arXiv:1103.4078v3 [gr-qc] 14 Apr 2011

ULB-TH/11-08 April 15, 2011

On Asymptotic Flatness and Lorentz Charges

Geoffrey Compère^♭, François Dehouck^♮ and Amitabh Virmani^♮

♭KdV Institute for Mathematics and Instituut voor Theoretische Fysica Universiteit van Amsterdam, The Netherlands

♮Physique Théorique et Mathématique, Université Libre de Bruxelles and International Solvay Institutes, Bruxelles, Belgium

gcompere@uva.nl fdehouck@ulb.ac.be avirmani@ulb.ac.be

A la mémoire de notre ami et professeur Laurent Houart.

Abstract

In this paper we establish two results concerning four-dimensional asymptotically flat spacetimes at spatial infinity. First, we show that the six conserved Lorentz charges are encoded in two unique, distinct, but mutually dual symmetric divergence free tensors that we construct from the equations of motion. Second, we show that integrability of Einstein’s equations in the asymptotic expansion is sufficient to establish the equivalence between counter-term charges defined from the variational principle and charges defined by Ashtekar and Hansen. These results clarify earlier constructions of conserved charges in the hyperboloid representation of spatial infinity. In showing this, parity condition on the mass aspect is not needed. Along the way in establishing these results, we prove two lemmae on tensor fields on three dimensional de Sitter spacetime stated by Ashtekar-Hansen and Beig-Schmidt and state and prove three additional lemmae.

PACS: 04.20.-q Classical general relativity, 04.20.Ha Asymptotic structure

Contents

1 Introduction and Summary of Results 2

2 Asymptotic Flatness, Variational Principle, and Stress Tensor 4

3 Equations of Motion and Integrability 8 3.1 Equations of motion at second order . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.2 Integrability conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

4 Mutually Dual Conserved Tensors 11

5 Counter-term and Ashtekar-Hansen Charges Revisited 12

A Properties of Tensors on dS_3 13

B Properties of Killing Vectors on dS_3 19

C Classification of Symmetric and Divergence-free Tensors 22

1 Introduction and Summary of Results

The study of asymptotically flat spacetimes of vacuum Einstein gravity at spatial infinity has a long history. Nevertheless, the topic has constantly been evolving through the years, see e.g. [1, 2, 3, 4, 5, 6, 7] for a relevant sample of classic works before the eighties, [8, 9, 10, 11, 12, 13, 14, 15, 16] for a sample of works in the last thirty years and [12, 13, 14, 17, 18, 19, 20, 21, 22, 23] for more recent works addressing higher curvature terms in the action. Even nowadays, some subtleties in definitions of conserved charges at spatial infinity or in hypotheses underlying validity of variational principles are not completely settled. There are at least two motivations to further investigate asymptotically flat spacetimes at spatial infinity.

First, there has been recent progress in the realization of gravitational electric-magnetic duality. In the linear theory around flat space, the spin-2 Fronsdal action is invariant under a SO(2) rotation generalizing the electric-magnetic duality of electromagnetism to linearized Einstein gravity [24, 25] (see also [26, 27, 28] and references therein). It has been shown that this duality of the linear theory cannot be extended perturbatively to the 3-vertex in Einstein gravity [29] using a proof similar to the one showing that electric-magnetic duality of free Maxwell theory cannot be extended to Yang-Mills theory [30]. It is also well understood that in Einstein gravity with a Killing symmetry, the mass and NUT charge of Taub-NUT spacetime can be rotated into one another upon acting with the SO(2) generator of the Ehlers group obtained after dimensional reduction. More generally in supergravity theories, the Ehlers gravitational duality can be understood as an element of the U-dualities. These dualities were first described in dimensionally reduced theories assuming the presence of Killing vectors [31]. Quite remarkably, recent progress indicates that U-dualities might be a symmetry of supergravity theories without assuming the existence of Killing vectors [32, 33, 34]. Furthermore, it has been shown that Taub-NUT spacetime is asymptotically flat in the sense of Regge and Teitelboim [35]. In the light of these results, it is tempting to speculate that gravitational electric-magnetic duality with certain appropriately defined asymptotically flat boundary conditions might be realized in a non-perturbative or perhaps in a non-local sense so that it is not amenable to the treatment of [29]. We shall not pursue this direction further in this paper but we take this possibility as a motivation.

A second motivation for revising and exploring previous constructions of asymptotically flat spacetimes is the still elusive nature of holography in flat space, see e.g. [36, 37, 38, 39, 40, 41, 42, 43, 44, 45] and references therein for attempts in this direction. Clear indications of holography were found in the asymptotic structure of anti-de Sitter spacetime [46] before the AdS/CFT correspondence was formulated [47, 48]. A universal object that one can derive from a given bulk configuration is the conserved stress-energy tensor expressed as a variational derivative of the renormalized action with respect to the boundary metric [49, 50, 51, 52]. In the asymptotically flat context, although there are many subtleties, a satisfactory stress-tensor construction is now available [16, 53, 54] for hyperbolic spatial and temporal cutoffs^1. The stress-tensor is related in certain precise sense to the electric and magnetic parts of the Weyl tensor as shown in [53, 54]. On general grounds it was argued in [16], following [55], that Poincaré generators defined by the boundary stress-tensor should agree with other approaches [4, 5, 6, 7, 9, 10, 11]. However, the details needed to show an agreement [53, 54] to Ashtekar-Hansen and related approaches are quite non-trivial, to an extent that the underpinnings of why these calculations work are not clearly understood. One aim of this work is to clarify this.

We address two problems in the framework of Beig-Schmidt expansion [56, 57] near spatial infinity in the standard definition of asymptotically flat spacetimes in four dimensions without NUT charges. First, we further elaborate on the discussion of [16, 53, 54] on how the six Lorentz charges are encoded at the boundary in the form of conserved tensors. We point out that there is not a unique conserved-tensor encoding these charges. Rather, a pair of uniquely defined conserved tensors V_{ab} and W_{ab} can be associated with Lorentz charges. Charges constructed using either V_{ab} or W_{ab} are well defined in the sense that adding additional symmetric and divergence-free tensors constructed from non-linear combinations of the first order field does not change the values of these charges. The fact that two conserved tensors appear at second order might be surprising, but stems from the remarkable properties of Killing vectors and tensors on three-dimensional de Sitter space. In short, rotations and Lorentz boosts are curl of each other,

D × ξ_{rot} = −2ξ_{boost}, D × ξ_{boost} = +2ξ_{rot}, (1.1)

and the conserved tensors V_{ab} and W_{ab} are also curl of each other up to conserved tensors that do not contribute to charges. It then follows that Lorentz charges can be expressed in two equivalent ways using either V_{ab} or W_{ab}, as developed in the main text. This observation was also made in [53, 54], where V_{ab} and W_{ab} are directly related to the second order electric and magnetic parts of the Weyl tensor. In this work we emphasize that these are general properties of regular conserved tensors on three-dimensional de Sitter space and the analysis of [53, 54] can be regarded as a special case of the discussion developed in the main text.

The second issue we address is the precise boundary condition on the mass aspect (field σ in the Beig-Schmidt expansion) required to construct conserved charges of asymptotically flat gravity. In this regard we first recall that there is a slight tension in the literature. To show that the counter-term prescription of [16] gives a well defined variational principle for

1Recall that boundary ∂M of an asymptotically flat spacetime M is not uniquely defined by the bulk spacetime. It depends on the choice of the limiting procedure used to define, say, the Gibbons-Hawking term. We refer the reader to [16] for a detailed discussion of these issues. In this work we exclusively work with hyperbolic spatial and hyperbolic temporal cutoffs.

asymptotically flat gravity, parity condition on the mass aspect is not required. However, to show [53, 54] that the charges defined in [16] are equivalent to the Ashtekar-Hansen charges [7, 58], the parity condition on the mass aspect was explicitly assumed. This creates some tension: one would expect that a well defined action principle leads to a finite and conserved symplectic structure and finite and conserved charges without requiring any extra boundary condition. In this work, we solve partially this tension. We show that the parity condition on the mass aspect is not required in order to establish the equivalence between the counterterm charges and the Ashtekar-Hansen charges — integrability of Einstein’s equations in the metric expansion is sufficient. We differ to further work [59] the resolution of the fact that the symplectic structure is finite only when parity conditions are imposed [63] while the action is finite for general values of the mass aspect without reference to any parity property [16]. We also note that conserved charges associated with Lorentz boosts are not linear functionals of the mass aspect. This result is in sharp contrast with the linearity in the boundary fields of standard ADM conserved charges [2, 3, 4]. Linearity is only recovered once the mass aspect is restricted to be parity even. This creates a new tension between definitions of conserved charges considered in this paper and the ones defined in Hamiltonian formalism. We will also differ the issue of resolving this tension to a forthcoming publication [59].

The so-called logarithmic translation ambiguities [60] in the definition of asymptotic fields are usually fixed by the parity condition on the mass aspect [61]. We choose to fix these ambiguities by imposing that the four lowest harmonics on dS_3 of the mass aspect are parity even. This condition is weaker than imposing that the entire mass aspect is parity even. We also observe that the parity on the four lowest harmonics of σ on dS_3 is all that is needed for the arguments of [62] to go through.

Along the way in establishing our arguments, we use harmonic decomposition of various tensor fields on three dimensional hyperboloid to provide proofs of two lemmae due to Ashtekar and Hansen [7, 58] and Beig and Schmidt [56]. To the best of our knowledge, proofs of these quite non-trivial lemmae have not been reported in the literature before. We, thereby, fill this gap. We also provide a characterization of tensor fields appearing at second and higher orders in the asymptotic expansion in three additional lemmae. All lemmae are stated and proven in Appendix A. Appendix B collects useful properties of Killing vectors and associated charges on dS_3. We emphasize that Appendices A and B are an essential part of this paper. The lemmae and properties of Killing vectors proven there are used in a number of ways throughout the main text.

The rest of the paper is organized as follows. Section 2 provides relevant definitions and review and our precise boundary conditions. In Section 3, we present asymptotic equations of motion in two equivalent forms and discuss Beig’s integrability conditions. In Section 4 we present our general construction of conserved Lorentz charges from the equations of motion while in Section 5 we show the equivalence between Lorentz counter-term charges and Ashtekar- Hansen charges. A classification of tensor structures useful for the main arguments is relegated to Appendix C.

2 Asymptotic Flatness, Variational Principle, and Stress Tensor

In this section we provide relevant definitions and review. We introduce asymptotic flatness based on [56, 57] and discuss diffeomorphisms preserving the asymptotic expansion. We obtain the Poincaré group as asymptotic symmetry group after fixing suitably the asymptotic frame and boundary conditions. We then review the variational principle of [16] and the associated boundary stress tensor [53, 54]. We exclusively work with a coordinate based definition of asymptotically flat spacetimes. The results we obtain in this paper can be readily translated to geometric language of Ashtekar-Hansen [7, 58] or that of Ashtekar-Romano [11].

