arXiv:1103.4759v2 [hep-th] 12 May 2011

Exotic Dark Spinor Fields

Roldão da Rocha^a Alex E. Bernardini^b J. M. Hoff da Silva^c aCentro de Matemática, Computação e Cognição, Universidade Federal do ABC Rua Santa Adélia, 166 09210-170, Santo André, SP, Brazil bDepartamento de Física, Universidade Federal de São Carlos PO Box 676, 13565-905, São Carlos, SP, Brazil cUNESP - Campus de Guaratinguetá - DFQ Av. Dr. Ariberto Pereira da Cunha, 333 12516-410, Guaratinguetá-SP, Brazil. E-mail: roldao.rocha@ufabc.edu.br, alexeb@ufscar.br,

hoff@feg.unesp.br; hoff@ift.unesp.br

Abstract: Exotic dark spinor fields are introduced and investigated in the context of inequivalent spin structures on arbitrary curved spacetimes, which induces an additional term on the associated Dirac operator, related to a Čech cohomology class. For the most kinds of spinor fields, any exotic term in the Dirac operator can be absorbed and encoded as a shift of the electromagnetic vector potential representing an element of the cohomology group H^1(M, Z_2). The possibility of concealing such an exotic term does not exist in case of dark (ELKO) spinor fields, as they cannot carry electromagnetic charge, so that the full topological analysis must be evaluated. Since exotic dark spinor fields also satisfy Klein- Gordon propagators, the dynamical constraints related to the exotic term in the Dirac equation can be explicitly calculated. It forthwith implies that the non-trivial topology associated to the spacetime can drastically engender — from the dynamics of dark spinor fields — constraints in the spacetime metric structure. Meanwhile, such constraints may be alleviated, at the cost of constraining the exotic spacetime topology. Besides being prime candidates to the dark matter problem, dark spinor fields are shown to be potential candidates to probe non-trivial topologies in spacetime, as well as probe the spacetime metric structure.

Keywords: Dark spinor fields, exotic spin structures, Dirac operator

ArXiv ePrint: arXiv:1103.4759v1 [hep-th]

Contents

1 Introduction 1

2 Preliminaries: Exotic Spin Structures 4

3 Dark (ELKO) Spinor Fields 7

4 ELKO Dynamics in the Exotic Spin Structure 10

5 Concluding Remarks and Outlook 16

6 Acknowledgment 17

A Clifford Bundles 17

B Principal Bundles and Associated Vector Bundles 18

1 Introduction

ELKO — Eigenspinoren des Ladungskonjugationsoperators — spinor fields^1 describe a nonstandard Wigner class of fermions, for which charge conjugation and parity are commuting operators, rather than anticommuting ones [1–3]. They support two types of dispersion relations, accomplish dual-helicity eigenspinors of the spin-1/2 charge conjugation operator, and carry mass dimension one, besides having non-local properties. At low-energy limits, ELKO behaves as a representation of the Lorentz group through the setup of a preferred frame related to its wave equation [3–5]. Ahluwalia-Khalilova and Grumiller embedded ELKO [1] into the quantum field theory, from which large applications in cosmology and gravity can be outlined. The corresponding ELKO Lagrangian neither predicts interactions with Standard Model (SM) fields nor shows coupling with gauge fields. Otherwise, exotic interactions with the Higgs boson can somehow be depicted in order to endow such spinor fields to be prime candidates to describe dark matter [6]. In particular, observational aspects on such a possibility has been proposed at LHC: dark (ELKO) spinor fields can be observed, at center of mass energy around 7 TeV and total luminosity from 1fb^{−1} to 10fb^{−1}, indicating that the number of events is large enough to motivate a detailed analysis about ELKO particle at high energy experiments [7].

In addition, the embedding of dark spinor fields into the SM [9, 10] was introduced. ELKO spinor fields dominant interaction via the gravitational field makes them naturally dark, and recently [11] dark spinor fields were investigated in a cosmological setting, where interesting solutions and also models where the spinor is coupled conformally to gravity

1ELKO is the German acronym for eigenspinors of the charge conjugation operator.

– 1 – are provided. Some additional applications of ELKO spinor fields to cosmology can be seen, e.g., in [12–22]. In particular, possible applications of ELKO spinor fields to more general f(R) gravitational theories were accomplished in [23], and supersymmetric models concerning ELKO were introduced in [24].

The main aim of our manuscript is to investigate dark spinor fields in spacetimes with non-trivial topologies, in order to clarify how the dynamics of such dark spinor fields can induce constraints on the metric spacetime structure, as well as in the non-trivial topology itself. Physical applications of non-trivial topologies on spacetime, including thermodynamics, superconductivity, and condensed matter have been extensively explored in the last years. For instance, the quantum theory of fields propagating on a manifold M not simply connected was investigated in [25]. The existence of a nontrivial line bundle on a manifold M, whose sections may be regarded as a generalization of the concept of a scalar field, is inherent in multiply connected manifolds, which in addition can imply in the existence of inequivalent spin structures. It is well known that the set of real line bundles on M and the set of inequivalent spin structures are both labeled by elements of the cohomology group H^1(M, Z_2) — the group of homomorphisms of the fundamental group π_1(M) into Z_2. Namely, there are many globally different spin structures which arise from inequivalent patchings of the local double coverings, see, e.g., [26]. The use of generalized spin structures has been discussed in [27–30], in particular the ones considered by [31] for the case where the original fiber bundle has no spin structure at all.

Whereas the manifold M may have no spinor bundle — when it does not satisfy Geroch theorem hypotheses [32] — it may have also many of them, which are split into equivalence classes — called spin structure. The formal aspects about the inequivalent spin structures in spacetime in terms of the different possible spin connections [25, 30, 33] have been explored and reveal prominent physical applications. In an arbitrary spacetime that admits spin structure we delve into the problem of how to select a particular spin structure and its corresponding Dirac equation. In [25] it is discussed in what content the quantum field theory associated with a spinor field must involve some kind of “average” of all the spin connections^2.

On simply connected spacetimes, the associated fundamental group satisfies π_1(M) = 0, therefore there is only one spin structure. Although compact simply connected 4- dimensional manifolds admitting a spin structure can be classified in terms of the Euler and Pontryagin numbers [34], multiply connected spacetimes are devoid in general of such a classification. As argued in [25, 33], since Nature seems to use all mutually consistent degrees of freedom in a physical system, the Feynman path integral formalism, for instance, should also include multiply connected manifolds — which is among other prominent motivations to investigate quantum field theory on such spacetimes, which in addition are used in quantum gravity at both cosmological and Planck length scales [34, 35]. Multiply connected manifolds are also elicited in the theory of superconductivity. In fact, in [30] the inequivalent generalized spin structures are investigated in order to explain Cooper pairing phenomena in superconductors. In addition, such manifolds are used in the instanton com-

2As it must be summed over all topological sectors in instanton physics [25].

– 2 – pactification [36] of 4-dimensional Euclidean spacetimes and also in t’ Hooft’s treatment of confinement. In [37], the finite-temperature stress-energy-momentum for a conformally coupled massive scalar field in multiply connected spaces was calculated and cogently investigated from a thermodynamic viewpoint. Also, in [38] and [39, 40] covariant Casimir calculations were performed for the massless scalar field in several flat multiply connected spaces, expressing the stress expectation values as the coincidence limit of a bilinear operator acting on the Feynman propagator for the manifold, motivating the introduction of a robust mathematical approach [41]. Finally, in [30] exotic spinor fields provides pure geometrical explanation of the charge dependence on the quantized flux and also the Joseph current in superconductivity.

To summarize, one of the main outstanding exotic spinor fields features is that they must be taken into account and employed in a variety of problems, wherein standard spinor fields cannot. For instance, when the vacuum polarization tensor of spinor electrodynamics is calculated [42], it was found that the two types of spinor fields — standard and exotic — generate different vacuum polarization effects, which are physically inequivalent. When the effect of the vacuum polarization upon photon propagation is considered, it is shown that standard spinor fields give rise to non causal photon propagation, whereas exotic spinor fields do not. Even when the vacuum energy for a free spinor field is calculated, it is found that the exotic configuration gives rise to a vacuum state of lower energy than the standard one. These prominent features make exotic spinor fields as a broad audience candidate for concrete physical problems.

We shall address to the question about such inequivalent spin structures and their consequences to the coupled system of Dirac equations satisfied by the four types of dark spinor fields. The physical assumption that — under the exotic spin structure — the exotic dark spinor fields satisfy the Klein-Gordon propagator brings up some constraint on the metric spacetime structure, as well as in the exotic topology, both arbitrary a priori. The characterization of dark (ELKO) spinor fields, and its inherent analysis is obtained through the natural introduction — topologically impelled — of an exotic term in the Dirac operator that, contrary to the case of the Dirac spinor field, cannot be absorbed in any external electromagnetic vector field. For Dirac fields, such term can be concealed and encoded as a shift of the electromagnetic potential^3. Therefore, besides addressing feasible aspect to the dark matter problem, dark spinor fields are also useful to probe non-trivial topological properties in spacetime.

The manuscript is organized as follows. After briefly presenting some algebraic preliminaries in Section 2 regarding inequivalent spin structures, in Section 3, the ELKO properties are introduced, together with the bilinear covariants that completely characterize a spinor field through the Fierz identities. In Section 4 the exotic structure is introduced and the corresponding implications on the behaviour of ELKO are depicted. Dark spinor dynamics not only constrains the possibilities for the exotic topology but also induces constraints in the spacetime geometry through the exotic topology coming from the dynamics of dark spinor fields. We prove that it brings up some subtle consequences on the spacetime geom-

3Representing an element of the cohomology group H^1(M, Z2).

– 3 – etry. A brief summary of important useful results throughout the manuscript is described in the Appendices A and B, and we draw our conclusions in Section 5.

2 Preliminaries: Exotic Spin Structures

In this Section we review some results concerning general inequivalent spin structures in spinor bundles. For more details see the Appendix.

