arXiv:1103.3919v1 [hep-th] 21 Mar 2011

Darboux coordinates, Yang-Yang functional, and gauge theory

N. Nekrasov^{a,b∗,c†}, A. Rosly^{b,d} and S. Shatashvili^{a‡e,f}

aIHES, 35 route de Chartres 91440 Bures-sur-Yvette, FRANCE

bITEP, Bol. Cheremushkinskaya 25 117259 Moscow, RUSSIA

cSimons Center for Geometry and Physics, Stony Brook University, Stony Brook NY 11794 USA

dLaboratory of Algebraic Geometry, SU-HSE, 7 Vavilova Str., 117312 Moscow, RUSSIA

eHamilton Mathematics Institute, Trinity College Dublin Dublin 2, IRELAND

f School of Mathematics, Trinity College Dublin Dublin 2, IRELAND

The moduli space of SL2 flat connections on a punctured Riemann surface Σ with the fixed conjugacy classes of the monodromies around the punctures is endowed with a system of holomorphic Darboux coordinates, in which the generating function of the variety of SL2-opers is identified with the universal part of the effective twisted superpotential of the Gaiotto type four dimensional N = 2 supersymmetric theory subject to the two-dimensional Ω-deformation. This allows to give a definition of the Yang-Yang functionals for the quantum Hitchin system in terms of the classical geometry of the moduli space of local systems for the dual gauge group, and connect it to the instanton counting of the four dimensional gauge theories, in the rank one case.

1. Introduction

The exact relation between the microscopic definition of a quantum field theory and its low energy behavior is the major research subject. In the context of the supersymmetric gauge theories in four and two dimensions this relation touches upon some unexpected domains of the mathematical physics, such as the theory of classical and quantum integrable systems, and, in particular, the celebrated Bethe ansatz.

1.1. Bethe ansatz

Bethe ansatz is a useful technique for finding the spectra of the quantum integrable systems,

∗On leave of absence †On leave of absence ‡IHES Louis Michel Chair

such as the spin chains or the many-body systems, or even the 1+1 dimensional quantum field theories, see [1].

Generally speaking, the ansatz consists in finding a set of states Ψ(λ_1, . . . , λ_N ) which are characterized using some algebraic structure, or in terms of some functional equations, or otherwise. The physical meaning of the parameters λ_1, . . . , λ_N may differ from context to context, yet often they are the quasi-momenta of the quasifree constituents.

The condition that Ψ(λ_1, . . . , λ_N ) actually belongs to the (Hilbert) space of states of the model, and it is the joint eigenstate of all the commuting Hamiltonians translates to the set of N equations on the quasimomenta λ_1, . . . , λ_N which, remark-

1 ably, have the potential: ∂Y (λ) ∂λ_k = 2πin_k, k = 1, . . . N (1) The function Y (λ) is often analytic multivalued. We call it the Yang-Yang function, since C.N Yang and C.P. Yang used it for the analysis of the non-linear Schrödinger model [2] (see also [3]).

As an illustration, consider the simplest spin chain, the SU(2) Heisenberg magnet, with L spin sites. It can be solved with the help of the algebraic Bethe ansatz, where the eigenstate of all the commuting Hamiltonians is found in the form of the N ”quasiparticles”

B(λ_1)B(λ_2) . . . B(λ_N )|vac⟩ (2)

where the quasimomenta λ_k solve the equation (1) with the function

Y (λ) = N∑ i=1 Lϖ 1_2 (λ_i) + N∑ i<j ϖ_1(λ_i − λ_j ) (3)

where ϖ_s(λ) is a certain special function whose explicit form is known:

ϖ_s(λ) =

(λ + is) log (λ + is) − (λ − is) log (λ − is) (4)

and B(λ) is the creation operator (see [4] for details) of the quasiparticle of quasimomentum λ. The eigenvalues of all the commuting Hamiltonians are written in terms of the solutions to (1). In addition, the function Y (λ), its derivatives with respect to the parameters, or its Hessian enter in the explicit expressions for the norms of the Bethe vectors (2), the correlation functions of local operators (see e. g. [5] and the references there). Thus the function Y (λ) plays a central role in the concise formulation of the solution of the quantum system.

The universality of (1) is so far an experimental fact about the world of the quantum integrability. It has been a somewhat puzzling (and therefore for a long time abandonded) question as to what is the meaning of the function Y (λ), why is the spectrum of the quantum problem described by what looks like a classical equation (1)? why does the function Y (λ) look like a classical action of some classical mechanical system?

The goal of this paper is to elucidate this point. We shall show (in the restricted class of integrable systems) that one can indeed associate to the quantum integrable system a classical mechanical model, i.e. a symplectic manifold and a Lagrangian submanifold, and that the function Y (λ) is identified with the generating function of this submanifold, in the appropriate Darboux coordinates. Thus we give a geometric definition of the Yang-Yang function for a large class of quantum integrable systems.

1.2. Gauge theories and quantum integrability It turns out that quantum gauge theories are the way to understand the correspondence between the quantum integrability and classical symplectic geometry.

In [6] a connection between a quantum integrable system, the N-particle sector of the nonlinear Schrödinger theory, and a topologically twisted two dimensional gauge theory, was observed. The coupling constant of the quantum integrable system maps to the equivariant parameter, the twisted mass of the gauge theory, i.e. to the bulk coupling. In [7], [8] this subject was revived, by showing that the observation of [6] can be interpreted as the statement that the 2-observable [9] of the topological gauge theory of [6] descends from the Yang-Yang function [2] of the system of N non-relativistic particles on a circle with the δ-function pairwise potential (equivalent to the N-particle sector of the nonlinear Schrödinger system). Together with the earlier work on the relation between the quantum integrable many-body and spin systems of the Calogero-Moser-Sutherland type, harmonic analysis, and the topological gauge theories in various spacetime dimensions [10], [11], [12], [13] (where the strength of the interaction on the quantum system side corresponds to the parameters of the line defects on the gauge theory side) this strongly suggested that the connection between the gauge theory, the representation theory, and the quantum integrable systems is universal.

In all these cases the spectrum of the observables in gauge theory maps to the spectrum of quantum Hamiltonians on the integrable theory side.

Eventually in [14], [15], [16] the precise form of the Bethe/Gauge correspondence was formulated:

The supersymmetric vacua of the gauge theories with the two dimensional N = 2 super- Poincare invariance, with the generic twisted masses and the superpotential, are the stationary states (the common eigenstates of the commuting Hamiltonians) of some quantum integrable system. The commuting Hamiltonians are the generators of the twisted chiral ring of the gauge theory. The quasimomenta of Bethe particles are the special coordinates on quasiclassical moduli space of vacua (the genericity assumption on the masses and superpotential implies this is a Coulomb branch). The Yang-Yang functional, generating the Bethe equations of the quantum system, is the effective twisted superpotential of the gauge theory. Thus, Bethe equations single out the supersymmetric vacua of the gauge theory.

This correspondence was checked for a large class of spin systems including the XXX, XXZ, XYZ spin chains for all spin groups and impurities, and for some quantum algebraic integrable systems as the elliptic Calogero-Moser, its relativistic version and limits such as the periodic Toda chain.

The gauge theories with the two dimensional super-Poincare invariance need not be two dimensional. In fact, in [17] the four dimensional theories with four dimensional super-Poincare invariance subject to the Ω-deformation in two dimensions were studied, leading to the quantum integrable systems whose classical limits are the Seiberg-Witten integrable systems [18], [19], [20], [21] describing the moduli space of vacua of the original four dimensional N = 2 supersymmetric theory. The Ω-background in quantum field theory was introduced in [22], the idea is based on the earlier work [23], [24]. Its partition function, Z-function, plays an important role in what follows.

1.3. Gauge theories from six dimensions This paper will study a limited set of four dimensional N = 2 gauge theories, namely those which can be engineered by taking the six dimensional (0,2) superconformal theory (discovered in [25], [26]) and compactifying it with a partial twist on a Riemann surface.

The resulting theory can be analyzed in several ways. One the one hand, by assuming the size of Σ negligible one deals with the four dimensional superconformal theory with N = 2 supersymmetry. The enhancement of the N = 2 supersymmetry to the superconformal symmetry is clear from the superconformal symmetry of the six dimensional (0, 2) theory.

Indeed, consider first the compactification of the six dimensional theory on a finite size Riemann surface Σ, with the metric g_2. Let the metric on the four dimensional spacetime X^4 be g_4. The Lagrangian of the theory on X^4 depends on g_2.

If the six dimensional theory were a gauge theory to begin with, then the resulting four dimensional theory would have had the gauge coupling g_6 depending on the symplectic, i.e. Kähler, moduli of Σ, e.g. g^{−2}_4 = g^{−2}_6 Area_Σ, where

Area_Σ = ∫ Σ √ det(g_2) (5)

However the (0, 2) theory in six dimensions is not a gauge theory, and the relation between the couplings in four dimensions and the geometry of Σ is subtle. To begin with, one gets not one, but several gauge group factors, depending on the topology of Σ, and their couplings remain finite even when Area_Σ → 0. The couplings are determined by the complex structure of Σ, determined by the conformal class [g_2] of g_2.

The conformal transformation of the four dimensional metric on X^4

g_4 → l^2g_4 (6)

lifts to the conformal transformation of the six dimensional metric

g_6 = g_2 ⊕ g_4 → l^2g_6 = l^2g_2 ⊕ l^2g_4 (7)

on Σ × X^4. If Σ has a finite size metric, then the resulting six dimensional metric in the right hand side of (7) gives rise to a different metric on Σ. However, in the limit of vanishing area of Σ the difference is negligible, hence the theory, in this limit, becomes conformal in the four dimensional sense.

It is not trivial to identify what this theory is, in four dimensional terms, e.g. describe the matter content and the Lagrangian.

When Σ is a two-torus, one can use the string duality dictionary to conclude that this theory is the N = 4 super-Yang-Mills theory, whose gauge group is determined by the type of the six dimensional superconformal theory we started with. In particular, for the A_1 theory in six dimensions we get the SU(2) theory in four dimensions. When Σ is a genus g Riemann surface, Gaiotto argues [27] one gets the N = 2 super-Yang-Mills with the gauge group SU(2)^{3g−3} with 2g − 2 hypermultiplets transforming in the tri-fundamental representations of some triples of SU(2)’s out of the total 3g − 3 factors. The precise assignment of these triplets is not unique, it is encoded in the trivalent graph describing the maximal degeneration of the complex structure of Σ. In particular, the complexified gauge couplings of the SU(2) groups are identified with the usual asymptotic complex structure moduli corresponding to the pinched handles on the degenerate Riemann surface. In [27] more general theories, corresponding to the genus g complex curves with n punctures and some local data, assigning a complex number ν_k to the puncture z_k, were proposed. In particular, the celebrated N = 2 SU(2) theory with N_f = 4 fundamental hypermultiplets corresponds to the genus 0 curve, a sphere, with 4 punctures. The one-dimensional moduli space M_{0,4} ≈ CP^1 of complex structures of the 4- punctured sphere parametrizes the gauge coupling of the SU(2) gauge group. Remarkably, this theory already exhibits the non-trivial S-duality of the N = 2 theory. There are three points of the maximal degeneration in M_{0,4}. In the neighborhood of each point one identifies the gauge theory with the SU(2) theory with four fundamental hypers, however, the relation between the gauge couplings and the matter multiplet masses in the three respective weak coupling regions is nontrivial – these are not the same gauge groups and not the same matter multiplets, as has been already observed in [28] at the level of the Seiberg- Witten curves. In particular, the triality exchanging the representations of the global SO(8) symmetry group is identified in [27] with the modular group of M_{0,4}.