We define asymptotically flat spacetimes as spacetimes admitting an asymptotic expansion, usually referred to as the Beig-Schmidt expansion, at spatial infinity as

ds^2 = ( 1 + σ ρ )_2

dρ^2 + ρ^2 ( h^{(0)}_{ab} + h^{(1)}_{ab} ρ + h^{(2)}_{ab} ρ^2

+ o(ρ^{−2}) ) dx^adx^b, (2.2)

where h^{(0)}_{ab} dx^dx^b is the metric on the unit hyperboloid or, equivalently, on three-dimensional de Sitter space^2 dS_3,

ds^2_{(0)} ≡ h^{(0)}_{ab} dx^adx^b = −dτ^2 + cosh^2 τ(dθ^2 + sin^2 θdϕ^2). (2.3)

The fields σ, h^{(1)}_{ab} , h^{(2)}_{ab} , etc are assumed to be smooth functions on the unit hyperboloid. We will use h_{ab} in what follows to denote the complete induced metric on a constant ρ slice for some large value of ρ.

The set of diffeomorphisms preserving the Beig-Schmidt form (2.2) has been analyzed by a number of authors over the years [7, 56, 57, 11], see [62] for a concise review. In an asymptotically cartesian coordinate system with ρ^2 = η_{μν} x^μx^ν , diffeomorphisms

x̄^μ = L^μ_ν x^ν + T^μ + S^μ(x^a) + o(ρ^0), (2.4)

preserve the form of the metric (2.2). The transformations generated by the constants L^μ_ν and T^μ form the Poincaré group, while transformations generated by angle dependent translations S^μ(x^a) are the so-called supertranslations.

In conventional treatments of asymptotic spacetimes, one requires that all asymptotic symmetries are associated with conserved and well-defined charges. Since supertranslations depend arbitrarily on the angular coordinates, the associated charges are in general not conserved. In fact, the philosophy that a large body of work on asymptotic flatness at spatial infinity has taken is to strengthen the boundary conditions so that the freedom of performing supertranslations is eliminated. Indeed, this can be achieved [7, 57, 11, 63, 62], for instance, by demanding the leading order asymptotic Weyl curvature to be purely electric. This condition removes altogether the possibility of NUT charges. This condition is fullfilled by choosing h^{(1)}_{ab} = −2σh^{(0)}_{ab} .

There is an additional boundary condition that needs to be imposed. This has to do with the so-called logarithmic translations. Logarithmic translations in the hyperbolic coordinates are written as

ρ = ρ̄ + log ρ̄H(x̄^a) − H(x̄^a) + o(ρ^0), x^a = x̄^a + log ρ̄ ρ̄ H^a(x̄^a) + o(ρ^{−1}), (2.5)

2The coordinates ranges are τ ∈ R, ϕ ∈ [0, 2π), θ ∈ (0, π). We will denote Da as the covariant derivative on the unit hyperboloid. The radial coordinate ρ is associated to some asymptotically Minkowski coordinates x^μ via ρ^2 = ημν x^μx^ν . The symbol o(ρ^{−p}) is defined such that ρ^po(ρ^{−p}) = 0 as ρ → ∞ for fixed values of the angular coordinates (τ, θ, ϕ) of the hyperboloid.

where H obeys D_aD_bH + Hh^{(0)}_{ab} = 0. Under a general log-translation, σ and h^{(1)}_{ab} transform as

σ → σ + H, h^{(1)}_{ab} → h^{(1)}_{ab} − 2Hh^{(0)}_{ab} . (2.6)

Not only these fields transform, but also an unwanted logarithmic term

− log ρ D_c(E^{(1)}_{ab} H^c)dx^adx^b, (2.7)

is generated in the transformed metric. Since such a logarithmic term is not allowed in the metric (2.2) to start with, generically logarithmic translations are not asymptotic symmetries of our notion of asymptotic flatness. However, there is an important exception. If for certain choices of H it happens that D_c(E^{(1)}_{ab} H^c) = 0, then the unwanted log term in the metric is not generated. These special logarithmic translations are then allowed by our ansatz. This causes a number of problems, the most obvious one is that the set of asymptotic diffeomorphisms preserving the form (2.2) are not just Poincaré. To deal with these problems, we simply demand that σ does not contain in the harmonic decomposition on dS_3, the four solutions of the equation D_aD_bH + Hh^{(0)}_{ab} = 0. In other words, we demand in the harmonic decomposition of σ on dS_3 the four lowest components l = 0, m = 0, l = 1, m = −1, 0, 1 to be parity even, see Appendix A for further details. References [61, 63, 62] demand σ(x^a) to be entirely reflection symmetric σ(τ, θ, ϕ) = σ(−τ, π − θ, ϕ + π) in order to eliminate these logarithmic translations. Here, we see that a milder condition is sufficient to fix this ambiguity uniquely. It is also important to choose boundary conditions such that the canonical (Hamiltonian or Lagrangian) Poincaré generators are finite and well-defined. Here, we also observe that the even parity condition on the four lowest harmonics of σ on dS_3 is all that is needed for the arguments of [62] to go through. The Poincaré charges can then be defined in a first order formalism [62] with very similar boundary conditions.

Finally, the set of allowed configurations is also restricted by the requirement that Einstein’s equations can be solved at all orders in the expansion. As proven in [56, 57], a necessary and sufficient condition when only negative powers of ρ are allowed in the metric expansion (2.2) is that the following six charges^3

Q[ξ_{(0)}] ≡ ∫ S d^2S ϵ_{cd(a}σ^cσ^d_{b)}ξ^a_{(0)}n^b = 0 (2.8)

vanish, where ξ^a_{(0)} are the six Killing vectors on the hyperboloid, S is a Cauchy surface in the unit hyperboloid, and n^a is a unit timelike vector normal to S in the unit hyperboloid. We will see in section 3.2 that one can express these integrability conditions in another interesting form.

The phase space of asymptotically flat spacetimes is now completely defined. The asymptotic symmetry group is the Poincaré group. The conditions mentioned above are met for a very large class of asymptotically flat spacetimes, with the notable exception of spacetimes with NUT charges.

It was shown in [16] that a good variational principle for asymptotically flat gravity defined by the expansion (2.2) is given by the action S = 1 16πG ∫ M √ −g R + 1 8πG ∫ ∂M √ −h (K − K̂), (2.9) 3Our conventions are σa = Daσ, σ_{ab} = D_bDaσ, σ_{abc} = DcD_bDaσ etc.

where K̂ := h^{ab}K̂_{ab} and K̂_{ab} is defined to satisfy

R_{ab} = K̂_{ab}K̂ − K̂_a^cK̂_{cb}, (2.10)

where R_{ab} is the Ricci tensor of the boundary metric h_{ab}. This equation being quadratic in K̂_{ab} admits more than one solution for K̂_{ab}. To cancel divergences we choose the solution that asymptotes to the extrinsic curvature of the boundary of Minkowski space as ∂M (constant ρ slice for some large value of ρ) is taken to infinity. It is important for our purposes to note that this counter-term gives a well defined variational principle without requiring symmetry condition on the mass aspect σ. This counter-term makes the idea of background substraction [64, 65, 66] precise. Earlier steps towards such a construction were taken in [67, 68, 69]. See [70] for other interesting results obtained using counter-term methods in asymptotically flat spacetimes.

Varying the action and imposing the equations of motion yields δS = 1 16πG ∫ ∂M √ −h (π_{ab} − π̂_{ab} + Δ_{ab}) δh^{ab}, (2.11)

where π̂_{ab} := h_{ab} K̂ − K̂_{ab} and Δ_{ab} are the remaining terms. The expression for Δ_{ab} is not needed here but can be found in appendix A of [54]. The boundary stress tensor is defined as the functional derivative of the on-shell action with respect to h_{ab} T_{ab} := − 2 √ −h δS δh^{ab} = − 1 8πG (π_{ab} − π̂_{ab} + Δ_{ab}) . (2.12)

The asymptotic expansion of the stress tensor is T_{ab} = 1 8πG ( T^{(1)}_{ab} +

T^{(2)}_{ab} + Δ^{(2)}_{ab} ρ + o(ρ^{−1}) ) , (2.13)

where [16, 53, 54]

T^{(1)}_{ab} = E^{(1)}_{ab} = −σ_{ab} − σh^{(0)}_{ab} , (2.14)

T^{(2)}_{ab} = −h^{(2)}_{ab} + ( 5 2 σ^2 + σ_cσ^c + 1 2 σ_{cd}σ^{cd} ) h^{(0)}_{ab} − 2 σ_aσ_b − σσ_{ab} − σ_a^cσ_{cb} (2.15)

= E^{(2)}_{ab} − γ_{ab}, (2.16) γ_{ab} = 2σσ_{ab} + 5 2 σ^2h^0_{ab} + σ^c_aσ_{cb} − 1 2 σ_{cd}σ^{cd}h^0_{ab}, (2.17)

Δ^{(2)}_{ab} = − 1 4 [ 9σ_cσ^ch^{(0)}_{ab} − 29σ_aσ_b + 63σσ_{ab} + 24σ_{ap}σ_b^p − 5σ_{cd}σ^{cd}h^{(0)}_{ab} + 45σ^2h^{(0)}_{ab} −3σ_{mnp}σ^{mnp}h^{(0)}_{ab} + 9σ_{pq(a}σ^{pq}_{b)} − 3σ^{pq}σ_{pq(ab)} − 2σ^eσ_{e(ab)} ] . (2.18)

Here, E^{(1)}_{ab} and E^{(2)}_{ab} are the first and second order terms in the expansion of the electric part of the Weyl tensor. We discuss the equivalence of conserved charges built from the stress-tensor and the Ashtekar-Hansen charges in Section 5 after having presented a general analysis of Lorentz charges in Section 4.

3 Equations of Motion and Integrability

In this section we show that Einstein’s equations at second order in the asymptotic expansion can be written in two mutually dual and equivalent forms, in a sense that we precise herebelow. We also present an original rewriting of Beig’s integrability conditions [57] as the vanishing of the six Noether charges associated with the mass aspect σ considered as a free scalar field on dS_3.

Given the form of the metric (2.2), it is natural to decompose vacuum Einstein’s equations using the outward-pointing unit normal ρ^a to the hyperboloid of constant ρ and the projector h_{ab} = g_{ab} − ρ_aρ_b. This provides us with Hamiltonian and momentum equations of motion (these equations contain time derivatives and therefore are not constraints) and equations of motion on the 3-dimensional hypersurface which respectively read [56] H ≡ −L_ρK − K_{ab}K^{ab} − N^{−1}h^{ab}D_aD_bN = 0, F_a ≡ D_bK^b_a − D_aK = 0, F_{ab} ≡ R_{ab} − N^{−1}∂_ρK_{ab} − N^{−1}D_aD_bN − KK_{ab} + 2K^c_a K_{cb} = 0, (3.19)

where D is the covariant derivative compatible with the full metric h_{ab} on the hyperboloid, N = 1 + σ/ρ is the lapse function, L_ρ is the Lie derivative in the direction of ρ^a, and L_ρK = L_ρ(h^{ab}K_{ab}). In equations (3.19) indices are raised and lowered with h_{ab}. In the rest of this section indices will be raised and lowered with h^{(0)}_{ab} .