One denotes by (M, g, ∇, τ_g , ↑) the spacetime structure [43, 44]: M denotes a 4- dimensional manifold — which we shall assume as a compact, paracompact, pseudo- Riemannian manifold which is both space and time orientable and which admits spinor fields — g is the metric, ∇ denotes the connection associated to g, τ_g defines a spacetime orientation and ↑ refers a time orientation. As usual T^∗M [T M] denotes the cotangent [tangent] bundle over M, F (M) denotes the principal bundle of frames, and P_{SO}e_{1,3} (M) denotes the orthonormal coframe bundle. Such bundles do exist on spin manifolds. Sections of P_{SO}e_{1,3} (M) are orthonormal coframes, and sections of P_{Spin}e_{1,3} (M) are also orthonormal coframes such that although two coframes differing by a 2π rotation are distinct, two coframes differing by a 4π rotation are identified.

A spin structure on M consists of a principal fiber bundle π_s : P_{Spin}e_{1,3} (M) → M, with group Spin^e_{1,3}, and the fundamental map — indeed a two-fold covering

s : P_{Spin}e_{1,3} (M) → P_{SO}e_{1,3} (M),

satisfying the following conditions:

(i) π(s(p)) = π_s(p), ∀p ∈ P_{Spin}e_{1,3} (M); π is the projection map of P_{SO}e_{1,3} (M) on M. (ii) s(pϕ) = s(p)Ad_ϕ, ∀p ∈ P_{Spin}e_{1,3} (M) and Ad : Spin^e_{1,3} → Aut(Cℓ_{1,3}), Ad_ϕ : Ξ → ϕΞϕ^{−1} ∈ Cℓ_{1,3} [43]. Namely, the following diagram

P_{Spin}e_{1,3} (M) s P_{SO}e_{1,3} (M)

M π π_s

commutes. The conditions for existence of a spin structure in a general manifold are discussed in [45, 46].

It is well known that a spin structure (P_{Spin}e_{1,3} (M), s) exists if and only if the second Stiefel-Whitney class associated to M satisfies certain properties. If H^1(M, Z_2) is not trivial, the spin structure is not uniquely defined^4, and all the other inequivalent spin structures can be provided from (P_{Spin}e_{1,3} (M), s).

4Up to trivial bundle isomorphisms.

– 4 –

Two spin structures P :=(P_{Spin}e_{1,3} (M), s) and P̊ := ((P̊_{Spin}e_{1,3} (M),s̊) are said to be equivalent if there exists a Spin^e_{1,3}-equivariant map ζ : P → P̊ compatible with s and s̊: P ζ ˚ P

P_{SO}e_{1,3} (M) s̊ s

Now we briefly review some few definitions necessary to introduce exotic spinor fields. Spinor fields are sections of vector bundles associated with the principal bundle of spinor coframes. A complex spinor bundle for M is a vector bundle S_c(M) = P_{Spin}e_{1,3} (M) ×_{μc} M_c, where M_c is a complex left module for C ⊗Cℓ_{1,3} ≃ M(4, C ), and where μ_c is a representation of Spin^e_{1,3} in End(M_c) given by left multiplication by elements of Spin^e_{1,3}. When M_c = C^4 and μ_c the D^{(1/2,0)} ⊕ D^{(0,1/2)} representation of Spin^e_{1,3} ≃ SL(2, C ) in End(C^4 ), we immediately recognize the usual definition of the covariant spinor bundle of M as given, e.g., in [45] and [46].

Classical spinor fields^5 carrying a D^{(1/2,0)} ⊕ D^{(0,1/2)}, or D^{(1/2,0)}, or D^{(0,1/2)} representation of SL(2, C ) are sections of the vector bundle P_{Spin}e_{1,3} (M) ×_ρ C^4 , where ρ stands for the D^{(1/2,0)} ⊕ D^{(0,1/2)} (or D^{(1/2,0)}, or D^{(0,1/2)}) representation of SL(2, C ) in C^4 . Other important spinor fields, like Weyl spinor fields are obtained by imposing some constraints on the sections of P_{Spin}e_{1,3} (M) ×_ρ C^4 , see, e.g., [51, 52] for details.

Two spin structures (P_{Spin}e_{1,3} (M), s) and (P̊_{Spin}e_{1,3} (M),s̊) are respectively described by the maps h_{jk} and h̊_{jk} from U_i∩U_j to Spin^e_{1,3}, both satisfying Eq.(A.1), and also the property ς ∘ h_{jk} = a_{jk} = ς ∘h̊_{jk}. The following diagram illustrates such relations, summarizing what should be emphasized heretofore: U_i ∩ U_j ⊂ M h_{ij} Spin^e_{1,3}

SO^e_{1,3} ς a_{ij}

P_{Spin}e_{1,3} (M)

⊂

S̊pin^e_{1,3} h̊_{ij}

ς ˚ P_{Spin}e_{1,3} (M) ζ

P_{SO}e_{1,3} (M)

∩

id P_{SO}e_{1,3} (M) s s̊

5Quantum spinor fields are operator valued distributions, as well known. It is not necessary to introduce quantum fields in order to know the algebraic classification of ELKO spinor fields.

– 5 –

Here another identical copy of Spin^e_{1,3} is denoted by S̊pin^e_{1,3}, in order to become clearer the analysis about the inequivalent spin structures.

Now one defines a map c_{jk} by the relation h_{ij} (x) = h̊_{ij} (x)c_{ij} such that c_{ij} : U_i ∩ U_j → ker ς = Z_2 → Spin^e_{1,3}, satisfying c_{ij} ∘ c_{jk} = c_{ik}. Such a map c_{ij} defines an 1-dimensional real bundle denoted [53]. Given the irreducible representation ρ : Cℓ_{1,3} → M(4, C ) in P_{Spin}e_{1,3} (M) ×_ρ C^4 , as the map c_{ij} (x) is an element of Z_2, it follows that ρ(c_{ij} (x)) = ±1, since ρ is faithful. When ρ is restricted to Spin^e_{1,3}, it is called Dirac representation.

We assume as in [25, 30, 31, 33] that there is a set of functions ξ_i : U_i → C such that ‖ξ_i(x)‖ = 1, namely ξ_i(x) ∈ U(1), and

ξ_i(x)(ξ_j (x))^{−1} = ρ(c_{ij} (x)) = ±1. (2.1)

In the case where the second integral cohomology H^2(M, Z_2) has no 2-torsion, such functions always do exist [25, 30, 33, 53], and ξ^2_i (x) = ξ^2_j (x), x ∈ U_i ∩ U_j . Consequently the local functions ξ_i define a unique unimodular function ξ : M → C such that for all x ∈ U_i it follows that ξ(x) = ξ^2_i (x).

Given now an arbitrary spinor field ψ ∈ sec P_{Spin}e_{1,3} (M) ×_ρ C^4 , to each element of H^1(M, Z_2), associate a covariant derivative ∇. This construction provides indeed a oneto-one correspondence between elements of H^1(M, Z_2) and inequivalent spin structures.

A local component ψ_i : U_i → C^4 of a spinor field in P_{Spin}e_{1,3} (M) ×_ρ C^4 is the unique function such that ρ(ℓ_i, ψ_i(x)) = ψ(x), given local sections ℓ_i : U_i → (P_{Spin}e_{1,3} (M), s), we have the transition law

ψ_i(x) = ρ(h_{ij} (x))ψ_j (x), where x ∈ U_i ∩ U_j.

A system of local sections ℓ̊_i : U_i → P̊_{Spin}e_{1,3} (M) can be constructed from the standard ones ℓ_i in such a way that s ∘ ℓ_i = s̊ ∘ ℓ̊_i, as presented in the following diagram: U_i

P̊_{Spine1,3} (M) s̊ ℓ̊_i P_{SO}e_{1,3} (M) m_i s P_{Spine1,3} (M) ℓ_i

It enables the (exotic) local spinor field components to present the respective transition property

ψ̊_j (x) = ρ(h̊_{ij} ) = ρ(h_{ij} (x))ρ(c_{ij} (x))ψ̊_i(x), where x ∈ U_i ∩ U_j . (2.2)

From Eq.(2.1) it follows that ρ(ξ_i) = ρ(c_{ij} (x))ρ(ξ_j ) and if we compare it with Eq.(2.2), it is clear that ρ(ξ_i)ψ̊_i transforms as the local component ψ_i of P_{Spin}e_{1,3} (M) ×_ρ C^4 , which subsequently induces a bundle map

f : P̊_{Spin}e_{1,3} (M) ×_ρ C^4 → P_{Spin}e_{1,3} (M) ×_ρ C^4 ψ̊_i → f(ψ̊_i) := ρ(ξ_i)ψ̊_i = ψ_i (2.3)

– 6 – such that

˚∇_X f(ψ̊) = f(∇_Xψ̊) + 1 2 (X⌟(ξ^{−1}dξ))f(ψ̊) (2.4)

holds for all sections ψ ∈ P_{Spin}e_{1,3} (M) ×_ρ C^4 and all vector fields X. Details on how to derive Eq.(2.4) are comprehensively given in, e.g., [25, 30, 31, 33, 53, 54].

3 Dark (ELKO) Spinor Fields

This section is devoted to a brief review of the bilinear covariants through the programme introduced in [51, 52, 55]. The spinor fields classification is provided by a brief review of [9, 10, 55–57].

