arXiv:1103.4656v1 [hep-th] 24 Mar 2011

UUITP-09/11

Free Energy of ABJM Theory

Mikael Smedbäck^∗

Key words AdS/CFT, ABJM, free energy, thermal mass

The free energy of ABJM theory has previously been computed in the strong and weak coupling limits. In this note, we report on results for the computation of the first non-vanishing quantum correction to the free energy, from the field theory side. The correction can be expressed in terms of a thermal mass for the scalar fields. This mass vanishes to 1-loop order, but there is a non-vanishing result to 2-loop order. Hence, the leading correction to the free energy is non-analytic in the ’t Hooft coupling constant λ. The reason is that the infrared divergences necessitate a resummation of ring diagrams and a related reorganization of perturbation theory, in which already the leading correction receives contributions from all orders in λ. These results suggest that the free energy interpolates smoothly between weak and strong coupling.

1 Introduction

The gauge/gravity correspondence [1] has been studied for a long time from both sides of the correspondence and in various versions. However, until recently, studies of the field theory side of the AdS_4/CF T_3 version were hampered by the fact that it seemed difficult to write down a Langrangian with all the right symmetries, notably superconformal OSp(8|4) symmetry and parity invariance. In fact, many people believed such a Lagrangian was impossible to write down, based on various no-go results.

This changed with the work of Bagger, Lambert and Gustavsson (BLG) [2]. Bagger and Lambert wrote down an action in terms of an algebraic construct known as a “3-algebra”. However, even though it had all the right symmetries, closer scrutiny of the moduli space seemed to reveal subtle difficulties in matching it to any known gravity dual, even for N = 2 [3].

The obstruction towards describing more than two M2-branes manifested itself in various ways in the different formulations of BLG theory. In the original 3-algebra formulation, the so-called fundamental identity only had a single unique solution, corresponding to gauge group SO(4). In van Raamsdonk’s SU(2) × SU(2) formulation [4], there was a reality condition on the scalars which does not make sense beyond N = 2. And finally, in a superspace formulation, the superpotential is only valid for N = 2.

This problem was finally solved in 2008, when Aharony, Bergman, Jafferis and Maldacena introduced what is now known as the ABJM model [5]. In this model, the superpotential was crucially rewritten in a way to allow generalization to arbritrary ranks of the gauge group, while still coindicing with the BLG choice for N = 2. There are differences even for N = 2, since the ABJM model allows certain U(1) factors, which are not present in BLG. This is related to the crucial role played by monopole operators in ABJM theory, which appear to be essential to obtaining the correct moduli space.

In this note, we will be interested in the unique behaviour of the degrees of freedom in ABJM theory, in particular as captured by the free energy. In super Yang-Mills theory (SYM), the free energy has been computed at strong coupling, as a system of D-branes [6, 7]. Corrections using supergravity were computed in [8]. At weak coupling, the free energy including loop corrections was computed in [9,10], revealing a screening phenomenon for both scalars and the gluons, related to the theory being strongly divergent in the infrared.

ABJM theory at finite temperature and at strong coupling was also studied recently. In [11], a dimensional reduction of type IIA supergravity was carried out. Various static length scales including the mass gap and Debye screening mass were computed in [12]. An interesting phase transition which breaks the R-symmetry was found in [13], and a domain wall solution was found in [14].

In [15], we computed the quantum corrections to the free field theory result of ABJM [5], allowing us to see whether similar phenomena as in the SYM case also appear in ABJM. Our primary motivation, though, was to see if we can make progress from the field theory side on understanding the strong suppression of the entropy at strong coupling [7] (corrections were computed in [16]).

∗ E-mail: mikael.smedback@physics.uu.se

U(N) U(N) A_i Â_i

Y^A, ψ_A

Y^†_A, ψ^{†A} Fig. 1 The ABJM model.

2 ABJM Model

The ABJM model [5] is a three-dimensional Chern-Simons-matter theory with N = 6 superconformal symmetry. With the gauge group U(N) × U(N) and at large N, this theory is dual to M-theory on AdS_4 × S^7/Z_k.