3.1 Equations of motion at second order

Beig and Schmidt [56] showed that at the zeroth order, the equations of motion require h^{(0)}_{ab} to be locally the metric on the unit hyperboloid. At first order demanding h^{(1)}_{ab} = −2σh^{(0)}_{ab} , they showed that Einstein equations are identically satisfied if

□σ + 3σ = 0. (3.20)

At second order Beig [57] obtained

h^{(2)} = 12σ^2 + σ_cσ^c, D^bh^{(2)}_{ab} = D_a ( σ_cσ^c + 8σ^2 ) , (3.21)

(□ − 2)h^{(2)}_{ab} = 6σ_cσ^ch^{(0)}_{ab} + 8σ_aσ_b + 14σσ_{ab} − 18σ^2h^{(0)}_{ab} + 2σ_{ac}σ^c_b + 2σ_{abc}σ^c.

In an attempt to present the material in a more pedagogical fashion, we now discuss the above equations in the linear case, when the quadratic terms in σ on the r.h.s of equations (3.21) are set to zero. The non-linear equations will be considered at the end of the section.

Let us define

V_{ab} ≡ −h^{(2)}_{ab} , W_{ab} ≡ curl h^{(2)}_{ab} , (3.22)

where the curl operator is (curl T )_{ab} ≡ ϵ^{cd}_a D_cT_{db}. The curl operator obeys remarkable properties. The curl of a symmetric tensor T_{ab} satisfying D^bT_{ab} = D_aT_b^b is symmetric: (curl T )_{[ab]} = 0. Moreover, the curl is the square root of the operator □−3 when acting on Symmetric, Divergencefree, and Traceless (SDT) tensors T_{ab}

curl (curl (T ))_{ab} = (□ − 3)T_{ab}. (3.23)

The latter property also implies that the square of the curl operator when acting on an SDT tensor T_{ab} obeying (□ − 2)T_{ab} = 0 is minus the identity. This shows that this operator is invertible when acting on T_{ab} satisfying (□ − 2)T_{ab} = 0. Finally, one has [□ − 2, curl ]T_{ab} = 0 for an SDT tensor T_{ab}.

With these properties in mind, we see that the above defined quantities enjoy the duality properties

W_{ab} = −curl V_{ab}, V_{ab} = curl W_{ab}. (3.24)

Moreover, the linearized second order equations (3.21) can then be written in two equivalent ways

V^a = 0, D^bV_{ab} = 0, (□ − 2)V_{ab} = 0, (3.25) or W^a_a = 0, D^bW_{ab} = 0, (□ − 2)W_{ab} = 0. (3.26)

The two sets of equations are related by the curl operator. Given a solution to one of these systems, one can reconstruct the metric using definitions (3.22). We have thus shown the equivalence of linearized Einstein’s equations at second order to any one of the above two systems of equations.

At this stage, the reader might find useful to have a more precise idea of the form of the solutions to the equations

T^a_a = D^bT_{ab} = (□ − 2)T_{ab} = 0. (3.27)

In Appendix A, we prove Lemma 3 stating that the general solution of (3.27) consists of two sets of three tensors related by the curl operator that capture the six charges ∫ S T_{ab}ξ^a_{(0)}n^b associated with Lorentz transformations, supplemented by higher harmonic tensors that do not contribute to the charges ∫ S T_{ab}ξ^a_{(0)}n^b. Note that tensor fields that derive from a scalar potential, like the

first order electric part of the Weyl tensor E^{(1)}_{ab} = −D_aD_bσ − h^{(0)}_{ab} σ, have vanishing curl,

T_{ab} = D_aD_bΦ + h^{(0)}_{ab} Φ ⇒ (curl T )_{ab} = 0. (3.28)

These tensors therefore obey (curl^2 T )_{ab} = (□ − 3)T_{ab} = 0 as opposed to (□ − 2)T_{ab} = 0. As a consequence, none of the lemmae used in the first order analysis, e.g., in [56, 7], capture tensor structures appearing at second order. See also Appendix A for proofs of the unproven lemmae in [56, 7, 58].

Let us now rewrite Beig’s equations (3.21) including non-linearities in a form similar to the mutually dual set of equations (3.25)-(3.26).

A direct calculation shows that the following tensor

E^{(2)}_{ab} − σE^{(1)}_{ab} = −h^{(2)}_{ab} + 6σ^2h^{(0)}_{ab} + 2σ_{ab}σ − 2σ_aσ_b + σ^cσ_ch^{(0)}_{ab} , (3.29)

constructed out of the asymptotic expansion of the electric part of the Weyl tensor is an SDT tensor. Similarly, the following tensor constructed out of the asymptotic expansion of the magnetic part of the Weyl tensor is also an SDT tensor

B^{(2)}_{ab} = ϵ_{cda}D^c(h^{(2)}_b^d − 2σ^2δ_b^d), (3.30) on account of the equations of motion. The equations of motion can be reformulated in terms of B^{(2)}_{ab} as [57]

B^{(2)}_a^a = 0, (3.31) D^aB^{(2)}_{ab} = 0, (3.32) (□ − 2)B^{(2)}_{ab} = −4ϵ_{cd(a}σ^cE^{(1)}_{b)}^d. (3.33)

In terms of E^{(2)}_{ab} − σE^{(1)}_{ab} the same equations take the form

(E^{(2)} − σE^{(1)})_a^a = 0, (3.34) D^a(E^{(2)}_{ab} − σE^{(1)}_{ab} ) = 0, (3.35) (□ − 2)(E^{(2)}_{ab} − σE^{(1)}_{ab} ) = curl [−4ϵ_{cd(a}σ^cE^{(1)}_{b)}^d]. (3.36)

Furthermore, it can be easily checked that

E^{(2)}_{ab} − σE^{(1)}_{ab} = curl B^{(2)}_{ab} , −curl (E^{(2)}_{ab} − σE^{(1)}_{ab} ) = B^{(2)}_{ab} + 4ϵ_{cd(a}σ^cE^{(1)}_{b)}^d. (3.37)

Note that E^{(2)}_{ab} − σE^{(1)}_{ab} is linear in h^{(2)}_{ab} , and B^{(2)}_{ab} is linear in its curl. Therefore, E^{(2)}_{ab} − σE^{(1)}_{ab} and B^{(2)}_{ab} precisely reduce to V_{ab} and W_{ab} in the linear approximation.

3.2 Integrability conditions Solutions of linearized equations are not always linearizations of solutions of non-linear equations. This phenomenon is well-known as a linearization instability [71, 72, 73]. In the present case of Beig-Schmidt expansion, it has been shown [57] that there are exactly six obstructions in reconstructing non-linear asymptotic solutions when only negative powers of ρ are allowed in (2.2). The existence of these six obstructions can be seen as follows. Contracting equation (3.33) with a Killing vector on dS_3, one can rewrite the l.h.s of the expression as

(□ − 2)B^{(2)}_{ab} ξ^a_{(0)} = 2D^a ( ξ^c_{(0)}D_{[a}B^{(2)}_{b]c} + B^{(2)}_{c[a} D_{b]}ξ^c_{(0)} ) , (3.38)

which is a total divergence and vanishes when integrated on a Cauchy surface S on the unit hyperboloid. For consistency, we must require that the integrals on the sphere of the r.h.s of (3.33) contracted with ξ^a_{(0)} are also zero. These requirements are precisely Beig’s integrability conditions (2.8)^4.

We now present a new way of looking at these integrability conditions. It is clear that the equation for the mass aspect σ (3.20) can be derived from the free scalar Lagrangian L^{(σ)}

L^{(σ)} = √ −h_{(0)} ( − 1 2 ∂_aσ∂^aσ + 3 2 σ^2 ) , (3.39)

4This argument only shows that these conditions are the necessary conditions. The arguments showing that these conditions are also sufficient to solve Einstein’s equations to all orders in the expansion can be found in [57]. Note that there is a minor typo in eq (43) of [57]. The coefficient multiplying βa is (n − 1)^2 instead of (n + 1)^2.

with mass m^2 = −3 on three-dimensional de Sitter space. Now, it is interesting to note that Beig’s integrability conditions are precisely the conditions that all six Noether charges derived from this Lagrangian vanish. Indeed, one has ϵ_{cd(a}σ^cσ^d_{b)} = −(curl κ)_{(ab)} where

κ_{ab} = − 1 2 σ^cσ_ch^{(0)}_{ab} + σ_aσ_b + 3 2 σ^2h^{(0)}_{ab} = − 2 √ −h^{(0)} δL^{(σ)} δh^{(0) ab} , (3.40)

i.e., κ_{ab} is precisely the stress-tensor of L^{(σ)}. See Appendices B and C, and in particular around (C.142), for more properties of this tensor. Using integration by parts and properties of Killing vectors on the unit hyperboloid (B.126)-(B.130), it follows that the integrability conditions (2.8) are equivalent to ∫ S d^2S κ_{ab}ξ^a_{(0)}n^b = 0. (3.41)

4 Mutually Dual Conserved Tensors

In this section we present a general construction of conserved Lorentz charges. Our approach is to construct these charges using symmetric and divergence-free tensors. We construct these tensors from the equations of motion. Since Killing vectors corresponding to asymptotic Lorentz transformations are larger at infinity than translations, corresponding conserved tensors are constructed both from the leading and the next-to-leading terms in the Beig-Schmidt expansion. These tensors are linear in the next-to-leading terms and quadratic in the leading terms.

Since Killing vectors on the hyperboloid obey the duality relations (1.1), any expression for conserved Lorentz charges involving derivatives of ξ_{(0)} can be written in an equivalent form without derivatives acting on ξ_{(0)} as ∫ S d^2ST_{ab}ξ^a_{(0)}n^b (4.42)

where n^a is the unit normal to the sphere and T_{ab} is symmetric. A sufficient condition for the charges to be conserved is that T_{ab} should be divergence-free. We have seen previously that one can form at least one symmetric, divergence-free, and traceless (SDT) tensor linear in h^{(2)}_{ab} , namely E^{(2)}_{ab} − σE^{(1)}_{ab} and another SDT tensor linear in the curl of h^{(2)}_{ab} , namely B^{(2)}_{ab} . Now, properties of Killing vectors on dS_3 detailed in Appendix B imply the following equivalent representations of the conserved charges associated with boosts and rotations,

J_{(i)} ≡ 1 8πG ∫ S d^2S(E^{(2)}_{ab} − σE^{(1)}_{ab} )ξ^a_{rot(i)}n^b = − 1 8πG ∫ S d^2SB^{(2)}_{ab} ξ^a_{boost(i)}n^b, (4.43)

K_{(i)} ≡ 1 8πG ∫ S d^2S(E^{(2)}_{ab} − σE^{(1)}_{ab} )ξ^a_{boost(i)}n^b = 1 8πG ∫ S d^2SB^{(2)}_{ab} ξ^a_{rot(i)}n^b. (4.44)

The conserved charges written in the second form using B^{(2)}_{ab} are exactly the charges defined by Ashtekar-Hansen in [7, 58].