Given a spinor field ψ ∈ sec P_{Spin}e_{1,3} (M) ×_ρ C^4 , the bilinear covariants are the following sections of Λ(T M) = ⊕^4_{r=0} Λ^r(T M) → Cℓ(M, g) [43, 58]:

σ = ψ^†γ_0ψ, J = J_μe^μ = ψ^†γ_0γ_μψe^μ, S = S_{μν} e^{μν} = 1 2 ψ^†γ_0iγ_{μν} ψe^μ ∧ e^ν ,

K = ψ^†γ_0iγ_{0123}γ_μψe^μ, ω = −ψ^†γ_0γ_{0123}ψ, (3.1)

with σ, ω ∈ sec Λ^0(T M), J, K ∈ sec Λ^1(T M) and S ∈ sec Λ^2(T M). In the formulæ appearing in Eq.(3.1) the set {γ_μ} refers to the Dirac matrices in chiral representation (see Eq.(3.3)). Also, {1, e^μ, e^μe^ν , e^μe^ν e^ρ, e^0e^1e^2e^3}, where μ, ν, ρ = 0, 1, 2, 3, and μ < ν < ρ is a basis for Cℓ(M, g), and {1_4, γ_μ, γ_μγ_ν , γ_μγ_ν γ_ρ, γ_0γ_1γ_2γ_3} is a basis for M(4, C ). In addition, these bases satisfy the respective Clifford algebra relations [51] γ_μγ_ν + γ_ν γ_μ = 2g_{μν} 1_4 and e^μe^ν + e^ν e^μ = 2g^{μν} , where 1_4 is the identity matrix. When there is no opportunity for confusion we shall omit the 1_4 identity matrix in our formulæ. For the orthonormal covector fields e^μ and e^ν , μ ≠ ν, their Clifford product e^μe^ν is equal to the exterior product of those vectors, i.e., e^μe^ν = e^μ ∧ e^ν = e^{μν} . Also, for μ ≠ ν ≠ ρ, e^{μν ρ} = e^μe^ν e^ρ, etc. More details on our notations, if needed, can be found in [43, 44].

In Minkowski spacetime, the case of the electron is described by Dirac spinor fields (classes 1, 2 and 3 below), J is a future-oriented timelike current vector which gives the current of probability, and J^2 = J_μJ^μ > 0. Furthermore, for the case of Dirac spinor fields, the bivector S is associated with the distribution of intrinsic angular momentum, and the spacelike vector K is associated with the direction of the electron spin. For a detailed discussion concerning such entities, their relationships and physical interpretation, and generalizations, see, e.g., [51, 52, 58, 59].

The bilinear covariants satisfy the Fierz identities^6 [51, 52, 58, 59]

J^2 = ω^2 + σ^2, K^2 = −J^2, J⌞K = 0, J ∧ K = −(ω + σγ_{0123})S.

A spinor field such that not both ω and σ are null is said to be regular. When ω = 0 = σ, a spinor field is said to be singular, and in this case the Fierz identities are in

6 Given the spacetime metric g, it is possible to extend g to the exterior bundle Λ(T M). Given ψ = u^1 ∧ · · ·∧u^k and ϕ = v^1 ∧· · ·∧v^l, for u^i, v^j ∈ sec T M, one defines g(ψ, ϕ) = det(g(u^i, v^j )) if k = l and g(ψ, ϕ) = 0 if k ≠ l. Given ψ, ϕ, ξ ∈ Λ(T M), the left contraction is defined implicitly by g(ψ⌟ϕ, ξ) = g(ϕ, ψ̃ ∧ ξ).

– 7 – general replaced by the more general conditions [59] Z^2 = 4σZ, Zγ_μZ = 4J_μZ, Ziγ_{μν} Z = 4S_{μν} Z, Ziγ_{0123}γ_μZ = 4K_μZ, Zγ_{0123}Z = −4ωZ, where Z = σ + J + iS + iKγ_{0123} + ωγ_{0123}.

Lounesto spinor field classification is given by the following spinor field classes [51, 52], where in the first three classes it is implicit that J, K, S ≠ 0:

1) σ ≠ 0, ω ≠ 0.

2) σ ≠ 0, ω = 0.

3) σ = 0, ω ≠ 0.

4) σ = 0 = ω, K ≠ 0, S ≠ 0.

5) σ = 0 = ω, K = 0, S ≠ 0.

6) σ = 0 = ω, K ≠ 0, S = 0.

The current density J is always non-zero. Type 1, 2 and 3 spinor fields are denominated Dirac spinor fields for spin-1/2 particles and type 4, 5, and 6 are respectively called flagdipole, flagpole and Weyl spinor fields. Majorana spinor fields are a particular case of a type 5 spinor field. It is worthwhile to point out a peculiar feature of types 4, 5 and 6 spinor fields: although J is always non-zero, J^2 = −K^2 = 0. It shall be seen below that the bilinear covariants related to an ELKO spinor field, satisfy σ = 0 = ω, K = 0, S ≠ 0 and J^2 = 0.

Since Lounesto proved that there are no other classes based on distinctions among bilinear covariants, ELKO spinor fields must belong to one of the disjoint six classes. In [55] it is shown that ELKO spinor fields are indeed in class 5 above.

Some properties of dark (ELKO) spinor fields^7, as introduced in [1, 2, 6] can be now briefly reviewed. An ELKO Ψ corresponding to a plane wave with momentum p = (p^0, p) can be written, without loss of generality, as Ψ(p) = λ(p)e^{±ip·x} where

λ(p) = ( iΘϕ^∗(p)

ϕ(p) ) , (3.2)

and given the rotation generators J, the Wigner’s spin-1/2 time reversal operator Θ satisfies ΘJΘ^{−1} = −J^∗. Hereon, as in [1], the Weyl representation of γ^μ is used

γ_0 = γ^0 = ( O I I O ) , −γ_k = γ^k = ( O −σ_k σ_k O ) , γ^5 = −iγ^0γ^1γ^2γ^3 = −iγ^{0123} = ( I O O −I ) , (3.3)

7Hereon throughout the text the term dark spinor field and ELKO are alternatively used having the same meaning, since ELKO is a candidate to describe dark matter, as comprehensively proposed, derived, and investigated in, e.g., [1–3, 6, 7, 9–11, 16–20, 55, 56, 60, 61]. We choose the acronym ELKO to denote field theoretical and more formal properties of such a spinor field, whereas the naming dark spinor fields shall be used hereon alternatively to ELKO, in order to present and investigate the potentially cosmological applications as well as its usefulness as an attempt to the dark matter problem.

– 8 – where I =

(_{1 0} 0 1 ) , O = (_{0 0} 0 0 ) , σ_1 =

(_{0 1} 1 0 ) , σ_2 = (_{0 −i} i 0 ) , σ_3 =

(_{1 0}

0 −1 ) . The σ_i are the Pauli matrices.

ELKO spinor fields are eigenspinors of the charge conjugation operator C

Cλ(p) = ±λ(p), for C = ( O iΘ −iΘ O ) K. The operator K C -conjugates 2-component spinor fields appearing on the right. The plus sign stands for self-conjugate spinor fields, λ^S(p), while the minus yields anti self-conjugate spinor fields, λ^A(p). Explicitly, the complete form of ELKO can be found by solving the equation of helicity (σ · ^p)ϕ^± = ±ϕ^± in the rest frame and subsequently make a boost, to recover the result for any p [1]. Here ^p := p/‖p‖. The boosted four spinor fields are λ^{S/A}_{{∓,±}}(p) = √ E + m 2m ( 1∓ p E + m ) λ^{S/A}_{{∓,±}}(0), where λ^{S/A}_{{∓,±}}(0) = ( ±iΘ[ϕ^±(0)]^∗ ϕ^±(0) ) . (3.4) One should notice that, since Θ[ϕ^±(0)]^∗ and ϕ^±(0) have opposite helicities, ELKO cannot be an eigenspinor field of the helicity operator. The ELKO dual is given by [1] ¬S/A λ_{{∓,±}}(p) = ±i [ λ^{S/A}_{{±,∓}}(p) ]_† γ^0. (3.5)

Now let one denotes the eigenspinors of the Dirac operator for particles and antiparticles respectively by u_±(p) and v_±(p). The subindex ± regards the eigenvalues of the helicity operator (σ · ^p). The parity operator acts as

P u_±(p) = + u_±(p), P v_±(p) = − v_±(p),

which implies that P^2 = I in this case. The action of C on these spinors is given by

C(u_{±1/2}(p)) = ∓v_∓(p), C(v_{±1/2}(p)) = ±u_{∓1/2}(p). (3.6)

which implies that {C, P } = 0.

On the another hand the parity operator P acts on ELKO by

P λ^S_{∓,±}(p) = ± i λ^A_{±,∓}(p) , P λ^A_{∓,±}(p) = ∓ i λ^S_{±,∓}(p), (3.7)

and it follows that [C, P ] = 0.

Denoting [1] for Dirac spinor fields

u_+(p) = d_1, u_−(p) = d_2, v_+(p) = d_3 v_−(p) = d_4,

and for the ELKO

λ^S_{{−,+}}(p) = e_1, λ^S_{{+,−}}(p) = e_2, λ^A_{{−,+}}(p) = e_3, λ^A_{{+,−}}(p) = e_4,

it is possible to write ELKO as [60]

e_i = 4∑ j=1 Ω_{ij}d_j , i = 1, 2, 3, 4, where Ω_{ij} = { + (1/2m) d_j e_iI, for j = 1, 2 , − (1/2m) d_j e_iI, for j = 3, 4 .

(3.8)

– 9 –

In matrix form, Ω reads

Ω = 1 2 I −iI −I −iI iI I iI −I I iI −I iI −iI I −iI −I = 1 2 ( B −B^∗ B^∗ −B ) ⊗ I, (3.9)

where B := (I+ σ_2), Such results show that ELKO can be expressed somehow as a linear combination of the Dirac particle and antiparticle spinor fields. It reinforces the Lounesto theorems, showing that classes of spinor fields under Lounesto spinor fields classification are not preserved by sum (for details see [51, 52, 62]). In order to obtain the ELKO evolution, a prescription where the momentum is written in terms of the covariant derivative as p_μ → i∇_μ is regarded. As one shall see in the following Section, such a prescription is convenient when one considers the coordinate representation λ^{S/A}(x) = λ^{S/A}(p) exp ( ε^{S/A} ip_μx^μ ) . However, that is not the only way to prescribe the ELKO evolution. The momentum can also be replaced with the derivatives times the γ^5 matrix as performed, for instance, in the investigation of ELKO auto interactions when one considers the ELKO field interacting with its own spin density via contorsional auto interactions [63].