1.4. The Ω-background

Any N = 2 supersymmetric theory in four dimensions can be subject to the Ω-deformation. This is achieved in three steps: i) given the four dimensional theory T_4 find a six dimensional N = 1 supersymmetric gauge theory T_6, whose dimensional reduction yields T_4; ii) compactify T_6 on a manifold X^6 which is an R^4 vector bundle over the two-torus T^2, of area r^2 with a flat Spin(4) = SU(2)_+ × SU(2)_− connection, whose holonomies around the two non-contractible cycles are (e^{ir2 Re(ε1+ε2 )σ3} , e^{ir2 Re(ε1−ε2 )σ3} ) and (e^{ir2 Im(ε1 +ε2 )σ3} , e^{ir2 Im(ε1 −ε2)σ3} ), respectively. In addition, embed the SU(2)_+ part of the flat connection into the R-symmetry SU(2) of the six dimensional theory; iii) take the limit r → 0 while keeping the complex numbers ε_1, ε_2 finite. In this way we get the Ω-deformed theory on R^4. The parameters ε_1, ε_2 first appeared as the equivariant parameters in the integrals over the instanton and D-brane moduli spaces in [6], [29].

The embedding of SU(2)_+ into the Rsymmetry group is not unique when there are matter multiplets, as one can also embed SU(2)_+ in the global symmetry group. In other words, the masses of the four dimensional matter multiplets can be shifted by the multiples of ε_1 + ε_2.

Also, one can formulate the Ω-deformed theories on more general four-manifolds X^4, it suffices to have a U(1), or U(1) × U(1) isometry (it should also be possible to extend this definition to the manifolds with U(1)-invariant conformal structure, but we shall not discuss this here). The idea is to use the X^4 bundle over T^2 at the step ii.) of the procedure above, twisted by the elements of the symmetry group of X^4, which tend to identity as r → 0.

In technical terms, this procedure amounts to replacing the adjoint scalar σ in the N = 2 four dimensional vector multiplet by the operator:

σ → σ + ε_1∇_{φ1} + ε_2∇_{φ2} (8)

where ∂_{φ1} and ∂_{φ2} are the two vector fields on X^4 generating the U(1) × U(1) action.

In this paper, as in [17], we shall be interested in a particular case of the Ω-deformation, where ε_2 = 0. In this case the four dimensional N = 2 super-Poincare invariance is reduced to the two dimensional N = 2 super-Poincare. The parameter ε_1 = h̄ is identified, in the spirit of [14], [16] with the Planck constant of a quantum integrable system, obtained by the quantization of the Seiberg-Witten integrable system corresponding to T_4.

One can think about this correspondence as a simplified version of the M-theory/string theory correspondence [30], in a sense that the Planck constant of one theory is mapped to the geometric parameter of the other.

1.5. Two dimensional flat connections and higher dimensional gauge theory The moduli space M_{g,n;ν} of flat connections (or, which is the same, local systems) with the gauge group G, on a genus g Riemann surface Σ with a finite number n of punctures, with the prescribed conjugacy classes ν of the monodromies around the punctures, is a frequent player in the studies of two, and three dimensional gauge theories, such as the Yang-Mills theory in two dimensions [31], [9], and the Chern-Simons theory in three dimensions [32]. In this context the case of a compact group G is the most natural.

In the attempts to describe the two [33], [34], [35], [36] or three [37] dimensional quantum gravity using the formalism of vierbeins and spin connections the non-compact gauge groups, such as SL(2, R) or SL(2, C), become important.

Despite some progress [38], [39] along these lines the satisfactory gauge theory construction of the quantum gravity theory is still missing [40].

Recently, the moduli spaces of flat connections M_{g,n;ν} on a Riemann surface Σ, with or without punctures, with the complex gauge groups, such as SL(2, C) or P GL(2, C) became ubiquitous in the study of the four dimensional N = 2 supersymmetric gauge theories, obtained by the compactification of the six dimensional (0, 2)- superconformal theory of the A_1 type, on a Riemann surface Σ. In what follows we shall often use a shorter notation M^{loc}_Σ or M^{loc} for M_{g,n;ν} .

A simple way of seeing the role of M^{loc}_Σ is to compactify the theory on a circle S^1_{Ra} , of radius R_a. On the one hand, the analysis of [41] shows that the effective description of the resulting theory is the three dimensional N = 4 supersymmetric sigma model on a manifold M_{tot} which is the total space of the Seiberg-Witten fibration over the moduli space of vacua of the four dimensional theory, in other words, the complex phase space of the Seiberg-Witten integrable system. On the other hand, remembering the six dimensional (0,2) origin of the theory in four dimensions, changing the order of compactification on Σ and S^1_R we arrive at the picture where the five dimensional maximally supersymmetric Yang-Mills theory with the gauge group SU(2) (for the general A,D,E type (0,2) theory one gets the A,D,E type Lie group as the gauge group), and the five dimensional coupling

g^2_5 = R_a

(so that the Yang-Mills instantons, which are the solitons of the 4 + 1 dimensional theory, could be identified with the Kaluza-Klein modes of the six dimensional theory), is further compactified with a partial twist on Σ. The partial twist makes two out of five adjoint scalars in the vector multiplet a one-form on Σ valued in the adjoint bundle.

In the limit of vanishing size of Σ we arrive at the three dimensional theory which is clearly the sigma model on the moduli space of the minimal energy configurations, which are the complex connections, A = A + iϕ, which are flat, F = dA + A ∧ A = 0, which are also D-flat, D^∗_Aϕ = 0, considered modulo gauge transformations. The D-flatness condition and the compact gauge transformations together can be traded for the invariance under the complex gauge transformations. Thus, we end up with the sigma model on the moduli space M^{loc}_Σ of complex flat connections on Σ, also known as the G_C-local systems. The kinetic term of this sigma model is proportional to^1_{g25} =^1_{Ra} , thus we are led to the conclusion, as in [41], that the Kähler class of the metric on M as seen by the effective action is proportional to^1_{Ra} . The arguments of [41] involve the electric-magnetic duality, and this is the way to relate the two points of view we just reviewed.

1.6. The hyperkähler structure

The two descriptions of the effective target space above are consistent. They just exhibit different complex structures on the same manifold. The target space of the N = 4 sigma model in three dimensions has to be a hyperkähler manifold. For the theories we consider this manifold is the moduli space M_H of solutions of Hitchin’s equations [42]:

D_zϕ_{z̄} = 0, D_{z̄}ϕ_z = 0,

F_{zz̄} + [ϕ_z , ϕ_{z̄} ] = 0 (9)

which is indeed hyperkähler (see [43] for the detailed review of its properties). In the complex structure (which is conventionally denoted by I) where the components A_{z̄}, ϕ_z of the gauge field and the twisted scalar are holomorphic, the space M_H has the structure of the algebraic integrable system [44], with the base being the space of holomorphic differentials of degrees d_1, d_2, . . . , d_r, for r = rk(G), P_i(ϕ_z ) ∈ H^0(Σ, K^{di}_Σ ) for the degree d_i invariant polynomials on Lie(G), and the fiber being a (complement to a divisor in a) Jacobian of the spectral curve C ⊂ T^∗Σ, defined by the equation (for G = SU(N), for other Lie groups see the review [45])

Det(ϕ_z − λ) = 0

In the complex structure J, where the holomorphic coordinates are the components

A_z = A_z + iϕ_z, A_{z̄} = A_{z̄} + iϕ_{z̄} ,

M_H is identified (up to the usual stability issues) with the moduli space of the complex G_Cflat connections. Finally, K = IJ, and the Kholomorphic coordinates are

A_z + ϕ_z , A_{z̄} − ϕ_{z̄}

The complex structure J is natural, if one thinks of the three dimensional theory as coming from the compactification of the six dimensional N = 1 gauge theory on a three manifold Σ × S^1_r′ , in the limit r^′ → ∞.

To say that M_H is hyperkähler means that there exists the whole two-sphere of complex structures, I = aI + bJ + cK, I^2 = −1, for any (a, b, c), s.t. a^2 + b^2 + c^2 = 1, and the two-sphere of the corresponding Kähler forms,

ω_I = aω_I + bω_J + cω_K (10)

where

ω_I = ∫ Σ tr (δA ∧ δA − δϕ ∧ δϕ) (11)

ω_J = ∫ Σ tr (δA ∧ ∗δϕ) (12)

ω_K = ∫ Σ tr (δA ∧ δϕ) (13)

For the compact Σ the form ω_I realizes a nontrivial cohomology class of M_H , while ω_J and ω_K are cohomologically trivial. We shall normalize the forms (10) in such a way that ω_I realizes the integral cohomology class, the restriction of ω_I onto the subvariety Bun_G where ϕ = 0 is, up to the (2πi) multiple, the curvature of the canonical Hermitian connection on the determinant line bundle L over Bun_G:

[ω_I ] | | | |_{BunG} = c^1 (L) (14)

If the Riemann surface Σ has n > 0 punctures, then all three symplectic forms ω_{I,J,K} on the moduli space of the solutions to Hitchin’s equations with the sources are, in general, cohomologically non-trivial.

1.7. From N = 2 4d gauge theory to 2d N = (4, 4) sigma model We can further compactify the theory on a circle S^1_{Rb} . On the one hand, this gives a two dimensional N = (4, 4) sigma model with the same target space M_H , whose Kähler class is proportional to R_b/R_a. More generally, if we start with the (0, 2) theory and compactify it on E_ρ × Σ, where

E_ρ is the elliptic curve with the complex modulus ρ, we would get the two dimensional sigma model on M_H with the complexified Kähler class

[ϖ] = ρ[ω_I ] (15)

The two dimensional N = 2 sigma model can be topologically twisted to define an A model, which depends on the symplectic structure of the target space, or to define a B model, which depends on the complex structure of the target space. The N = (2, 2) theory can be twisted in an asymmetric manner, so that the left- and the right- chirality worldsheet one-form fermions would transform into the ¯∂-derivatives of the worldsheet bosons which are holomorphic in the target space in two different complex structures (I_+, I_−) (there are also the generalizations involving the generalized complex structures but we shall not need them, see the discussion and the references in [43]).