We now show that these conserved quantities are uniquely defined, in the sense that the addition to SDT tensors E^{(2)}_{ab} − σE^{(1)}_{ab} or B^{(2)}_{ab} of any symmetric and divergence-free tensor quadratic in σ and its derivatives does not modify the value of these conserved charges, once the integrability conditions are obeyed. Indeed, from the classification performed in Appendix C, any SDT tensor quadratic in σ and its derivatives can be written as

a_{(3)}(curl κ)_{(ab)} + a_{(4)}(curl^2κ)_{ab} + a_{(5)}(curl^3κ)_{ab} + a_{(6)}(curl^4κ)_{ab} + . . . , (4.45)

for some coefficients a_{(i)}, with κ_{ab} given in (3.40). The term (curl κ)_{(ab)} = −ϵ_{cd(a}σ^cσ^d_{b)} does not contribute to the charges once the integrability conditions (2.8) are imposed. Now, as proven in (B.126) and (B.130) in Appendix B, charges associated to the symmetrized curl of a symmetric and divergence-free tensor can be related to the charges associated with the symmetric and divergence-free tensor itself. Using this argument iteratively, charges associated with each individual term in the expansion (4.45) are equivalent to the charges (2.8), which vanish as a consequence of the integrability conditions. The symmetric and divergence-free tensors with non-zero trace also do not contribute to charges. In this class, tensors for which the symmetrized curl is zero do not contribute to the charges as a consequence of the relations (B.126) and (B.130). As shown in Appendix C, there is a unique independent symmetric and divergence-free tensor for which both the trace and the symmetrized curl are non-zero. It is given by κ_{ab} and does not contribute to the charges as shown in equation (3.41).

Since the six Lorentz charges are uniquely defined by (4.43)-(4.44), all definitions proposed in the literature should reduce to these expressions. We show in the following section that the Ashtekar-Hansen charges are equivalent to the counter-term charges. We differ to a forthcoming publication [59] the comparison of these expressions to the standard ADM Hamiltonian conserved charges [1, 2, 3, 4, 5, 10], to the charges defined from the linearized equations of motion [9], to the covariant phase space charges [74, 12, 13] and to the cohomological methods [17, 75, 23, 76] and to charges with boundary counterterms contributions [77].

5 Counter-term and Ashtekar-Hansen Charges Revisited

In [53, 54] the equivalence between the counter-term charges and the Ashtekar-Hansen charges was established. Here we revisit this calculation and point out that the symmetry condition on σ explicitly used in [54] is in fact not required. Integrability conditions mentioned above on σ are precisely what is needed to show the equivalence between the Lorentz counter-term charges and the Ashtekar-Hansen charges. For translations there is no change as compared to the previous work, so here we are only concerned with Lorentz charges.

The boundary stress tensor (2.12) obtained from the action (2.9) can be used to define the conserved charge Q[ξ] = 1 8πG ∫ S_ρ d^2S √ −h T_{ab} u^aξ^b, (5.46)

for any asymptotic Killing field ξ^a, where h_{ab} is the induced metric on the hyperboloid H_ρ defined as a constant ρ slice, S_ρ is a Cauchy surface in H_ρ and u^a is a timelike unit vector in H_ρ normal to S_ρ. Expanding the expression in powers of ρ for rotations and boosts, one notices a potentially linearly divergent term in ρ. However, since E^{(1)}_{ab} admits σ as its scalar potential, the divergent term is in fact zero [7]. Then, the finite part of the stress-tensor (5.46) reduces to [53, 54]

Q[ξ_{(0)}] = 1 8πG ∫ S d^2S √ −h_{(0)}(E^{(2)}_{ab} − σE^{(1)}_{ab} − γ_{ab} − Δ^{(2)}_{ab} )ξ^a_{(0)}n^b (5.47) where n^a is the leading order coefficient of u^a in the asymptotic expansion and S is the unit two-sphere. It is now easy to show that γ_{ab} does not contribute to conserved charges: n^aγ_{ab}ξ^b_{(0)} is a total divergence on S. This is because,

γ_{ab}ξ^a_{(0)} = D^a ( ξ^c_{(0)}D_{[a}κ_{b]c} + κ_{c[a}D_{b]}ξ^c_{(0)} ) + D^a(σ^2D_{[a}ξ^{(0)}_{b]} ) − 4D^a(σσ_{[a}ξ^{(0)}_{b]} ), (5.48)

where κ_{ab} is defined in (3.40). The tensor Δ^{(2)}_{ab} also does not contribute to conserved charges. This is because Δ^{(2)}_{ab} is an SDT tensor and can be written as in (4.45). Indeed,

Δ^{(2)}_{ab} = − 7 4 (curl^2κ)_{ab} − 3 4 (curl^4κ)_{ab}. (5.49)

Imposing integrability conditions, the result immediately follows. Thus, expression (5.47) simply reduces to

Q[ξ_{(0)}] = 1 8πG ∫ S d^2S √ −h_{(0)}(E^{(2)}_{ab} − σE^{(1)}_{ab} )ξ^a_{(0)}n^b, (5.50)

which is identical to (4.43)–(4.44).

We have thus demonstrated the explicit agreement between the Ashtekar-Hansen charges and the counter-term charges without assuming σ to be symmetric, but requiring integrability of the Beig-Schmidt expansion.

Acknowledgements

We would like to thank G. Barnich, S. Deser, I. Morrison, I. Papadimitriou, K. Skenderis, C. Troessaert and especially D. Marolf for useful discussions. GC acknowledges support from a ‘Nederlandse Organisatie voor Wetenschappelijk Onderzoek’ (NWO) Vici grant. AV and FD were supported by IISN Belgium (conventions 4.4511.06 and 4.4514.08), and by the Belgian Federal Science Policy Office through the Interuniversity Attraction Pole P6/11.

A Properties of Tensors on dS_3

In this appendix we first present the proof of two lemmae previously mentioned in the works of Ashtekar and Hansen [7, 58] and of Beig and Schmidt [56] but not explicitly proven in these original references. We also state and prove three additional lemmae of general interest that are used as guidelines in the main text.

The metric on the unit three-dimensional de-Sitter space is

ds^2_{dS3} = h^{(0)}_{ab} dx^adx^b = −dτ^2 + cosh^2 τ(dθ^2 + sin^2 θdϕ^2), (A.51)

where −∞ < τ < ∞, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π. The coordinates (θ, ϕ) parameterize the unit two-sphere. The Riemann and Ricci tensors and Ricci scalar of the unit metric h^{(0)}_{ab} on the hyperboloid are given by

R^{(0)}_{abcd} = h^{(0)}_{ac} h^{(0)}_{bd} − h^{(0)}_{ad} h^{(0)}_{bc} , R^{(0)}_{ab} = 2h^{(0)}_{ab} , R^{(0)} = 6. (A.52)

It is useful to first note that in the harmonic decomposition on dS_3, the eight solutions of □σ + 3σ = 0 with harmonics l = m = 0 or l = 1, m = −1, 0, 1 are given by the four solutions ζ_{(0)} = sinh τ, ζ_{(k)} = cosh τf_{(k)}, k = 1, 2, 3, (A.53)

of D_aD_bζ_{(a)} + h^{(0)}_{ab} ζ_{(a)} = 0, which are odd under parity (τ, θ, ϕ) → (−τ, π − θ, ϕ + π) and the four functions ζ̂_{(0)} = cosh 2τ cosh τ

, ζ̂_{(k)} = ( 2 sinh τ + tanh τ cosh τ ) f_{(k)}, k = 1, 2, 3, (A.54)

which are even under parity. Here, f_{(1)} = cos θ, f_{(2)} = sin θ cos ϕ, f_{(3)} = sin θ sin ϕ, (A.55) are the three l = 1 harmonics on the two-sphere.

Lemma 1 (Ashtekar-Hansen) On the three-dimensional hyperboloid, any traceless curl-free divergence-free symmetric tensor T_{ab} such that □T_{ab} = 3T_{ab} can be written as

T_{ab} = D_aD_bΦ + h^{(0)}_{ab} Φ, (A.56) with □Φ + 3Φ = 0. The scalar Φ is determined up to the ambiguity of adding a combination of the four functions (A.53).

Lemma 2 (Beig-Schmidt) On the three dimensional hyperboloid, any scalar Φ satisfying □Φ + 3Φ = 0 and such that it does not contain the four lowest hyperbolic harmonics (A.54) defines a symmetric, traceless, curl-free and divergence-free tensor T_{ab} = D_aD_bΦ + h^{(0)}_{ab} Φ that can be written as T_{ab} = ϵ^{cd}_a D_cP_{db}, (A.57) where P_{ab} is a symmetric, traceless and divergence-free tensor. This tensor is defined up to the ambiguity P_{ab} → P_{ab} + D_aD_bω + h^{(0)}_{ab} ω where ω is an arbitrary scalar obeying □ω + 3ω = 0.

Lemma 3 On the hyperboloid, any regular symmetric divergence-free traceless tensor T_{ab} obeying (□ − 2) T_{ab} = 0 can be uniquely decomposed as T_{ab} = 3∑ i=1 ( v_{(i)}V_{(i)ab} + w_{(i)}W_{(i)ab} ) + J_{ab}, (A.58)

where the three tensors V_{(i)ab} and the three tensors W_{(i)ab}, i = 1, 2, 3 are given by

V_{(i)τ τ} = 2 sech^5τζ_{(i)}, V_{(i)τ i} = sech^3τ tanh τ∂_iζ_{(i)}, V_{(i)ij} = η_{ij} sech^3τζ_{(i)}, (A.59) W_{(i)τ τ} = 0, W_{(i)τ i} = sech^3τϵ^j_i ∂_j ζ_{(i)}, W_{(i)ij} = 0. (A.60) These tensors are dual to each other in the sense ϵ^{cd}_a D_cV_{(i)db} = −W_{(i)ab}, ϵ^{cd}_a D_cW_{(i)db} = V_{(i)ab}. (A.61)

These tensors also obey the orthogonality properties ∫ S V_{(k)ab}ζ^a_{(l)}n^bd^2S = ∫ S W_{(k)ab}ζ^a_{(l)}n^bd^2S = 0, (A.62) ∫ S V_{(k)ab}ξ^a_{rot(l)}n^bd^2S = ∫ S W_{(k)ab}ξ^a_{boost(l)}n^bd^2S = 0, (A.63) ∫ S V_{(k)ab}ξ^a_{boost(l)}n^bd^2S = ∫ S W_{(k)ab}ξ^a_{rot(l)}n^bd^2S = 8π 3 δ_{(k)(l)}, (A.64)

where δ_{(i)(j)} = 1 if i = j, and ζ^a_{(l)} = D^aζ_{(l)} are the four translation Killing vectors (conformal Killing vectors on dS_3) with ζ_{(l)} given in (A.53). The tensor J_{ab} is a symmetric traceless divergence-free tensor obeying ∫ S d^2SJ_{ab}ξ^a_{rot}n^b = ∫ S d^2SJ_{ab}ξ^a_{boost}n^b = ∫ S d^2SJ_{ab}ζ^a_{(l)}n^b = 0, (□ − 2)J_{ab} = 0. (A.65)

Lemma 4 On the three dimensional hyperboloid, any symmetric traceless and divergence-free tensor can be decomposed as

T_{ab} = curl (T̃_{ab}) + D_aD_bζ̂ + h^{(0)}_{ab} ζ̂ (A.66)

where T̃_{ab} is a symmetric, traceless and divergence-free tensor and ζ̂ is a combination of the four functions (A.54).