4 ELKO Dynamics in the Exotic Spin Structure

In spacetimes with non-trivial topology it is well known that there is an additional degree of freedom for fermionic particles [64]. Albeit in the classical level it might be naively suggested that exotic spinor fields describe different particles, the breakthrough idea proposed is that, in the quantum framework, a new partition function which is the sum over all possibilities must be taken into account. See [25, 64] and references therein for more details.

In this Section it is thoroughly shown that dark spinor fields are a natural probe of the non-trivial topology and also provide, from their inherent dynamics, constraints either in the spacetime metric structure or in its topology, or in both.

Essentially, exotic spinor fields are parallel transported like standard spinor fields, but an outstanding property distinguishes both kinds of spinor fields: the covariant derivative acting on these exotic spinor fields changes by an additional one-form field that is manifestation of the non-trivial topology, as it was shown in Section 2. The exotic structure endows the Dirac operator with an additional term ξ^{−1}(x)dξ(x), x ∈ M, where d : sec Λ^0(T M) → sec Λ^1(T M) denotes the exterior derivative operator. The term^1_{2πi} ξ^{−1}(x)dξ(x) is real and closed, but not exact, and defines an integer cohomology class in the Čech sense [25, 30, 31, 33]. Using the relation between Čech and de Rham cohomologies, the integral of^1_{2πi} ξ^{−1}(x)dξ(x) around any closed curve is an integer. In the context of the exotic Dirac equation, the electromagnetic vector potential A term is affected by the transformation A → A +^1_{2πi} ξ^{−1}dξ, which exactly corresponds to the addition of another electromagnetic potential, when Dirac spinor fields are taken into account. In such case the exotic term may be then absorbed in an external electromagnetic potential, representing an element of

– 10 –

H^1(M, Z_2) [30, 33, 54, 65]. Namely, in this case the interaction is encoded as a shift in the vector potential.

The importance to analyze dark spinor fields in this context is that this possibility is not present if ELKO spinor fields are employed, as they cannot carry electromagnetic charge and the full topological treatment is appropriate in this case [54].

In addition to the ELKO spinor fields λ(x) — that was indeed defined as sections in the bundle P_{Spin}e_{1,3} (M) ×_ρ C^4 , in Section 2 — one can get a second type of ELKO λ̊(x), which can be described by sections in the inequivalent spin structure-induced spinor bundle

P̊_{Spine1,3} (M) ×_ρ C^4 , (4.1)

with a variation of the covariant derivative, given by [30]

˚∇_Xλ̊(x) = ∇_Xλ̊(x) − 1 2 [ X⌟ ( ξ^{−1}(x)dξ(x) )]˚ λ(x), (4.2)

where X denotes a vector field in M.

In general, the exotic term in Eq.(4.2) is assumed — in order to be an integer of a Čech cohomology class — to be indeed^1_{2πi} (ξ−1(x)dξ(x)) [25, 30, 31, 33]. We henceforth redefine ξ(x) → ξ(x)/ √ 2π in such a way that the exotic Dirac operator can be written as (see Eq.(2.4))

iγ^μ ˚∇_μ = iγ^μ∇_μ + ξ^{−1}(x)dξ(x). (4.3)

The exotic Dirac equation is given by

(iγ^μ∇_μ + (ξ^{−1}(x) dξ(x)) − mI)ψ(x) = 0, where ψ denotes a Dirac spinor field.

The exotic Dirac spinor fields are annihilated by ( iγ^μ∇_μ + (ξ^{−1}(x) dξ(x)) ± mI ) { For particles: ( iγ^μ∇_μ + (ξ^{−1}(x) dξ(x)) − mI ) u(x) = 0 , For antiparticles: ( iγ^μ∇_μ + (ξ^{−1}(x) dξ(x)) + mI ) v(x) = 0 .

(4.4)

Hereon we denote ξ^{−1}(x) dξ(x) by a(x) in order to shorten all formulæ notations.

Now it is straightforward to show that ELKO can not be eigenspinors of the exotic Dirac operator iγ^μ∇_μ + a(x). Indeed, denoting

e := e_1 e_2 e_3 e_4 , d := d_1 d_2 d_3 d_4 ,

and Γ := I⊗ (iγ^μ∇_μ + a(x)), Eq.(3.8) becomes e = Ωd. Using [Γ, Ω] = 0 yields Γe = ΩΓd. Eqs.(4.4) imply Γd = m γ^5 ⊗ Id and then Γe = Ω ( m γ^5 ⊗ I ) Ω^{−1}e. An explicit evaluation of μ := Ω ( m γ^5 ⊗ I ) Ω^{−1} reveals μ = m ( σ_2 O O −σ_2 ) ⊗ I.

– 11 –

Thus, making the direct product explicit again, finally one reaches the result iγ^μ∇_μ + a(x) O O O O iγ^μ∇_μ + a(x) O O O O iγ^μ∇_μ + a(x) O O O O iγ^μ∇_μ + a(x) λ̊S_{{−,+}} λ̊S_{{+,−}} λ̊A_{{−,+}} λ̊A_{{+,−}} − imI −λ̊^S_{{+,−}} λ̊S_{{−,+}} λ̊A_{{+,−}} −λ̊^A_{{−,+}} = 0(4.5)

which establishes that (iγ^μ∇_μ + a(x) ± mI) do not annihilate the ELKO (dark) spinor fields. The antisymmetric symbol defined as ε^{{−,+}}_{{+,−}} := −1, the above equations reduces to ( (iγ^μ∇_μ + a(x))δ^β_α + mIε^β_α ) λ̊^S_β (x) = 0, ( (iγ^μ∇_μ + a(x))δ^β_α − mIε^β_α ) λ̊^A_β (x) = 0,(4.6)

which are the inherent counterparts of Eqs.(4.4). The term of δ^β_α is iγ^μ∇_μ + a(x), and the existence of ε^β_α in the mass term forbids ELKO spinor fields to be eigenspinors of the iγ^μ∇_μ + a(x) operator. Namely, the mass terms carry opposite signs and consequently ELKO cannot be annihilated by (iγ^μ∇_μ + a(x) ± mI), because the term ε^β_α in Eq.(4.6), which implies that ϵ^S = −1 and ϵ^A = +1.

Furthermore, as comprehensively discussed in, e.g., [30, 66], we can express ξ(x) = exp(iθ(x)) ∈ U(1), x ∈ M. The exotic spin structure term in this way reads

ξ^{−1}(x)dξ(x) = exp(−iθ(x))(iγ^μ∇_μθ(x)) exp(iθ(x)) = iγ^μ∂_μθ(x). (4.7)

From Eq.(4.7), Eqs.(4.6) are written as ( (iγ^μ∇_μ + iγ^μ∂_μθ)δ^β_α ± mIε^β_α ) λ̊^{S/A}_β (x) = 0 . (4.8)

The exotic Dirac operator iγ^μ∇_μ + iγ^μ∂_μθ − mI, annihilates each of the four exotic Dirac spinor fields u_±(x) and v_±(x), but as the wave operator in (4.8) couples the {±, ∓} degrees of freedom such exotic Dirac operator does not annihilate ELKO.

Much has been extensively discussed about the subtle differences between Majorana and ELKO spinor fields, see e. g., [55]. Both in the Lounesto spinor field classification are type-(5) spinor fields, satisfying (3).

We now shall discuss whether the exotic Dirac operator can be considered as a square root of the Klein–Gordon operator – in the sense that (iγ^μ∇_μ + iγ^μ∂_μθ − mI)(iγ^μ∇_μ + iγ^μ∂_μθ + mI) = (g^{μν} ∇_μ∇_ν + m^2)I. This feature must remain true for the ELKO and its exotic partner:

((iγ^μ∇_μ + iγ^μ∂_μθ)δ^β_α ± mIε^β_α)((iγ^μ∇_μ + iγ^μ∂_μθ)δ^β_α ∓ mIε^β_α) = (g^{μν} ∇_μ∇_ν + m^2)Iδ^β_α,(4.9)

since the introduction of an exotic spin structure does not modify the Klein–Gordon propagator fulfillment by dark spinor fields.

The corresponding Klein-Gordon equation is given by

(□ + m^2 + g^{μν} ∇_μ∇_ν θ + ∂^μθ∇_μ + ∂^μθ∂_μθ)λ̊(x)^{S/A}_{{±,∓}} = 0, (4.10)

where □ denotes the square of the spin-Dirac operator, that can be related to the Laplace- Beltrami operator by the Lichnerowicz formula [67–69]. In order that the Klein-Gordon

– 12 – propagator for the exotic ELKO remains the same as the standard Klein-Gordon propagator for the ELKO spinor field, from Eq.(4.10) it follows that

(□θ + ∂^μθ∇_μ + ∂^μθ∂_μθ)λ̊^{S/A}_{{±,∓}}(x) = 0. (4.11) Explicitly, for consistency with the standard formalism it can be written that

λ̊(x) = ( σ_2ϕ^∗(x) ϕ(x) ) , where ϕ(x) = ( α(x) β(x) ) , α(x), β(x) ∈ C , (4.12)

implying that ( □θ + i∂^μθ∇_μ − i∂^μθ∂_μθ 0 0 □θ + i∂^μθ∇_μ − i∂^μθ∂_μθ ) ( β − iβ^∗ α + iα^∗ ) = ( 0 0 ) . (4.13)

Still, the carrier of the representation space can be written as

λ̊^{S/A}_{{±,∓}}(x) = ( (β_1 ∓ β_2) exp(∓i^π_4 ) (α_1 ± α_2) exp(±i^π_4 ) ) , β = β_1 + iβ_2, α = α_1 + iα_2. (4.14)

Note that the condition in Eq.(4.13) is independent of the function θ(x) in the case where Im(α) = −Re(α) and Im(β) = Re(β), by Eq.(4.14). As this condition is too stringent, since we want to analyze the function θ(x) for an arbitrary ELKO and not for such so particular case, we demand the most general condition given by Eq. (4.11) when arbitrary exotic dark spinor fields are taken into account, since the general case must be formulated without restricting the theory on any particular case as in Eq.(4.14).