1.8. Ω-deformation as the boundary condition In topology, the G-equivariant cohomology of a space Y with the free G-action is the ordinary cohomology of the quotient space Y/G. As a module over H^∗(BG) (which is a polynomial ring) this is a pure torsion, and so, upon localization becomes trivial.

Similarly, the Ω-deformation of the gauge theory living on a spacetime X^4 with the free acting U(1) × U(1) isometry is can be undone by a field redefinition, and a redefinition of the couplings, as explained, for X^4 = T^2 × B^2, in [46]. On the other hand, as we reviewed in the previous section, the four dimensional gauge theory compactified on T^2, reduces, at low energy, to the sigma model on the total space of the Seiberg- Witten fibration. The relation (15) gets modified, as the effective Kähler parameter ρ and the effective complex structure parameter τ (the asymptotic gauge coupling) get mixed with the parameters ε_1, ε_2 of the Ω-deformation.

If U(1) × U(1) acts on the four-manifold X^4 with the fixed points, then the transformation mapping the gauge theory to the sigma model is valid approximately, outside the fixed locus. We can view the worldsheet B^2 = X^4/T^2 of the sigma model as a two-manifold with corners, perhaps non-compact, and replace the effects of the Ω-deformation, which cannot be removed near the boundary ∂B^2, by some boundary conditions, i.e. the branes in the sigma model.

It is argued in [46] that at the smooth connected component of the boundary ∂B^2 the corresponding brane can be interpreted as a (A, B, A) brane, which, depending on the duality frame, is either the so-called canonical coisotropic brane (the cc-brane B^{cc}, for short), or a particular complex (in the complex structure J) Lagrangian (with respect to ω_I and ω_K ) brane, known as the brane of opers B_{Oτ} , in the case of the SU(2) Hitchin moduli space M_H . This brane depends on the complex structure τ of the Riemann surface Σ, while the topological field theory, in which it is BRST invariant, does not.

The components at infinity ∂B^2_∞ = B^2\B^2 also come with some boundary conditions, both in the gauge theory, and in the effective sigma model. It was argued in [46] that the corresponding branes B^∞_γ also correspond to the middle-dimensional complex Lagrangians L_γ of the (A, B, A)-type, which, unlike O_τ , are defined in topological terms (i.e. these do not depend on the complex structure of Σ), yet may depend on some combinatorial data γ.

From now on we shall be discussing the Gaiotto theories of A_1 type. To describe the branes B^{cc}, B_{Oτ} , B^∞_γ in more detail we need to discuss the geometry of the moduli space of flat connections.

1.9. Two two dimensional theories Suppose we study the four dimensional theory on the manifold X^4 = C^2 × S^1 × R^1, where C^2 is topologically a disk, with the cigar metric:

ds^2_C2 = dr^2 + f(r)dφ^2_1 (16)

Where f(r) ∼ r^2 for r → 0 and f(r) ∼ R^2, for r → ∞, for some constant R. Let φ_2 be the angular coordinate on the second S^1. The base B^2 is, in this case, the half-plane R_+ × R. Suppose we turn on the Ω-deformation corresponding to the isometry rotating C^2, i.e. the isometry generated by ∂/∂φ_1.

On the one hand, we can relate this theory to the sigma model with the worldsheet B^2, as in

[46]. The sigma model brane corresponding to the boundary r = 0 is B^{cc} or its T-dual B_{Oτ} . The other ”boundary”, at r → ∞, leads to some asymptotic boundary condition, which we view as the brane B^∞, or B^∞_γ if we want to specify the type γ of the boundary conditions. We shall call this viewpoint the theory T_{rt}

On the other hand, we can view this theory as a two dimensional N = (2, 2) gauge theory with the worldsheet S^1×R^1, with an infinite number of fields, as in [17]. The Ω-deformation corresponds, in this two dimensional language, to turning on the twisted mass ε, corresponding to the global symmetry U(1), which is the rotation of C^2. We shall call this two dimensional theory the theory T_{2t}.

The two dimensional theory has at low energies (in the sense of the theory on S^1 × R^1) a description of the sigma model on the complexified Cartan subalgebra t_C of the gauge group, with the effective twisted superpotential W̃^{eff} (σ; τ; m, ε). Here σ denotes the flat coordinates on t_C, τ denotes the four dimensional complexified gauge couplings, which are identified, for the Gaiotto A_1 theories, with the complex moduli of Σ in a suitable parametrization, m denotes the masses of the matter multiplets in four dimensions, and finally ε is the parameter of the Ω-background which is viewed as the two dimensional twisted mass. This superpotential can be split as a sum of two contributions: a contribution of the fixed point in C^2 and a contribution of the boundary at infinity: W̃^{eff} (σ, τ, m, ε, γ) = ε (W_{Oτ} (σ/ε, m/ε) − W_∞(σ/ε, m/ε, γ)) (17)

The contribution W_{Oτ} (σ/ε; m/ε) of the fixed point is computed from the asymptotics of the Z-function as follows [17]: W_{Oτ} (α, ν) = 1 ε Lim_{ε2 →0} ε_2logZ(αε, τ, νε; ε, ε_2)

(18)

The left hand side is independent of ε, as follows from the asymptotic conformal invariance of the gauge theory under consideration.

The contribution of the region at infinity W_∞(α; ν, γ) is independent of τ. This is demonstrated by observing [22] that the gauge theory subject to the Ω-deformation is extremely weakly coupled far away from the fixed points of the action of the isometry involved in the Ωbackground. So we do not expect anything interesting to come from the bulk, however, if we cut the cigar C^2 at some finite value of r to have an infrared regulator, then we may expect some effective three dimensional supersymmetric gauge theory to live on the product of the circle at infinity S^1_∞ and the cylinder S^1 × R^1, in analogy with the analysis of [47], [48]. Compared to the situation studied there we have half the supersymmetry, so the three dimensional theory has only four supercharges, and upon compactification on S^1_∞ generates a twisted superpotential, of the form studied in [14],[15] W_∞(α; ν, γ) ∼ ∑ ℓ Li_2(e^{ℓ(α,ν)}) (19)

where the sum is over the charged matter fields, and ℓ is the linear function of the gauge multiplet scalar vevs and the masses. The degrees of freedom living at S^1_∞ depend on some combinatorial data γ which we shall make more explicit later, but we shall not attempt to identify the boundary theory and the corresponding superpotential more precisely. Instead, we focus on W_{Oτ} .

1.10. Twisted superpotential as the generating function Our main conjecture is as follows:

The effective twisted superpotential of the theory on S^1 × R^1 obtained by localizing at the fixed point in C^2 is essentially the difference of the generating functions of the Lagrangian subvarieties O_τ and L_γ in M^{loc}, defined with respect to the appropriate Darboux coordinate system on M^{loc}. The supersymmetric vacua of the theory T_{2t} correspond to the intersection points v ∈ O_τ ∩ L_γ , which are also the vacua of the theory T_{rt} subject to the appropriate D-brane boundary conditions.

This statement can be viewed as the improvement on the result of A. Beilinson and V. Drinfeld. They show in [49] that upon the holomorphic quantization of the Hitchin system for the group G the spectrum (in the sense of commutative algebra) of twisted differential operators, e.g. the abstract quantum commuting Hamiltonians, identifies canonically with O_τ for the dual group LG. In this paper we will concentrate on G = P GL(2, C),^LG = SL(2, C) . Our point is that in the Darboux coordinate system (α, β) the generating function W_{Oτ} (α, ν) of the variety of opers, β = ∂W_{Oτ} (α, ν) ∂α (20)

is essentially the Yang-Yang function of the quantum Hitchin system. More precisely, the Yang-Yang function Y(α, ν, τ, γ) of the quantum Hitchin system depends on the complex structure τ of Σ (as does the Hitchin’s integrable system) and on the choice of the ”real slice”, which defines the space of states H_γ . Our claim is: Y(α, ν, τ; γ) = W_{Oτ} (α, ν) − W_γ (α, ν) (21) i.e. up to a τ-independent piece the twisted superpotential W_{Oτ} (α, ν) computed by the four dimensional instanton calculus (18) is the Yang- Yang function. Indeed, the coordinates (α, β) are defined up to 2πiZ, so the Bethe equation ∂Y(α, ν, τ, γ) ∂α_k = 2πin_k, n_k ∈ Z (22)

determines the spectrum E_k(⃗n) = ∂Y(α, ν, τ, γ) ∂τ_k (23)

of the quantum Hitchin system. Let us clarify the meaning of (23). The classical Hamiltonians of the A_1 type Hitchin system are the quadratic differentials with the second order poles at the punctures, with the prescribed leading singularity. More precisely, given a basis μ^z_{(k)z̄} , k = 1, . . . , 3g − 3 + n, of the Beltrami differentials which correspond to the variations of the complex structure of the punctured Σ, μ^z_{(k)z̄} ↔ ∂ ∂τ_k (24) we compute:

H_k = ∫ Σ μ^z_{(k)z̄} Trϕ^2_z (25)

Upon the deformation quantization H_k become the elements of the noncommutative ring (one has to talk about the sheaf of D-modules to actually see the noncommutative algebras, since the globally defined objects form a commutative subalgebra, [49]), whose spectrum we wish to determine. One has to specify the space of states on which we represent both the noncommutative algebra and its commutative subalgebra of the quantum integrals of motion. This is done (indirectly) by picking up a Lagrangian submanifold L_γ . At the moment it is hard to make this construction explicit, since it involves the T-duality along the fibers of the Hitchin fibration. See [50],[46] for more details. The formula (23) actually makes sense even without specifying the space of states. It reflects the canonical identification [49] of the spectrum of the commutative algebra of the quantized Hitchin’s Hamiltonians (the twisted differential operators on Bun_G) with the variety of opers. Indeed, O_τ is a Lagrangian submanifold in M^{loc}. As we vary the complex structure τ infinitesimally, the corresponding variation of the Lagrangian submanifold is described by a closed one-form defined on O_τ , i.e. a holomorphic function, since the variety of opers is simplyconnected. This function can be computed locally using the Hamilton-Jacobi equation which gives (23) in the ”static gauge” where to view the deformation of O_τ while keeping α, the ”Lagrangian half of the monodromy data”, fixed.

Let us conclude with a few comments. In the context of the quantum integrable systems the Yang-Yang function is defined as a potential for Bethe equations, which is unique up to a constant which could be function of the parameters of the system, such as the complex structure parameters τ in our case. This ambiguity can be partly fixed by requiring that the derivatives of the Yang-Yang function with respect to the parameters τ_k correspond to the suitably normalized operators Φ_k, forming a basis in the space of quantum integrals of motion.