Lemma 5 On the hyperboloid, any regular symmetric divergence-free traceless tensor T_{ab} obeying (□ + n^2 − 2n − 2) T_{ab} = 0 with n any integer n ≥ 3 also obeys ∫ S T_{ab}ζ^a_{(l)}n^bd^2S = 0, l = 0, 1, 2, 3, ∫ S T_{ab}ξ^a_{(0)}n^bd^2S = 0 , (A.67)

where ζ^a_{(l)} = D^aζ_{(l)} are the four translation Killing vectors (conformal Killing vectors on dS_3) with ζ_{(l)} given in (A.53) and ξ^a_{(0)} are the six Killing vectors on dS_3.

Before starting the proof of these lemmae, we recall the following properties of tensors on dS_3. Let t, t_a, t_{ab} = t_{(ab)} be some arbitrary fields on the hyperboloid, then

[D_a, □] t = −2D_at, (A.68) [D_a, D_b] t_c = h^{(0)}_{ac} t_b − h^{(0)}_{bc} t_a, (A.69) [D_a, □] t_b = 2h^{(0)}_{ab} D_ct^c − 4D_{(a}t_{b)}, (A.70) [D^c, D_a] t_{cb} = 3t_{ba} − h^{(0)}_{ab} t^c_c, (A.71) [D_a, D_b] t_{cd} = 2h^{(0)}_{a(c}t_{d)b} − 2h^{(0)}_{b(c}t_{d)a}, (A.72)

[D_a, □] t_{bc} = 4h^{(0)}_{a(b}D^dt_{c)d} − 6D_{(a}t_{bc)}, (A.73) [ D^b, □ ] t_{bc} = 4D^dt_{cd} − 2D_ct. (A.74)

These identities are useful in several arguments in the main text and in the proof of the lemmae.

Proofs of lemmae 1, 2, 3, 4 and 5: The five lemmae have an overlapping proof. In order to establish these lemmae we need to derive decomposition of regular symmetric, divergence-free, and traceless (SDT) tensors on the hyperboloid. We do so in the rest of this appendix.

A general regular symmetric tensor on the hyperboloid can be expressed as a linear combination of symmetric tensors built from two-dimensional spherical harmonics. A general such tensor has the form

T_{τ τ} = f_1(τ)Y_{lm}(θ, ϕ), (A.75) T_{τ i} = f_2(τ)D^{(2)}_i Y_{lm}(θ, ϕ) + f_3(τ)ϵ^j_i D^{(2)}_j Y_{lm}(θ, ϕ), (A.76)

T_{ij} = f_4(τ) ( D^{(2)}_i D^{(2)}_j + l(l + 1) 2 η_{ij} ) Y_{lm}(θ, ϕ) + f_5(τ)ϵ^k_{(i} D^{(2)}_{j)} D^{(2)}_k Y_{lm}(θ, ϕ)

+f_6(τ)η_{ij} Y_{lm}(θ, ϕ), (A.77)

where indices i, j, k run over two-sphere (θ, ϕ), Y_{lm}(θ, ϕ) are scalar spherical harmonics on the two sphere with l = 0, 1, . . . , and m = −l, . . . , l, and D^{(2)}_i is the covariant derivative compatible with the round metric η_{ij} on the two-sphere. In writing these expression we have already made use of the identity ( D^{(2)}_i D^{(2)}_j + l(l + 1) 2 η_{ij} + ϵ^k_{(i} ϵ^l_{j)}D^{(2)}_k D^{(2)}_l ) Y_{lm}(θ, ϕ) = 0, (A.78)

in order to reabsorb the tensor structure ϵ^k_{(i} ϵ^l_{j)}D^{(2)}_k D^{(2)}_l Y_{lm} into the definition of f_4(τ). The tensor is traceless if and only if f_1(τ) = 2 sech^2τf_6(τ). (A.79) For the case l = 0, m = 0, only f_6(τ) parameterizes non-zero tensors. The divergence-free condition is solved only for f_6 ∼ sech τ. The general tensor then reduces to

T_{ab} = D_aD_bζ̂_{(0)} + h^{(0)}_{ab} ζ̂_{(0)}. (A.80)

When l = 1, we have that ϵ^k_{(i} D^{(2)}_{j)} D^{(2)}_k Y_{lm}(θ, ϕ) = 0. Therefore, f_4 and f_5 do not lead to non-zero tensors. The divergence-free condition fixes

f_2(τ) = − tanh τf_6(τ) − ∂_τ f_6(τ), (A.81) f_3(τ) = C_1 sech^2τ, (A.82) f_6(τ) = C_2 sech^2τ + C_3 sech τ tanh τ, (A.83)

where C_1, C_2 and C_3 are constants. There are therefore three solutions for each value of m = −1, 0, 1, so 9 solutions in total. Three independent solutions are the tensors admitting a scalar potentials ζ̂_{(i)}, i = 1, 2, 3,

T_{ab} = D_aD_bζ̂_{(i)} + h^{(0)}_{ab} ζ̂_{(i)}. (A.84)

These tensors are curl-free and (□ − 3)T_{ab} = 0. The six other tensors can be written as a linear combination of the following two sets of three tensors,

V_{(k)τ τ} = 2 sech^5τζ_{(i)}, V_{(k)τ i} = sech^3τ tanh τD^{(2)}_i ζ_{(k)}, V_{(k)ij} = η_{ij} sech^3τζ_{(k)},(A.85) W_{(k)τ τ} = 0, W_{(k)τ i} = sech^3τϵ^j_i D^{(2)}_j ζ_{(k)}, W_{(k)ij} = 0, (A.86) where ζ_{(k)} = cosh τf_{(k)}, k = 1, 2, 3. These tensors are dual to each other in the sense ϵ^{cd}_a D_cV_{db} = −W_{ab}, ϵ^{cd}_a D_cW_{db} = V_{ab}. (A.87) Since applying two times the curl operator on a traceless, divergence-free, symmetric tensor is equivalent to applying (□ − 3), we deduce that both tensors obey (□ − 2)V_{ab} = 0, (□ − 2)W_{ab} = 0. (A.88) These tensors also obey the orthogonality properties ∫ S V_{(k)ab}ξ^a_{rot(l)}n^bd^2S = 0, ∫ S W_{(k)ab}ξ^a_{boost(l)}n^bd^2S = 0, (A.89) ∫ S V_{(k)ab}ξ^a_{boost(l)}n^bd^2S = 8π 3 δ_{(k)(l)}, ∫ S W_{(k)ab}ξ^a_{rot(l)}n^bd^2S = 8π 3 δ_{(k)(l)}, (A.90)

where C is a cut of the hyperboloid. Since V_{(k)ab} and W_{(k)ab} are divergence-free, these integrals are independent of the chosen cut of the hyperboloid.

For l > 1, we can solve the divergence-free condition in terms of f_2, f_4 and f_5 as

f_2(τ) = − 2 l(l + 1)

(tanh τf_6(τ) + ∂_τ f_6(τ)), (A.91)

f_4(τ) = 2 (l − 1)l(l + 1)(l + 2) ( (l + l^2 + 2 cosh 2τ)f_6(τ)

+2 cosh τ(3 sinh τ∂_τ f_6(τ) + cosh τ∂_τ ∂_τ f_6(τ)) ) , (A.92) f_5(τ) = − 2 (l − 1)(l + 2) cosh τ(2 sinh τf_3(τ) + cosh τ∂_τ f_3(τ)). (A.93)

The general tensor with harmonics (l, m), l > 1 is a linear combination of the following two tensors depending each on an arbitrary function f(τ) of τ, T^{(I)}_{ab} (f) ≡ T_{ab} ( f_3(τ) = 1 l(l + 1) f(τ), f_6(τ) = 0 ) , (A.94) T^{(II)}_{ab} (f) ≡ T_{ab} ( f_3(τ) = 0, f_6(τ) = 1 2 f(τ) ) . (A.95)

These tensors obey the remarkable properties ϵ^{cd}_a D_cT^{(I)}_{db} (f) = T^{(II)}_{ab} (f), (A.96) ϵ^{cd}_a D_cT^{(II)}_{db} (f) = −T^{(I)}_{ab} (Of), (A.97) where Of is the following differential operator acting on f(τ), Of ≡ (1 + l(l + 1) sech^2τ)f + 2 tanh τ∂_τ f + ∂_τ ∂_τ f . (A.98) We deduce also the following properties (□ − 3)T^{(I)}_{ab} (f) = −T^{(I)}_{ab} (Of), (A.99) (□ − 3)T^{(II)}_{ab} (f) = −T^{(II)}_{ab} (Of). (A.100)

Using the explicit expression for the tensors and the orthogonality of spherical harmonics, we also have ∫ S T^{(I)}_{ab} (f)ξ^a_{rot(k)}n^bd^2S = 0, ∫ S T^{(II)}_{ab} (f)ξ^a_{rot(k)}n^bd^2S = 0, (A.101) ∫ S T^{(I)}_{ab} (f)ξ^a_{boost(k)}n^bd^2S = 0, ∫ S T^{(II)}_{ab} (f)ξ^a_{boost(k)}n^bd^2S = 0. (A.102) ∫ S T^{(I)}_{ab} (f)D^aζ_{(l)}n^bd^2S = 0, ∫ S T^{(II)}_{ab} (f)ζ^a_{(l)}n^bd^2S = 0. (A.103)

The above decomposition proves lemma 3. Indeed, one can isolate the l = 0, 1 harmonics and then all the higher harmonics can be regrouped in a tensor J_{ab} that obeys ∫ S J_{ab}ξ^a_{rot}n^b = ∫ S J_{ab}ξ^a_{boost}n^b = 0 as a consequence of (A.101)-(A.102).

There are two special sets of two functions f(τ): the ones for which the differential operator obeys Of_{(0)} = 0 and the others for which Of_{(1)} = f_{(1)}. The two functions obeying Of_{(0)} = 0 define tensors T^{(II)}_{ab} (f_{(0)}) such that

D_{[a}T^{(II)}_{b]c} (f_{(0)}) = 0, (□ − 3)T^{(II)}_{ab} (f_{(0)}) = 0. (A.104)

The tensor T^{(I)}_{ab} (f_{(0)}) is a tensor potential for T^{(II)}_{ab} (f_{(0)}) and is uniquely determined for the two solutions of Of_{(0)} = 0. From the explicit form of the tensor, we note that T^{(II)}_{ab} (f_{(0)}) can be written as

T^{(II)}_{ab} (f_{(0)}) = D_aD_bΦ + h^{(0)}_{ab} Φ, (A.105)

where Φ = ∑ l ∑_l m=−l Φ lm(τ)Y_{lm}(θ, ϕ) is a scalar that obeys (□+3)Φ = 0. The two independent solutions of Of_{(0)} = 0 correspond to the two independent solutions of the equation (□ + 3)Φ = 0 for fixed values of l > 1, −l ≤ m ≤ l.