Our analysis hereon sheds new light on the character of the function θ — that is a priori arbitrary — that defines the exotic topology. Furthermore, it delves into the way how the exotic topology can be constrained to the spacetime metric structure, via the dynamics of exotic ELKO spinor fields.

Since Eq.(4.11) holds for every exotic dark spinor field λ̊^{S/A}_{{±,∓}}(x), in particular let us analyze the solutions of Eq.(4.11) applied to, for instance, λ̊^S_{{−,+}}(x). We omit hereon the argument “(x)” for simplicity. Using the expression^8

∇_μλ̊^{S/A}_{{∓,±}} = ∂_μλ̊^{S/A}_{{∓,±}} − 1 4 Γ_{μρσ}γ^ργ^σλ̊^{S/A}_{{∓,±}}, (4.15)

8Assume a metric compatible covariant derivative operator, we emphasize here that the connection is not required to be symmetric, and it is decomposed into the Christoffel symbol and the contortion tensor.

– 13 – for such case, after some calculation^9 — denoting x^0 = t — it follows that (□θ) λ̊^{S/A}_{{∓,±}} + (∂_0θ) [ ∂_0λ̊^{S/A}_{{∓,±}} − 1 4 ( (Γ_{000} − Γ_{011} − Γ_{022} − Γ_{033})λ̊^{S/A}_{{∓,±}} + iΓ_{001}λ̊^{A/S}_{{±,∓}} +Γ_{002}λ̊^{S/A}_{{±,∓}} ∓ Γ_{003}λ̊^{S/A}_{{∓,±}} ± iΓ_{012}λ̊^{A/S}_{{∓,±}} + iΓ_{013}λ̊^{A/S}_{{±,∓}} ∓ Γ_{023}λ̊^{S/A}_{{±,∓}} )]

−g^{00}(∂_0θ)^2λ̊^{S/A}_{{∓,±}} = 0 (4.16)

The equation above couples again all the four exotic spinor fields λ̊^{S/A}_{{±,∓}}, in the case of spacetimes which the associated connection are non zero.

As proposed in, e. g., [11, 17, 18], it is possible for cosmological applications, to assume that the dark spinor fields depend only on the time variable t via a matter field κ(t) compatible with homogeneity and isotropy [18] and acts as the only dynamical cosmological variable, in such a way that λ̊^{S/A}_{{±,∓}}(x) can be explicitly written as λ̊^{A/S}_{{−,+}}(x) = κ(t) χ^{A/S}_{{−,+}}, λ̊^{A/S}_{{+,−}}(x) = κ(t) ζ^{A/S}_{{+,−}}, (4.17) where ζ^{S/A} and χ^{S/A} are linearly independent constant spinor fields given by [18]

χ^S_{{−,+}} = 0 i 1 0 , χ^A_{{−,+}} = 0 −i 1 0 , ζ^S_{{+,−}} = 1 0 0 −i , ζ^A_{{+,−}} = − 1 0 0 i .(4.18)

The matter field κ(t) was introduced and satisfies a first order ordinary differential equation in time derivative, involving the time component of the total energy-momentum tensor Σ_{tt}, the Planck mass, and the Hubble constant. In the limits proposed in [18] we can write κ̇ κ = − 1 3 √ 1 3M^2_{Pl}

Σ_{tt} + O(κ^4). (4.19)

where M^{−2}_{Pl} = 8πG is the coupling constant. The last term in the right hand side of the equation above is in Ref.[18] kept apart, and such an approximation gives robust cosmological results in full compliance with the references therein. The most general case shall be considered still in this Section.

Therefore we can write κ(t) = exp(at), where a is the constant given in the equation above. Using now Eqs.(4.17) and (4.18), and considering each one of the four exotic dark

9Here we consider the torsionless connection. For the torsion case it must be written ∇μλ = ∂μλ − 1 4 Γμρσ [γ^μ, γ^σ]λ +^1_4 Kμρσγ^ργ^σ λ, where Kμρσ are the contorsion tensor coefficients. Such case is used in the analysis of dark spinor fields in Cosmology in [16, 18], and it is important to remark that in the presence of torsion an additional dynamical term appears [70]. Such more general formalism for while is unnecessary here, since our main aim now is to verify that exotic dark spinor fields dynamics indeed can constraint the metric spacetime structure. By now, we just call some attention to the fact that the torsion fields may act in order to cancel the connection effects in the constraint equation.

– 14 – spinor λ^{S/A}_{{−,+}} components in Eq.(4.16), we have the system

(−iΓ_{001} + Γ_{002} − iΓ_{013} − Γ_{023})∂_0θ = 0 i□θ + ∂_0θ ( i −^1_4 (iΓ_{000} − iΓ_{011} − iΓ_{022} − iΓ_{033} + Γ_{012} − iΓ_{003}) ) − i(∂_0θ)^2 = 0 □θ + ∂_0θ ( 1 −^1_4 (Γ_{000} − Γ_{011} − Γ_{022} − Γ_{033} + iΓ_{012} − Γ_{003}) ) − (∂_0θ)^2 = 0 (Γ_{001} − iΓ_{002} + Γ_{013} + iΓ_{023})∂_0θ = 0.

(4.20)

The first and fourth equations above together imply that

(∂_0θ)Γ_{012} = 0, (4.21)

what means that if θ is time dependent, it necessarily means that Γ_{012} = 0. Otherwise, in the case where θ does not depends on time, it implies that ∂_0θ = 0, and then we obtain the Laplace equation for θ

∇^2θ = 0. (4.22)

It is worthwhile to note, by passing, that Eq.(4.16) in spacetimes where the connection symbols above are zero — in the Minkowski space with Cartesian coordinates, for instance — is reduced to ( □θ + (∂_0θ)a − (∂_0θ)^2 )˚ λ^{S/A}_{{∓,±}} = 0, (4.23) and in this way the dark spinor field dynamics imposes constraints only on the topological sector determined by θ, and there is no coupling among the four exotic spinor fields.

On the another hand, the second and the third equations in the system above together imply that

□θ + (∂_0θ) ( 1 − 1 2 (Γ_{000} − Γ_{011} − Γ_{022} − Γ_{033} − Γ_{003}) ) − (∂_0θ)^2 = 0, (4.24)

what means that if θ = θ(t), so necessarily 4 − (Γ_{000} − Γ_{011} − Γ_{022} − Γ_{033} − Γ_{003}) = ∂_0θ. Otherwise, again Eq.(4.22) holds.

Now, using Eqs.(4.17) and (4.18) and considering each one of the four exotic dark spinor λ^{S/A}_{{+,−}} components in Eq.(4.16), we have the same results as for the λ^{S/A}_{{−,+}}. It shows that the exotic topology induces constraints in the spacetime geometry, coming from the dynamics of dark spinor fields. Indeed it is the case in such an approach when the function θ(x) that generates the exotic structure — realized by Eq.(4.7) — is most general, time dependent.

As previously observed, Eq.(4.15) was solved for λ̊^{S/A}_{{∓,±}}(x), in order to illustrate the exotic dark spinor fields dynamics. It evinces the constraints either on the spacetime metric structure — given an arbitrary 1-form field in spacetime, manifestation of the exotic topology encrypted in the term θ(x) in Eq.(4.7) — or on the exotic parameter θ(x).

– 15 –

To the most general case, it is not necessary indeed to consider any particular case about κ(t), and the system (4.20) is written as

(−iΓ_{001} + Γ_{002} − iΓ_{013} − Γ_{023})∂_0θ = 0 □θ − ∂_0θ (_1 4 (Γ_{000} − Γ_{011} − Γ_{022} − Γ_{033} + iΓ_{012} − Γ_{003}) ) − (∂_0θ)^2 = −(∂_0θ)^{κ̇(t)}_{κ(t)} □θ + ∂_0θ ( −^1_4 (Γ_{000} − Γ_{011} − Γ_{022} − Γ_{033} + iΓ_{012} − Γ_{003}) ) − (∂_0θ)^2 = −(∂_0θ)^{κ̇(t)}_{κ(t)} (Γ_{001} − iΓ_{002} + Γ_{013} + iΓ_{023})∂_0θ = 0.

(4.25)

The analysis that evinces the constraints among topological and geometrical terms is similar, except for the term −(∂_0θ)^{κ̇(t)}_{κ(t)} on the right hand side of the second and third equations above. For instance, in the case previously analyzed, all terms in Eq.(4.19) are given by κ̇ κ = − √ 1/M^2_{pl} 4 √ 3 ( 8 + 3κ^4/M^4_{pl} 12 − κ^4/M^4_{pl} ) √ 4 − κ^4/M^4_{pl}, (4.26)

and cogently the exotic dark spinor fields dynamics constraints the spacetime topology, or the spacetime metric structure, or both, whatever the form of κ(t), and also even for the most general dark spinor fields λ̊^{S/A}_{{∓,±}}, predicted by Eq.(4.11).

5 Concluding Remarks and Outlook

Given an a priori arbitrary manifold M with non-trivial topology, and using the fact that the inequivalent spin structures give rise to the exotic term endowing the Dirac operator — in our analysis, the exotic term in the Dirac operator (evinced when an arbitrary inequivalent spin structure is taken into account) — we have shown that the exotic dark spinor fields dynamics indeed can constraint the metric spacetime structure. Such constraints can be mitigated for some particular choices of the exotic term θ in (4.7) — but in the most general case both the spacetime metric structure and the non-trivial topology are constrained by the exotic dark spinor field dynamics.