In Euclidean space, the action is S = k 2π ∫ d^3x [ ϵ^{ijk} tr ( − i 2 A_i∂_j A_k +^1_3 A_iA_j A_k + i 2 Â_i∂_jÂ_k −^1_3 Â_iÂ_jÂ_k)

+ tr(D_iY_A)^†D^iY^A + i tr ψ^{†A} /Dψ_A + V^{bos} + V^{ferm} ] . (2.1)

The potentials are

V^{bos} = − 1 3 tr [ Y^AY^†_AY^B Y^†_B Y^C Y^†_C + Y^†_AY^AY^†_B Y^B Y^†_C Y^C

+ 4Y^AY^†_B Y^C Y^†_AY^B Y^†_C − 6Y^AY^†_B Y^B Y^†_AY^C Y^†_C ] , (2.2)

V^{ferm} = i tr [ Y^†_AY^Aψ^{†B} ψ_B − Y^AY^†_Aψ_B ψ^{†B} + 2Y^AY^†_B ψ_Aψ^{†B} − 2Y^†_AY^B ψ^{†A}ψ_B − ϵ^{ABCD}Y^†_Aψ_B Y^†_C ψ_D + ϵ_{ABCD}Y^Aψ^{†B} Y^C ψ^{†D} ] . (2.3)

These manifestly SU(4) R-symmetric potentials (corresponding to N = 6 supersymmetry) are taken from [5, 17]. However, we have rescaled the matter so that we can factor out a factor of k in front of the action. To also see the parity-invariance, note that each of the two Chern-Simons terms get a minus sign under parity. Hence, the sum of them is parity-invariant, if we also interchange the role of the two gauge fields under the parity operation.

The matter is in the bifundamental representation of the gauge group. The gauge fields are in the adjoint of the left and right U(1). The field content is summarized in figure 1. The covariant derivative is D_iY^A = ∂_iY^A + iA_iY^A − iY^AÂ_i. The Dirac matrices are ( γ^i )_β α = ( −σ^2, σ^1, σ^3 ) , where σ^i are the Pauli spin matrices.

We are interested in the thermal theory. Hence, we compactify time, and consider the theory on R^2 ×S^1. This breaks both supersymmetry and conformal invariance. It is also important to remember that under this compactification, fermions will be antiperiodic along the circle, corresponding to half-integer momenta (in some unit).

We also need to gauge-fix the action (2.1). Possible choices include Lorentz gauge and Coulomb gauge. Lorentz gauge makes the combinatorics simpler. On the other hand, Coulomb gauge is often very convenient in thermal calculations. In particular, Coulomb gauge makes gauge fields and ghosts manifestly non-propagating. In this note, we will use Coulomb gauge.

3 Infrared divergences

We now want to investigate the coupling dependence of the free energy. As discussed in [15], one of the technical difficulties is the infrared divergences. Assuming that the free energy is analytic in λ = N/k around λ = 0, we write

F̃ (λ) = F̃_1 + λF̃_2 + λ^2F̃_3 + · · · . (3.1)

To one-loop order, only scalars and fermions contribute. Summing up those contributions, we find

F̃_1 = N^2 ( 8 1 2 A_0 − 8 1 2 A_{1/2} ) = −N^2T^3

7ζ(3) π , (3.2)

∑ N

Fig. 2 Free energy ring diagrams.

where

A_ν = ∫ d^2p (2π)^2 T ∑ n=∈Z+ν log(⃗p^2 + ω^2_n),

A_0 = −T^3 ζ(3) π , A_{1/2} = T^3

3ζ(3) 4π . (3.3)

The reason that gauge fields and ghosts do not contribute is that the gauge field does not have proper kinetic terms, only Chern-Simons terms. At zero temperature, supersymmetry ensures that the free energy cancels out, and this is also true of the expression (3.2).

The result (3.2) was already obtained in [5]. To attempt to find further terms in the naive expansion (3.1), we use perturbation theory. Propagators and vertices follow from the action (2.1). At each order, connected and one-particle-irreducible diagrams contribute. At two loops, all such diagrams vanish, so we find that F̃_2 = 0. Hence, it would appear we need to proceed to three-loop order.

However, the perturbative expansion (3.1) breaks down somewhere between two and three loops, due to infrared divergences. For example, the 6-vertex will contribute a correction proportional to (∫ d^2p (2π)^2 T ∑ n∈Z 1 ⃗p^2 + ω^2_n

)_3

. (3.4)

These infrared divergences do not cancel.

4 Thermal Mass

Since the perturbative expansion (3.1) breaks down, we need to reorganize pertubation theory to obtain a finite answer beyond two loops. Equivalently, we regularize the theory by introducing a thermal mass. How this works was already studied both in QCD [18, 19] and in super Yang-Mills [10].

Specifically, the idea is that we write the action S = (S + δS_2) − δS_2, where (in momentum space)

δS_2 = k 2π ∫ d^2p (2π)^2 T ∑ n∈Z tr [^1_2 Y^†A(p)m^2Y Y^A(−p)]. (4.1)

Treating −δS_2 as a perturbation to (S + δS_2) creates a thermal mass in the scalar propagator. A thermal mass can be interpreted as the appearance of a screening length r =^1_m [19].

We compute the scalar self-energy by summing up all one-particle-irreducible diagrams. It will be sufficient for our purposes to do this in the static limit, corresponding to no external momentum, since this is the troublesome mode that we want to regularize.