The two independent solutions for f(τ) of the differential equation Of_{(1)} = f_{(1)} can be used to define two pairs of dual tensors,

W_{ab} = T^{(I)}_{ab} (f_{(1)}), V_{ab} = T^{(II)}_{ab} (f_{(1)}), (A.106)

which obey

ϵ^{cd}_a D_cV_{db} = −W_{ab}, ϵ^{cd}_a D_cW_{db} = V_{ab} (A.107) (□ − 2)V_{ab} = 0, (□ − 2)W_{ab} = 0. (A.108)

Given the special role of the eigenfunction of the operator O, it is natural to decompose the functions f(τ) in that basis. The equation

Of_{(n)} = (n − 1)^2f_{(n)} (A.109)

for each positive integer n is solved by associated Legendre functions of the first and second kind, f^{(1)}_{(n)} = sech τP^n_l [tanh τ], f^{(2)}_{(n)} = sech τQ^n_l [tanh τ]. (A.110)

Lemma 1 is then proven as follows. A symmetric traceless divergence-free tensor obeying (□ − 3)T_{ab} = 0 can be decomposed into harmonics. The only possible tensors in harmonics l = 0, 1 have the form T_{ab} = D_aD_bΦ + h^{(0)}_{ab} Φ, (A.111)

where (□ + 3)Φ = 0 contains l = 0, 1 harmonics. For l > 1, we have seen that any tensor can be decomposed as a combination of two different tensor structures T^{(I)}_{ab} (f^{(I)}) and T^{(II)}_{ab} (f^{(II)}) depending each on one function. We then see from (A.99)-(A.100) that such tensors obey (□ − 3)T_{ab} = 0 if and only if f^{(I)} = f^{(II)} = f_{(0)} where f_{(0)} are the solutions of the differential equation Of_{(0)} = 0. Then, we note using (A.96) that T^{(I)}_{ab} (f_{(0)}) is not curl-free and thus does not obey the preconditions of the lemma. The only remaining tensors have the form T^{(II)}_{ab} (f_{(0)}) and they can be written in terms of a scalar potential (A.105) as shown earlier.

The general solution of (□ + 3)Φ = 0 contains ζ_{(i)}, ζ̂_{(i)}, i = 0, 1, 2, 3 and the higher l > 1 harmonics. For each value of l > 1, m, there are two solutions for Φ that uniquely correspond to the two tensors T^{(II)}_{ab} (f_{(0)}). The four lower harmonics correspond to the tensor T_{ab} built in (A.84). The dependence in ζ_{(i)} is arbitrary since these scalars can then be added to Φ without changing T_{ab}. This ends the proof of lemma 1.

The lemma 2 is proven by noticing that by lemma 1, all tensors derived from a scalar using (A.111) that have l > 1 harmonics have the form T^{(II)}_{ab} (f_{(0)}). The tensor T^{(I)}_{ab} (f_{(0)}) is then the tensor potential for T^{(II)}_{ab} (f_{(0)}) by (A.96).

Let us now prove lemma 4. We consider an arbitrary SDT tensor T_{ab}. One can decompose it in l = 0, l = 1 and l > 1 harmonics, and further the arbitrary functions f(τ) appearing in (A.94)-(A.95) can be decomposed in eigenfunctions (A.109) with positive integer n. The l = 0, l = 1 and l > 1 harmonics with n = 1 can be written as the sum of a tensor admitting a scalar potential and the curl of an SDT tensor. From (A.96)-(A.97), the l > 1 harmonics with n > 1 are explicitly the curl of an SDT tensor. Using in addition Lemma 2, we obtain that T_{ab} can be written as a sum of the curl of an SDT tensor and a sum of D_aD_bζ̂_{(i)} + h^{(0)}_{ab} ζ̂_{(i)}, which proves the lemma.

Let us finally prove lemma 5. Note that no SDT tensor obeying (□ + n^2 − 2n − 2)T_{ab} = 0 with n > 2 integer can contain spherical harmonics l = 0 or l = 1. This follows from the explicit form of the l = 0 and l = 1 SDT harmonics presented above. Therefore, any SDT tensor obeying (□ + n^2 − 2n − 2)T_{ab} = 0 with n > 2 can be decomposed in the basis of tensors T^{(I)}_{ab} (f) and T^{(II)}_{ab} (f) (A.94)-(A.95) for f(τ) obeying the eigenvalue equation (A.109). All such tensors are expanded in spherical harmonics with l > 1. The lemma then follows from the orthogonality of spherical harmonics (A.101)–(A.103).

B Properties of Killing Vectors on dS_3

Three-dimensional de-Sitter space admits six Killing vectors. Three of them are rotations and the other three correspond to four-dimensional Lorentz boosts when interpreted in the asymptotically flat context. The rotations are

ξ^a_{rot(1)}∂_a = ∂_ϕ, (B.112) ξ^a_{rot(2)}∂_a = − sin ϕ∂_θ − cot θ cos ϕ∂_ϕ, (B.113) ξ^a_{rot(3)}∂_a = cos ϕ∂_θ − cot θ sin ϕ∂_ϕ . (B.114)

These Killing vectors are precisely the three Killing vectors of the round two-sphere. On the round two-sphere, Killing vectors satisfy a special property that they can be written as ξ^m_{rot(k)} = ϵ_{(2)}^{mn}D^{(2)}_n f_{(k)}, (B.115) where f_{(k)} are the three scalar l = 1 harmonics on the two-sphere (□^{(2)} + 2)f_{(k)} = 0, ∫ S d^2Sf_{(k)}f_{(l)} = 4π 3 δ_{(k)(l)}, (B.116)

given explicitly in (A.55). We use the conventions ϵ_{(S}2_{)θϕ} = sin θ, D^{(2)}_a is the unique torsion free covariant derivative on S^2, dS = sin θdθ ∧ dϕ, and □^{(2)} is the scalar Laplacian on S^2.

The boost Killing vectors of the three-dimensional de-Sitter space can be written as ξ^a_{boost(i)} = f_{(i)}n^a + cosh τ sinh τh^{ab}_{(0)}∂_bf_{(i)} (B.117) or, explicitly, as ξ^a_{boost(1)}∂_a = cos θ∂_τ − tanh τ sin θ∂_θ, (B.118) ξ^a_{boost(2)}∂_a = sin θ cos ϕ∂_τ + tanh τ cos θ cos ϕ∂_θ − tanh τ csc θ sin ϕ∂_ϕ, (B.119) ξ^a_{boost(3)}∂_a = sin θ sin ϕ∂_τ + tanh τ cos θ sin ϕ∂_θ + tanh τ csc θ cos ϕ∂_ϕ. (B.120) The unit vector normal to the two sphere in dS_3 is n^a∂_a = ∂_τ .

The boost Killing vectors are intimately related to the rotational Killing vectors by the following relation ξ^a_{boost(i)} = − 1 2 ϵ^{abc}D_bξ_{rot(i)c}, (B.121) ξ^a_{rot(i)} = 1 2 ϵ^{abc}D_bξ_{boost(i)c}, (B.122) where D_a is the covariant derivative on the hyperboloid and ϵ_{abc} the totally anti-symmetric tensor normalized as ϵ_{τ θϕ} = + cosh^2 τ sin θ. The latter relation implies (□ + 2)ξ^a_{rot(i)} = 0, (□ + 2)ξ^a_{boost(i)} = 0, (B.123) where □ = D^aD_a.

Finally let us derive how these relations imply two equivalent forms for the conserved charges associated with boosts and rotations. Given a tensor T_{ab} without special properties, one can show that on the τ = 0 slice of de Sitter space, T_{ab}ξ^a_{rot(i)}n^b = ϵ^{cd}_a D_cT_{db}ξ^a_{boost(i)}n^b + D^{(S2)}_c (T_{ab}ϵ^{ac}_{(S}2_)f_{(i)}n^b) . (B.124) For any symmetric and divergence-free tensor, one has D^b(T_{ab}ξ^a_{rot(i)}) = 0, D^b((curl T )_{(ab)}ξ^a_{rot(i)}) = 0.

Note that (curl T )_{ab} is symmetrized in the second equation, as (curl T )_{ab} is not necessarily symmetric. Therefore, for any regular symmetric and divergence-free tensor, the conserved charges Q[T_{ab}, ξ^a_{rot(i)}] ≡ ∫ S d^2S n^bT_{ab}ξ^a_{rot(i)}. (B.125) can be expressed in two equivalent ways as follows,

Q[T_{ab}, ξ^a_{rot(i)}] = ∫ S d^2S n^bT_{ab}ξ^a_{rot(i)} = ∫ S d^2S n^bcurl (T )_{(ab)}ξ^a_{boost(i)} . (B.126)

Replacing T_{ab} by the curl of T_{ab} in identity (B.124), we get on the τ = 0 slice

T_{ab}ξ^b_{oost(i)}n^a = −curl (T )_{ab}ξ^b_{rot(i)}n^a + D^{(S2)}_c (2D_{[d}T_{c]b}n^dn^bf_{(i)}) + (curl (curl T ) + T )_{ab}n^aξ^b_{oost(i)}.

For any symmetric and divergence-free tensor, we have (curl (curl T )+T )_{ab} = (□−2)T_{ab} +h^{(0)}_{ab} T , and ( (□ − 2)T_{ab} + 2h^{(0)}_{ab} T ) ξ^c_{(0)} = 2D^a ( ξ^c_{(0)}D_{[a}T_{b]c} + T_{c[a}D_{b]}ξ^c_{(0)} ) . (B.127)

Therefore, one obtains ∫ S d^2S n^bT_{ab}ξ^a_{boost(i)} = − ∫ S d^2S n^bcurl (T )_{ab}ξ^a_{rot(i)} − ∫ S d^2S T ξ^{boost(i)} a n^a . (B.128)

For a tensor T_{ab} whose trace is non-vanishing, curl (T )_{ab} is not symmetric in general. Decomposing into symmetric and anti-symmetric parts and using integrations by parts, the following conserved charges

Q[T_{ab}, ξ^a_{boost(i)}] ≡ ∫ S d^2S n^bT_{ab}ξ^a_{boost(i)}. (B.129)

can also be expressed in two equivalent forms

Q[T_{ab}, ξ^a_{boost(i)}] = ∫ S d^2S n^bT_{ab}ξ^a_{boost(i)} = − ∫ S d^2S n^bcurl (T )_{(ab)}ξ^a_{rot(i)} . (B.130)

In establishing this, we used curl (T )_{[ab]} = −^1_2 ϵ_{abc}D^cT .

To summarize, we have shown in equations (B.126) and (B.130) that charges associated with any symmetric and divergence-free tensor are equivalent to charges associated with the symmetrized curl of this tensor. In particular, this means that charges constructed using an SDT tensor are equivalent to charges constructed using the curl of this SDT tensor. Also, charges constructed with symmetric and divergence free tensors that have zero symmetrized curl are automatically zero.

