, the replacement of ordinary special relativity by de Sitter relativity changes only the local spacetime symmetry, not the dynamics of general relativity. As a matter of fact, it changes only the strong equivalence principle, which now runs as follows: in any local freefalling frame, the non-gravitational laws of physics are those of de Sitter special relativity. This means that the generalized Einstein equation (32) can be written as two independent equations: the usual Einstein equation G^{ρμ}_T = 8πG c^4

T^{ρμ}, (33)

which describes the dynamical spacetime curvature, and the equation G^{ρλ}_K = 8πG c^4

K^{ρμ}, (34)

which remains true and describes the kinematic effects on the spacetime geometry. We see in this way that the total spacetime curvature is composed of two parts: a dynamical part G^{ρμ}_T , whose source is the energy-momentum tensor of matter, and a kinematical part G^{ρλ}_K , whose source is the proper conformal current of matter.

Due to the possibility of separating the dynamical and the kinematical parts of the curvature, a possibility related to the linearity of Einstein equation in the Riemann tensor, even when the dynamical effects of general relativity are neglected, there is still a kinematical effect coming from the de Sitter special relativity. In order to comply with the de Sitter kinematics, G^{ρλ}_K must represent the curvature of the de Sitter spacetime, for which G^{ρλ}_K = − R_K 4 g^{ρλ}, (35)

with R_K the corresponding scalar curvature. However, it should be noticed that there is a crucial difference in relation to the usual de Sitter spacetime: since the conformal current K^{ρμ} vanishes outside the source, G^{ρλ}_K represents a local de Sitter spacetime in the sense that, outside the source, it becomes the flat Minkowski space. That is to say, it is not a dynamic, but a kinematic equation. This is actually an expected result because only the local spacetime kinematics has been changed.

Substituting relation (35) into Eq. (34), we get

R_K δ̄^{(μ)}_λ = − 32πG c^4

K_λ^μ. (36)

Taking the trace on both sides, it reduces to

R_K = 16πG c^4 K_μ^μ σ^2

. (37)

Considering that the scalar curvature of the de Sitter spacetime is related to the cosmological term Λ through^∗ R_K = 4Λ, we obtain Λ = 4πG c^4 K_μ^μ σ^2

. (38)

According to de Sitter special relativity, therefore, the source of the local (asymptotically flat) de Sitter spacetime, or equivalently, of the local value of the cosmological term, is the (trace of the) proper conformal current of ordinary matter. Using Eq. (27), the cosmological term assumes the form Λ = 4πG c^4

(2 T_{ρμ} u^ρu^μ − T^μ_μ) , (39)

where u^μ = x^μ s (40)

is the four-velocity in comoving coordinates, with s the invariant form s = (g_{μν} x^μx^ν )^{1/2} ≡ Ω σ. In fact, observe that the variation of the four-velocity of a given point of spacetime depends only on the change of the invariant form s. The local value of Λ is then determined by a conformal combination of the energy-momentum tensor of ordinary matter, not by any kind of weird fluid satisfying exotic equations of state.

∗This relation follows from the fact that the de Sitter spacetime is a solution of the sourceless Einstein equation with a cosmological term Λ. Although solution to Einstein equation, the de Sitter spacetime is no longer to be viewed as a dynamical solution of Einstein equation. In fact, as a quotient space, it is more fundamental than Einstein equation in the sense that, like Minkowski, it is known a priori, independently of any gravitational theory.

4 The de Sitter scenario for a variable Λ

When applied to the universe as a whole, the value of Λ, according to de Sitter relativity, will be determined by the matter content of the universe in its different epochs. The evolution of the matter content of the universe, therefore, provides a mechanism for an evolving Λ. To get an idea on how it works, let us note first that, for a de Sitter length parameter of the order of the Planck length, l ≃ l_P , the local value of the cosmological term will be Λ ≃ 10^{66} cm^{−2}, and the corresponding de Sitter space will approach a cone-spacetime, which is transitive under proper conformal transformations only. Under such extreme conditions, which corresponds to a case in which all matter content is in the form of dark energy, physics becomes conformal invariant, and the proper conformal current turns out to be conserved. Due to the fact that spacetime becomes locally a high-Λ de Sitter spacetime, it is naturally endowed with a causal de Sitter horizon, and consequently with a holographic structure [20].