(a) Free energy. (b) Scalar thermal mass.

Fig. 3 Free energy and scalar thermal mass.

To two-loop order, we find the result [15]

m^2_Y (λ) = (2πT )^2μ^2(λ),

μ^2(λ) = 118 3(2π)^2 λ^2 log(μ)^2 + O(λ^2 log(λ)),

(4.2)

corresponding to a regularized scalar propagator

= 2π kT 1 ⃗p^2 + ω^2_n + m^2_Y

. (4.3)

Note that the computation needs to be done self-consistently by requiring that successive higher order perturbative corrections do not shift the pole in the propagator (cf. D’Hoker’s original calculation for QCD_3 [20]). Hence, (4.2) is an equation which in general cannot be explicitly solved for m^2_Y .

5 Reorganized Perturbation Expansion

We have seen that due to IR divergences, the naive expansion (3.1) is not successful in finding quantum corrections to the free energy. Instead, we will have to use the reorganized perturbation expansion

F (λ) = F_1(λ) + λF_2(λ) + λ^2F_3(λ) · · · , (5.1)

where the coefficients F_i(λ) now depend on λ. The reason is that we are now using the massive scalar propagator (4.3). At one-loop order, we find

F_1(λ) = N^2 ( 8 1 2 A_0(m^2_Y ) − 8 1 2 A_{1/2}(m^2_Ψ ) ) , (5.2)

which generalizes the zero-mass answer (3.2). However, from the derivation in section 4, it follows that already the one-loop answer is sensitive to corrections to all orders in λ. To obtain the first non-vanishing correction, it will be sufficient to know the contribution from the scalars (see figure 2),

A_0(m^2) = T ∑ n∈Z ∫ d^2p (2π)^2 log ( ⃗p^2 + (2πT n)^2 + m^2 ) = (5.3)

= T^3 4π [ −4ζ(3) − m^2T^{−2} log (m^2T^{−2}) + m^2T^{−2} + O ( m^4T^{−4} )] , which generalizes (3.3). No thermal mass is generated for the fermions, since they have no zero modes. Hence, they only contribute to lower orders. In this way, we obtain the free energy including the first non-vanishing quantum correction, as already reported on in [15]. Specifically, by combining equations (5.1), (5.2) and (5.3), we find the free energy density^1

F = −N^2T^3f(λ), (5.4)

where f(λ) = [ 7ζ(3) π + m^2_Y (λ) πT^2 log ( m^2_Y (λ) T^2 ) + O(λ^2 log(λ)^2) ] . (5.5)

The scalar thermal mass (4.2) can be solved for numerically. It and the free energy (5.5) are plotted in figure 3. The result is suggestive of a free energy which smoothly interpolates to the strong coupling answer [7]

f_s(λ) = [ 2^{7/2} 9 π^2 1 √ λ + · · · ] , (5.6)

as expected.

6 Conclusions

In this note, we described how to calculate the free energy of ABJM theory on R^2 × S^1. The first non-vanishing quantum correction is non-analytic in λ [15]. The reason is that perturbation theory had to be reorganized to deal with the IR divergences (resummation of ring diagrams). Thus, the theory was regularized by a scalar thermal mass, generated by screening effects. This calculation suggests that the free energy interpolates smoothly between weak and strong coupling.

Acknowledgements I thank Lisa Freyhult, Joseph Minahan, Olof Ohlsson Sax, Diego Rodriguez-Gomez, Edward Witten, Amos Yarom and in particular Igor Klebanov, Thomas Klose and Juan Maldacena for several very useful discussions. I thank Igor Klebanov and Thomas Klose for initial collaboration on the work reported on in this note. This work was done while I was affiliated with Princeton University and Uppsala University. This research was supported by a Marie Curie Outgoing International Fellowship, contract No. MOIF-CT-2006-040369, within the 6th European Community Framework Programme.

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity”,

Adv. Theor. Math. Phys. 2, 231 (1998), hep-th/9711200. • S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical string theory”, Phys. Lett. B428, 105 (1998), hep-th/9802109. • E. Witten, “Anti-de Sitter space and holography”, Adv. Theor. Math. Phys. 2, 253 (1998), hep-th/9802150.

[2] J. Bagger and N. Lambert, “Modeling multiple M2’s”, Phys. Rev. D75, 045020 (2007), hep-th/0611108. • J. Bagger and N. Lambert, “Gauge Symmetry and Supersymmetry of Multiple M2-Branes”, Phys. Rev. D77, 065008 (2008),

0711.0955. • J. Bagger and N. Lambert, “Comments On Multiple M2-branes”, JHEP 0802, 105 (2008),
0712.3738. • A. Gustavsson, “Algebraic structures on parallel M2-branes”, Nucl. Phys. B811, 66 (2009),
0709.1260.