To finish this Appendix, let us briefly look at charges associated with translations. Given a symmetric tensor U_{ab}, it is easy to show that

curl (U)_{ab}ζ^a_{(i)}n^b = D_c ( ϵ_b^{cd}U_{ad}ζ^a_{(i)} ) n^b. (B.131)

The r.h.s of this equation is a total divergence on the two-sphere. From Lemma 4 and (B.131) it then follows that charges associated with translations constructed using an SDT tensor T_{ab} are simply associated with the coefficients of the four lowest harmonics ζ̂_{(i)} given in (A.54), Q[T_{ab}, ζ^a_{(i)}] ≡ ∫ d^2ST_{ab}ζ^a_{(i)}n^b = ∫ d^2S(D_aD_bζ̂ + h^{(0)}_{ab} ζ̂)ζ^a_{(i)}n^b . (B.132)

C Classification of Symmetric and Divergence-free Tensors

In this appendix we classify all Symmetric and Divergence-free (SD) tensors that one can build from a quadratic expression in σ and its derivatives. We denote tensors X^{[n]}_{ab} with a superscript [n] indicating the highest number of derivatives of σ that the tensor contains. We first prove by induction in n that there is one and only one Symmetric, Divergence-free, and Traceless (SDT) tensor at each order n ≥ 3 and none for n ≤ 2. This fact is then used to prove that at each odd order n ≥ 3 any SD tensor is also SDT and that at each even order n ≥ 4 any SD tensor is a linear combination of the unique SDT tensor and a tensor with vanishing curl. At order n = 2 the general SD tensor is a linear combination of a tensor whose symmetrized curl is SDT and a tensor whose symmetrized curl is zero.

Let us begin with some definitions. A large class of SDT tensors can be formed by taking the curl of symmetric tensors M_{ab} obeying D^bM_{ab} = D_aM. Such SDT tensors will be called tensors admitting a tensor potential. There can be SDT tensors that do not admit tensor potentials. Such tensors will be called irreducible SDT tensors. An SDT tensor is therefore a combination of an irreducible SDT tensor and an SDT tensor admitting a tensor potential. Non-trivial tensor potentials are the ones for which the curl is non-vanishing. Primitive tensor potentials are tensor potentials that are not curl of another tensor potential. There is an equivalence class of tensor potentials that defines the same SDT tensor. Indeed, tensors potentials with vanishing curl can be added to a non-trivial tensor potential but still define the same SDT tensor. We are only interested in Representatives of Non-trivial Tensor potentials in these equivalence classes, or RNT potentials in short. In summary, an SDT tensor is a combination of irreducible SDT tensors and curl of RNT potentials.

Let us now start the inductive proof. A generic symmetric tensor containing zero, one or two derivatives has the form

(aσ^2 + bσ_cσ^c)h^{(0)}_{ab} + cσ_aσ_b + dσσ_{ab}, (C.133)

for some coefficients a, b, c, d. One can easily show that there are no SDT tensors in this class. However, there do exist tensor potentials of the form

P^{[2]}_{ab} ≡ â ( (5σ^2 + σ_dσ^d)h^{(0)}_{ab} + 4σσ_{ab} ) + b̂(D_aD_b + h^{(0)}_{ab} )σ^2. (C.134)

The curl of the second term in this expression is zero. Therefore, the unique RNT potential (up to normalization) with at most two derivatives is given by (C.134) with â = 1, b̂ = 0,

M^{[2]}_{ab} = (5σ^2 + σ_dσ^d)h^{(0)}_{ab} + 4σσ_{ab}. (C.135)

Since this potential cannot be obtained as the curl of another RNT potential, it is a primitive RNT potential. From this primitive RNT potential, one can build an SDT tensor with three derivatives by applying the symmetrized curl,

X^{[3]}_{ab} ≡ ϵ^{cd}_{(a} D_{|c}M^{[2]}_{|d|b)} = 4ϵ_{cd(a}σ^cσ^d_{b)} = −4ϵ_{cd(a}σ^cE^{(1)d}_{b)} . (C.136)

Note that X^{[3]}_{ab} is the right hand side of equation (3.33) and it also appears in the integrability conditions (2.8). By a recursive application of the curl operator, one can build one SDT tensor at each order in derivatives. At next order, we have

X^{[4]}_{ab} = curl X^{[3]}_{ab} = (□ − 3)M^{[2]}_{ab} − D_aD_bM^{[2]} + M^{[2]}h^{(0)}_{ab}

= 2σ_cσ^ch^{(0)}_{ab} + 2σ_{cd}σ^{cd}h^{(0)}_{ab} + 2σ_{abc}σ^c − 18σ^2h^{(0)}_{ab} − 18σσ_{ab} − 6σ^c_{(a}σ^c_{b)} . (C.137)

Note that X^{[4]}_{ab} is the right hand side of equation (3.36).

Now, it is easily proven that the only tensor structure X^{[2n+1]} is ϵ^{ef}_{(a}σ_{b)ec1c2...cn−1} σ^{c1c2...cn−1} f (C.138)

up to terms containing σ with less derivatives than 2n + 1. Using this tensor structure an SDT tensor can be constructed. Therefore, there can be at most one independent SDT tensor at order [2n + 1], which is the one we would find by applying successive curls on M^{[2]}_{ab} .

An SDT tensor with an even number of derivatives [2n] has the form ah^{(0)}_{ab} σ_{c1c2...cn} σ^{c1c2...cn} + bσ_{abc1...cn−1} σ^{c1...cn−1} + cσ_{ac1...cn−1} σ^{c1...cn−1}_b (C.139) plus lower derivative terms. For n > 1, tracelessness and divergence free conditions require, respectively,

3a + c = 0, 2a + b + c = 0. (C.140)

As a result there is at most one SDT tensor X^{[2n]} for n > 1. Therefore, we conclude that there is one and only one SDT tensor for each n ≥ 3 and none for n ≤ 2. These are precisely the ones constructed by applying successive curls on the primitive RNT potential (C.135). In particular, there are no irreducible SDT tensors built from quadratic terms in σ. Therefore, the general SDT tensor has the form

a_{(3)}X^{[3]}_{ab} + a_{(4)}curl (X^{[3]})_{ab} + a_{(5)}curl^2(X^{[3]})_{ab} + a_{(6)}curl^3(X^{[3]})_{ab} + . . . (C.141)

for some coefficients a_{(i)}.

Finally, let us classify symmetric and divergence-free (SD) tensors with non-zero trace. With at most two derivatives, one can construct from (C.134) the SD tensor P^{[2]}_{ab} − h^{(0)}_{ab} P^{[2]}_{cd} h^{cd}_{(0)}. The symmetrized curl of this tensor is zero when â = 0. Therefore, any SD tensor, with at most two derivatives, is the linear combination of a tensor whose symmetrized curl is zero and of the SD tensor

κ_{ab} = σ_aσ_b + h^{(0)}_{ab} ( − 1 2 σ_cσ^c + 3 2 σ^2 ) (C.142)

where we chose â = −1/4 and b̂ = 1/2 in (C.134) for convenience. At orders [2n + 1], n > 1, there is a unique tensor structure (C.138) leading to an SDT tensor X^{[2n+1]}. In particular, there is therefore no further independent SD tensor. At even orders [2n], with n > 1, one can form two independent SD tensors, (C.139) with 2a + b + c = 0. One can write such a tensor as the SDT tensor X^{[2n]} plus a tensor whose symmetrized curl is zero. Indeed, if the symmetrized curl of the independent tensor was non-zero, there would be a new SDT tensor at order [2n + 1] but such a tensor does not exist. We thus see that SD tensors, which are not traceless, have a zero symmetrized curl apart from the only linearly independent exception (C.142). This ends the classification.

References

[1] P. A. M. Dirac, “Fixation of coordinates in the Hamiltonian theory of gravitation,” Phys.

Rev. 114 (1959) 924-930.

[2] S. Deser, R. Arnowitt, C. W. Misner, “Consistency of Canonical Reduction of General Relativity,” J. Math. Phys. 1, 434 (1960).

[3] R. L. Arnowitt, S. Deser, C. W. Misner, “Coordinate invariance and energy expressions in general relativity,” Phys. Rev. 122, 997 (1961).

[4] R. Arnowitt, S. Deser, and C. Misner, Gravitation, an Introduction to Current Research, ch. 7. The Dynamics of General Relativity, pp. 227–265. Wiley, New York, 1962.

[5] T. Regge and C. Teitelboim, “Role of surface integrals in the Hamiltonian formulation of general relativity,” Ann. Phys. 88 (1974) 286.

[6] R. Geroch, Asymptotic structure of space-time in Symposium on the asymptotic structure of space-time, pp. 1–105. P. Esposito and L. Witten (New York: Plenum), 1977.

[7] A. Ashtekar and R. O. Hansen, “A Unified Treatment Of Null And Spatial Infinity In General Relativity. I - Universal Structure, Asymptotic Symmetries, And Conserved Quantities At Spatial Infinity,” J. Math. Phys. 19, 1542 (1978).

[8] E. Witten, “A Simple Proof of the Positive Energy Theorem,” Commun. Math. Phys. 80, 381 (1981).

[9] L. F. Abbott, S. Deser, “Stability of Gravity with a Cosmological Constant,” Nucl. Phys.

B195 (1982) 76.

[10] R. Beig and N. ó Murchadha, “The Poincaré group as the symmetry group of canonical general relativity,” Ann. Phys. 174 (1987) 463–498.

[11] A. Ashtekar and J. D. Romano, “Spatial infinity as a boundary of space-time,” Class.

Quant. Grav. 9, 1069 (1992).

[12] R. M. Wald, “Black hole entropy is the Noether charge,” Phys. Rev. D48 (1993) 3427-3431.

[gr-qc/9307038].

[13] V. Iyer, R. M. Wald, “Some properties of Noether charge and a proposal for dynamical black hole entropy,” Phys. Rev. D50 (1994) 846-864. [gr-qc/9403028].

[14] R. M. Wald and A. Zoupas, “A general definition of conserved quantities in general relativity and other theories of gravity,” Phys. Rev. D61 (2000) 084027, gr-qc/9911095.

[15] L. B. Szabados, “On the roots of the Poincaré structure of asymptotically flat spacetimes,” Class. Quant. Grav. 20 (2003) 2627–2662, gr-qc/0302033.

[16] R. B. Mann and D. Marolf, “Holographic renormalization of asymptotically flat spacetimes,” Class. Quant. Grav. 23, 2927 (2006) [arXiv:hep-th/0511096].

[17] G. Barnich, F. Brandt, “Covariant theory of asymptotic symmetries, conservation laws and central charges,” Nucl. Phys. B633 (2002) 3-82. [hep-th/0111246].

[18] S. Deser, B. Tekin, “Gravitational energy in quadratic curvature gravities,” Phys. Rev.

Lett. 89 (2002) 101101. [hep-th/0205318].

[19] S. Deser, B. Tekin, “Energy in generic higher curvature gravity theories,” Phys. Rev. D67 (2003) 084009. [hep-th/0212292].

[20] S. Deser, B. Tekin, “Energy in topologically massive gravity,” Class. Quant. Grav. 20, L259 (2003). [gr-qc/0307073].

[21] A. Bouchareb, G. Clement, “Black hole mass and angular momentum in topologically massive gravity,” Class. Quant. Grav. 24 (2007) 5581-5594. [arXiv:0706.0263 [gr-qc]].

[22] S. Deser, B. Tekin, “New energy definition for higher curvature gravities,” Phys. Rev. D75, 084032 (2007). [gr-qc/0701140].