The eigenvalue E_k(⃗n) in (23) is calculated on the solutions of (22) and depends on the discrete parameters ⃗n. Obviously, the ambiguity we referred to above does not affect the differences E_k (⃗n) − E_k (⃗n^′) of levels.

We would like to stress that both Eqs. (22), (23) make sense for any choice of the Darboux coordinates on M^{loc}, as they express in coordinates two geometric facts: i) The eigenstates of the quantum system correspond to the intersection points v of two Lagrangian submanifolds in M^{loc}; ii) the eigenvalues of the quantum Hamiltonians are the functions on the variety of opers which generate its deformations corresponding to the variations of the complex structure of Σ, evaluated at the intersection points v. In this sense the equations Eqs. (22), (23) (which for the genus zero case were formally written in [51]) do not determine the Yang-Yang function Y(α, τ, ν, γ).

However, once both α and β coordinates are fixed, the Yang-Yang function is determined by the Lagrangian submanifolds O_τ and L_γ , and the claim that the τ-dependent piece coincides with the localized four dimensional gauge theory twisted superpotential (18) becomes quite nontrivial. It would not be true if instead of our (α, β) coordinates one took, e.g., Fock-Goncharov coordinates [52], which are used in [53] with much success.

2. Geometry of the moduli space of flat connections

Recall that we use the notations M_{g,n;ν} , M^{loc}_Σ or M^{loc} interchangeably.

2.1. Moduli of flat connections: explicit description The moduli space M_{g,n;ν} of flat connections is the space of equivalence classes of the homomorphisms of the fundamental group of the npunctured genus g surface to the gauge group G, with the condition that the conjugacy class [g_k] of the image of the simple loop g_k surrounding the k’th puncture lands in a particular conjugacy class in G, which we label by ν_k. In case G = SL(2, C) we view ν_k as a complex number modulo the action of the affine Weyl group which flips the sign of ν_k and shifts it by an integer. The invariant is the trace m_k ∈ C of the monodromy g_k around the puncture z_k:

m_k = 2 cos(2πν_k) = tr(g_k) (26)

To be more precise we shall study the moduli space of flat G connections on a surface Σ with n small disks removed. This moduli space can be identified, very simply, with the space of (2g + n)-tuples of the elements of G, (a_1, b_1, . . . , a_g , b_g ; g_1, . . . , g_n), obeying:

g_ng_{n−1} . . . g_2g_1 g∏ l=1 a_lb_la^{−1}_l b^{−1}_l = 1 (27)

considered up to a simultaneous conjugation:

(a_1, b_1, . . . , a_g , b_g; g_1, . . . , g_n) ∼ (28)

(h^{−1}a_1h, h^{−1}b_1h, . . . , h^{−1}a_g h, h^{−1}b_g h;

h^{−1}g_1h, . . . , h^{−1}g_nh),

for any h ∈ G, and with the fixed conjugacy classes, which for G = SL(2, C) reads as tr(g_k) = 2 cos(2πν_k).

This identification depends upon the choice of the generators of the fundamental group of the complement Σ\{z_1, . . . , z_n}, as in the Fig. 1: From now we assume (ν_1, . . . , ν_n) which allows us to think of the space of functions on M_{g,n;ν} as of the polynomial ring generated by the traces of monodromies around the noncontractible loops. This could be viewed as a definition of the M_{g,n;ν} as of an affine variery.

Alternatively, one could choose a subset of stable points. This choice depends, in turn, on the n-tuple of real numbers r_1, . . . , r_n. To implement this procedure properly one needs to use the full set of Hitchin’s equations [42] with the delta function sources (see, e.g. [12], [54], [55], [56], [57], [58]). We shall not discuss this any further.

2.2. The symplectic form

The moduli space of flat connections on a compact Riemann surface is a symplectic manifold [31], with the symplectic form written on the space of all connections as: Ω = ∫ Σ Tr δA ∧ δA (29)

Figure 1. Generators of π_1 ( S^2\{z_1, . . . , z_n} )

When one studies the moduli of flat connections on a surface with boundaries, one may use the Poisson description. Also, in the finite dimensional description of the moduli space, e.g. as in (27) one can realize the Poisson structure on the moduli space as descending from that on the space of graph connections, [59],[60], [61]. Alternatively, one may use the formalism of [52] to describe the symplectic form and some set of Darboux coordinates (which are different from the coordinates (α, β) which we introduce below!) associated with the triangulations of Σ with marked points (this formalism works if there is at least one puncture). See also [62], [63], [64], [65].

Using any of the formalisms above, or even the basic formula (29) which defines the Poisson structure on the space of all connections one deduces that the Poisson bracket of the Wilson loops in the fundamental representation is given by the ”skein-relations” [63], [64]: { trP exp ∮ γ_1

A, trP exp ∮ γ_2 A } = (30) 1 2 ∑ x∈γ_1∩γ_2 ( trP exp ∮ γ^+_{x,1,2} A − trP exp ∮ γ^−_{x,1,2} A )

Figure 2. The intersecting loops γ_1, γ_2 and the simple loops γ^±_{x,1,2}

where the loops γ^±_{x,1,2} are obtained by removing a small neighborhood of the intersection point x and replacing it by two arcs making a single loop, as in the Fig.2:

2.2.1. The case of a sphere with four punctures Let us study first the case of g = 0, n = 4 in some detail. Let ν = (ν_1, ν_2, ν_3, ν_4). The moduli space M_{0,4;ν} has the complex dimension two:

M_{0,4;ν} =

{ (g_1, g_2, g_3) ∈ G^{×3} | | | tr(g_i) = m_i, i = 1, 2, 3 tr(g_3g_2g_1) = m_4 } / G (31)

where G acts by simultaneous conjugation (g_1, g_2, g_3) → ( h^{−1}g_1h, h^{−1}g_2h, h^{−1}g_3h ) . The generators of the coordinate ring of M_{0,4;ν} can be taken to be:

A = m_{12} = tr(g_1g_2), B = m_{23} = tr(g_2g_3), C = m_{13} = tr(g_1g_3)

(32)

Figure 3. The A and B loops

with one polynomial relation (which is easy to verify) W_{0,4}(A, B, C) = 0, W_{0,4} = ABC + A^2 + B^2 + C^2 − 4 −A(m_3m_4 + m_1m_2) −B(m_1m_4 + m_2m_3) −C(m_1m_3 + m_2m_4) +m^2_1 + m^2 + m^2_3 + m^2_4 + m_1m_2m_3m_4

(33)

The application of the rule (30) to the loops drawn around the pairs of points z_1, z_2 and z_2, z_3, respectively, as in the Fig.3: gives rise to the difference of two loops, {A, B} = C^+ − C^− drawn on Fig. 4, which can be expressed via A, B, and C as follows:

C^+ = tr(g^{−1}_2 g_1g_2g_3) = (34)

−C − AB + m_1m_3 + m_2m_4, C^− = C and also as the derivative of W_{0,4}: {A, B} = ∂W_{0,4} ∂C (35)

In arriving at (34) we used the following identity

Figure 4. The C^+ and C^− loops

for the SL(2) matrices:

tr(g)tr(h) = tr(gh) + tr(gh^{−1}) (36) which can also be expressed graphically: for any x ∈ γ_1 ∩ γ_2:

trP exp ∮ γ_1

A × trP exp ∮ γ_2 A =

trP exp ∮ γ^+_{x12}

A + trP exp ∮ γ^−_{x12} A We can parametrize A, B, C with the help of the Darboux coordinates on M_{0,4;ν} , (α, β), i.e. {α, β} = 1, A = e^α + e^{−α} , B(A^2 − 4) + 2(m_2m_3 + m_1m_4) − A(m_1m_3 + m_2m_4) = (e^β + e^{−β}) √ c_{12}(A)c_{34}(A) , (2C + AB − m_1m_3 − m_2m_4) ( e^α − e^{−α} ) = = ( e^β − e^{−β} ) √ c_{12}(A)c_{34}(A) (37) where

c_{ij} (A) = A^2 + m^2_i + m^2_j − Am_im_j − 4 2.2.2. The case of a torus with one puncture Now consider the case g = 1, n = 1. The moduli space is: M_{1,1;ν} =

{ (g, h) ∈ G^{×2} | | | | tr(ghg^{−1}h^{−1}) = m } / G (38)

and it can be coordinatized by

A = tr(g), B = tr(h), C = tr(gh), (39)

which obey the relation W_{1,1}(A, B, C) = 0 W_{1,1} = A^2 + B^2 + C^2 − ABC − m − 2

(40)

and the Poisson bracket of, e.g. A and B is easily computed to be {A, B} = C − 1 2 AB (41)

Now the local coordinates α, β, on M_{1,1;ν} , s.t.

A = e^α + e^{−α} , B = ( e^{β/2} + e^{−β/2} ) √ A_2 − m − 2 A^2 − 4 C = ( e^{α+β/2} + e^{−α−β/2} ) √ A_2 − m − 2 A^2 − 4

(42)

are the Darboux coordinates for (41). Incidentally, the coordinates α, β in (42) are the coordinate and momentum in the two-body relativistic Calogero-Moser system with the coupling constant ν, the so-called Rujsenaars-Schneider system, whose Hamiltonian is B, see [11].

2.2.3. The braid and modular group actions The set of generators A, B, C, . . . of the ring of polynomial functions on M^{loc} depends on the choice of the generators of the fundamental group of the (punctured) surface Σ, and so do the coordinates α, β defined by (37), (42). For example, in the genus one case, the monodromies (g, h) are defined with respect to some choice of the A and B cycles. An equally good choice is, e.g. (g, hg^n), for any n ∈ Z. The corresponding (α, β) coordinates transform to (α, β ± 2nα). There are analogous formulae in the genus zero case. We shall discuss them below.

3. The Darboux coordinates

In this section we describe the coordinate system on the moduli space M_{g,n;ν} of flat SL_2(C) connections on the punctured Riemann surface with the fixed conjugacy classes of the monodromies around the punctures.

3.1. The coordinate charts from the pant decomposition We cover M_{g,n;ν} by the coordinate charts U_Γ labelled by the points Γ ∈ M_{g,n} in the Deligne- Mumford moduli stack of stable curves of genus g with n punctures, corresponding to the maximally degenerate Riemann surfaces. These points are in one-to-one correspondence with the trivalent graphs Γ with b_1(Γ) = g with n tails. Such a graph has 3g − 3 + n internal edges (the edge is called internal if neither of its endpoints is a tail), and 2g − 2 + n internal (i.e. trivalent) vertices. This data is equivalent to a choice of the pant decomposition of Σ.