[3] N. Lambert and D. Tong, “Membranes on an Orbifold”, Phys. Rev. Lett. 101, 041602 (2008), 0804.1114. • J. Distler, S. Mukhi, C. Papageorgakis and M. Van Raamsdonk, “M2-branes on M-folds”, JHEP 0805, 038 (2008), 0804.1256.

[4] M. Van Raamsdonk, “Comments on the Bagger-Lambert theory and multiple M2- branes”, JHEP 0805, 105 (2008),

0803.3803.

[5] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, “N=6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals”, JHEP 0810, 091 (2008), 0806.1218.

[6] S. S. Gubser, I. R. Klebanov and A. W. Peet, “Entropy and Temperature of Black 3-Branes”,

Phys. Rev. D54, 3915 (1996), hep-th/9602135.

1 Using the approximation log(μ) ≈ log(λ) (valid for very small λ), it can be confirmed that to lowest non-vanishing order, the λ dependence of the correction is λ^2 log(λ)^3 , i.e. the same as that found by Gaiotto and Yin for a related type of three-dimensional Chern-Simons-matter theory [21].

[7] I. R. Klebanov and A. A. Tseytlin, “Entropy of Near-Extremal Black p-branes”, Nucl. Phys. B475, 164 (1996),

hep-th/9604089.

[8] S. S. Gubser, I. R. Klebanov and A. A. Tseytlin, “Coupling constant dependence in the thermodynamics of N = 4 supersymmetric Yang-Mills theory”, Nucl. Phys. B534, 202 (1998), hep-th/9805156. • A. A. Tseytlin and S. Yankielowicz, “Free energy of N = 4 super Yang-Mills in Higgs phase and non-extremal D3-brane interactions”, Nucl. Phys. B541, 145 (1999), hep-th/9809032.

[9] A. Fotopoulos and T. R. Taylor, “Comment on two-loop free energy in N = 4 supersymmetric Yang-Mills theory at finite temperature”, Phys. Rev. D59, 061701 (1999), hep-th/9811224.

[10] M. A. Vazquez-Mozo, “A note on supersymmetric Yang-Mills thermodynamics”, Phys. Rev. D60, 106010 (1999), hep-th/9905030. • C.-j. Kim and S.-J. Rey, “Thermodynamics of large-N super Yang-Mills theory and AdS/CFT correspondence”, Nucl. Phys. B564, 430 (2000), hep-th/9905205. • A. Nieto and M. H. G. Tytgat, “Effective field theory approach to N = 4 supersymmetric Yang-Mills at finite temperature”, hep-th/9906147.

[11] D. Bak and S. Yun, “Thermal Aspects of ABJM theory: Currents and Condensations”, 1001.4089. [12] D. Bak, K. B. Fadafan and H. Min, “Static Length Scales of N = 6 Chern-Simons Plasma”, Phys.Lett. B689, 181 (2010),

1003.5227.

[13] D. Bak, K. K. Kim and S. Yun, “Symmetry Breaking Phase Transitions in ABJM Theory with a Finite U(1) Chemical Potential”, 1011.5749.

[14] S. Yun, “Domain Walls in AdS-Einstein-scalar Gravity”, 1012.4172.

[15] M. Smedbäck, “On thermodynamics of N=6 superconformal Chern-Simons theory”, JHEP 1004, 002 (2010),

1002.0841.

[16] M. R. Garousi, A. Ghodsi and M. Khosravi, “On thermodynamics of N=6 superconformal Chern-Simons theories at strong coupling”, JHEP 0808, 067 (2008), 0807.1478.

[17] M. Benna, I. Klebanov, T. Klose and M. Smedbäck, “Superconformal Chern-Simons Theories and AdS4/CFT3 Correspondence”, 0806.1519.

[18] P. Arnold and C.-X. Zhai, “The three loop free energy for pure gauge QCD”, Phys. Rev. D50, 7603 (1994), hep-ph/9408276. • P. Arnold and C.-x. Zhai, “The Three loop free energy for high temperature QED and QCD with fermions”, Phys. Rev. D51, 1906 (1995), hep-ph/9410360. • J. I. Kapusta, “Quantum Chromodynamics at High Temperature”, Nucl. Phys. B148, 461 (1979).

[19] D. J. Gross, R. D. Pisarski and L. G. Yaffe, “QCD and Instantons at Finite Temperature”, Rev. Mod. Phys. 53, 43 (1981). [20] E. D’Hoker, “Perturbative results on QCD in three dimensions at finite temperature”, Nucl. Phys. B201, 401 (1982). [21] D. Gaiotto and X. Yin, “Notes on superconformal Chern-Simons-matter theories”, JHEP 0708, 056 (2007), 0704.3740.