[23] G. Barnich, G. Compère, “Surface charge algebra in gauge theories and thermodynamic integrability,” J. Math. Phys. 49 (2008) 042901. [arXiv:0708.2378 [gr-qc]].

[24] M. Henneaux and C. Teitelboim, “Duality in linearized gravity,” Phys. Rev. D 71, 024018 (2005) [arXiv:gr-qc/0408101].

[25] G. Barnich and C. Troessaert, “Manifest spin 2 duality with electric and magnetic sources,” JHEP 0901, 030 (2009) [arXiv:0812.0552 [hep-th]].

[26] R. Argurio, F. Dehouck, L. Houart, “Supersymmetry and Gravitational Duality,” Phys.

Rev. D79, 125001 (2009). [arXiv:0810.4999 [hep-th]].

R. Argurio, F. Dehouck, L. Houart, “Boosting Taub-NUT to a BPS NUT-wave,” JHEP 0901, 045 (2009). [arXiv:0811.0538 [hep-th]].

R. Argurio, F. Dehouck, “Gravitational duality and rotating solutions,” Phys. Rev. D81, 064010 (2010). [arXiv:0909.0542 [hep-th]].

[27] M. Henneaux, D. Persson, P. Spindel, “Spacelike Singularities and Hidden Symmetries of Gravity,” Living Rev. Rel. 11, 1 (2008). [arXiv:0710.1818 [hep-th]].

[28] C. M. Hull, “Duality in gravity and higher spin gauge fields,” JHEP 0109, 027 (2001).

[hep-th/0107149].

[29] S. Deser and D. Seminara, “Free spin 2 duality invariance cannot be extended to GR,” Phys. Rev. D 71, 081502 (2005) [arXiv:hep-th/0503030].

[30] S. Deser, C. Teitelboim, “Duality Transformations of Abelian and Nonabelian Gauge Fields,” Phys. Rev. D13 (1976) 1592-1597.

[31] B. Julia, “Group Disintegrations,” in “Superspace and Supergravity: Proceedings of the Nuffield Workshop, Cambridge 1980,” eds S.W.Hawking and M.Rocek, Cambridge University Press, Cambridge, England (1981).

[32] C. Hull, B. Zwiebach, “Double Field Theory,” JHEP 0909, 099 (2009). [arXiv:0904.4664 [hep-th]].

[33] D. S. Berman, M. J. Perry, “Generalized Geometry and M theory,” [arXiv:1008.1763 [hepth]].

[34] C. Hillmann, “Generalized E(7(7)) coset dynamics and D=11 supergravity,” JHEP 0903, 135 (2009) [arXiv:0901.1581 [hep-th]].

[35] C. W. Bunster, S. Cnockaert, M. Henneaux and R. Portugues, “Monopoles for gravitation and for higher spin fields,” Phys. Rev. D 73, 105014 (2006) [arXiv:hep-th/0601222].

[36] L. Susskind, “Holography in the flat space limit,” [hep-th/9901079].

[37] J. Polchinski, L. Susskind, N. Toumbas, “Negative energy, superluminosity and holography,” Phys. Rev. D60, 084006 (1999). [hep-th/9903228].

[38] J. de Boer and S. N. Solodukhin, “A holographic reduction of Minkowski space-time,” Nucl.

Phys. B 665, 545 (2003) [arXiv:hep-th/0303006].

[39] G. Arcioni and C. Dappiaggi, “Exploring the holographic principle in asymptotically flat spacetimes via the BMS group,” Nucl. Phys. B 674, 553 (2003) [arXiv:hep-th/0306142].

[40] E. Alvarez, J. Conde and L. Hernandez, “Goursat’s problem and the holographic principle,” Nucl. Phys. B 689, 257 (2004) [arXiv:hep-th/0401220].

[41] D. Marolf, “Asymptotic flatness, little string theory, and holography,” JHEP 0703, 122 (2007) [arXiv:hep-th/0612012].

[42] J. L. F. Barbon and C. A. Fuertes, “Holographic entanglement entropy probes (non)locality,” JHEP 0804, 096 (2008) [arXiv:0803.1928 [hep-th]].

[43] G. Barnich, C. Troessaert, “Aspects of the BMS/CFT correspondence,” JHEP 1005, 062 (2010). [arXiv:1001.1541 [hep-th]].

[44] W. Li and T. Takayanagi, “Holography and Entanglement in Flat Spacetime,” arXiv:1010.3700 [hep-th].

[45] G. Compère, P. McFadden, K. Skenderis, M. Taylor, “The holographic fluid dual to vacuum Einstein gravity,” [arXiv:1103.3022 [hep-th]].

[46] J. D. Brown, M. Henneaux, “Central Charges in the Canonical Realization of Asymptotic Symmetries: An Example from Three-Dimensional Gravity,” Commun. Math. Phys. 104, 207-226 (1986).

[47] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hepth/9711200].

[48] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998) 253-291. [hep-th/9802150].

[49] M. Henningson, K. Skenderis, “The Holographic Weyl anomaly,” JHEP 9807 (1998) 023.

[hep-th/9806087].

[50] V. Balasubramanian, P. Kraus, “A Stress tensor for Anti-de Sitter gravity,” Commun.

Math. Phys. 208 (1999) 413-428. [hep-th/9902121].

[51] S. de Haro, S. N. Solodukhin, K. Skenderis, “Holographic reconstruction of space-time and renormalization in the AdS / CFT correspondence,” Commun. Math. Phys. 217 (2001) 595-622. [hep-th/0002230].

[52] M. Bianchi, D. Z. Freedman, K. Skenderis, “Holographic renormalization,” Nucl. Phys.

B631 (2002) 159-194. [hep-th/0112119].

[53] R. B. Mann, D. Marolf and A. Virmani, “Covariant counterterms and conserved charges in asymptotically flat spacetimes,” Class. Quant. Grav. 23, 6357 (2006) [arXiv:gr-qc/0607041].

[54] R. B. Mann, D. Marolf, R. McNees and A. Virmani, “On the Stress Tensor for Asymptotically Flat Gravity,” Class. Quant. Grav. 25, 225019 (2008) [arXiv:0804.2079 [hep-th]].

[55] S. Hollands, A. Ishibashi, D. Marolf, “Counter-term charges generate bulk symmetries,” Phys. Rev. D72, 104025 (2005). [hep-th/0503105].

[56] R. Beig and B. Schmidt, “Einstein’s equations near spatial infinity,” Commun. Math. Phys.

87 65 (1982).

[57] R. Beig, “Integration of Einsteins Equations Near Spatial Infinity,” Proc. R. Soc. A 391 295 (1984).

[58] A. Ashtekar, “Asymptotic structure of the gravitational field at spatial infinity,” in General relativity and gravitation: one hundred years after the birth of Albert Einstein, edited by A. Held (New York, Plenum Press, 1980).

[59] G. Compère, F. Dehouck, to appear

[60] P. G. Bergmann, “’Gauge-Invariant’ Variables in General Relativity,” Phys. Rev. 124, 274- 278 (1961).

[61] A. Ashtekar, “Logarithmic Ambiguities in the Description of Spatial Infinity,” Foundations of Physics, 15, 419-435, (1985).

[62] A. Ashtekar, J. Engle and D. Sloan, “Asymptotics and Hamiltonians in a First order formalism,” Class. Quant. Grav. 25, 095020 (2008) [arXiv:0802.2527 [gr-qc]].

[63] A. Ashtekar, L. Bombelli and O. Reula, “The Covariant Phase Space Of Asymptotically Flat Gravitational Fields,” in Analysis, Geometry and Mechanics: 200 Years After Lagrange, edited by M. Francaviglia and D. Holm (North-Holland, Amsterdam, 1991).

[64] G. W. Gibbons, S. W. Hawking, “Action Integrals and Partition Functions in Quantum Gravity,” Phys. Rev. D15, 2752-2756 (1977).

[65] J. D. Brown, J. W. York, Jr., “Quasilocal energy and conserved charges derived from the gravitational action,” Phys. Rev. D47, 1407-1419 (1993). [gr-qc/9209012].

[66] S. W. Hawking, G. T. Horowitz, “The Gravitational Hamiltonian, action, entropy and surface terms,” Class. Quant. Grav. 13, 1487-1498 (1996). [gr-qc/9501014].

[67] P. Kraus, F. Larsen, R. Siebelink, “The gravitational action in asymptotically AdS and flat space-times,” Nucl. Phys. B563, 259-278 (1999). [hep-th/9906127].

[68] R. B. Mann, “Misner string entropy,” Phys. Rev. D60, 104047 (1999). [hep-th/9903229].

R. B. Mann, “Expanding the area of gravitational entropy,” Found. Phys. 33, 65-86 (2003). [gr-qc/0211047].

[69] S. de Haro, K. Skenderis, S. N. Solodukhin, “Gravity in warped compactifications and the holographic stress tensor,” Class. Quant. Grav. 18, 3171-3180 (2001). [hep-th/0011230].

[70] D. Astefanesei, M. J. Rodriguez and S. Theisen, “Thermodynamic instability of doubly spinning black objects,” JHEP 1008, 046 (2010) [arXiv:1003.2421 [hep-th]]. D. Astefanesei, R. B. Mann, M. J. Rodriguez and C. Stelea, “Quasilocal formalism and thermodynamics of asymptotically flat black objects,” Class. Quant. Grav. 27, 165004 (2010) [arXiv:0909.3852 [hep-th]].

D. Astefanesei, M. J. Rodriguez, S. Theisen, “Quasilocal equilibrium condition for black ring,” JHEP 0912, 040 (2009). [arXiv:0909.0008 [hep-th]].

D. Astefanesei, R. B. Mann, C. Stelea, “Note on counterterms in asymptotically flat spacetimes,” Phys. Rev. D75, 024007 (2007). [hep-th/0608037].

D. Astefanesei, E. Radu, “Quasilocal formalism and black ring thermodynamics,” Phys. Rev. D73, 044014 (2006). [hep-th/0509144].

[71] S. Deser, D. Brill, “Instability of Closed Spaces in General Relativity,” Commun. Math.

Phys. 32 (1973) 291.

[72] V. Moncrief, “Space-Time Symmetries and Linearization Stability of the Einstein Equations. 1.,” J. Math. Phys. 16 (1975) 493.

[73] V. Moncrief, “Space-Time Symmetries and Linearization Stability of the Einstein Equations. 2.,” J. Math. Phys. 17 (1976) 1893-1902.

[74] J. Lee, R. M. Wald, “Local symmetries and constraints,” J. Math. Phys. 31, 725-743 (1990).

[75] G. Barnich, “Boundary charges in gauge theories: Using Stokes theorem in the bulk,” Class.

Quant. Grav. 20, 3685-3698 (2003). [hep-th/0301039].

[76] G. Compère, “Symmetries and conservation laws in Lagrangian gauge theories with applications to the mechanics of black holes and to gravity in three dimensions,” [arXiv:0708.3153 [hep-th]].

[77] G. Compère, D. Marolf, “Setting the boundary free in AdS/CFT,” Class. Quant. Grav. 25, 195014 (2008). [arXiv:0805.1902 [hep-th]].