To each internal edge e we assign a pair (α_e, β_e) of complex numbers, with some discrete identifications. The edge e corresponds to a simple loop γ_e on Σ which gets contracted at the degeneration of the complex structure, corresponding to Γ. The holonomy around this loop determines α_e (up to the obvious indeterminancy):

trP exp ∮ γ_e A = e^{αe} + e^{−αe} (43)

The rule of computing the dual coordinate β_e is the following. There are two situations: the two endpoints of the edge e are disctinct, in which case we call e the genus 0 edge, or the two endpoints coincide, in which case we call e the genus 1 edge. Each of the two endpoints of the genus 0 edge e has two other edges emanating, some of them could be tails, some of them could be identical, see the Figs. 5. By cutting open the simple loops on Σ corresponding to the edges emanating out of the two end-points of e, we get a sphere with four holes, which is cut out of Σ. Let us enumerate these holes, so that the two holes on the one end are 1 and 2, and the other two are 3 and 4. The flat connection on Σ restricts to the flat connection on the four-holed sphere, and de-

Figure 5. The genus 0 edges

Figure 6. The genus 1 edges fines the invariant functions, A, B, C, as in (32). Then, α and β defined by (37) are the α_e and β_e, corresponding to the edge e. We could have mislabeled the two edges emanating from one end of e. This would have replaced β_e by β_e ± α_e.

For the genus 1 edge the situation is similar, except that there is only one simple loop to cut, which extracts out of Σ a one-holed torus. The restriction of flat connection onto this torus defines the invariant functions A, B and C as in (39). Then, using (42) we define the (α_e, β_e) pair for the local genus 1 edge.

3.1.1. A little bit of geometry

In this section we shall review some standard facts about the geometry of symplectic surfaces, the complexification of the Euclidean and Lobachevsky geometries, and the spaces of polygons.

We shall construct a complex version of the spherical and hyperbolic geometry of polygons in M^3 = S^3 or M^3 = H^3. It turns out that the Darboux coordinates α and β of the previous considerations can be viewed as describing the geometry of quadrangles in the M^3_C ≈ G. The justification for the somewhat involved analysis of the simple geometry is that the generalization of the Darboux coordinates for n > 4 turns out to describe the n-gons in G.

Let us view the group G as the affine hypersurface in the four dimensional complex vector space V = C^4 = Mat_2(C) of the 2×2 complex matrices. We endow V with the complex metric: ⟨X, Y ⟩ = 1 2 (tr(XY ) − trXtrY ) (44)

which is clearly invariant under the action of the group G × G:

X → (g_L, g_R) · X = g_LXg^{−1}_R (45)

The group G is realized as a hypersurface: ⟨g, g⟩ = 1 ⇔ g ∈ G (46) The metric (44) induces a complex metric on G:

ds^2_G = 1 2 trdg^2 − 1 2 (trdg)^2 = − 1 2 tr ( g^{−1}dg )_2 (47) where we used the identity in G ⊂ Mat_{2×2}(C):

g + g^{−1} = trg · 1 (48)

The volume form dg_{11}dg_{12}dg_{21}dg_{22} on V induces the volume form vol_G =^1_{8π2} tr ( g^{−1}dg )_3 on G which is normalized so as to have a period 1 on the compact three-cycle S^3 ⊂ G.

Given four elements g_1, g_2, g_3, g_4 ∈ G, which obey g_4g_3g_2g_1 = 1, we construct the complexified analogue of the hyperbolic tetrahedron Δ (see the Figure) . The vertices of Δ are the points: (v_1 = 1, v_2 = g_1, v_3 = g_2g_1, v_4 = g_3g_2g_1). Let us introduce the Gram matrix of Δ: C = ‖c_{ij} ‖_{i,j=1...4}, c_{ij} = c_{ji} = ⟨v_i, v_j ⟩ (49) We shall assume this matrix non-degenerate, Det(C) ≠ 0. This implies that the vectors v_1, . . . , v_4 are linearly independent. In particular, since ⟨v_i, v_i⟩ = 1 for any i, we have that c_{ij} ≠ ±1 for any i ≠ j. Let us introduce the (hyperbolic) angle α_{ij} , via

cosh(α_{ij} ) = c_{ij} (50)

The choice of α_{ij} given c_{ij} is of course not unique, even up to a shift by 2πiZ. To fix the choice of α_{ij} as a unique element in C/2πiZ, one can pick s_{ij} = sinh(α_{ij} ) in addition to c_{ij} . The edge e_{ij} connecting the vertices v_i and v_j is the intersection of the two dimensional complex plane E_{ij} = Span(v_i, v_j ) ⊂ V and G: e_{ij} = E_{ij} ∩ G =

{t_1v_i+t_2v_j | t^2_1+t^2+2t_1t_2c_{ij} = 1, t_1, t_2 ∈ C } (51)

We can identify e_{ij} with a copy of C^×, using the explicit parametrization: for z ∈ C^×,

t_1 = e^{2αij} − z^2 z(e^{2αij} − 1) (52)

t_2 = e^{αij} (z^2 − 1) z(e^{2αij} − 1) The metric (47) restricts to e_{ij} , as ds^2_{eij} = − ( dz z )_2

. (53)

Thus, on e_{ij} , the complex metric (53) is a square of a (1, 0)-differential ds = idz/z. The ”length” of the edge l_{ij} is the period of ds along the one-chain connecting the vertices v_i and v_j , which in the zcoordinate is a path C_{ij} connecting the points 1 and e^{αij} . ∫ C_{ij} ds = α_{ij} mod 2πiZ (54)

The face f_{ijk} of the the tetrahedron, with the vertices v_i, v_j , v_k, is the intersection of the three complex dimensional vector space F_{ijk} = Span(v_i, v_j , v_k) ⊂ V and G: f_{ijk} = F_{ijk} ∩ G =

{ t_1v_i + t_2v_j + t_3v_k | t_1, t_2, t_3 ∈ C, (55)

t^2_1 + t^2 + t^2_3 + 2t_1t_2c_{ij} + 2t_1t_3c_{ik} + 2t_2t_3c_{jk} = 1 }

The manifold f_{ijk} is diffeomorphic to T^∗S^2. Given two faces, f_{ijk} and f_{jkl}, with the common edge l_{jk}, we define the angle β_{il} between them, as the angle between the planes F_{ijk} and F_{jkl}. The latter is defined as the angle between the normal lines, n_{ijk} and n_{jkl}, once a coorientation of the faces f_{ijk} and f_{jkl} is picked. Let us explain what it is.

The normal line n to a three-dimensional vector subspace F ⊂ V is defined as the one-dimensional complex line in V , n ⊂ V , orthogonal, in the sense of the metric (44), to F : for any f ∈ F , ⟨f, n⟩ = 0. There are two vectors of unit norm in n, which differ by a sign. A choice of one of these two unit norm vectors is the choice of the coorientation of F in V . We shall denote the unit norm vector in n by the same letter n.

Once the coorientation is fixed, the angle is defined via: cosh(β_{il}) = ⟨n_{ijk} , n_{jkl}⟩ (56) A change of coorientation of one of the two planes changes the angle β to πi − β. This ambiguity is in addition to the ambiguity β → −β, and β → β + 2πik, k ∈ Z. Let us now make the following useful observation (cf. [66]): Let^LC be the matrix of the hyperbolic cosines of the dihedral angles β_{ij} :

LC = ‖cosh(β_{ij} )‖^4_{i,j=1} (57)

Then: LC = 1 √ C^∨_d C^∨ 1 √ C^∨_d (58)

where C^∨ = Det(C)C^{−1} is the matrix of the minors of C, and C^∨_d is its diagonal part, e.g.

cosh(β_{ij} ) = C^∨_{ij} √ C^∨_{ii} C^∨_{jj} (59)

The coorientation ambiguity in the definition of the β angles is the reason for the square root ambiguity in (59). To demonstrate (59) let us note that the vectors

v^∨_i = 4∑ j=1 C^∨_{ij} v_j (60)

obey

⟨v^∨_i , v_k⟩ = Det(C)δ_{ik} (61) and ⟨v^∨_i , v^∨_j ⟩ = Det(C)C^∨_{ij} (62)

Therefore, we can choose the normal vectors to be n_{ijk} = ε_{ijkl} v^∨_l √ Det(C)C^∨_{ll} (63) from which (59) follows immediately.

We can interpret the matrix^LC as the Gram matrix of the dual tetrahedron LΔ ⊂^LG = P GL(2, C) whose vertices are the normals to the faces of Δ up to a choice of orientation. Now let us return to the study of the moduli space M_{0,4;⃗ν} . We assign to every point in a finite cover of M_{0,4;ν} a tetrahedron (perhaps, degenerate) in G, up to the action of the group G × G of the isometries of the metric (44). The vertices of the tetrahedron can be chosen to be:

(v_1, v_2, v_3, v_4) = (1, g_1, g_2g_1, g_3g_2g_1) (64)

The corresponding Gram matrix is readily computed:

C = 1 2 2 m_1 A m_4 m_1 2 m_2 B A m_2 2 m_3 m_4 B m_3 2

(65)

which gives

−4C^∨_{22} = c_{34}(A), −4C^∨_{44} = c_{12}(A),

8C^∨_{24} = B(A^2 − 4) − A(m_1m_3 + m_2m_4) (66)

+2(m_2m_3 + m_1m_4)

3.1.2. The Darboux coordinates for M_{0,4;ν} We are now in position to state the definition of our coordinates in the case of the 4-punctured sphere. There are three points of the maximal degeneration of the complex structure which correspond to the s, t, and u channel tree scattering graphs. These degenerations collide the points 1 − 2, 3 − 4, the points 1 − 4, 2 − 3 and the points 1 − 3, 2 − 4, respectively, see the Fig. 7. We cover the moduli space of flat connections by three coordinate charts. Each chart U_i has the coordinates (α_i, β_i), where i = s, t, u. The relation of (α_s, β_s), and (α_t, β_t) coordinates to the flat connection on the 4-punctured sphere with the basic holonomies g_{1,2,3} is depicted in the Fig. 8. The

Figure 7. The degeneration points in M_{0,4}

Figure 8. The (α_s, β_s) and (α_t, β_t) coordinates

Figure 9. From the tree graph to the polygon triangulated by the diagonals

coordinates (α_u, β_u) are obtained by applying the modular group action:

(g_1, g_2, g_3) → ( g_2, g_2g_1g^{−1}_2 , g_3 ) (67)

which maps the tetrahedron with the vertices (1, g_1, g_2g_1, g_3g_2g_1) to the tetrahedron with the vertices (1, g_2, g_2g_1, g_3g_2g_1).

3.1.3. The Darboux coordinates for M_{0,n;ν} are defined analogously, and can be given a geometric interpretation in terms of the geometry of a polygon with the vertices (1, g_1, g_2g_1, . . . , g_{n−1}g_{n−2} . . . g_2g_1) which is cut by n − 3 diagonals onto n − 2 (complexified hyperbolic or spherical) triangles. The coordinate α_i, i = 1, . . . , n − 3 is the hyperbolic length of the diagonal d_i, while the coordinate β_i is the dihedral angle between the two adjacent triangles, which share the common edge d_i, see Fig. 9 for the case of n = 7.