As is well known, the physics at the Planck scale must coincide with the physics of the initial moments of a big bang universe. It is then interesting to observe that the thermodynamic properties of the de Sitter horizon in this extreme case fit quite reasonably with what one would expect for a consistent initial state for the universe. In fact, it has an infinite temperature, and vanishing entropy and energy. The energy density, however, is infinite [19]. In such scenario, inflation is a natural consequence of this huge initial value of Λ. At any subsequent era, the matter content of the universe will be described by a sum of energy-momentum tensors, each one representing a different component of the whole content. Here, to simplify the analysis, we consider a one-component perfect fluid, whose energy-momentum tensor is of the form

T^ρ_μ = (ε + p) u^ρu_μ − p δ^ρ_μ, (41)

with ε the energy density, and p the pressure. Substituting in Eq. (39), it yields the cosmological term Λ = 4πG c^4

(ε + 3p). (42)

For radiation, or ultra relativistic matter, for which p = ε/3, the cosmological term turns out to be given by Λ = 8πG 3c^4 ε. (43)

At the present time, the matter content of the universe can be accurately described by dust, which is characterized by p = 0. In this case, expression (42) yields Λ = 4πG c^4 ε. (44)

Using the current energy density of the universe, we get

Λ ≃ 10^{−56} cm^{−2}, (45)

which is consistent with the current observed value [1]. These simplified calculations were presented just to show that the change in the matter content of the universe along its evolution provides, according to the de Sitter special relativity, a natural mechanism for an evolving cosmological term. Of course, in order to get a more precise view of the Λ evolution, a more realistic analysis must be done.

5 Final remarks

Cosmological observations and quantum gravity arguments seem to indicate the necessity of an invariant length-parameter on both scales. The most simple and natural way to introduce such parameter, without spoiling the the Lorentz symmetry, and consequently the causal structure of spacetime, is arguably to replace ordinary special relativity by de Sitter special relativity. In this theory, the spatial isotropy and the relation between inertia-free frames are still governed by the Lorentz group. Spacetime translations, however, are replaced by a combination of translations and proper conformal transformations. As a consequence, the notions of energy and momentum change, producing concomitant changes in the source of gravitation, which turns out to be a combination of energy-momentum and proper conformal currents. Since the replacement of the local group of symmetry of spacetime does not change general relativity, the energy-momentum tensor keeps its role of dynamic source of ordinary gravity, whereas the proper conformal current of ordinary matter shows up as the algebraic source of the cosmological term Λ, which is necessary to comply with the new local spacetime kinematics.

The replacement of Poincaré by de Sitter as the group governing the spacetime kinematics provides a natural explanation for the existence of an evolving cosmological term. In fact, from a huge primordial value which drove inflation, the cosmological term is found to evolve according to the matter content of the universe, as given by the relation (39). The de Sitter special relativity, therefore, allows a new and consistent interpretation of the dark energy as an entity which is encoded in the structure of the kinematic group of spacetime, rather than produced by the energy-momentum tensor of an exotic dynamical entity that fills uniformly the whole Universe [21]. The basic features of the observed universe, as we have seen, can be accommodated in this framework.

Since the cosmological term is determined by the conformal current of the ordinary matter content of the universe, and considering that the matter content of the universe changes along its evolution, we can say that the de Sitter special relativity yields a natural mechanism for an evolving cosmological term. Presently, where the universe matter can be accurately described by dust, the de Sitter special relativity yields a cosmological term which is consistent with observations. However, as is well known, after an initial de Sitter phase characterized by a very large Λ, which should drive inflation, the cosmological term should nearly vanish for a long period in such a way to allow the formation of the observed structures, like galaxies and cluster of galaxies. A few billion years later it should resurface to drive the accelerated universe expansion we observe today. Whether the evolution of the cosmological term that will emerge from de Sitter relativity fits these requirements is an open question to be explored elsewhere.

Acknowledgements

The authors would like to thank FAPESP, CAPES and CNPq for partial financial support.