Much has been discussed the about equations constraining the dynamics and the spinor structures, and some questions were addressed about the validity of Klein-Gordon propagator globally, but not locally, for dark spinor fields [11]. The formalism here introduced is promising to derive and provide open questions on the dark spinor fields models structures and their subsequent application in cosmology — in particular the dark matter problem.

Eq.(4.17) is successful to decouple topological terms evinced by the exotic θ function and the geometrical terms given by the connection symbols, in some particular cases analyzed from Eq.(4.20) on. As in such situations the connection symbols are constrained, it also induces constraints among Christoffel symbols and contorsion tensor components, in the case where torsion is taken into account in the covariant derivative. In addition, Eq.(4.16) is the most general coupling between topological and geometrical terms when no particular exotic dark spinor field is considered.

Besides analyzing the exotic dark spinor fields elicited from a non-trivial topology endowed manifold, such additional term in the Dirac operator may be useful to solve some open questions addressed in the current literature [1, 2, 4–6, 8, 11, 17–19, 21].

– 16 –

In certain sense, that idea that is in the background of the theoretical tools through which one set the quoted constraints can be identified with the problem of constraints in gauge theories known as the Velo-Zwanziger problem [71]. In the context of such theories, to avoid algebraic inconsistencies originated from a kind of exotic interactions, one sets the constraints independently of the equations of motion. Furthermore, in [72] it is used a similar prescription to introduce a more suitable Dirac operator, that can be also related to the one introduced in [73]. In some cases, the Lagrangian device by itself does not provide satisfactory wave equations [72], a problem that is given an adequate interpretation, and we expect to have overcome.

6 Acknowledgment

R. da Rocha is grateful to Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq) grants 472903/2008-0 and 304862/2009-6 for financial support. A. E. B. would like to thank the financial support FAPESP 2008/50671-0 and CNPq grant 300233/2010-8.

A Clifford Bundles

One thus introduces the Clifford bundle of differential forms Cℓ(M, g), which is a vector bundle associated with P_{Spin}e_{1,3} (M) [69, 74]. Sections of the Clifford bundles are sums of non-homogeneous differential forms, called Clifford fields. Remember that Cℓ(M, g) = P_{SO}e_{1,3} (M) ×_{Ad}′ Cℓ_{1,3}, where Cℓ_{1,3} ≃ M(2,H ) is the spacetime algebra and H denotes the quaternions. Details of the bundle structure are as follows:

(1) Let π_c : Cℓ(M, g) → M be the canonical projection of Cℓ(M, g) and let ∪_{i∈I} U_i be an open simple covering of M, together with a set of transition functions a_{ij} : U_i ∩ U_j → SO^e_{1,3} such that a_{ij} ∘ a_{jk} = a_{ik} in U_i ∩ U_j ∩ U_k and a_{jj} = id. There are trivialization mappings ψ_i : π^{−1}_c (U_i) → U_i × Cℓ_{1,3} of the form ψ_i(p) = (π_c(p), ψ_{i,x}(p)) = (x, ψ_{i,x}(p)). If x ∈ U_i ∩ U_j and p ∈ π^{−1}_c (x), then ψ_{i,x}(p) = h_{ij} (x)ψ_{j,x}(p), for h_{ij} (x) ∈ Aut(Cℓ_{1,3}), where h_{ij} : U_i ∩ U_j → Aut(Cℓ_{1,3}) are the transition mappings of Cℓ(M, g). Since every automorphism of Cℓ_{1,3} is inner, then h_{ij} (x)ψ_{j,x}(p) = a_{ij} (x)ψ_{i,x}(p)a_{ij} (x)^{−1} for some a_{ij} (x) ∈ Cℓ^⋆_{1,3}, the group of invertible elements of Cℓ_{1,3}. In particular, a spin structure (P_{Spin}e_{1,3} (M), s) on M is precisely comprised by the system of transition functions h_{ij} : U_i ∩ U_j → Spin^e_{1,3} such that ς ∘ h_{ij} = a_{ij} , h_{ij} ∘ h_{jk} = h_{ik}, h_{ii} = id, (A.1) where ς is defined in Eq.(A.2).

(2) Since Cℓ^⋆_{1,3} acts naturally on Cℓ_{1,3} as an algebra automorphism through its adjoint representation, the group SO^e_{1,3} has a natural extension in the Clifford algebra Cℓ_{1,3}. A set

– 17 – of lifts of the transition functions in Cℓ(M, g) is a set of elements {a_{ij} } ⊂ Cℓ^⋆_{1,3} such that, if^{10}

Ad : ϕ → Ad_ϕ Ad_ϕ(Ξ) = ϕΞϕ^{−1}, ∀Ξ ∈ Cℓ_{1,3},

then Ad_{aij} = h_{ij} in all intersections.

(3) The application Ad|_{Spin}e_{1,3} defines a group homomorphism

ς : Spin^e_{1,3} → SO^e_{1,3}, which is onto and ker ς = Z_2. (A.2)

Then Ad_{±1} = identity, and Ad : Spin^e_{1,3} → Aut(Cℓ_{1,3}) descends to a representation of SO^e_{1,3}. Let us call Ad^′ this representation, i.e., Ad^′ : SO^e_{1,3} → Aut(Cℓ_{1,3}). Then Ad^′_{ς(ϕ)}Ξ = Ad_ϕΞ = ϕΞϕ^{−1}.

(4) It is clear that the structure group of the Clifford bundle Cℓ(M, g) is reducible from Aut(Cℓ_{1,3}) to SO^e_{1,3}. The transition maps of the principal bundle P_{SO}e_{1,3} (M) can thus be — through Ad^′ — taken as transition maps for the Clifford bundle. It follows that [47, 48]

Cℓ(M, g) = P_{SO}e_{1,3} (M) ×_{Ad}′ Cℓ_{1,3},

i.e., the Clifford bundle is a vector bundle associated with the principal bundle P_{SO}e_{1,3} (M) of orthonormal coframes.

B Principal Bundles and Associated Vector Bundles

In this Section it is reviewed the main definitions and concepts of the theory of principal bundles and their associated vector bundles, which is needed to introduce the Clifford and spin-Clifford bundles used in this paper. Propositions are in general presented without proofs, which can be found, e.g., in [69, 75, 76].

A fiber bundle on a manifold M with Lie group G is denoted by (E, M, π, G, F ). E is a topological space called the total space of the bundle, π : E → M is a continuous surjective map, called the canonical projection, and F is the typical fiber. The following conditions must be satisfied:

a) π^{−1}(x), the fiber over x, is homeomorphic to F .

b) Let {U_i, i ∈ I}, where I is an index set, be a covering of M, such that:

b1) Locally a fiber bundle E is trivial, namely it is diffeomorphic to a product bundle π^{−1}(U_i) ≃ U_i × F for all i ∈ I.

b2) The diffeomorphisms Φ_i : π^{−1}(U_i) → U_i × F have the form

Φ_i(p) = (π(p), ϕ_{i,x}(p)), ϕ_i|_π−1_{(x)} ≡ ϕ_{i,x} : π^{−1}(x) → F is onto (B.1)

The collection {(U_i, Φ_i)}, i ∈ I, are said to be a family of local trivializations for E.

10It is well known that Spin^e_{1,3} = {ϕ ∈ Cℓ^0_{1,3} : ϕϕ̃ = 1} ≃ SL(2, C ) is the universal covering group of the restricted Lorentz group SO^e_{1,3}. Notice that Cℓ^0_{1,3} ≃ Cℓ3,0 ≃ M(2,C ), the even subalgebra of Cℓ1,3 is the Pauli algebra.

– 18 – b3) The group G acts on the typical fiber. Considering x ∈ U_i ∩ U_j, then, ϕ_{j,x} ∘ ϕ^{−1}_{i,x} :

F → F must coincide with the action of an element of G, for all x ∈ U_i ∩ U_j and i, j ∈ I. b4) One calls transition functions of the bundle the continuous induced mappings

a_{ij} : U_i ∩ U_j → G, where a_{ij}(x) = ϕ_{i,x} ∘ ϕ^{−1}_{j,x}. (B.2)

For consistence of the theory the transition functions must satisfy the cocycle condition a_{ij} (x)a_{jk}(x) = a_{ik}(x). The 5-tuple (P, M, π, G, F ≡ G) ≡ (P, M, π, G) is called a principal fiber bundle (PFB) if all the conditions about fiber bundles are fulfilled and, moreover, if there is a right action of G on elements p ∈ P , such that:

a) the mapping (defining the right action) P × G ∋ (p, g) → pg ∈ P is continuous. b) given g, g^′ ∈ G and ∀p ∈ P , (pg)g^′ = p(gg^′).

c) ∀x ∈ M, π^{−1}(x) is invariant under the action of G: each element of p ∈ π^{−1}(x) is mapped into pg ∈ π^{−1}(x), i.e., it is mapped into an element of the same fiber. d) G acts free and transitively on each fiber π^{−1}(x), which means that all elements within π^{−1}(x) are obtained by the action of all the elements of G on any given element of the fiber π^{−1}(x). This condition is, of course, necessary for the identification of the typical fiber with G.

A bundle (E, M, π, G = GL(n, K ), V ), where K = R or C , and V is an n-dimensional vector space over K is called a vector bundle.

A vector bundle (E, M, π, G, F ) denoted E = P ×_ρ F is said to be associated to a PFB bundle (P, M, π, G) by the linear representation ρ : G → GL(V ) — which is called the carrier space of the representation — if its transition functions are the images under ρ of the corresponding transition functions of the PFB (P, M, π, G). This precisely means the following: consider the following local trivializations of P and E respectively

Φ_i :π^{−1}(U_i) → U_i × G, Ξ_i : π^{−1}_1 (U_i) → U_i × F, (B.3) Ξ_i(q) = (π_1(q), χ_i(q)) = (x, χ_i(q)), χ_i|_π−1_{1 (x)} ≡ χ_{i,x} : π^{−1}_1 (x) → F, (B.4)

where π_1 : P ×_ρ F → M is the projection of the bundle associated to (P, M, π, G). Then, for all x ∈ U_i ∩ U_j , i, j ∈ I, it follows that χ_{j,x} ∘ χ^{−1}_{i,x} = ρ(ϕ_{j,x} ∘ ϕ^{−1}_{i,x} ). (B.5) In addition, the fibers π^{−1}(x) are vector spaces isomorphic to the representation space V .