3.1.4. The coordinate transformations It is interesting to look at the coordinate transformations which glue our coordinate systems on the overlaps U_Γ ∩ U_Γ′ . It suffices to discuss the overlaps where the two graphs Γ and Γ^′ differ in exactly one genus 0 edge, or in exactly one genus 1 edge. In the first case the basic transformation is (α_s, β_s) → (α_t, β_t) in the case of M_{0,4;ν} . Recall that the canonical transformations, i.e. the transformations preserving the symplectic form, are generated by a function, the so-called generating function: S_{0,4}(α_s, α_t; ⃗ν), such that:

β_s = ∂S_{0,4} ∂α_s , β_t = ∂S_{0,4} ∂α_t (68)

Using the formulae of [67] one can easily derive that S_{0,4}(α_s, α_t, ν_1, ν_2, ν_3, ν_4) is the hyperbolic volume of the tetrahedron^LΔ, which is dual to the tetrahedron Δ (Fig. 8) whose edges have the lengths

α_s, α_t, μ_1, μ_2, μ_3, μ_4 .

where μ_k = 2πiν_k. The explicit formula can be derived using [66] (see also [67], [68], [69], [70]): Let V_1 = α_s + μ_1 + μ_2 V_2 = α_s + μ_3 + μ_4 V_3 = α_t + μ_1 + μ_4 V_4 = α_t + μ_2 + μ_3 H_1 = μ_1 + μ_2 + μ_3 + μ_4 H_2 = α_s + α_t + μ_1 + μ_3 H_3 = α_s + α_t + μ_2 + μ_4 H_4 = 0

Then: S_{0,4}(α_s, α_t, ⃗ν) = 4∑ a=1 [ Li_2 ( w_+e^{Va} ) − Li_2 ( w_−e^{Va} )

−Li_2 ( w_+e^{Ha} ) + Li_2 ( w_−e^{Ha} )] (69)

where w_± are the two different roots of the (quadratic in w) equation: 4∏ a=1 (1 − we^{Va} ) = 4∏ a=1 (1 − we^{Ha} ) (70)

For the genus 1 edge the formalism is similar and we shall not present it here.

3.1.5. The Hamiltonian flows and bending Fix Γ and consider the Hamiltonian flows generated by the Poisson-commuting functions A_e = e^{αe} + e^{−αe} , for all edges e. These flows generate a complexified integrable system. Its real slices include the Fenchel-Nielsen twistings on the Teichmüller space and Goldman flows [65] on the moduli space of SU(2) flat connections.

In our coordinates the flow generated by α_e acts very simply: β_e is shifted while α_e′ ’s and β_e′ for e^′ ≠ e are unchanged. It is amusing to see the action of this flow on the monodromy data of a flat connection A. We shall do it for the g = 0, n = 4 case.

Thus, let us take α as a Hamiltonian, and let us try to find out what is the Hamiltonian flow U_t generated by it. Of course, in the (α, β) coordinates this is trivial: U_t : (α, β) → (α, β + t). Let us calculate the effect of this transformation on the flat connection A, which we parametrize by the gauge equivalence class of the triple (g_1, g_2, g_3, g_4), with g_4g_3g_2g_1 = 1. We claim:

U_t : (g_1, g_2, g_3, g_4) → (g_1, g_2, e^{−tJ} g_3e^{tJ} , e^{−tJ} g_4e^{tJ} ) (71)

where we have introduced a normalized Lie algebra element J, a traceless 2 × 2 matrix with the eigenvalues ±^1_2 , trJ = 0, trJ^2 =^1_2 , such that:

g_2g_1 = e^{2αJ} . (72)

Indeed, let

B_t = tr(g_2e^{−tJ} g_3e^{tJ} ) (73)

Using the identity for the SL_2 matrices: e^{2tαJ} = sinh (1 − t)α sinh α + sinh tα sinh α e^{2αJ} . we can easily compute:

B_t(A^2 − 4) + 2 (m_2m_3 + m_1m_4)− A (m_1m_3 + m_2m_4) =

2 cosh(β + t) √ c_{12}(A)c_{34}(A)

which establishes (71).

In the general g = 0 case, the Hamiltonian flow generated by α_e corresponding to the edge e, and the corresponding diagonal d_e (as in the Fig. 9), has a very simple geometric interpretation (modulo the complexification): one simply bends the hyperbolic n-gon along the diagonal d_e. The angle of bending corresponding to U_t is equal to t. This is a complexified version of the constructions in [63], [71], [72], [73].

4. The brane of opers

In this section we study briefly the so-called brane of opers in the sigma model with the target space M^{loc}_Σ . This is a (A, B, A) type D-brane B_{Oτ} , which corresponds to the J-complex Ω_J - Lagrangian submanifold O_τ ⊂ M^{loc}_Σ , described in [74]. In fact, locally M^{loc} is foliated by the varieties of SL_2-opers for different complex structures on Σ, as expressed by the local identification of the moduli space of flat SL_2-connections with the moduli space of projective structures [75], see also [36], [76].

Roughly speaking, a flat connection A = A_zdz + A_{z̄}dz̄ is a G-oper, if the gauge equivalence class of Ā = A_{z̄} dz̄ defines a particular holomorphic G-bundle on Σ, which is determined by the complex structure of Σ. For G = SL_2(C) this bundle is such that the associated rank two vector bundle is the (unique up to isomorphism) nontrivial extension of the bundle K^{−1/2}_Σ by K^{1/2}_Σ .

Locally an SL_2-oper is a second order (meromorphic) differential operator D = −∂^2 + T (z) which acts on the (−^1_2 )-differentials.

If we fix for convenience some reference complex structure on Σ, with the local coordinates (w, w̄), and describe the generic complex structure with the help of the Beltrami differential μ = μ^w_{w̄}dw̄∂_w, then A_{w̄} −μA_w = ( −^1_2 ∂μ 0 −^1_2 ∂^2μ^1_2 ∂μ ) , A_w = ( 0 1 T̃ 0 )

(74)

where T̃ obeys the following compatibility condition (¯ ∂ − μ∂ − 2∂μ )~ T = − 1 2 ∂^3μ (75)

The notion of a G-oper was in general given for a Riemann surface with punctures, where the opers may develop certain poles [74]. In this paper we study only the case of regular singularities. It means at any puncture, T has at most the second order pole.

In the case of G = SL_2(C) the space of opers for varying complex structure of Σ is the open subset in the moduli space of flat G-connections [75].

4.1. The SL_2-opers in genus zero

In the case of the genus zero surface with n marked points the SL_2-oper can be identified with the second order differential operator (the projective connection) of the form:

D = −∂^2_z + T (z)

T (z) = n∑ a=1 Δ_a (z − x_a)^2 + ϵ_a z − x_a (76)

where the accessory parameters ϵ_a obey n∑ a=1 ϵ_a = 0 n∑ a=1 (x_aϵ_a + Δ_a) = 0 n∑ a=1 ( x^2_aϵ_a + 2x_aΔ_a ) = 0

(77)

in order for (76) be non-singular at z = ∞. Actually, an open set in the space of all SL_2-flat connections on the n-punctured sphere can be parametrized by the space of n-tuples (x_a, ϵ_a)^n_{a=1} obeying (77) modulo the diagonal P GL_2-action

(x_a, ϵ_a)^n_{a=1} → ( Ax_a + B Cx_a + D , ϵ_a(Cx_a + D)^2 + 2C(Cx_a + D)Δ_a )_n a=1 The oper (76) defines a point in M_{0,n;ν} when

Δ_a = ν_a(ν_a − 1) , a = 1, . . . n (78)

The correspondence (24,25) ∂_{τk} ↔ H_k between the variations of the complex moduli of Σ and the functions on the variety of opers O_τ is provided, in this case, by the one-form δ = ∑ a ϵ_adx_a (79)

Once a global coordinate z on the sphere is fixed, e.g. by requiring three out of n punctures to be at 0, 1, ∞, the one-form δ becomes well-defined in the tangent space to M_{0,n}.

4.2. The SL_2-opers in genus one

We can also describe quite explicitly the space of opers on an elliptic curve E_τ with regular singularities at the points x_1, . . . , x_n ∈ E_τ :

D = −∂^2_z + T (z)

T (z) = u + n∑ a=1 Δ_a℘(z − x_a) + ϵ_aζ(z − x_a)

(80)

where ∑ a ϵ_a = 0, u is a constant, and we used the Weierstrass ζ and ℘ = ζ^′ functions. The correspondence ∂_{τk} ↔ H_k is now represented by the one-form δ = ∑ a ϵ_adx_a + udτ (81) 4.3. The opers on degenerate curves For practical purposes it is useful to study the regular opers on a smooth curve with punctures whose complex structure approaches that of a maximally degenerate stable curve. As we discussed above, such maximal degeneration can be encoded in a trivalent graph Γ with n tails and g loops. Each internal vertex corresponds to a three-holed sphere, each internal edge corresponds to a double point (a pinched handle). A complex structure close to the maximally degenerate one, corresponding to Γ, is parametrized by assigning the complex numbers q_e, |q_e| ≪ 1 to the internal edges.

The oper D on Σ which is close to Γ can be approximated by the following data: the hypergeometric oper on every trivalent vertex:

T (z_v) =

Δ_1 z^2_v + Δ_2 (z_v − 1)^2 + Δ_3 − Δ_1 − Δ_2 z_v(z_v − 1)

(82)

where z_v is a coordinate on the three-punctured sphere corresponding to the vertex v; and the glueing of the local coordinates across the edges:

z_{v1(e)}z_{v2(e)} = q_e (83)

where we assume that on the two spheres v_1(e) and v_2(e) the double point corresponding to e is at the points z = 0 on each component. Given the internal vertex v let e_1, e_2, e_3 be the three emanating edges. Let them correspond to the points z_v = 0, z_v = 1, z_v = ∞, respectively. Then,

Δ_k = η_k (η_k − 1) (84)

where η_k =^{αek}_{2πi} + δ_k if e_k is an internal edge, and η_k = ν_i if e_k is the i’th tail, δ_{1,3} =^1_2 , δ_2 = 0. This shift is due to the fact that D acts on the (−1/2)-differentials

Ψ_v = ψ(z_v)dz^{− 12}_v

4.4. Comparison with the four dimensional gauge theory In the perturbative limit, where the Riemann surface Σ approaches one of the maximally degenerate complex structures τ → τ_∗ the Z-function simplifies, and (18) can be calculated rather explicitly [81]: W_{Oτ} (α, ν) = ∑ e ( τ_e 2 α^2_e + Υ(2α_e) )

− ∑ v Υ( ∑ e∋v ±α_e) (85)

where Υ is a special function, whose derivative gives the logarithm of the Γ-function:

Υ^′(x) = log ( Γ (x + ε) Γ (−x + ε) )

Υ(x) = d ds | | | |_{s=0} μ^s Γ(s) ∫_∞ 0 dt t^2 t^s 1 − e^{−tε} e^{−tx} (86)

In order to compare this gauge theory result with the generating function of the variety of opers corresponding to our system of Darboux coordinates (α, β) we approximate the oper on the nearly degenerate curve by the collection of the hypergeometric opers on the three-holed spheres corresponding to the internal vertices v of the degeneration graph Γ, insert the transition matrices ( q^{αe}_e 0 0 q^{−αe}_e ) (87)

at the double points, which correspond to the edges e, and use the standard transition matrices for the solutions of the hypergeometric equation, to compute the monodromy matrices g_1, g_2, g_3, g_4 for each genus zero edge, and the matrices g, h for each genus one edge.