References

[1] A. G. Riess et al, Ap. J. 116, 1009 (1998); S. Perlmutter et al, Ap. J. 517, 565 (1999); P.

de Bernardis et al, Nature 404, 955 (2000); S. Hanany et al, Ap. J. Letters 545, 5 (2000).

[2] T. Padmanabhan, Dark Energy and its Implications for Gravity, in Advanced Science Letters, Special Issue on Quantum Gravity, Cosmology and Black Holes, ed. by M. Bojowald [arXiv:0807.2356].

[3] T. Padmanabhan, Class. Quant. Grav. 4, L107 (1987); G. Amelino-Camelia, Lect. Not.

Phys. 541, 1 (2000) [arXiv:gr-qc/9910089]; J. Magueijo and L. Smolin, Phys. Rev. Lett. 88, 190403 (2002) [arXiv:hep-th/0112090]; G. Amelino-Camelia, Int. J. Mod. Phys. D11, 35 (2002) [arXiv:gr-qc/0012051].

[4] R. Aldrovandi and J. G. Pereira, Int. J. Mod. Phys. D 17, 2485 (2008) [arXiv:grqc/0805.2584].

[5] J. Kowalski-Glikman, Lect. Notes Phys. 669, 131 (2005) [arXiv:hep-th/0405273]; J.

Kowalski-Glikman, in Approaches to quantum gravity — toward a new understanding of space, time, and matter, ed. by D. Oriti (Cambridge University Press, Cambridge, 2006) [arXiv:gr-qc/0603022].

[6] E. C. Zeeman, J. Math. Phys. 5, 490 (1964).

[7] F. Girelli and E. R. Livine, J. Phys. Conf. Ser. 67, 012030 (2007) [arXiv:gr-qc/0612111].

[8] E. Bianchi and C. Rovelli, Why all these prejudices against a constant? [arXiv:astroph/1002.3966].

[9] R. Triay, Dark Energy: fiction or reality? [arXiv:gr-qc/1004.0091].

[10] R. Aldrovandi, J. P. Beltrán Almeida and J. G. Pereira, Class. Quant. Grav. 24, 1385 (2007) [arXiv:gr-qc/0606122].

[11] H. Y. Guo, C. G. Huang, Y. Tian, H. T. Wu and B. Zhou, Class. Quant. Grav. 24, 4009 (2007) [arXiv:gr-qc/0703078].

[12] S. Cacciatori, V. Gorini, A. Kamenshchik and U. Moschella, Class. Quant. Grav. 25, 075008 (2008) [arXiv:hep-th/0710.0315].

[13] R. Aldrovandi and J. G. Pereira, Found. Phys. 39, 1 (2009) [arXiv:gr-qc/0711.2274].

[14] S. Weinberg, Gravitation and Cosmology (Wiley, New York, 1972).

[15] See, for example, R. Aldrovandi and J. G. Pereira, An Introduction to Geometrical Physics (World Scientific, Singapore, 1995).

[16] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure of Space-Time (Cambridge University Press, Cambridge, 1973).

[17] F. Gürsey, in Group Theoretical Concepts and Methods in Elementary Particle Physics, ed. by F. Gürsey, Istanbul Summer School of Theoretical Physics (Gordon and Breach, New York, 1962).

[18] C. G. Callan, S. Coleman and R. Jackiw, Ann. Phys. (NY) 59, 42 (1970).

[19] R. Aldrovandi, J. P. Beltrán Almeida and J. G. Pereira, J. Geom. Phys 56, 1042 (2006) [arXiv:gr-qc/0403099].

[20] G. ’t Hooft, Dimensional Reduction in Quantum Gravity [arXiv:gr-qc/9310026]; L.

Susskind, J. Math. Phys. 36, 6377 (1995) [arXiv:hep-th/9409089].

[21] S. Cacciatori, V. Gorini and A. Kamenshchik, Ann. Phys. (Berlin) 17, 728 (2008) [arXiv:gr-qc/0807.3009].

[22] R. Aldrovandi and J. G. Pereira, Grav. Cosm. 15, 287 (2009) [arXiv:gr-qc/0812.3438].