Let (E, M, π, G, F ) be a fiber bundle and U ⊂ M an open set. A local section of the fiber bundle (E, M, π, G, F ) on U is a mapping

s : U → E such that π ∘ s = Id_U , (B.6)

If U = M s is said to be a global section.

There is a relation between sections and local trivializations for principal bundles. Indeed, each local section s (on U_i ⊂ M) for a principal bundle (P, M, π, G) determines a

– 19 – local trivialization Φ_i : π^{−1}(U) → U × G, of P by setting Φ^{−1}_i (x, g) = s(x)g = pg = R_gp. Conversely, Φ_i determines s since

s(x) = Φ^{−1}_i (x, e). (B.7)

A principal bundle is trivial if and only if it has a global cross section. A vector bundle is trivial if and only if its associated principal bundle is trivial. Any fiber bundle (E, M, π, G, F ) such that M is a paracompact manifold and the fiber F is a vector space admits a cross section. Then, any vector bundle associated to a trivial principal bundle has non-zero global sections. Note however that a vector bundle may admit a non-zero global section even if it is not trivial. Indeed, as shown in the main text, any Clifford bundle possesses a global identity section, and some spin-Clifford bundles admits also identity sections once a trivialization is given.

References

[1] D. V. Ahluwalia-Khalilova and D. Grumiller, Spin Half Fermions, with Mass Dimension One:

Theory, Phenomenology, and Dark Matter, JCAP 07 (2005) 012 [arXiv:hep-th/0412080v3].

[2] D. V. Ahluwalia-Khalilova and D. Grumiller, Dark matter: A spin one half fermion field with mass dimension one?, Phys. Rev. D 72 (2005) 067701 [arXiv:hep-th/0410192v2].

[3] D. V. Ahluwalia-Khalilova, Theory of neutral particles: Mclennan-Case construct for neutrino, its generalization, and a new wave equation, Int. J. Mod. Phys. A 11 (1996) 1855-1874 [arXiv:hep-th/9409134v2]; D. V. Ahluwalia-Khalilova, Extended set of Majorana spinors, a new dispersion relation, and a preferred frame, [arXiv:hep-ph/0305336v1].

[4] A. E. Bernardini and R. da Rocha, Lorentz-violating dilatations in the momentum space and some extensions on non-linear actions of Lorentz algebra-preserving systems, Phys. Rev. D 75 (2007) 065014 [arXiv:hep-th/0701094v2]

[5] A. E. Bernardini and R. da Rocha, Obtaining the equation of motion for a fermionic particle in a generalized Lorentz-violating system framework, Europhys. Lett. 81 (2008) 40010 [arXiv:hep-th/0701092v2].

[6] D. V. Ahluwalia-Khalilova, Dark matter, and its darkness, Int. J. Mod. Phys. D 15 (2006) 2267-2278 [arxiv:hep-th/0603545v3].

[7] M. Dias, F. de Campos, J. M. Hoff da Silva, Exploring light Elkos signal at accelerators, [arXiv:1012.4642v2 [hep-ph]], to appear.

[8] D. V. Ahluwalia, S. P. Horvath, Very special relativity as relativity of dark matter: the Elko connection, JHEP 1011 (2010) 078 [arXiv:1008.0436v2 [hep-ph]].

[9] J. M. Hoff da Silva and R. da Rocha, From Dirac Action to ELKO Action, Int. J. Mod. Phys. A 24 (2009) 3227-3242 [arXiv:0903.2815v1 [math-ph]].

[10] R. da Rocha and J. M. Hoff da Silva, From Dirac spinor fields to eigenspinoren des ladungskonjugationsoperators, J. Math. Phys. 48 (2007) 123517 [arXiv:0711.1103 [math-ph]].

[11] C. G. Boehmer, J. Burnett, D. F. Mota, and D. J. Shaw, Dark spinor models in gravitation and cosmology [arXiv:1003.3858v1]; C. G. Boehmer, G. Caldera-Cabral, R. Lazkoz, and R. Maartens, Dynamics of dark energy with a coupling to dark matter, Phys. Rev. D 78 (2008) 023505 [arXiv:0801.1565v2 [gr-qc]]; L. Fabbri, Conformal Gravity with the most general ELKO Fields, [arXiv:1101.2566 [gr-qc]].

– 20 –

[12] D. Gredat and S. Shankaranarayanan, Consistency relation between the scalar and tensor spectra in spinflation, JCAP 1001 (2010) 008 [arXiv:0807.3336v2 [astro-ph]].

[13] S. Shankaranarayanan, What-if inflaton is a spinor condensate?, Int. J. Mod. Phys. D 18 (2009) 2173-2179 [arXiv:0905.2573v3 [astro-ph.CO]].

[14] S. Shankaranarayanan, Dark spinor driven inflation, [arXiv:1002.1128v1 [astro-ph.CO]].

[15] H. Wei, A Couple of Issues Concerning Spinor Dark Energy, Phys. Lett. B 695 (2011) 307-311 [arXiv:1002.4230v3 [gr-qc]].

[16] C. G. Boehmer, The Einstein-Elko system – Can dark matter drive inflation?, Annalen Phys. 16 (2007) 325-341 [arXiv:gr-qc/0701087v1]; C. G. Boehmer, The Einstein-Cartan-Elko system, Annalen Phys. 16 (2007) 38-44 [arxiv:gr-qc/0607088v1].

[17] C. G. Boehmer Dark spinor inflation – theory primer and dynamics, Phys. Rev. D 77 (2008) 123535 [arXiv:0804.0616v2 [astro-ph]].

[18] C. G. Boehmer, J. Burnett, Dark energy with dark spinors, Mod. Phys. Lett. A 25 (2010) 101-110 [arXiv:0906.1351v1 [gr-qc]].

[19] C. G. Boehmer and J. Burnett, Dark spinors with torsion in cosmology, Phys. Rev. D 78 (2008) 104001 [arXiv:0809.0469v3 [gr-qc]].

[20] D. V. Ahluwalia, Cheng-Yang Lee, D. Schritt, T. F. Watson, Dark matter and dark gauge fields, in “Dark matter in astroparticle and particle physics, DARK 2007, Proceedings of the 6th international Heidelberg conference” (24-28 September 2007, Sydney, Australia), Eds. H. V. Klapdor-Kleingrothaus and G. F. Lewis, p. 198-208. [arXiv:0712.4190v2 [hep-ph]].

[21] D. V. Ahluwalia, Cheng-Yang Lee, D. Schritt, Elko as self-interacting fermionic dark matter with axis of locality, Phys. Lett. B 687 (2010) 248-252 [arXiv:0804.1854v5 [hep-th]]; [arXiv:0911.2947v1].

[22] D. V. Ahluwalia, Towards a relativity of dark-matter rods and clocks, Int. J. Mod. Phys. D 18 (2009) 2311 [arXiv:0904.0066v1].

[23] L. Fabbri and S. Vignolo, The most general ELKOs in torsional f(R)-theories, [arXiv:1012.4282

[gr-qc]].

[24] K. E. Wunderle and R. Dick, A Supersymmetric Lagrangian for Fermionic Fields with Mass Dimension One, [arXiv:1010.0963 [hep-th]].

[25] S. J. Avis and C. J. Isham, Lorentz gauge invariant vacuum functionals for quantized spinor fields in non-simply connected space-times, Nucl. Phys. B 156 (1979) 441-455.

[26] J. W. Milnor, Spin structures on manifolds, L’ Enseignement Math. 9 (1963) 198-203.

[27] M. F. Atiyah, R. Bott and V. K. Patodi, On the heat equation and the index theorem, Invent. Math.

19 (1973) 279-330.

[28] S. W. Hawking and C. N. Pope, Generalized spin structures in quantum gravity, Phys. Lett. B 73 (1978) 42-44; N. Seiberg and E. Witten, Spin structures in string theory, Nucl. Phys. B 276 (1986) 272-290.

[29] A. Back, P. G. O. Freund, and M. Forger, New gravitational instantons and universal spin structures, Phys. Lett. B 77 (1978) 181-184.

[30] H. R. Petry, Exotic spinors in superconductivity, J. Math. Phys. 20 (1979) 231-240.

[31] S. J. Avis and C. J. Isham, Generalized Spin Structures on Four-Dimensional Space-times, Comm.

Math. Phys. 72 (1980) 103-118.

[32] R. Geroch, Spinor Structure of Space-Times in General Relativity. I, J. Math. Phys. 9 (1968) 1739;

Spinor Structure of Space-Times in General Relativity. II, J. Math. Phys. 11 (1970) 343.

– 21 –

[33] C. J. Isham, Twisted quantum fields in a curved space-time, Proc. R. Soc. London, Ser. A 362 (1978) 383-404; Spinor fields in four-dimensional space-time, Proc. R. Soc. London, Ser. A 364 (1978) 591-599.

[34] S. W. Hawking, Spacetime foam, Nucl. Phys. B 144 (1978) 349-362.

[35] S. M. Christensen and M. J. Duff, Flat Space As A Gravitational Instanton, Nucl. Phys. B 146 (1978) 11.

[36] M. Luscher, SO(4) Symmetric Solutions Of Minkowskian Yang-Mills Field Equations, Phys. Lett. B 70 (1977) 321; R. Sasaki, Exact Classical Solutions Of The Massless Sigma Model With Gauge Fields In Minkowski Space, Phys. Lett. B 80 (1978) 61; B. M. Schechter, Yang-Mills Theory On The Hypertorus, Phys. Rev. D 16 (1977) 3015.