One can also include the e^{2πiτe} -corrections by the usual quantum mechanical perturbation theory and verify the agreement with the instanton calculations on the gauge theory side. We have performed these checks for low instanton numbers for the two basic cases: SU(2) N_f = 4 theory (which corresponds to M_{0,4}) and for the SU(2) N = 2^∗ theory (which corresponds to M_{1,1}).

4.5. The topological brane

The study of the separation of variables (proposed by E. Sklyanin [82]) for the quantum Gaudin system, which is essentially the genus zero case of the Hitchin system, suggests the following definition of this second brane. We assume that the ν_k parameters are generic (and definitely not half-integral, as in [83]).

Then we define a subvariety L_γ for any pair γ = (Γ, or) which consists of the degeneration graph Γ together with the choice of orientation or. For the oriented edge e we define the source s(e) and the target t(e) vertices in the obvious way.

The definition of L_γ is the following: For every internal genus zero egde e we require α_e to be equal to the sum of ±α_e’s or ±ν_k’s (the sign depends on the orientation) corresponding to the two other edges which enter s(e)

α_e = ∑ e^′ ,t(e^′)=s(e) η_e′ − ∑ e^′ ,s(e^′ )=s(e) η_e′

where, as before η_e = α_e ± δ_e if e is an internal edge, and η_e = ν_k if e is the k’th tail.

In the coordinate patch U_Γ′ the variety L_γ is described by the generating function, which is a sum of dilogarithms, as follows from (69).

5. Further directions and discussion

In this paper we have introduced a system of holomorphic Darboux coordinates α, β on the moduli space M^{loc}_Σ of flat SL_2(C)-connections on a punctured Riemann surface with fixed conjugacy classes of the monodromies around the punctures. The main claim about this coordinate system is the identification of the generating function of the variety O_τ of SL_2-opers with the effective twisted superpotential of the four dimensional A_1 type Gaiotto theory corresponding to Σ, subject to the two dimensional Ω-deformation.

We also expressed the Yang-Yang function of the quantum Hitchin system, using our coordinate system, as a difference of the generating functions of the variety of opers O_τ , and the second Lagrangian submanifold L_γ , which determines the space of states of the quantum Hitchin system. We presented a proposal for the construction of L_γ in the genus zero case. We would like to stress that the Yang-Yang function we are talking about here is different from the Yang-Yang functions of the finite dimensional Gaudin model or spin chains, which can be derived by taking a critical level limit of the free field representation of the current algebra conformal blocks [77], [78], [79], [80], as explained in [14], [15], [16].

The generating function W_{Oτ} also has other applications. For example, it can be identified with the classical conformal block of the Liouville theory [84], which makes the relation to the four dimensional gauge theory natural in view of the conjecture [85]. It also provides the ”holomorphic part” of the classical Liouville action, which is discussed in [33], [34], [86], [36], [87].

Since the variety of opers is well-understood for all Lie groups G, it is urgent to generalize our Darboux coordinates for the case of general G. This would allow us to compute the effective twisted superpotentials of the exotic theories which do not have a Lagrangian description (a general A, D, E type (0, 2) theory compactified on a Riemann surface and subject to the Ωdeformation).

In order to characterize the conformal blocks of Liouville and Toda conformal theories, using the [85] relation, we need to turn on the generic Ω-deformation, with both ε_1, ε_2 non-vanishing. It was argued that this would effectively quantize the algebras of holomorphic functions on M^{loc}_Σ (G) and M^{loc}_Σ (^LG), with the deformation quantization parameters h̄ = ε_2/ε_1 and 1/h̄ = ε_1/ε_2, respectively. The Z-function is then a vector in the representation of A^{h̄}_G × A^{1/h̄}_{L G} , which corresponds, quasiclassically, to O_τ . To find this vector seems like an extremely important problem. For the recent discussion of related problems see [38], [88], [51], [46].

Finally, let us mention a couple more problems we left out of this short note.

Our construction of the Darboux coordinates (α, β) and the description of the variety of opers O_τ must have an interesting quasiclassical limit, corresponding to the ε → 0 limit of the Ωbackground. In this limit one should recover the Seiberg-Witten geometry of the Hitchin system.

Also, a large mass, weak coupling limit of the gauge theory, as in e.g. [89], leading to the asymptotically free gauge theory must have a counterpart in our construction. We believe extending our Darboux coordinates to the case of the moduli spaces of flat connections with irregular singularities will play an important role both in the analysis of the four dimensional gauge theory, and in the extension of the Langlands duality to the case of the wild ramification [90].

6. Acknowledgements

We are grateful to V. Fock, E. Frenkel, A. Gerasimov, Yu. Neretin, F. Smirnov for valuable discussions. Research of NN was partly supported by FASI RF 14.740.11.0347 that of AR was partly supported by RFBR-09- 02-00393, FASI RF 14.740.11.0347, RFBR-09- 01-93106-NCNIL-a, and RF Government Grant- 11.G34.31.0023, that of SS by SFI grant 08/RFP/MTH1546 and by ESF grant ITGP. Part of the research was done while AR visited IHES in the summer of 2010. NN also thanks Ilya Khrzhanovsky for the opportunity to carry out some of the research on the project at the ”DAU” Institute in Kharkiv, Ukraine, and to D. Kaledin and A. Losev for discussions.

The main conjecture about the generating function of the variety of opers was announced by one of the authors at the Simons Center workshop on ”Perspectives, Open Problems & Applications of Quantum Liouville Theory” (Mar 29- Apr 2, 2010). The results of this paper were also reported at various seminars and conferences, in particular, at the Institut Henri Poincare, at the conferences ”Symmetry, Duality, and Cinema” (Jun 2010) and ”Advances in string theory, wall crossing, and quaternion-Kähler geometry” (Aug 30 - Sept 3, 2010), at the Cargese Summer School ”String Theory: Formal Developments and Applications” (Jun 21-Jul 3, 2010) at the IAS (Princeton) seminar (Oct 29, 2010), at the DESY conference ”From Sigma Models to Four-dimensional QFT”, (Nov 29 - Dec 3, 2010), at the Hebrew Univeristy of Jerusalem IAS 15th Midrasha Mathematicae on Derived Categories of Algebro-Geometric Origin and Integrable systems” (Dec 19 - 24, 2010). We thank all the organizers and the audiences for the fruitful atmosphere and stimulating questions.

REFERENCES

1. L. D. Faddeev, “The Bethe Ansatz,” SFB- 288-70 (1993);

2. C. N. Yang and C. P. Yang, J. Math. Phys.

10, 1115 (1969).

3. C. N. Yang and C. P. Yang, Phys. Rev. 150, 321 (1966).

4. L. D. Faddeev, E. K. Sklyanin and L. A. Takhtajan, Theor. Math. Phys. 40, 688 (1980) [Teor. Mat. Fiz. 40, 194 (1979)].

5. M. Jimbo, T. Miwa, F. Smirnov, ”Hidden Grassmann Structure in the XXZ Model III: Introducing Matsubara direction,” arXiv:0811.0439, J.Phys. A 42 (2009) 304018 6. G. W. Moore, N. Nekrasov and S. Shatashvili, “Integrating over Higgs branches,” Commun. Math. Phys. 209, 97 (2000) [arXiv:hep-th/9712241].

7. A. A. Gerasimov and S. L. Shatashvili, “Higgs bundles, gauge theories and quantum groups,” Commun. Math. Phys. 277, 323 (2008) [arXiv:hep-th/0609024].

8. A. A. Gerasimov and S. L. Shatashvili, “Twodimensional Gauge Theories and Quantum Integrable Systems,” arXiv:0711.1472 [hepth].

9. E. Witten, “Two dimensional gauge theory revisited”, arXiv:hep-th/9204083 10. A. Gorsky and N. Nekrasov, “Quantum integrable systems of particles as gauge theories,”

Theor. Math. Phys. 100, 874 (1994) [Teor. Mat. Fiz. 100, 97 (1994)].

11. A. Gorsky and N. Nekrasov, “Relativistic Calogero-Moser Model As Gauged WZW Theory,” Nucl. Phys. B 436, 582 (1995) [arXiv:hep-th/9401017].

12. A. Gorsky and N. Nekrasov, “Elliptic Calogero-Moser System From Two-Dimensional Current Algebra,” arXiv:hep-th/9401021.

13. A. Gorsky and N. Nekrasov, “Hamiltonian systems of Calogero type and twodimensional Yang-Mills theory,” Nucl. Phys. B 414, 213 (1994) [arXiv:hep-th/9304047].

14. N. A. Nekrasov and S. L. Shatashvili, “Supersymmetric vacua and Bethe ansatz,” Nucl. Phys. Proc. Suppl. 192-193, 91 (2009) [arXiv:0901.4744 [hep-th]].

15. N. Nekrasov and S. Shatashvili, “Bethe Ansatz And Supersymmetric Vacua,” AIP Conf. Proc. 1134, 154 (2009).

16. N. A. Nekrasov and S. L. Shatashvili, “Quantum integrability and supersymmetric vacua,” Prog. Theor. Phys. Suppl. 177, 105 (2009) [arXiv:0901.4748 [hep-th]].

17. N. A. Nekrasov and S. L. Shatashvili, “Quantization of Integrable Systems and Four Dimensional Gauge Theories,” arXiv:0908.4052 [hep-th].

18. A. Gorsky, I. Krichever, A. Marshakov, A.

Mironov, A. Morozov, “Integrability and Seiberg-Witten exact solution,” Phys. Lett. B355, 466-474 (1995). [hep-th/9505035].

19. E. Martinec and N. Warner, “Integrable systems and supersymmetric gauge theory“, ”Nucl.Phys.B459:97-112,1996, arXiv:hep-th/9509161 20. R. Donagi, E. Witten, “Supersymmetric Yang-Mills theory and integrable systems,” Nucl. Phys. B460, 299-334 (1996). [hep-th/9510101].

21. R. Y. Donagi, “Seiberg-Witten integrable systems,” [alg-geom/9705010].

22. N. A. Nekrasov, “Seiberg-Witten Prepotential From Instanton Counting,” Adv. Theor. Math. Phys. 7, 831 (2004) [arXiv:hep-th/0206161].

23. A. Losev, N. Nekrasov and S. L. Shatashvili,

“Testing Seiberg-Witten solution,” In Cargese 1997, Strings, branes and dualities, pp. 359-372, [arXiv:hep-th/9801061].

24. A. Losev, N. Nekrasov and S. L. Shatashvili, “Issues in topological gauge theory,” Nucl. Phys. B 534, 549 (1998) [arXiv:hep-th/9711108].

25. E. Witten, “Some comments on string dynamics,” arXiv:hep-th/9507121.

26. A. Strominger, “Open p-branes,” Phys. Lett.

B 383, 44 (1996) [arXiv:hep-th/9512059]. 27. D. Gaiotto, “N=2 dualities,” arXiv:0904.2715 [hep-th].

28. N. Seiberg and E. Witten, “Monopoles, duality and chiral symmetry breaking in N=2 supersymmetric Nucl. Phys. B 431, 484 (1994) [arXiv:hep-th/9408099].

29. G. W. Moore, N. Nekrasov and S. Shatashvili, “D-particle bound states and generalized instantons,” Commun. Math. Phys. 209, 77 (2000) [arXiv:hep-th/9803265].

30. E. Witten, “String theory dynamics in various dimensions,” Nucl. Phys. B 443, 85 (1995) [arXiv:hep-th/9503124].

31. M. Atiyah, R. Bott, “The Yang-Mills Equations Over Riemann Surfaces”, Phil. Trans. R.Soc. London A 308, 523-615 (1982) 32. E. Witten, “Quantum field theory and the Jones polynomial,” Commun. Math. Phys., 121 (1989) 351 33. A.M. Polyakov, ”Quantum Gravity in Two- Dimensions,” Mod. Phys. Lett.A2 (1987) 893.

34. A. Alekseev and S. L. Shatashvili, Nucl. Phys.

B 323, 719 (1989).

35. E. Verlinde, H. Verlinde, “A solution of two dimensional topological quantum gravity”, PUPT-1176, IASSNS-HEP-90/40, April 1990 36. H. Verlinde, Nucl. Phys. B337 (1990) 652 37. E. Witten, “(2+1)-Dimensional Gravity as an Exactly Soluble System,” Nucl. Phys. B 311, 46 (1988).

38. L. Chekhov and V. V. Fock, “A quantum Teichmüller space,” Theor. Math. Phys. 120, 1245 (1999) [Teor. Mat. Fiz. 120, 511 (1999)] [arXiv:math/9908165].

39. L. O. Chekhov and V. V. Fock, “Observables in 3D gravity and geodesic algebras,” Czech.

J. Phys. 50, 1201 (2000).

40. E. Witten, “Three-Dimensional Gravity Revisited,” arXiv:0706.3359 [hep-th].

41. N. Seiberg and E. Witten, “Gauge dynamics and compactification to three dimensions,” arXiv:hep-th/9607163.

42. N. Hitchin, “The self-duality equations on a Riemann surface,” Proc. London Math. Soc. (3) 55 (1987) 59–126 43. A. Kapustin and E. Witten, “Electricmagnetic duality and the geometric Langlands program,” arXiv:hep-th/0604151.

44. N. Hitchin, “Stable bundles and integrable systems,” Duke Math. J. 54 (1987) 91–114 45. R. Donagi, “Spectral Covers,” arXiv:alg-geom/9505009 46. N. Nekrasov and E. Witten, “The Omega Deformation, Branes, Integrability, and Liouville Theory,” JHEP 1009, 092 (2010) [arXiv:1002.0888 [hep-th]].

47. D. Gaiotto, E. Witten, ”S-Duality Of Boundary Conditions in N = 4 Super Yang-Mills Theory,” arXiv:0807.3720v1 [hep-th] 48. D. Gaiotto, E. Witten, ”Supersymmetric Boundary Conditions in N = 4 Super Yang- Mills Theory,” arXiv:0804.2902v1 [hep-th] 49. A. Beilinson, V. Drinfeld, ”Quantization of Hitchin’s integrable system and Hecke eigensheaves”, preprint 50. S. Gukov, E. Witten, ”Branes And Quantization,” arXiv:0809.0305v2 [hep-th] 51. J. Teschner, ”Quantization of the Hitchin moduli spaces, Liouville theory, and the geometric Langlands correspondence I”, arXiv:1005.2846v2 [hep-th] 52. V. Fock, A. Goncharov, ”Moduli spaces of local systems and higher Teichmller theory”, Publ. Math. Inst. Hautes Études Sci. No. 103 (2006), 1-211.

53. D. Gaiotto, G. W. Moore and A. Neitzke, “Wall-crossing, Hitchin Systems, and the WKB Approximation,” arXiv:0907.3987 [hep-th].

54. N. Nekrasov, “Holomorphic bundles and many body systems,” Commun. Math. Phys. 180, 587 (1996) [arXiv:hep-th/9503157].

55. R. Donagi, E. Markman, “Spectral curves, algebraically completely integrable Hamiltonian systems, and moduli of bundles,” [alg-geom/9507017].

56. A. Kapustin and S. Sethi, “The Higgs branch of impurity theories,” Adv. Theor. Math. Phys. 2, 571 (1998) [arXiv:hep-th/9804027].

57. E. Markman, ”Spectral curves and integrable systems”, Compositio Math. 93 (1994), no. 3, 255-290 58. A. Gorsky, N. Nekrasov and V. Rubtsov, “Hilbert schemes, separated variables, and D-branes,” Commun. Math. Phys. 222, 299 (2001) [arXiv:hep-th/9901089].

59. V. V. Fock and A. A. Rosly, “Poisson structure on moduli of flat connections on Riemann surfaces and r-matrix,” preprint ITEP- 72-92 (1992), AMS Transl. 191, 67 (1999) [arXiv:math/9802054].

60. V. V. Fock and A. A. Rosly, “Flat connections and polyubles,” Theor. Math. Phys. 95, 526 (1993) [Teor. Mat. Fiz. 95, 228 (1993)].

61. V. V. Fock and A. A. Rosly, “Moduli space of flat connections as a Poisson manifold,” Int. J. Mod. Phys. B 11, 3195 (1997).

62. W. Goldman, “The symplectic nature of the fundamental group on surfaces,” Adv. Math. 54, 200-225 (1984) 63. W. Goldman, “Invariant functions on Lie groups and Hamiltonian flows of surface group representations,” Invent. math. 85, 263-302 (1986) 64. V.G. Turaev, ”Skein quantization of Poisson algebras of loops on surfaces”, Ann. Sci. École Norm. Sup. (4) 24 (1991), no. 6, 635704 65. A. N. Tyurin, ”Quantization, Classical and Quantum FIeld Theory and Theta Functions”, CRM monograph series, Vol. 21, AMS , 2003.

66. D.A. Derevnin, A.D. Mednykh, A formula for the volume of a hyperbolic tetrahedron, Russ. Math. Surv. 60 (2), (2005) 346-348 67. L. Schläfli, ”Theorie der vielfachen Kontinuität”, In: Gesammelte mathematishe Abhandlungen, Basel: Birkhäuser, 1950.

68. N. I. Lobatschefskij, ”Imaginäre Geometrie und ihre Anwendung auf einige Integrale”, Deutsche äubersetzung von H.Liebmann, Leipzig: Teubner, 1904.

69. Yu. Cho, H. Kim, ”On the volume formula for hyperbolic tetrahedra”, Discrete and Computational Geometry, 22, 1999, p.347-366.

70. J. Milnor, ”The Schläfli differential equality” in Collected Papers. I. Geometry (Publish or Perish, Houston, TX, 1994), pp. 281-295.

71. M. Kapovich, J. J. Millson, T. Treloar, arXiv:math/9907143 72. A.A. Klyachko, ”Spatial polygons and stable configurations of points in the projective line,” Algebraic geometry and its applications (Yaroslavl, 1992), 6784, Aspects Math., E25, Vieweg, Braunschweig, 1994.

73. P. Foth, ”Polygons in Minkowski space and Gelfand-Tsetlin for pseudounitary groups,” arXiv:math/0703525 74. A. Beilinson, V. Drinfeld, ”Opers”, math.AG/0501398 75. A. Bilal, I. Kogan, V. Fock, “On the origin of W-algebras,” CERN-TH.5965/90 76. A. Gerasimov, A. Levin and A. Marshakov, ”On W gravity in two-dimensions,” Nucl. Phys. B 360, 537 (1991).

77. A. Gerasimov, A. Morozov, M. Olshanetsky, A. Marshakov and S. L. Shatashvili, “Wess- Zumino-Witten model as a theory of free fields,” Int. J. Mod. Phys. A 5, 2495 (1990), preprints ITEP-89-64, ITEP-89-70, ITEP-89- 72, ITEP-89-74, April 1989 78. A.Varchenko, V.Schechtman, ”Integral Representations of N-Point Conformal Correlators in the WZW Model,” Bonn, Max-Planck Institute (1989), 1-22.

79. N. Reshetikhin and A. Varchenko, “Quasiclassical asymptotics of solutions to the KZ equations,” arXiv:hep-th/9402126.

80. G. Felder and A. Varchenko, arXiv:hep-th/9511120.

81. N. Nekrasov, V. Pestun, to appear 82. E. Sklyanin, J. Sov. Math. 47 (1989) 2473- 2488 83. B. Feigin, E. Frenkel and N. Reshetikhin, “Gaudin model, Bethe ansatz and correlation functions at the critical level,” Commun. Math. Phys. 166, 27 (1994) [arXiv:hep-th/9402022].

84. A. B. Zamolodchikov and A. B. Zamolodchikov, ”Structure constants and conformal bootstrap in Liouville field theory”, Nucl.

Phys. B477 (1996) 577, hep-th/9506136 85. L. F. Alday, D. Gaiotto and Y. Tachikawa, “Liouville Correlation Functions from Fourdimensional Gauge Theories,” Lett. Math. Phys. 91, 167 (2010) [arXiv:0906.3219 [hepth]].

86. L.A. Takhtajan, P.G. Zograf, ”On Liouville equation, accessory parameters and the geometry of Teichmuller space for Riemann surface of genus 0”, Math. USSR Sbornik 60 (1988) 143 87. E. Aldrovandi, L.A. Takhtajan, ”Generating Functional in CFT on Riemann Surfaces II: Homological Aspects”, arXiv:math/0006147 88. L. F. Alday, D. Gaiotto, S. Gukov, Y. Tachikawa and H. Verlinde, JHEP 1001, 113 (2010) [arXiv:0909.0945 [hep-th]].

89. D. Gaiotto, “Asymptotically free N=2 theories and irregular conformal blocks,” arXiv:0908.0307 [hep-th].

90. E. Witten, “Gauge Theory And Wild Ramification,” arXiv:0710.0631 [hep-th].