[37] S. D. Unwin, Thermodynamics in multiply connected spaces, J. Phys. A: Math. Gen. 12 (1979) L309;

Quantised spin-1 field in flat Clifford-Klein space-times, J. Phys. A: Math. Gen. 13 (1980) 313-323.

[38] B. S. de Witt, Quantum field theory in curved spacetime, Phys. Rep. 19 (1975) 295-357.

[39] J. S. Dowker and R. Banach, Quantum Field Theory On Clifford-Klein Space-Times. The Effective Lagrangian And Vacuum Stress Energy Tensor, J. Phys. A 11 (1978) 2255; R. Banach and J. S. Dowker, The Vacuum Stress Tensor For Automorphic Fields On Some Flat Space-Times, J. Phys. A 12 (1979) 2545; R. Banach and J. S. Dowker, Automorphic Field Theory: Some Mathematical Issues, J. Phys. A 12 (1979) 2527.

[40] J. S. Dowker and R. Critchley, Vacuum Stress Tensor In An Einstein Universe. Finite Temperature Effects, Phys. Rev. D 15 (1977) 1484; J. S. Dowker and R. Critchley, Covariant Casimir calculations, J. Phys. A: Math. Gen. 9 (1976) 535.

[41] R. Banach, Effective Potentials For Twisted Fields, J. Phys. A 14 (1981) 901; The Quantum Theory Of Free Automorphic Fields, J. Phys. A 13 (1980) 2179.

[42] L. H. Ford, Twisted Scalar And Spinor Strings In Minkowski Space-Time, Phys. Rev. D 21 (1980) 949, L. H. Ford, Vacuum Polarization In A Nonsimply Connected Space-Time, Phys. Rev. D 21 (1980) 933.

[43] R. A. Mosna and W. A. Rodrigues, Jr., The bundles of algebraic and Dirac-Hestenes spinor fields, J.

Math. Phys. 45 (2004) 2945-2988 [arXiv:math-ph/0212033v5].

[44] W. A. Rodrigues, Jr., Algebraic and Dirac Hestenes Spinors and Spinor Fields, J. Math. Phys. 45 (2004) 2908-2966 [arXiv:math-ph/0212030v6.]

[45] G. L. Naber, Topology, Geometry and Gauge Fields. Interactions, Appl. Math. Sci. 141, Springer-Verlag, New York, USA (2000).

[46] M. Nakahara, Geometry, Topology and Physics, Institute of Physics Publ., Bristol, U. K. (1990).

[47] H. B. Lawson, Jr. and M. L. Michelson, Spin Geometry, Princeton University Press, Princeton, USA (1989).

[48] R. A. Mosna, D. Miralles, J. Vaz, Jr., Multivector Dirac Equations and Z2-Gradings of Clifford Algebras, Int. J. Theor. Phys. 41 (2002) 1651-1671; Z2-Gradings of Clifford Algebras and Multivector Structures, J. Phys. A: Math. Gen. 36 (2003) 4395-4405 (2003) [arXiv:math-ph/0212020v1].

[49] E. Notte-Cuello, R. da Rocha, and W. A. Rodrigues, Jr., The Effective Lorentzian and Teleparallel Spacetimes Generated by a Free Electromagnetic Field, Rept. Math. Phys. 62 (2008) 69-89 [arXiv:gr-qc/0612098v3].

[50] V. V. Fernandez, W. A. Rodrigues, Jr., A. M. Moya, and R. da Rocha, Clifford and Extensor Calculus and the Riemann and Ricci Extensor Fields in of Deformed Structures, Int. J. Geom. Meth. Mod. Phys. 4 (2007) 1159-1172 [arXiv:math/0502003v5 [math.DG]]; ; E. A. Notte-Cuello, R. da Rocha, W. A. Rodrigues Jr, Some Thoughts on Geometries and on the Nature of the Gravitational

– 22 –

Field, J. Phys. Math. 2 (2010) P1005506 [arXiv:0907.2424v1 [math-ph]; R. da Rocha and W. A. Rodrigues, Jr., The Dirac-Hestenes equation for spherical symmetric potentials in the spherical and Cartesian gauges, Int. J. Mod. Phys. A 21 (2006) 4071-4082 [arXiv:math-ph/0601018v2].

[51] P. Lounesto, Clifford Algebras, Relativity and Quantum Mechanics, in P. Letelier and W. A.

Rodrigues, Jr. (eds.), Gravitation: the Spacetime Structure, Proc. of the 8^{th} Latin American Symposium on Relativity and Gravitation, Águas de Lindóia, Brazil, 25-30 July 1993, World-Scientific, London, U. K. (1993).

[52] P. Lounesto, Clifford Algebras and Spinors, 2^{nd} ed., Cambridge Univ. Press, Cambridge, U. K.

(2002) p. 152-173.

[53] T. Friedrich, Dirac Operators in Riemannian Geometry, Graduate Studies in Mathematics 25, AMS, Providence, USA (2000).

[54] A. Chockalingham and C. J. Isham, Twisted supermultiplets, J. Phys. A 13 (1980) 2723-2733.

[55] R. da Rocha and W. A. Rodrigues, Jr., Where are ELKO spinor fields in Lounesto spinor field classification?, Mod. Phys. Lett. A 21 (2006) 65-74 [arXiv:math-ph/0506075v3].

[56] R. da Rocha and J. M. Hoff da Silva, ELKO Spinor Fields: Lagrangians for Gravity derived from Supergravity, Int. J. Geom. Meth. Mod. Phys. 6 (2009) 461477 [arXiv:0901.0883v1 [math-ph]].

[57] R. da Rocha and J. G. Pereira, The quadratic spinor Lagrangian, axial torsion current, and generalizations, Int. J. Mod. Phys. D 16 (2007) 1653-1667 [arXiv:gr-qc/0703076v1].

[58] P. R. Holland, Relativistic Algebraic Spinors and Quantum Motions in Phase Space, Found. Phys.

16 (1986) 708-709; Minimal Ideals and Clifford Algebras in the Phase Space Representation of spin-1/2 Fields, p. 273-283 in J. S. R. Chisholm and A. K. Common (eds.), Proceedings of the Workshop on Clifford Algebras and their Applications in Mathematical Physics (Canterbury 1985), Reidel, Dordrecht, Holland (1986).

[59] J. P. Crawford, On the Algebra of Dirac Bispinor Densities: Factorization and Inversion Theorems, J. Math. Phys. 26 (1985) 1429-1441.

[60] D. V. Ahluwalia and M. Sawicki, Front form pinors in the Weinberg-Soper formalism and generalized Melosh transformations for any spin, Phys. Rev. D 47 (1993) 51615168 [nucl-th/9603019v1].

[61] L. Fabbri, Causality for ELKOs, Mod. Phys. Lett. A 25 (2010) 2483-2488 [arXiv:0911.5304v1 [gr-qc]]; L. Fabbri, Causal propagation for ELKO fields, Mod. Phys. Lett. A 25 (2010) 151-157 [arXiv:0911.2622v1 [gr-qc]].

[62] R. da Rocha and J. M. Hoff da Silva, ELKO, flagpole and flag-dipole spinor fields, and the instanton Hopf fibration, Adv. Appl. Clifford Algebras 20 (2010) 847-870 [arXiv:0811.2717v1 [math-ph]].

[63] L. Fabbri, Zero Energy of Plane-Waves for ELKOs, To be published in Gen. Relativ. Gravit.

[arXiv:1008.0334 [gr-qc]].

[64] T. Asselmeyer and G. Hess, Fractional quantum hall effect, composite fermions and exotic spinors, [arXiv:cond-mat/9508053v1].

[65] R. Grimm, Geometry of supergravity-matter coupling, Nucl. Phys. B 18 (1990) 113-121.

[66] G. Hess, Exotic Majorana spinors in (3+1)-dimensional space-times, J. Math. Phys. 35 (1994) 4848-4854.

[67] A. Lichnerowicz: Spineurs Harmonique, C. R. Acad. Sci. Paris Sér. A 257 (1963) 7-9.

[68] E. A. Notte-Cuello, W. A. Rodrigues Jr., Q. A. G. de Souza, The Square of the Dirac and spin-Dirac Operators on a Riemann-Cartan Spacetime, Rept. Math. Phys. 60 (2007) 135-157 [arXiv:math-ph/0703052v2].

[69] W. A. Rodrigues, Jr. and E. Capelas de Oliveira, The Many Faces of Maxwell, Dirac and Einstein Equations. A Clifford Bundle Approach, Lecture Notes in Physics 722, Springer, New York, USA

– 23 –

(2007).

[70] L. Fabbri, The Most General Theory for ELKOs, [arXiv:1011.1637 [gr-qc]]. [71] G. Velo, D. Zwanziger, Propagation and quantization of Rarita-Schwinger waves in an external electromagnetic potential, Phys. Rev. 186 (1969) 1337-1341.

[72] G. Velo, D. Zwanziger, Noncausality and other defects of interaction lagrangians for particles with spin one and higher, Phys. Rev. 188 (1969) 2218-2222.

[73] M. Fierz and W. Pauli, On relativistic wave equations for particles of arbitrary spin in an electromagnetic field, Proc. Roy. Soc. London A 173 (1939) 211-232.

[74] W. A. Rodrigues, Jr., R. da Rocha, and J. Vaz, Jr., Hidden Consequence of Active Local Lorentz Invariance, Int. J. Geom. Meth. Mod. Phys. 2 (2005) 305-357 [arXiv:math-ph/0501064v6].

[75] Y. Choquet-Bruhat, C. DeWitt-Morette, and M. Dillard-Bleick, Analysis, Manifolds and Physics (revised edition), North-Holland Publ. Co, Amsterdam, Holland (1977).

[76] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry 1, Interscience Publishers, New York (1963).

– 24 –